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Äî ìiøàíî¨ çàäà÷i â ïðÿìîêóòíèêó äëÿ çëi÷åííî¨ ãiïåðáîëi÷íî¨ ñèñòåìè
ëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç äâîìà íåçàëåæíèìè çìiííèìè ïîáó-
äîâàíî âêîðî÷åíó çàäà÷ó.
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äà÷à, ìåòîä õàðàêòåðèñòèê.

1. Âñòóï. Çëi÷åííi ñèñòåìè, òîáòî äèôåðåíöiàëüíi ðiâíÿííÿ â ïðîñòîðiM îáìå-
æåíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé [1], ìàþòü âëàñòèâîñòi, ÿêi äàþòü çìîãó çàñòîñîâó-
âàòè ¨õ äëÿ äîñëiäæåííÿ áàãàòüîõ ìàòåìàòè÷íèõ ìîäåëåé, çîêðåìà, ïðè âèêîðèñòàí-
íi ìåòîäó Ôóð'¹ äî ðîçâ'ÿçàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.
Îñíîâíi ïðîáëåìè äîñëiäæåííÿ çëi÷åííèõ ñèñòåì äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü íàâåäåíî â ïðàöÿõ [1-4].

Ïèòàííÿ óêîðî÷åííÿ çëi÷åííèõ ñèñòåì àêòóàëüíå, îñêiëüêè äëÿ ñêií÷åííèõ ñèñ-
òåì ðîçðîáëåíî ìåòîäè ¨õíüîãî ðîçâ'ÿçàííÿ. Òîìó äëÿ âêîðî÷åíî¨ ñèñòåìè äîñòàòíüî
äîâåñòè, ùî ¨¨ ðîçâ'ÿçêè ìàéæå íå âiäðiçíÿþòüñÿ âiä ðîçâ'ÿçêiâ çëi÷åííî¨ ñèñòåìè.

Ó öié ïðàöi äî ìiøàíî¨ çàäà÷i â ïðÿìîêóòíèêó äëÿ çëi÷åííî¨ ãiïåðáîëi÷íî¨ ñèñ-
òåìè ëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç äâîìà íåçàëåæíèìè çìiííèìè çàñòîñîâà-
íî äåÿêèé àíàëîã ìåòîäó âêîðî÷åííÿ çëi÷åííèõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [4]. Ïîäiáíèé ïiäõiä âèêîðèñòàíî â [5,6].

2. Ôîðìóëþâàííÿ çàäà÷i. Ó ïðÿìîêóòíèêó Π = {(x, t) : 0 6 x 6 l,
0 6 t 6 T} ðîçãëÿíåìî çëi÷åííó ãiïåðáîëi÷íó ñèñòåìó ëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü ïåðøîãî ïîðÿäêó, çàïèñàíó â iíâàðiàíòàõ

∂ui
∂t

+ λi(x, t)
∂ui
∂x

=

∞∑
j=1

aij(x, t)uj(x, t) + fi(x, t), i ∈ N. (1)

Íåõàé I+ = {2k − 1| k ∈ N}, à I− = N/I+ i, êðiì òîãî, âïîðÿäêîâàíi â êîæíié
òî÷öi ïðÿìîêóòíèêà Π òàê:

λ1(x, t) > λ3(x, t) > ... > λ2k−1(x, t) > ...,
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λ2(x, t) 6 λ4(x, t) 6 ... 6 λ2k(x, t) 6 ...,

äå λi ç íåïàðíèìè iíäåêñàìè áóäóòü äîäàòíèìè âåëè÷èíàìè, à ç ïàðíèìè � âiä'¹ì-
íèìè.

Äëÿ ñèñòåìè (1) çàäàìî ïî÷àòêîâó

ui(x, 0) = gi(x), x ∈ [0, l], i ∈ N, (2)

òà êðàéîâi

ui(0, t) =
∑
j∈I−

αij(t)uj(0, t) + hi(t), t ∈ [0, T ], i ∈ I+,

ui(l, t) =
∑
j∈I+

βij(t)uj(l, t) + ri(t), t ∈ [0, T ], i ∈ I− (3)

óìîâè.
Çàäà÷ó (1)�(3) áóäåìî ðîçãëÿäàòè ó ïðîñòîði C∞, åëåìåíòîì ÿêîãî ¹ ç÷èñëåííà

ñóêóïíiñòü íåïåðåðâíèõ ôóíêöié, ðiâíîìiðíî îáìåæåíèõ äåÿêîþ ñòàëîþ. Â ïðîñòîði
C∞ âèçíà÷èìî íîðìó äëÿ âåêòîðà u(x, t) = (u1(x, t), u2(x, t), ...)

||u|| = sup
i∈N

max
(x,t)∈Π

{|ui(x, t)|}.

