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Ââåäåíî õàðàêòåðèñòèêó Íåâàíëiííè T0(r, F ) ìåðîìîðôíî¨ â çîâíiøíîñ-
òi îäèíè÷íîãî êðóãà ôóíêöi¨ òà äîâåäåíî ¨¨ îñíîâíi âëàñòèâîñòi. Îòðèìàíî
êðèòåðié ñêií÷åííîñòi λ-òèïó ãîëîìîðôíèõ â çîâíiøíîñòi îäèíè÷íîãî êðó-
ãà ôóíêöié F ó òåðìiíàõ êîåôiöi¹íòiâ Ôóð'¹ log |F |. Çíàéäåíî çâ'ÿçîê ìiæ
T0(r, F ) òà êëàñè÷íîþ õàðàêòåðèñòèêîþ Íåâàíëiííè T (r, F ) äëÿ ôóíêöié,
ÿêi ìàþòü ìåðîìîðôíå ïðîäîâæåííÿ â C. Îïèñàíî ïîñëiäîâíîñòi íóëiâ ãî-
ëîìîðôíèõ i ïîëþñiâ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â çîâíiø-
íîñòi îäèíè÷íîãî êðóãà.

Êëþ÷îâi ñëîâà: ãîëîìîðôíà ôóíêöiÿ, ìåðîìîðôíà ôóíêöiÿ, ôóíêöiÿ
ñêií÷åííîãî λ-òèïó, ïîñëiäîâíiñòü çi ñêií÷åííîþ λ-ùiëüíiñòþ, λ-äîïóñòèìà
ïîñëiäîâíiñòü.

1. Âñòóï.Ó êëàñè÷íié òåîði¨ Íåâàíëiííè âèâ÷àþòü ðîçïîäië çíà÷åíü ìåðîìîðô-
íèõ ôóíêöié ó âñié ïëîùèíi. Ìè áóäó¹ìî àíàëîã öi¹¨ òåîði¨ äëÿ ôóíêöié ìåðîìîðô-
íèõ ëèøå â äåÿêîìó ïîêîëåíîìó îêîëi ôiêñîâàíî¨ òî÷êè. Áåç âòðàòè çàãàëüíîñòi
ââàæàòèìåìî öþ òî÷êó ∞, à ¨¨ îêîëîì çîâíiøíiñòü äåÿêîãî êðóãà, çîêðåìà, îäèíè÷-
íîãî.

Äëÿ ôóíêöié ìåðîìîðôíèõ çîâíi îäèíè÷íîãî êðóãà ðîçâ'ÿçàíî òàêi çàäà÷i:

i) äîâåäåíî àíàëîã ôîðìóëè �íñåíà;
ii) ââåäåíî õàðàêòåðèñòèêó Íåâàíëiííè T0(r, F );
iii) ïðîâåäåíî ïîðiâíÿííÿ T0(r, F ) i T (r, F ) äëÿ ôóíêöié, ÿêi ìåðîìîðôíî ïðî-

äîâæóþòüñÿ â C;
iv) îïèñàíî êëàñ ìåðîìîðôíèõ ïðè |z| > 1ôóíêöié F òàêèõ, ùî ¨õíÿ õàðàêòåðèñ-

òèêà Íåâàíëiííè T0(r, F ) = O(log r);
v) ðîçãëÿíóòî êëàñè ôóíêöié ç äîâiëüíèì îáìåæåííÿì íà çðîñòàííÿ ¨õíiõ íå-

âàíëiííîâèõ õàðàêòåðèñòèê T0(r, F ), ùî çàäàþòüñÿ äîäàòíèìè, íåñïàäíèìè,
íåïåðåðâíèìè, íåîáìåæåíèìè ïðè r > 1 ôóíêöiÿìè λ;

c⃝ Cîêóëüñüêà Í., 2014
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vi) îïèñàíî ïîñëiäîâíîñòi íóëiâ ãîëîìîðôíèõ i ïîëþñiâ ìåðîìîðôíèõ â çîâíiø-
íîñòi îäèíè÷íîãî êðóãà ôóíêöié.

2. Òåîðåìà �íñåíà äëÿ ìåðîìîðôíèõ â çîâíiøíîñòi îäèíè÷íîãî êðóãà

ôóíêöié. Íåõàé âiäìiííà âiä òîòîæíîãî íóëÿ ôóíêöiÿ F � ìåðîìîðôíà â çîâíiø-
íîñòi îäèíè÷íîãî êðóãà {z : |z| > 1}. Íåõàé n0(t, F ) � ëi÷èëüíà ôóíêöiÿ ¨¨ ïîëþñiâ
ó êiëüöi {z : 1 < |z| 6 t}. Ïîçíà÷èìî

N0(r, F ) =

r∫
1

n0(t, F )

t
dt, r > 1 (1)

i

c0(r, F ) =
1

2π

2π∫
0

log |F (reit)|dt, r > 1. (2)

Íàñòóïíà ëåìà ¹ àíàëîãîì òåîðåìè �íñåíà.

Ëåìà 1. Íåõàé ôóíêöiÿ F ìåðîìîðôíà â çîâíiøíîñòi îäèíè÷íîãî êðóãà

{z : |z| > 1}. Tîäi

N0(r,
1

F
)−N0(r, F ) = (3)

= c0(r, F )− log r

log r0
c0(r0, F ) + (

log r

log r0
− 1)c0(1, F ), r > r0 > 1.

Äîâåäåííÿ. Â [5] ìè âèâ÷àëè ôóíêöi¨ f ìåðîìîðôíi â çàìèêàííi ïiâñìóãè

S = {s = σ + it : σ > 0, 0 6 t < 2π}
òàêi, ùî f(σ) = f(σ + 2πi), σ > 0. Âiäîáðàçèâøè S ó çîâíiøíiñòü îäèíè÷íîãî êðóãà
{z : |z| > 1} çà äîïîìîãîþ âiäîáðàæåííÿ z = es, îòðèìà¹ìî òàêi ñïiââiäíîøåííÿ ìiæ
ìåðîìîðôíîþ â {z : |z| > 1} ôóíêöi¹þ F òà ìåðîìîðôíîþ â S ôóíêöi¹þ f òàêîþ,
ùî f(σ) = f(σ + 2πi), σ > 0,

f(s) = F (es).

