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In this paper we established that the �nite homomorphic images of a
commutative Bezout domain are morphic rings. We described the commutati-
ve Bezout domains, whose �nite homomorphic images are the Kasch rings.
Moreover, we presented an example of a commutative morphic ring which is
not a clean ring.
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The concept of morphic ring was introduced by Nicholson and Sanchez Campos in
[11]. This class of rings is rather important and they are of particular interest in modern
research. It is known that the commutative morphic rings are Bezout rings.

In this paper we will prove that �nite homomorphic images of a commutative Bezout
domain are morphic rings. We will describe the commutative Bezout domains whose
�nite homomorphic images are Kasch rings. In addition, we construct an example of a
commutative morphic ring which is not a clean ring.

We will recall all the necessary de�nitions and facts. We denote U = U(R) for the
group of units of R, denote left and right annihilators of a subset X ⊆ R by l(X) and
r(X) respectively, and we write Z for the ring of integers and Zn for the ring of integers
modulo n.

If R is a commutative ring then l(a) = r(a) for all elements a in R, where l(a) and
r(a) are left and right annihilators of an element a respectively, and in this case we write
Ann(a) = l(a) = r(a).

All necessary de�nitions and facts can be found in [1], [2], [11]-[15].

De�nition 1. An element a in a ring R is called left morphic if R/Ra ∼= l(a) as left
R-modules. The ring R is called left morphic if every its element is left morphic. The
right morphic rings are de�ned analogously. The ring R is called morphic if it is left and
right morphic [2], [11]-[15].

Lemma 1. [11] The following statements are equivalent for an element a in a ring R:

1) An element a is left morphic, i. e. R/Ra ∼= l(a).
2) There exists an element b in a ring R such that Ra = l(b) and l(a) = Rb.

c⃝ Zabavsky B., Pihura O., 2014
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3) There exists an element b in a ring R such that Ra = l(b) and l(a) ∼= Rb.

De�nition 2. A ring R is called uniquely morphic if for any element a in the ring R
there exists a unique element b in the ring R such that Ra = l(b) and l(a) = Ra [15].

De�nition 3. A commutative ring R is called P -injective if for any element a in the
ring R we have that Ann(Ann(aR)) = aR [14].

De�nition 4. A ring R is called a Bezout ring if all �nitely generated ideals are principal
[16].

Theorem 1. [2, 11] Let R be a commutative morphic ring. Then:

1) for any element a in a ring R we have Ann(Ann(aR)) = aR (i. e., a ring R is a
P -injective ring);

2) for any �nite set of elements a1, a2, . . . , an in a ring R there exists an element b
in R such that a1R∩a2R∩ . . .∩anR = bR (that is �nite intersection of principal
ideals is again principal one);

3) for any �nite set of elements a1, a2, . . . , an in a ring R there exists an element b
in R such that a1R+ a2R+ . . .+ anR = bR (that is R is Bezout ring).

De�nition 5. A commutative ring R is said to be coherent if

1) the annihilator of any element a in R is a �nitely generated ideal, and
2) �nite intersection of any �nitely generated ideals is again �nitely generated [14].

Thus from previous theorem we obtain that morphic rings are coherent.

De�nition 6. A commutative ring R is called almost Baer if for any element x there
exists an element y such that Ann(xR) = yR [16].

Gathering known facts about Bezout rings we have:

Theorem 2. Let R be a commutative Bezout domain. Then for any nonzero element
a ∈ R we have:

1) R/aR is a coherent ring;
2) R/aR is a P -injective ring;
3) R/aR is a morphic ring.

Proof. 1) From [16] we know that ring R/aR is almost Baer ring and using Theorem 1
we obtain that R is a coherent ring.

2) This is proved in [14].
3) Let b be an element in the ring R = R/aR. Then we have Ann(bR) = cR, because

R is an almost Baer ring. As R is a P -injective ring, then we have Ann(Ann(bR)) = bR
and �nally Ann(Ann(bR)) = Ann(cR). Hence we have bR = Ann(cR).

Therefore for any element b there exists c such that Ann(b) = cR and Ann(c) = bR
that is R is a morphic ring (according to Lemma 1).

De�nition 7. An element a in a ring R is called clean if it is the sum of an idempotent
and a unit in R. If all elements in R are clean then R called clean [2, 8, 10].



BEZOUT MORPHIC RINGS
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79 165

Note that the clean rings are PM -rings (that means that any its prime ideal belongs
to a unique maximal ideal) [4, 10].

As a consequence of this fact we can give an example of a commutative morphic
ring that is not clean. It is a negative answer to a question in the article [11].

Let R be Henriksen ring [9], namely R = {z0 + a1x+ a1x
2 + . . . |z0 ∈ Z, ai ∈ Q, i =

1, 2, . . .}. It is known that R is a commutative Bezout domain [9]. The factor ring R/xR
according to Theorem 2 is a morphic ring but it is not clean since any homomorphic
image of the ideal N = {a1x + a1x

2 + . . . |ai ∈ Q, i = 1, 2, . . .} is an ideal N/xR that
is prime, but belongs to all maximal ideals in the factor ring R/xR. That is why R/xR
is not clean because any clean ring has to be a PM -ring. Note that xR ̸= N whereas
1/2 ∈ N but 1/2 /∈ xR.