Íàäàëi áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ u = (u1, u2, ...), λ = (λ1, λ2, ...),
g = (g1, g2, ...).

×åðåç ϕi(τ ;x, t) ïîçíà÷èìî ðîçâ'ÿçîê çàäà÷i

dξ

dτ
= λi(ξ, τ), i ∈ N (4)

ç ïî÷àòêîâèìè óìîâàìè

ξ|τ=t = x. (5)

Íåõàé Li(x, t) � iíòåãðàëüíà êðèâà, çàäàíà ðiâíÿííÿì ξ = ϕi(τ ;x, t), ÿêà âèõî-
äèòü ç òî÷êè (x, t), à ti(x, t) � îðäèíàòà ïåðåòèíó i-¨ õàðàêòåðèñòèêè ç ïðÿìîþ x = 0
àáî x = l ó íàïðÿìi ñïàäàííÿ t.

3. Îñíîâíi ðåçóëüòàòè. Äîñòàòíüî ðîçãëÿäàòè ïðÿìîêóòíèê [0, l] × [0, T ], äå
T âèáðàíî òàê, ùî L1(0, 0) i L2(l, 0) íå ïåðåòèíàþòüñÿ [7]. Öå çàáåçïå÷ó¹ òå, ùî óñi
õàðàêòåðèñòèêè, ÿêi âèõîäÿòü ç íèæíiõ êóòîâèõ òî÷îê, íå áóäóòü ïåðåòèíàòèñÿ â Π.

Íåõàé P+
2k = {(x, t) : x 6 L2k(l, 0), (x, t) ∈ Π}, à P−2k = Π\P+

2k. Àíàëîãi÷íî

âèçíà÷èìî P+
2k−1 = {(x, t) : x 6 L2k−1(0, 0), (x, t) ∈ Π} i P−2k−1 = Π\P+

2k−1 (äèâ ðèñ.).

Îáëàñòi P+
2k i P

−
2k, P

+
2k−1 i P−2k−1
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Áóäåìî ââàæàòè, ùî ôóíêöiÿ λ : R2 →M çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà çìií-
íîþ x â Π, ÿêùî λi ∈ Lipx(Π) äëÿ âñiõ i ∈ N.

Ïîðÿä ç ñèñòåìîþ (1) ðîçãëÿíåìî âêîðî÷åíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

∂uni
∂t

+ λi(x, t)
∂uni
∂x

=

∞∑
j=1

aij(x, t)u
n
j (x, t) + fi(x, t), i ∈ {1, ..., n}, (6)

äå uni (x, t) äëÿ i ∈ {n+ 1, ...} âèçíà÷åíi òàê:

un2k(x, t) =



g2k(ϕ2k(0;x, t)), ïðè (x, t) ∈ P+
2k,

[ n+1
2 ]∑
j=1

β2k,2j−1(t2k(x, t))un2j−1(l, t2k(x, t))+

+
∞∑

j=[ n+1
2 ]+1

β2k,2j−1(t2k(x, t))g2j−1(ϕ2j−1(0; l, t2k(x, t)))+

+r2k(t2k(x, t)), ïðè (x, t) ∈ P−2k,

(7)

un2k−1(x, t) =



g2k−1(ϕ2k−1(0;x, t)), ïðè (x, t) ∈ P−2k−1,
[ n2 ]∑
j=1

α2k−1,2j(t2k−1(x, t))un2j(0, t2k−1(x, t))+

+
∞∑

j=[ n2 ]+1

α2k−1,2j(t2k−1(x, t))g2j(ϕ2j(0; 0, t2k−1(x, t)))+

+h2k−1(t2k−1(x, t)), ïðè (x, t) ∈ P+
2k−1,

(8)

ç ïî÷àòêîâîþ óìîâîþ (2) òà êðàéîâèìè óìîâàìè (3).
Çàäà÷ó (6), (2), (3) íàçâåìî óêîðî÷åíîþ ìiøàíîþ çàäà÷åþ, ùî âiäïîâiäà¹ çàäà÷i

(1)-(3).
Iíòåãðóâàííÿì êîæíîãî ç ðiâíÿíü ñèñòåìè (1) âçäîâæ âiäïîâiäíèõ õàðàêòåðèñ-