Î÷åâèäíî, ùî çà äîïîìîãîþ âiäîáðàæåííÿ z = es, z = reit, s = σ + it îòðèìó¹ìî
ñïiââiäíîøåííÿ r = eσ, à òàêîæ

n0(r, F ) = n(log r, f) = n(σ, f), r > 1, σ ∈ S, (4)

äå n(σ, f) � ëi÷èëüíà ôóíêöiÿ ïîëþñiâ ôóíêöi¨ f ó ïðÿìîêóòíèêó {η+ it : 0 < η 6 σ,
0 6 t < 2π}.

Ç îãëÿäó íà (1)

N0(r, F ) =

r∫
1

n0(t, F )

t
dt = (5)

=

eσ∫
1

n(log t, f)

t
dt =

σ∫
0

n(η, f)dη = N(σ, f),

äëÿ r > 1 i σ > 0.
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À òàêîæ,

c0(σ, f) :=
1

2π

2π∫
0

log |f(σ + it)|dt = (6)

=
1

2π

2π∫
0

log |F (eσ+it)|dt = 1

2π

2π∫
0

log |F (reit)|dt = c0(r, F ), r > 1.

Ñïiââiäíîøåííÿ, äîâåäåíå â [5], ¹ àíàëîãîì òåîðåìè �íñåíà-Ëiòòëâóäà [2] äëÿ
ìåðîìîðôíî¨ â çàìèêàííi ïiâñìóãè S ôóíêöi¨ f òàêî¨, ùî f(σ) = f(σ + 2πi), σ > 0

N(σ,
1

f
)−N(σ, f) = (7)

= c0(σ, f)−
σ

σ0
c0(σ0, f) + (

σ

σ0
− 1)c0(0, f), σ > σ0 > 0.

Iç (7) òà ðiâíîñòåé (5), (6), îòðèìó¹ìî (3). �

3. Õàðàêòåðèñòèêà Íåâàíëiííè ìåðîìîðôíèõ çîâíi îäèíè÷íîãî êðóãà

ôóíêöié. Íåõàé âiäìiííà âiä òîòîæíîãî íóëÿ ôóíêöiÿ F ìåðîìîðôíà â çîâíiøíîñòi
îäèíè÷íîãî êðóãà {z : |z| > 1}. Ïîçíà÷èìî

m0(r, F ) =
1

2π

2π∫
0

log+|F (reit)|dt,

äå x+ = max{0, x}.

Îçíà÷åííÿ 1. Ôóíêöiÿ

T0(r, F ) = m0(r, F )− log r

log r0
m0(r0, F ) + (8)

+

(
log r

log r0
− 1

)
m0(1, F ) +N0(r, F ), r > r0 > 1,

íàçèâà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè ôóíêöi¨ F .

Åëåìåíòàðíi âëàñòèâîñòi T0(r, F ) îïèñàíi â òåîðåìi.

Òåîðåìà 1. Íåõàé ôóíêöiÿ F , F ̸≡ 0, ìåðîìîðôíà â çîâíiøíîñòi îäèíè÷íîãî êðóãà
{z : |z| > 1}. Òîäi:

i) T0(r0, F ) = 0;
ii) T0(r, F ) íåâiä'¹ìíà, íåñïàäíà é îïóêëà ñòîñîâíî log r ïðè r > r0;
iii) T0(r, F ) = T0(r,

1
F ) ïðè r > r0.

iv) T0(r, F1F2) 6 T0(r, F1) + T0(r, F2) +O(log r), r > r0,
T0(r, F1 + F2) 6 T0(r, F1) + T0(r, F2) +O(log r), r > r0.

Äîâåäåííÿ. Òâåðäæåííÿ i) íåãàéíî âèïëèâà¹ ç (8).
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Äàëi, íåõàé F ÷àñòêà äâîõ ãîëîìîðôíèõ ôóíêöié H(z) i G(z) â {z : |z| > 1},
F = H

G , äå H i G íå ìàþòü ñïiëüíèõ íóëiâ. Çàñòîñóâàâøè (3) äî G, îòðèìà¹ìî

N0(r,
1

G
) = c0(r,G)− log r

log r0
c0(r0, G) + (

log r

log r0
− 1)c0(1, G) = N0(r, F ), r > r0 > 1.

Çàóâàæèìî (a− b)+ + b = max(a, b). Òîìó, çâàæàþ÷è íà (8), õàðàêòåðèñòèêó Íåâàí-
ëiííè F = H

G ìîæíà çàïèñàòè òàê:

T0(r, F ) =
1

2π

2π∫
0

max(log |H(reiθ)|, log |G(reiθ)|)dθ −

− log r

log r0

1

2π

2π∫
0

max(log |H(r0e
iθ)|, log |G(r0e

iθ)|)dθ +

+

(
log r

log r0
− 1

)
1

2π

2π∫
0

max(log |H(eiθ)|, log |G(eiθ)|)dθ, r > r0 > 1. (9)

Ïîçíà÷èìî

I(r, F ) =
1

2π

2π∫
0

max(log |H(reiθ)|, log |G(reiθ)|)dθ, r > r0 > 1. (10)

Ôóíêöiÿ u(z) = max(log |H(z)|, log |G(z)|) ¹ ñóáãàðìîíiéíîþ â {z : |z| > 1}.
Òîìó I(r, F ) ¹ îïóêëîþ ñòîñîâíî log r [6, p. 28]. Ç ðiâíîñòåé (8), (9) i (10) îòðèìó¹ìî
ñïiââiäíîøåííÿ

T0(r, F ) = I(r, F )− log r

log r0
I(r0, F ) +

(
log r

log r0
− 1

)
I(1, F ), r > r0. (11)

Ïðàâèé áiê ðiâíîñòi (11) ¹ ñóìîþ îïóêëî¨ ñòîñîâíî log r i ëiíiéíî¨ A log r + B
ôóíêöié. Òîìó T0(r, F ) ¹ îïóêëîþ ñòîñîâíî log r äëÿ r > r0.