So we have a negative answer to the problem in [11].

De�nition 8. A ring R is called a left Kasch ring if every simple left R-module embeds
in RR that is r(L) ̸= 0 for every (maximal) left ideal L in a ring R [14].

Theorem 3. Let R be a commutative Bezout domain R and a is some nonzero element
in R. The following statements are equivalent:

1) R/aR is a Kasch ring;
2) Any maximal ideal M that contains the element a is principal.

Proof. (1) ⇒ (2). Let us consider a Kasch ring R/aR and let M be a maximal ideal in
this ring. We can write Ann(M) = H where H is an ideal in R/aR and H ̸= {0}. Since
H annihilates the maximal ideal M , we can write HM = {0}. Since the maximal ideal
M belongs to Ann(H), by maximality of M , we have that M = Ann(H) ̸= R.

Since M is a maximal ideal, then for every element d ̸= 0 which belongs to the ideal
H we have the equality dM = {0}. Thus we obtain that the maximal ideal M belongs
to Ann(d), where d is a nonunit.

Hence M = Ann(d) = bR because R/aR is a morphic ring. Therefore, M = bR and
M = bR+ aR = cR, because R is a commutative Bezout domain for some c ∈ R.

Hence M is a maximal ideal which is a principal ideal.
(2) ⇒ (1). Suppose that any maximal ideal M that contains an element a, is a

principal one. Considering its homomorphic image we haveM = mR = Ann(nR) because
R/aR is a morphic ring. Since m ̸∈ U(R), we have Ann(nR) ̸= R and then nR ̸= {0}.

Then Ann(M) = Ann(Ann(nR)) = nR ̸= {0}, therefore Ann(M) is a nonzero
principal ideal, and this proves that R/aR is a Kasch ring.

Corollary 1. If R is a commutative principal ideal domain, then R/aR is a Kasch ring,
for any nonzero a ∈ R.

Theorem 4. [15] Any uniquely morphic ring R is one of the following types:

1) R is a division ring;
2) R is a boolean ring;
3) R ∼= Z2[x]/(x

2);
4) R ∼= Z4;
5) R ∼= M2(Z2).
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De�nition 9. A ring R is called a ring of stable range 1 if for any pair of elements
a, b ∈ R such that aR+ bR = R there is an element t ∈ R such that a+ bt ∈ U(R) [1, 8].

Theorem 5. Any uniquely morphic ring has stable range 1.

Proof. According to Theorem 4 we may assume that a ring R is one of the �ve mentioned
types.

We are going to prove that the stable range of each of these rings is equal to 1.
Firstly we consider case (2). A ring R is a boolean ring, which means that x2 = x

for any x ∈ R. Then for any a ∈ R we have a · 1 · a = a, that is R is a unit-regular ring.
According to [5] the stable range of unit-regular ring equals 1.

Since R ∼= Z2[x]/(x
2) = {0, 1, x, x+ 1} is a semilocal ring and Z4 = {0, 1, 2, 3} is a

local ring with maximal ideal M = (2). All the rings of type (1), (3) and (4) have stable
range 1, due to [1].

In case when R ∼= M2(Z2) we have a �nite ring, so it is a ring with stable range 1.
Theorem is proved.

De�nition 10. We say that a ring R is an elementary divisor ring if any matrix A over
R admits a diagonal reduction, that is for the matrix A there exist invertible matrices
P and Q of appropriate sizes such that PAQ = D = (di) is diagonal matrix such that
Rdi+1R ⊆ diR ∩Rdi [7].

If only 1 × 2 (2 × 1) matrices over a ring R admit a diagonal reduction then R is
said to be a right (left) Hermite ring. An Hermite ring is a ring which is both right and
left Hermite ring [7, 17].

Theorem 6. [17] A right Bezout ring of stable range 1 is a right Hermite ring.

Since uniquely morphic rings are morphic and they are Bezout rings, then according
to Theorem 5 we can conclude that uniquely morphic rings are Bezout rings of stable
range 1. Finally we have obtained next result.

Theorem 7. Any uniquely morphic ring is an Hermite ring.

Theorem 8. Any uniquely morphic ring is an elementary divisor ring.

Proof. LetR be a uniquely morphic ring. Note that ifR is either a boolean ring, Z2[x]/(x
2)

or Z4 then R is commutative Bezout ring of stable range 1, since, according to [16] is an
elementary divisor ring.

The case when R is a division ring is obvious.
As the �eld Z2 is an elementary divisor ring and any matrix ring over an elementary

divisor ring is again an elementary divisor ring then in the case of M2(Z2) we are done.
Theorem is proved.
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Äîâåäåíî, ùî ñêií÷åííèé ãîìîìîðôíèé îáðàç êîìóòàòèâíî¨ îáëàñòi
Áåçó ¹ ìîðôi÷íèì êiëüöåì. Îïèñàíî êîìóòàòèâíi îáëàñòi Áåçó, ñêií÷åííi
ãîìîìîðôíi îáðàçè ÿêèõ ¹ êiëüöÿìè Êàøà. Íàâåäåíî ïðèêëàä êîìóòàòèâ-
íîãî ìîðôi÷íîãî êiëüöÿ, ÿêå íå ¹ ÷èñòèì.
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