òèê çâåäåìî çàäà÷ó (1)-(3) äî ñèñòåìè iíòåãðî-ôóíêöiîíàëüíèõ ðiâíÿíü

ui(x, t) = ωi[u](x, t) +

t∫
max{ti(x,t),0}

( ∞∑
j=1

aijuj + fi

)
[(ϕi(τ ;x, t), τ)]dτ, i ∈ N (9)

äå

ωi[u](x, t) =


∑
j∈I−

αij(ti(x, t))uj(0, ti(x, t)) + hi(ti(x, t)), ïðè ϕi(ti(x, t);x, t) = 0,

gi(ϕi(0;x, t)),∑
j∈I+

βij(ti(x, t))uj(l, ti(x, t)) + ri(ti(x, t)), ïðè ϕi(ti(x, t);x, t) = l.

(10)
Äëÿ âêîðî÷åíî¨ ñèñòåìè îòðèìà¹ìî

uni (x, t) = σi[u
n](x, t) +

t∫
max{ti(x,t),0}

( ∞∑
j=1

aiju
n
j + fi

)
[(ϕi(τ ;x, t), τ)]dτ, i ∈ {1, ..., n}, (11)
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äå

σ2k[un](x, t) =


g2k(ϕ2k(0;x, t)), ïðè (x, t) ∈ P+

2k,
∞∑
j=1

β2k,2j−1(t2k(x, t))un2j−1(l, t2k(x, t)) + r2k(t2k(x, t)),

ïðè (x, t) ∈ P−2k,

(12)

σ2k−1[un](x, t) =


g2k−1(ϕ2k−1(0;x, t)), ïðè (x, t) ∈ P−2k−1,
∞∑
j=1

α2k−1,2j(t2k−1(x, t))un2j(0, t2k−1(x, t)) + h2k−1(t2k−1(x, t)),

ïðè (x, t) ∈ P+
2k−1.

(13)

Îçíà÷åííÿ 1. Íåïåðåðâíó ôóíêöiþ u : Π→M, ÿêà çàäîâîëüíÿ¹ ñèñòåìó iíòåãðî-
ôóíêöiîíàëüíèõ ðiâíÿíü (9), íàçâåìî óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3).

Àíàëîãi÷íî âèçíà÷èìî óçàãàëüíåíèé ðîçâ'ÿçîê óêîðî÷åíî¨ çàäà÷i ÿê íåïåðåðâ-

íèé ðîçâ'ÿçîê ñèñòåìè (11). Ïîçíà÷èìî ai ≡
∞∑
j=1

|aij(x, t)|, α2i−1 ≡
∞∑
j=1

|α2i−1,2j(t)|,

β2i ≡
∞∑
j=1

|β2i,2j−1(t)|.

Òåîðåìà 1. Íåõàé âèõiäíi äàíi çàäà÷i (1)-(3) çàäîâîëüíÿþòü óìîâè:
1) λ ∈ C∞(Π) ∩ Lipx(Π);
2) äëÿ äîâiëüíîãî i ∈ N, ôóíêöi¨ ai ∈ C(Π), α2i−1 ∈ C[0, T ], β2i ∈ C[0, T ] îáìå-

æåíi

ai(x, t) 6 a(x, t),

α2i−1(t) 6 α(t),

β2i(t) 6 β(t),

äå a(x, t), α(t), β(t) � äåÿêi íåïåðåðâíi ôóíêöi¨;
3) äëÿ äîâiëüíî¨ u ∈ D, äå D � îáìåæåíà îáëàñòü ïðîñòîðó C∞, âèêîíóþòüñÿ

îáìåæåííÿ:

|
∞∑
j=1

aij(x, t)uj(x, t) + fi(x, t)| 6 Ai,

|
∞∑
j=1

α2i−1,2j(t)u2j(0, t)| 6 Λ2i−1,

|
∞∑
j=1

β2i,2j−1(t)u2j−1(l, t)| 6 B2i,

äå Ai,Λ2i−1, B2i � äåÿêi ñòàëi, ïðè÷îìó Ai,Λ2i−1, B2i → 0, ïðè i→∞;
4) âèêîíóþòüñÿ óìîâè ïîãîäæåííÿ íóëüîâîãî ïîðÿäêó:

g2i−1(0) =

∞∑
j=1

α2i−1,2j(0)g2j(0) + h2i−1(0), i ∈ N,
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g2i(l) =

∞∑
j=1

β2i,2j−1(0)g2j−1(l) + r2i(0), i ∈ N.

Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(3) òà çàäà÷i äëÿ âêîðî÷åíî¨ ñèñòåìè (6), (2),(3) áó-
äóòü ÿê çàâãîäíî áëèçüêi ïðè äîñòàòíüî âåëèêîìó, àëå ñêií÷åííîìó çíà÷åííi n.

Äîâåäåííÿ. Íåõàé A = max
(x,t)∈Π

{|a(x, t)|}, Λ = max
t∈[0,T ]

{|α(t)|} òà B = max
t∈[0,T ]

{|β(t)|}.

Îöiíèìî ðiçíèöþ |ui(x, t) − uni (x, t)| äëÿ i ∈ {n + 1, ...}. Íåõàé ñïî÷àòêó i = 2k
òà (x, t) ∈ P+

2k. Îäåðæèìî îöiíêó

|u2k(x, t)−un2k(x, t)|6 |ω2k[u](x, t)−g2k(ϕ2k(0;x, t))|+
t∫

0

A2kdτ 6 TA2k→ 0 ïðè k →∞.

ßêùî i = 2k òà (x, t) ∈ P−2k, òî ìàòèìåìî

|u2k(x, t)− un2k(x, t)| 6 |ω2k[u](x, t)−
[ n+1

2 ]∑
j=1

β2k,2j−1(t2k(x, t))un2j−1(l, t2k(x, t))−

−
∞∑

j=[ n+1
2 ]+1

β2k,2j−1(t2k(x, t))g2j−1(ϕ2k(0; l, t2k(x, t)))− r2k(t2k(x, t))|+
t∫

t2k(x,t)

A2kdτ 6

6 TA2k + 2B2k → 0, ïðè k →∞.
Òåïåð íåõàé i = 2k − 1, òà (x, t) ∈ P−2k−1. Òîäi

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)− g2k−1(ϕ2k−1(0;x, t))|+

+

t∫
0

A2k−1dτ 6 TA2k−1 → 0, ïðè k →∞.

ßêùî i = 2k − 1, òà (x, t) ∈ P+
2k−1, òî

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)−
[ n2 ]∑
j=1

α2k−1,2j(t2k−1(x, t))un2j(0, t2k−1(x, t))−

−
∞∑

j=[ n2 ]+1

α2k−1,2j(t2k−1(x, t))g2j(ϕ2k−1(0; 0, t2k−1(x, t)))− h2k−1(t2k−1(x, t))|+

+

t∫
t2k−1(x,t)

A2k−1dτ 6 TA2k−1 + 2Λ2k−1 → 0, ïðè k →∞.

Îòæå, äëÿ i ∈ {n + 1, ...} òà äîâiëüíîãî δ > 0 ïðè äîñèòü âåëèêîìó çíà÷åííi n
áóäå âèêîíóâàòèñÿ

|ui(x, t)− uni (x, t)| < δ,

äëÿ äîâiëüíîãî (x, t) ∈ Π.
Íåõàé U(t) = sup

16i6n
x,τ6t

{|ui(x, τ)− uni (x, τ)|}.
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Îöiíèìî ðiçíèöþ |ui(x, t)− uni (x, t)| äëÿ i ∈ {1, ..., n}. Äëÿ i = 2k òà (x, t) ∈ P+
2k

ïðàâèëüíà îöiíêà

|u2k(x, t)− un2k(x, t)| 6 |ω2k[u](x, t)− σ2k[un](x, t)|+

+

t∫
0

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k(τ ;x, t), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

ßêùî i = 2k òà (x, t) ∈ P−2k, òî

|u2k(x, t)− un2k(x, t)| 6 |ω2k[u](x, t)− σ2k[un](x, t)|+

+

t∫
t2k(x,t)

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k(τ ;x, t), τ)]

∣∣∣dτ 6
6
∣∣∣ ∞∑
j=1

β2k,2j−1(t2k(x, t))(u2j−1(l, t2k(x, t))− un2j−1(l, t2k(x, t)))
∣∣∣+ TAδ+A

t∫
0

U(τ)dτ 6

6 TAδ +A

t∫
0

U(τ)dτ +B(δ + max
16j6[ n+1

2 ],

(x,t)∈P−
2k

{|u2j−1(l, t2k(x, t))− un2j−1(l, t2k(x, t))|}).