Ç îïóêëîñòi I(r, F ) ñòîñîâíî log r âèïëèâà¹

I(r0, F ) 6 log r − log r0
log r

I(1, F ) +
log r0
log r

I(r, F ), 1 < r0 6 r.

Îòîæ,

0 6 I(r, F )− log r

log r0
I(r0, F ) +

(
log r

log r0
− 1

)
I(1, F ), 1 < r0 6 r.

Ç îãëÿäó íà (11) îòðèìó¹ìî T0(r, F ) > 0, r > r0. Îòæå, T0(r, F ) � íåâiä'¹ìíà.
Îñêiëüêè êîæíà îïóêëà ôóíêöiÿ ìà¹ ïîõiäíó ñïðàâà [6, c. 28], òî

lim
r→r0+0

T0(r, F )− T0(r0, F )

log r − log r0
= lim

r→r0+0

T0(r, F )

log r − log r0
= T ′

0+(r0, f) > 0.

Îñêiëüêè öÿ ïîõiäíà íåñïàäíà [6, p. 28], òî 0 6 T ′
0(r0, F ) 6 T ′

0(r, F ), r > r0. Òîìó
õàðàêòåðèñòèêà (8) ¹ íåñïàäíîþ ïðè r > r0, i âëàñòèâiñòü (ii) äîâåäåíà.
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Çàñòîñîâóþ÷è (3) äî ôóíêöi¨ 1
F , ìè îòðèìà¹ìî

N0(r, F )−N0(r,
1

F
) = (12)

= c0(r,
1

F
)− log r

log r0
c0(r0,

1

F
) + (

log r

log r0
− 1)c0(1,

1

F
), r > r0 > 1.

Òâåðäæåííÿ (iii) âèïëèâà¹ íåãàéíî ç (12), (2) i âëàñòèâîñòi log x = log+ x−log+ 1
x ,

x > 0.
Âèêîðèñòîâóþ÷è íåðiâíîñòi

log+ xy 6 log+ x+ log+ y, log(x+ y) 6 log+ x+ log+ y + log 2,

äëÿ äîäàòíèõ x, y i

n0(r, F1F2) 6 n0(r, F1) + n0(r, F2), n0(r, F1 + F2) 6 n0(r, F1) + n0(r, F2),

îòðèìà¹ìî (iv), ùî çàâåðøó¹ äîâåäåííÿ. �

4. Çâ'ÿçîê ìiæ T0(r, F ) i êëàñè÷íîþ õàðàêòåðèñòèêîþ Íåâàíëiííè

T (r, F ) äëÿ ìåðîìîðôíèõ ôóíêöié, ùî ìåðîìîðôíî ïîäîâæóþòüñÿ â C.
ßêùî ìåðîìîðôíà â {z : |z| > 1} ôóíêöiÿ F ìåðîìîðôíî ïðîäîâæó¹òüñÿ â C, òî ¨¨
êëàñè÷íà õàðàêòåðèñòèêà Íåâàíëiííè T (r, F ) òàêîæ âèçíà÷åíà. Òîäi

N(r, F )−N0(r, F ) =

=

r∫
0

n(t, F )− n(0, F )

t
dt+ n(0, F ) log r −

r∫
1

n0(t, F )

t
dt =

=

1∫
0

n(t, F )− n(0, F )

t
dt+

r∫
1

n(t, F )− n(0, F )− n0(t, F )

t
dt+ n(0, F ) log r =

= N(1, F ) +

r∫
1

n(1, F )

t
dt.

Îñêiëüêè n(1, F ) = n(t, F ) − n0(t, F ) ïðè t > 1 i N(1, F ) =
1∫
0

n(t,F )−n(0,F )
t dt, òîìó

N(r, F )−N0(r, F ) = N(1, F ) + n(1, F ) log r ïðè r > r0 > 1.
Îòîæ,

T (r, F )− T0(r, F ) = N(r, F ) +m(r, F )− (13)

−N0(r, F )−m0(r, F ) +
log r

log r0
m0(r0, F )−

(
log r

log r0
− 1

)
m0(1, F ) =

= N(1, F ) + log r

[
m0(r0, F )−m0(1, F )

log r0
+ n(1, F )

]
+m0(1, F ), r > r0 > 1.

Çàóâàæèìî, ùî

N(1, F ) +m0(1, F ) = N(1, F ) +m(1, F ) = T (1, F ), r > r0 > 1. (14)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (13) i (14), îòðèìó¹ìî òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 1. Íåõàé ìåðîìîðôíà â {z : |z| > 1} ôóíêöiÿ F ìà¹ ìåðîìîðôíå

ïðîäîâæåííÿ â C. Òîäi

T0(r, F ) = T (r, F )− T (1, F ) + (15)

+ log r

[
m0(1, F )−m0(r0, F )

log r0
− n(1, F )

]
, r > r0 > 1.

5. Âèïàäîê T0(r, F ) = O(log r). Ðîçãëÿíåìî âèïàäîê

T0(r, F ) = O(log r), r > r0. (16)

Òåîðåìà 2. Íåõàé F ìåðîìîðôíà â {z : |z| > 1} ôóíêöiÿ. Âëàñòèâiñòü T0(r, F ) =
= O(log r), r > r0 âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè

F (z) = R(z)eh(z), (17)

äå R(z) � ðàöiîíàëüíà i h(z) � ãîëîìîðôíà i îáìåæåíà ïðè |z| > 1 ôóíêöiÿ.

Äîâåäåííÿ. Íåõàé F íàáóëî âèãëÿäó (17). Òîäi ç îãëÿäó íà âëàñòèâiñòü (iv) Tåîðåìè 1

T0(r, F ) 6 T0(r,R) + T0(r, e
h) +O(log r), r > r0. (18)

Îñêiëüêè m0(r,R) = O(log r) i N0(r,R) = O(log r), r > r0. Îòðèìó¹ìî

T0(r,R) = O(log r), r > r0. (19)

Êðiì òîãî, îñêiëüêè h ¹ îáìåæåíà ïðè |z| > 1, òî m0(r, e
h) = O(1), r > r0. Îòîæ,

îòðèìó¹ìî T0(r, e
h) = m0(r, e

h) +O(log r) = O(log r), r > r0. Ç öüîãî ñïiââiäíîøåííÿ
òà ç (18) i (19) âèïëèâà¹ (16).

Íàâïàêè, íåõàé âèêîíó¹òüñÿ (16). Òîäi

N0(r, F ) +m0(r, F ) = (20)

T0(r, F ) +
log r

log r0
m0(r0, F )− (

log r

log r0
− 1)m0(1, F ) = O(log r), r > r0.

Îòæå, N0(r, F ) = O(log r) i m0(r, F ) = O(log r), r > r0, áî îáèäâà äîäàíêè çëiâà
(20) íåâiä'¹ìíi.

Çi ñïiââiäíîøåííÿ N0(r, F ) = O(log r), r > r0 âèïëèâà¹, ùî n0(r, F ) 6 const.
Òîìó ÷èñëî ïîëþñiâ F ñêií÷åííå.

Çà âëàñòèâiñòþ (iii) Òåîðåìè 1 êiëüêiñòü íóëiâ F òàêîæ ñêií÷åííà.
Íåõàé R(z) � ðàöiîíàëüíà ôóíêöiÿ, íóëi i ïîëþñè ÿêî¨ çáiãàþòüñÿ ç íóëÿìè òà

ïîëþñàìè F ç óðàõóâàííÿì ¨õíüî¨ êðàòíîñòi.

Ôóíêöiÿ g(z) = F (z)
R(z) íåìà¹ íi íóëiâ, íi ïîëþñiâ ó {z : |z| > 1}. Çà Ëåìîþ 4.1.

ç [1] iñíó¹ m ∈ Z òàêå, ùî ãiëêà logG(z), G(z) = z−mg(z) âèçíà÷åíà â {z : |z| > 1}.
Ðîçãëÿíåìî ¨¨ ðÿä Ëîðàíà

logG(z) =
∑
k∈Z

ckz
k. (21)

Òîäi

log |G(z)| =
∑
k∈Z

Re(ckz
k) =

1

2

∑
k∈Z

(ckz
k + c−kz

k) =
1

2

∑
k∈Z

(ckr
k + c−kr

−k)eikθ, r > 1,
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i

1

2
(ckr

k + c−kr
−k) =

1

2π

2π∫
0

log |G(reiθ)|e−ikθdθ, r > 1, k ∈ Z. (22)

Îñêiëüêè | log |G(z)|| 6 | log |g(z)|+ |m|| log z|, |z| > 1, òî çi ñïiââiäíîøåíü (16)
i (22) âèïëèâà¹

ckr
k + c−kr

−k = O(log r), r > 1, k ∈ Z. (23)

Îñêiëüêè r > 1, òî ñïiââiäíîøåííÿ (23) âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè ck = 0,
k ∈ N. Òîìó ðÿä Ëîðàíà (21) ìîæíà çàïèñàòè òàê:

logG(z) = log

(
z−m F (z)

R(z)

)
= c0 +

c−1

z
+ ...+

c−k

zk
+ ..., k ∈ N.

Ïîçíà÷èìî

c0 +
c−1

z
+ ...+

c−k

zk
+ ... = h(z), |z| > 1.

Òîäi

log

(
z−m F (z)

R(z)

)
= h(z), |z| > 1. (24)

Îñêiëüêè ðÿä Ëîðàíà àáñîëþòíî çáiæíèé íà {z : |z| = 1}, òî îòðèìà¹ìî
|h(z)| = |c0|+ |c−1|+ ...+ |c−k|+ ... = const.

Îòîæ, ç (24) âèïëèâà¹

F (z) = zmR(z)eh(z),

äå h(z) îáìåæåíà ïðè |z| > 1, ùî çàâåðøó¹ äîâåäåííÿ. �

6. Êîåôiöi¹íòè ôóð'¹ ìåðîìîðôíî¨ â çîâíiøíîñòi îäèíè÷íîãî êðóãà

ôóíêöi¨. Íåõàé ôóíêöiÿ F , F ̸≡ 0, ìåðîìîðôíà â {z : |z| > 1}. Ïðèïóñòèìî, ùî F
íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà |z| = 1.

Îçíà÷åííÿ 2. k-ì êîåôiöi¹íòîì Ôóð'¹ ôóíêöi¨ log |F (reit)| íàçèâà¹òüñÿ

ck(r, F ) =
1

2π

2π∫
0

e−ikt log |F (reit)|dt, r > 1, k ∈ Z.

Ëåìà 2. Íåõàé ôóíêöiÿ F , F ̸≡ 0, ìåðîìîðôíà â {z : 1 6 |z| < t, t > 1}. Íåõàé {aj}
ïîñëiäîâíiñòü íóëiâ F â {z : 1 6 |z| < t, t > 1} i {bj} � ïîñëiäîâíiñòü ¨¨ ïîëþñiâ.

Íåõàé F íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà êîëi {z : |z| = 1}. Òîäi âèêîíóþòüñÿ òàêi

ñïiââiäíîøåííÿ:

ck(r, F ) =
rk

2k
αk(F )− r−k

2k
α−k(F ) + (25)

+
1

2k

∑
|aj |>1

[(
r

aj

)k

−
(
aj
r

)k
]
− 1

2k

∑
|bj |>1

[(
r

bj

)k

−
(
bj
r

)k
]
,

c−k(r, F ) = ck(r, F ), k ∈ N,
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äå αk(F ) = 1
2π

2π∫
0

e−ikt F
′(eit)

F (eit) dt, k ∈ N.