Íåõàé òåïåð i = 2k − 1 òà (x, t) ∈ P−2k−1. Òîäi

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)− σ2k−1[un](x, t)|+

+

t∫
0

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k−1(τ ;x, t), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

ßêùî i = 2k − 1 òà (x, t) ∈ P+
2k−1, òî

|u2k−1(x, t)− un2k−1(x, t)| 6 |ω2k−1[u](x, t)− σ2k−1[un](x, t)|+

+

t∫
t2k−1(x,t)

∣∣∣ ∞∑
j=1

(
a2k,j(uj − unj )

)
[(ϕ2k−1(τ ;x, t), τ)]

∣∣∣dτ 6
6
∣∣∣ ∞∑
j=1

α2k−1,2j(t2k−1(x, t))(u2j(0, t2k−1(x, t))−un2j(0, t2k−1(x, t)))
∣∣∣+TAδ+A

t∫
0

U(τ)dτ6

6 TAδ +A

t∫
0

U(τ)dτ + Λ(δ + max
16j6[ n2 ],

(x,t)∈P+
2k−1

{|u2j(0, t2k−1(x, t))− un2j(0, t2k−1(x, t))|}).

Îöiíèìî ðiçíèöi |u2j−1(l, t2k(x, t)) − un2j−1(l, t2k(x, t))| òà |u2j(0, t2k−1(x, t))−
−un2j(0, t2k−1(x, t))|. ßêùî (x, t) ∈ P−2k, òî

|u2j−1(l, t2k(x, t))− un2j−1(l, t2k(x, t))| 6
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6

t2k(x,t)∫
0

∣∣∣ ∞∑
p=1

(
a2j−1,p(up − unp )

)
[(ϕ2j−1(τ ; l, t2k(x, t)), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

Äëÿ (x, t) ∈ P+
2k−1 îäåðæèìî

|u2j(0, t2k−1(x, t))− un2j(0, t2k−1(x, t))| 6

6

t2k−1(x,t)∫
0

∣∣∣ ∞∑
p=1

(
a2j,p(up − unp )

)
[(ϕ2j(τ ; 0, t2k−1(x, t)), τ)]

∣∣∣dτ 6 TAδ +A

t∫
0

U(τ)dτ.

Òîìó äëÿ âñiõ (x, t) ∈ Π òà i = 2k ìàòèìåìî

|u2k(x, t)− un2k(x, t)| 6 Bδ + TAδ +A

t∫
0

U(τ)dτ +B(TAδ +A

t∫
0

U(τ)dτ).

Äëÿ i = 2k − 1 òà (x, t) ∈ Π îäåðæèìî

|u2k−1(x, t)− un2k−1(x, t)| 6 Λδ + TAδ +A

t∫
0

U(τ)dτ + Λ(TAδ +A

t∫
0

U(τ)dτ).

Çâiäñè îäåðæèìî, ùî äëÿ âñiõ i ∈ {1, ..., n} òà (x, t) ∈ Π

|ui(x, t)− uni (x, t)| 6 (B + Λ)δ + TAδ +A

t∫
0

U(τ)dτ + (B + Λ)(TAδ +A

t∫
0

U(τ)dτ).

Òîìó äëÿ ôóíêöi¨ U(t) ìàòèìåìî

U(t) 6 (TA(Λ +B + 1) + Λ +B)δ +A(Λ +B + 1)

t∫
0

U(τ)dτ.

Çà ëåìîþ Ãðîíóîëëà-Áåëëìàíà îòðèìà¹ìî

U(t) 6 (TA(Λ +B + 1) + Λ +B)δeA(Λ+B+1)t 6 (TA(Λ +B + 1) + Λ +B)δeA(Λ+B+1)T .

Âèáðàâøè äîñèòü ìàëå çíà÷åííÿ δ, çàâäÿêè âèáîðó äîñèòü âåëèêîãî n, ìîæíà äî-
ñÿãíóòè òîãî, ùî äëÿ âñiõ i ∈ {1, ..., n} áóäå âèêîíóâàòèñÿ

|ui(x, t)− uni (x, t)| < ε,

à öå îçíà÷à¹, ùî äëÿ äîâiëüíîãî i ∈ N,

|ui(x, t)− uni (x, t)| < ε.

Òåîðåìà äîâåäåíà. �
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TRUNCATION OF INITIAL-BOUNDARY VALUE PROBLEM
FOR COUNTABLE LINEAR HYPERBOLIC SYSTEM

Taras FIRMAN
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We study the initial-boundary problem for a countable hyperbolic system of
the �rst order linear equations with two independent variables in a rectangle.
The corresponding truncated problem was constructed.
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