Íàéïåðøå íàãàäà¹ìî ðåçóëüòàò, äîâåäåíèé â [5]. Íåõàé f , f ̸≡ 0, ìåðîìîðôíà
â çàìèêàííi ïðÿìîêóòíèêà Rσ = {η + it : 0 < η 6 σ, 0 6 t < 2π} ôóíêöiÿ òàêà, ùî
f(σ) = f(σ + 2πi). Íåõàé {sj} � ïîñëiäîâíiñòü íóëiâ f â Rσ i {pj} � ïîñëiäîâíiñòü ¨¨
ïîëþñiâ. Ïðèïóñòèìî, ùî f íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà ∂Rσ.

Ïðèéìåìî

ck(σ, f) =
1

2π

2π∫
0

e−ikt log |f(σ + it)|dt, k ∈ Z.

Ëåìà 3 ([5]). Çà âèùå çðîáëåíèõ ïðèïóùåíü âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ:

ck(σ, f) =
ekσ

2k
αk(f)−

e−kσ

2k
α−k(f) +

+
1

2k

∑
sj∈Rσ

[(
eσ

esj

)k

−
(
esj

eσ

)k
]
− 1

2k

∑
pj∈Rσ

[(
eσ

epj

)k

−
(
epj

eσ

)k
]
,

c−k(σ, f) = ck(σ, f), k ∈ N, (26)

äå αk(f) =
1
2π

2π∫
0

e−ikt f
′(it)
f(it) dt, k ∈ N.

Äîâåäåííÿ ëåìè 2. Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ z = reit = es = eσ+it i
f(s) = F (es), îòðèìó¹ìî

αk(f) =
1

2π

2π∫
0

e−ikt f
′(it)

f(it)
dt =

1

2π

2π∫
0

e−iktF
′(eit)

F (eit)
dt = αk(F ), k ∈ N, (27)

ck(σ, f) =
1

2π

2π∫
0

e−ikt log |f(σ + it)|dt = (28)

=
1

2π

2π∫
0

e−ikt log |F (reit)|dt = ck(r, F ), k ∈ Z.

Çàñòîñîâóþ÷è öþ æ ïiäñòàíîâêó äî (26), îòðèìó¹ìî ðiâíîñòi (25), äå ck(r, F ) i αk(F )
âèçíà÷åíi ñïiââiäíîøåííÿìè (28), (27), âiäïîâiäíî.

7. Meðîìîðôíi ôóíêöi¨ ñêií÷åííîãî λ-òèïó â çîâíiøíîñòi îäèíè÷íîãî
êðóãà.

Îçíà÷åííÿ 3. Äîäàòíà, íåñïàäíà, íåïåðåðâíà i íåîáìåæåíà ïðè r > 1 ôóíêöiÿ

λ(r) íàçèâà¹òüñÿ ôóíêöi¹þ çðîñòàííÿ.

Îçíà÷åííÿ 4. Íåõàé λ(r) ôóíêöiÿ çðîñòàííÿ i F ìåðîìîðôíà â {z : |z| > 1}. Ôóíê-
öiÿ F íàçèâà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó, ÿêùî iñíóþòü äîäàòíi ñòàëi

A > 0, B > 0 òàêi, ùî T (r, F ) 6 Aλ(Br), r > r0 > 1.
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Ïîçíà÷èìî ÷åðåç Λ(∞) êëàñ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â
{z : |z| > 1} i ÷åðåç ΛH(∞) � êëàñ ãîëîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â
{z : |z| > 1}.

Ïåðø íiæ ïåðåéòè äî îïèñó ïîñëiäîâíîñòåé íóëiâ ôóíêöi¨ ç êëàñó ΛH(∞), íà-
ãàäà¹ìî îçíà÷åííÿ ç [5].

Îçíà÷åííÿ 5 ([5]). Íåõàé λ1(σ) ôóíêöiÿ çðîñòàííÿ i f � ìåðîìîðôíà â S,
S = {σ + it, σ > 0, 0 6 t < 2π} òàêà, ùî f(σ + 2πi) = f(σ). Ôóíêöiÿ f íàçè-

âà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ1-òèïó, ÿêùî T (σ, f) 6 A λ1(σ + B), äëÿ äåÿêèõ

äîäàòíèõ ñòàëèõ A > 0, B > 0 i âñiõ σ, σ > σ0 > 0, äå T (σ, f) õàðàêòåðèñòèêà

Íåâàíëiííè ôóíêöi¨ f .

Ïîçíà÷èìî ÷åðåç Λ(S) êëàñ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ1-òèïó â S i
÷åðåç ΛH(S) êëàñ ãîëîìîðôíèõ ôóíêöié ñêií÷åííîãî λ1-òèïó â S.

Ëåìà 4. Ãîëîìîðôíà ôóíêöiÿ F â {z : |z| > 1} ¹ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó òîäi
i ëèøå òîäi, êîëè ôóíêöiÿ f(s) = F (es) ¹ ôóíêöi¹þ ñêií÷åííîãî λ1-òèïó â S, äå
λ1(σ) = λ(eσ), σ > 0.

Äîâåäåííÿ. Íåõàé F ∈ ΛH(∞). Öå îçíà÷à¹, ùî T0(r, F ) 6 Aλ(Br) äëÿ äåÿêèõ ñòàëèõ
A,B > 0 i âñiõ r > r0.

Âèêîðèñòîâóþ÷è âèùå îïèñàíi ñïiââiäíîøåííÿ z = reit = es = eσ+it i
F (z) = F (es) = f(s), îòðèìà¹ìî

T0(r, F ) = m0(r, F )− log r

log r0
m0(r0, F ) +

(
log r

log r0
− 1

)
m0(1, F ) =

=
1

2π

2π∫
0

log+ |F (reit)|dt− log r

log r0

1

2π

2π∫
0

log+ |F (r0e
it)|dt+

+

(
log r

log r0
− 1

)
1

2π

2π∫
0

log+ |F (eit)|dt = 1

2π

2π∫
0

log+ |f(σ + it)|dt−

− σ

σ0

1

2π

2π∫
0

log+ |f(σ0 + it)|dt+
(

σ

σ0
− 1

)
1

2π

2π∫
0

log+ |f(it)|dt = T (σ, F ), σ > σ0.

Îñêiëüêè T0(r, F ) 6 Aλ(Br) äëÿ äåÿêèõ ñòàëèõ A,B > 0 i âñiõ r > r0, òî
T (σ, f) 6 Aλ(Beσ) = Aλ(eσ+logB) = Aλ1(σ + C), äå C = logB.

Íàâïàêè, ÿêùî T (σ, f) 6 Aλ1(σ + C) äëÿ äåÿêèõ A,C > 0 i âñiõ σ > σ0 > 0,
òîäi T0(r, F ) 6 Aλ1(log r + C) = Aλ1(log r + log eC) = Aλ1(log e

C · r) = Aλ(Br), äå
B = eC . �

8. Ïîñëiäîâíîñòi íóëiâ ãîëîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó â

çîâíiøíîñòi îäèíè÷íîãî êðóãà. Íåõàé Z = {zj} � ïîñëiäîâíiñòü êîìïëåêñíèõ
÷èñåë iç {z : |z| > 1}. ×åðåç n(t, Z) ïîçíà÷èìî ëi÷èëüíó ôóíêöiþ ïîñëiäîâíîñòi Z â
êiëüöi {z : 1 6 |z| 6 t}.

Íåõàé λ � ôóíêöiÿ çðîñòàííÿ.
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Îçíà÷åííÿ 6. Ïîñëiäîâíiñòü Z = {zj} iç {z : |z| > 1} ìà¹ ñêií÷åííó λ-ùiëüíiñòü,
ÿêùî

N(r, Z) 6 Aλ(Br), (29)

äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ A,B i âñiõ r, r > 1, äå N(r, Z) =
r∫
1

n(t,Z)
t dt.

Îçíà÷åííÿ 7. Ïîñëiäîâíiñòü Z = {zj} iç {z : |z| > 1} íàçèâà¹òüñÿ λ-äîïóñòèìîþ,
ÿêùî âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü é iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî

1

k

∣∣∣∣∣∣
∑

r1<r6r2

(
1

zj

)k
∣∣∣∣∣∣ 6 Aλ(Br1)

rk1
+

Aλ(Br2)

rk2
,

äëÿ âñiõ r1, r2, r0 6 r1 < r2 i êîæíîãî k ∈ N.

Êðiì òîãî, äëÿ ïîñëiäîâíîñòåé êîìïëåêñíèõ ÷èñåë Q = {sj} iç S àíàëîãi÷íî
âèçíà÷àþòüñÿ òàêi ïîíÿòòÿ.

Îçíà÷åííÿ 8. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë Q = {sj} ç S ìà¹ ñêií÷åííó

λ1-ùiëüíiñòü, ÿêùî iñíóþòü äîäàòíi ñòàëi A,B òàêi, ùî

N(σ,Q) 6 Aλ1(σ +B), σ > σ0 > 0,

äå

N(σ,Q) =

σ∫
0

n(η,Q)dη,

n(η,Q) � êiëüêiñòü ÷ëåíiâ ïîñëiäîâíîñòi Q â ïðÿìîêóòíèêó Rη i λ1(σ) = λ(eσ),
σ > 0.

Îçíà÷åííÿ 9. Ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë Q = {sj} ç S íàçèâà¹òüñÿ λ1-äî-

ïóñòèìîþ, ÿêùî âîíà ìà¹ ñêií÷åííó λ1-ùiëüíiñòü òà iñíóþòü äîäàòíi ñòàëi A,B
òàêi, ùî

1

k

∣∣∣∣∣∣
∑

σ1<Resj6σ2

(
1

esj

)k
∣∣∣∣∣∣ 6 Aλ1(σ1 +B)

ekσ1
+

Aλ1(σ2 +B)

ekσ2
,

k ∈ N i σ0 6 σ1 < σ2, äå λ1(σ) = λ(eσ), σ > 0.

Íàñòóïíà òåîðåìà îïèñó¹ ïîñëiäîâíîñòi íóëiâ ôóíêöié iç êëàñó ΛH(∞).

Òåîðåìà 3. Äëÿ òîãî, ùîá ïîñëiäîâíiñòü Z iç {z : |z| > 1} áóëà ïîñëiäîâíiñòþ

íóëiâ ôóíêöi¨ ç ΛH(∞) íåîáõiäíî i äîñòàòíüî, ùîá âîíà áóëà λ-äîïóñòèìîþ.

Ïåðøå, íiæ äîâîäèòè öþ òåîðåìó, äîâåäåìî òàêå òâåðäæåííÿ.

Ëåìà 5. Íåõàé Z = {zj} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë iç {z : |z| > 1} i

Q = {sj} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë iç S òàêèõ, ùî zj = esj , j ∈ N.
Ïîñëiäîâíiñòü {zj} ¹ λ-äîïóñòèìîþ òîäi i ëèøå òîäi, êîëè ïîñëiäîâíiñòü {sj} ¹

λ1-äîïóñòèìîþ, äå λ1(σ) = λ(eσ), σ > 0.
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Äîâåäåííÿ. Íåõàé ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë {zj} ¹ λ-äîïóñòèìîþ. Òîäi âè-
êîíóþòüñÿ òàêi íåðiâíîñòi:

N0(r, Z) 6 Aλ(Br)

1

k

∣∣∣∣∣∣
∑

r1<r6r2

(
1

zj

)k
∣∣∣∣∣∣ 6 Aλ(Br1)

rk1
+

Aλ(Br2)

rk2
,

äëÿ äåÿêèõ äîäàòíèõ ñòàëèõ A,B i âñiõ r1, r2, r0 6 r1 < r2 òà êîæíîãî k ∈ N.
Ïðèéìåìî â îáîõ íåðiâíîñòÿõ z = es, z = reit, äå eσ+it = reit, σ = log r, i
âèêîðèñòà¹ìî ñïiââiäíîøåííÿ (5). Îòîæ, îòðèìà¹ìî

N0(r, Z) = N(σ,Q) 6 Aλ(Beσ) = Aλ(eσ+logB) = Aλ1(σ +D)

i

1

k

∣∣∣∣∣∣
∑

r1<r6r2

(
1

zj

)k
∣∣∣∣∣∣ = 1

k

∣∣∣∣∣∣
∑

σ1<Resj6σ2

(
1

esj

)k
∣∣∣∣∣∣ 6 Cλ(eσ1+logD)

ekσ1
+

Cλ(eσ2+logD)

ekσ2
=

=
Cλ1(σ1 + Ã)

ekσ1
+

Cλ1(σ2 + Ã)

ekσ2
,

äëÿ äåÿêèõ A,B,C,D > 0, Ã = logD, D = logB i âñiõ σ1, σ2, σ0 6 σ1 < σ2, äëÿ
âñiõ k ∈ N.

Îòæå, {sj} çàäîâîëüíÿ¹ îçíà÷åííÿ λ1-äîïóñòèìîñòi.
Íåõàé òåïåð {sj} � λ1-äîïóñòèìà. Àíàëîãi÷íèìè ìiðêóâàííÿìè îòðèìó¹ìî

λ-äîïóñòèìiñòü ïîñëiäîâíîñòi {zj}, zj = esj iç {z : |z| > 1}.
Äîâåäåííÿ òåîðåìè 3. Íåõàé {zj} � ïîñëiäîâíiñòü íóëiâ iç {z : |z| > 1}

ãîëîìîðôíî¨ ôóíêöi¨ F ñêií÷åííîãî λ-òèïó. Çâàæàþ÷è íà ëåìó 4, îòðèìà¹-
ìî, ùî ãîëîìîðôíà ôóíêöiÿ f(s) = F (es) ¹ ôóíêöi¹þ ñêií÷åííîãî λ1-òèïó, äå
λ1(s) = λ(es), σ > 0. Íåõàé ïîñëiäîâíiñòü Q = {sj}, esj = zj ¹ ïîñëiäîâíiñòþ íóëiâ
ãîëîìîðôíî¨ ôóíêöi¨ f ∈ ΛH .

Ðîçãëÿíåìî ðiçíèöþ

ck(σ2, f)

ekσ2
− ck(σ1, f)

ekσ1
=

αke
kσ2 − α−ke

−kσ2

2kekσ2
+

1

2kekσ2

 ∑
sj∈Rσ2

(
eσ2

esj

)k

−
∑

sj∈Rσ2

(
esj

eσ2

)k
−

−αke
kσ1 − α−ke

−kσ1

2kekσ1
− 1

2kekσ1

 ∑
sj∈Rσ1

(
eσ1

esj

)k

−
∑

sj∈Rσ1

(
esj

eσ1

)k
 =

=
α−k

2k

[
1

e2kσ1
− 1

e2kσ2

]
+

1

2k

 ∑
sj∈Rσ2

1

(esj )k
−

∑
sj∈Rσ1

1

(esj )k

+

+
1

2kekσ1

∑
sj∈Rσ1

(
esj

eσ1

)k

− 1

2kekσ2

∑
sj∈Rσ2

(
esj

eσ2

)k

,

äå 0 6 σ1 < σ2.
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Îòðèìà¹ìî

1

k

∑
σ1<ℜsj6σ2

1

(esj )k
=

2ck(σ2, f)

ekσ2
− 2ck(σ1, f)

ekσ1
+

α−k

k

[
1

e2kσ2
− 1

e2kσ1

]
+

+
1

kekσ2

∑
sj∈Rσ2

(
esj

eσ2

)k

− 1

kekσ1

∑
sj∈Rσ1

(
esj

eσ1

)k

.

(30)

Îñêiëüêè â ïðÿìîêóòíèêàõ Rσi , i = 1, 2, äëÿ äåÿêèõ ñòàëèõ A1, B1 > 0 âèêî-
íó¹òüñÿ

∑
sj∈Rσi

∣∣∣∣esjeσi

∣∣∣∣k 6
∑

sj∈Rσi

1 6 n(σi + 1,
1

f
) 6 N(σi + 1,

1

f
) 6 A1λ1(σi + 1 +B1),

σi > σ0, i = 1, 2, òî ëiâèé áiê ðiâíîñòi (30) îöiíèìî òàê:

1

k

∣∣∣∣∣∣
∑

σ1<ℜsj6σ2

1

eksj

∣∣∣∣∣∣ 6 A2λ1(σ2 +B2)

ekσ2
+

A2λ1(σ1 +B2)

ekσ1
+

+
|α−k|
k

[
1

e2kσ2
+

1

e2kσ1

]
+

1

kekσ2

∑
sj∈Rσ2

∣∣∣∣ esjeσ2

∣∣∣∣k +
1

kekσ1

∑
sj∈Rσ1

∣∣∣∣ esjeσ1

∣∣∣∣k 6

6 A2λ1(σ2 +B2)

ekσ2
+

A2λ1(σ1 +B2)

ekσ1
+ C

[
1

e2kσ2
+

1

e2kσ1

]
+

+
1

kekσ2
N(σ2 + 1,

1

f
) +

1

kekσ1
N(σ1 + 1,

1

f
) 6 Aλ1(σ2 +B)

ekσ2
+

Aλ1(σ1 +B)

ekσ1
,

k ∈ N, σ2 > σ1 > σ0,

(31)

äå A = max{A1, A2, C}, B = max{B1 + 1, B2}.
Çà òåîðåìîþ 2 ç [5] ïîñëiäîâíiñòü íóëiâ Q ôóíêöi¨ f ìà¹ ñêií÷åííó λ-ùiëüíiñòü.

Ðàçîì iç (31) îòðèìó¹ìî, ùî Q = {sj} � λ1-äîïóñòèìà.
Çà ëåìîþ 5 îòðèìó¹ìî λ-äîïóñòèìiñòü ïîñëiäîâíîñòi {zj}, zj = esj .
Íàâïàêè, ÿêùî ïîñëiäîâíiñòü {zj} ¹ λ-äîïóñòèìîþ, òî çãiäíî ç òåîðåìîþ Ðóáåëà-

Òåéëîðà [3, ñò. 84] ([4, ñò. 29]) iñíó¹ öiëà ôóíêöiÿ F (z) ñêií÷åííîãî λ-òèïó ç ïîñëi-
äîâíiñòþ íóëiâ Z = {zj}, ùî çàâåðøó¹ äîâåäåííÿ. �

9. Ïîñëiäîâíîñòi ïîëþñiâ ìåðîìîðôíèõ ôóíêöié ñêií÷åííîãî λ-òèïó
â çîâíiøíîñòi îäèíè÷íîãî êðóãà. Íåõàé W = {wj} � ïîñëiäîâíiñòü êîìïëåêñíèõ
÷èñåë iç {z : |z| > 1}. Íåõàé λ � ôóíêöiÿ çðîñòàííÿ.

Òåîðåìà 4. Ïîñëiäîâíiñòü W = {wj} iç {z : |z| > 1} ¹ ïîñëiäîâíiñòþ ïîëþñiâ

ôóíêöi¨ F iç êëàñó Λ(∞) òîäi i ëèøå òîäi, êîëè âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü.

Ïåðøå, íiæ äîâåñòè öþ òåîðåìó, äîâåäåìî òàêå òâåðäæåííÿ.

Òåîðåìà 5. Ïîñëiäîâíiñòü Z = {zj} iç {z : |z| > 1} ¹ ïîñëiäîâíiñòþ íóëiâ ôóíêöi¨

F iç êëàñó Λ(∞) òîäi i ëèøå òîäi, êîëè âîíà ìà¹ ñêií÷åííó λ-ùiëüíiñòü.



146
Íàòàëiÿ ÑÎÊÓËÜÑÜÊÀ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79

Äîâåäåííÿ. ßêùî Z = {zj} ¹ ïîñëiäîâíiñòþ íóëiâ ôóíêöi¨ F , F ∈ Λ(∞), òîäi ç (8)
îòðèìà¹ìî

N0(r, Z) = N0(r,
1

F
) 6 T0(r, F ) 6 Aλ(Br),

äëÿ âñiõ r > r0 > 1 i äåÿêèõ ñòàëèõ A,B > 0.
Íåõàé òåïåð Z = {zj} � ïîñëiäîâíiñòü çi cêií÷åííîþ λ-ùiëüíiñòþ. Tîäi çà òåî-

ðåìîþ Ðóáåëà-Òåéëîðà [3] (äèâ. òàêîæ [4, p. 35]) iñíó¹ ìåðîìîðôíà â C ôóíêöiÿ F
ñêií÷åííîãî λ-òèïó ç ïîñëiäîâíiñòþ íóëiâ Z. �

Çàñòîñîâóþ÷è òåîðåìó 5 äî ôóíêöi¨ 1
F , îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 4.
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The Nevanlinna characteristic T0(r, F ) of a meromorphic function in the
exterior of unit disk is introduced, and its main properties are investigated.
A criterion of λ-type �niteness of holomorphic in the exterior of unit disk
functions F in terms of Fourier coe�cients of log |F | is obtained. The compari-
son between T0(r, F ) and the classical Nevanlinna characteristic T (r, F ) for
functions which have the meromorphic continuation into C is done. Zero sets
of holomorphic and pole sets of meromorphic functions of �nite λ-type in the
exterior of the unit disk are described.
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ÐÎÑÒ È ÐÀÑÏÐÅÄÅËÅÍÈÅ ÍÓËÅÉ È ÏÎËÞÑÎÂ
ÌÅÐÎÌÎÐÔÍÎÉ ÔÓÍÊÖÈÈ Â ÎÊÐÅÑÒÍÎÑÒÈ

ÑÓÙÅÑÒÂÅÍÍÎ ÎÑÎÁÎÉ ÒÎ×ÊÈ

Íàòàëüÿ ÑÎÊÓËÜÑÊÀß

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: natalya.sokulska@gmail.com

Ââåäåíî õàðàêòåðèñòèêó Íåâàíëèííû T0(r, F ) ìåðîìîðôíîé âî âíåø-
íîñòè åäèíè÷íîãî êðóãà ôóíêöèè è äîêàçàíû åå îñíîâíûå ñâîéñòâà. Ïîëó-
÷åí êðèòåðèé êîíå÷íîñòè λ-òèïà ãîëîìîðôíûõ âî âíåøíîñòè åäèíè÷íîãî
êðóãà ôóíêöèé F â òåðìèíàõ êîýôôèöèåíòîâ Ôóðüå log |F |. Óñòàíîâëåíà
ñâÿçü ìåæäó T0(r, F ) è êëàññè÷åñêîé õàðàêòåðèñòèêîé Íåâàíëèííû T (r, F )
äëÿ ôóíêöèé, êîòîðûå èìåþò ìåðîìîðôíîå ïðîäîëæåíèå â C. Îïèñàíû ïî-
ñëåäîâàòåëüíîñòè íóëåé ãîëîìîðôíûõ è ïîëþñîâ ìåðîìîðôíûõ ôóíêöèé
êîíå÷íîãî λ-òèïà âî âíåøíîñòè åäèíè÷íîãî êðóãà.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíàÿ ôóíêöèÿ, ìåðîìîðôíàÿ ôóíêöèÿ,
ôóíêöèÿ êîíå÷íîãî λ-òèïà, ïîñëåäîâàòåëüíîñòü ñ êîíå÷íîé λ-ïëîòíîñòüþ,
λ-äîïóñòèìàÿ ïîñëåäîâàòåëüíîñòü.


