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Äëÿ àíàëiòè÷íèõ â DR = {z : |z| < R}, 0 < R 6 +∞, õàðàêòåðèñòè÷-
íèõ ôóíêöié φ éìîâiðíiñíèõ çàêîíiâ F çíàéäåíî çâ'ÿçîê ìiæ çðîñòàííÿì
M(r, φ) = max {|φ(z)| : |z| = r} , r ∈ [0, R) i ñïàäàííÿì WF (x) = 1− F (x) +
+F (−x), x > 0. Îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äëÿ çíàõîäæåííÿ óìîâ íà
WF (x), çà ÿêèõ ïðàâèëüíi àñèìïòîòè÷íi ðiâíîñòi lnM(r, φ) = (1+ o(1))Trρ

ïðè r → ∞, äå T > 0, ρ > 1 äëÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíêöié i

M(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè r ↑ R, äå T > 0, ρ > 0 äëÿ àíàëiòè÷íèõ â

êðóçi {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, õàðàêòåðèñòè÷íà ôóíêöiÿ, éìî-
âiðíiñíèé çàêîí, óçàãàëüíåíèé ïîðÿäîê.

1. Âñòóï. Íåõàé φ � àíàëiòè÷íà â DR = {z : |z| < R}, R > 0, õàðàêòåðèñ-
òè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F , M(r, φ) = max {|φ(z)| : |z| = r} , r ∈ [0, R),
à WF (x) = 1 − F (x) + F (−x), x > 0. Çâ'ÿçîê ìiæ çðîñòàííÿì M(r, φ) i ñïàäàííÿì
WF (x) äîñëiäæóâàëè áàãàòî ìàòåìàòèêiâ. Äëÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíêöié öåé
çâ'ÿçîê ó òåðìiíàõ ïîðÿäêó i òèïó îòðèìàâ Á. Ðàìà÷àíäðàí (äèâ. [1, ñ. 54]), à äëÿ
àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi òàêèé ñàìèé çâ'ÿçîê çíàéøîâ Â.Ì. Ñîðîêiâñüêèé
[2]. Ó òåðìiíàõ óçàãàëüíåíèõ ïîðÿäêiâ Ì.Ì.Øåðåìåòè çàëåæíiñòü çðîñòàííÿM(r, φ)
âiä ñïàäàííÿ WF (x) âèâ÷àëè Í.I. ßêîâë¹âà [3-4] äëÿ öiëèõ õàðàêòåðèñòè÷íèõ ôóíê-
öié i Â.Ì. Ñîðîêiâñüêèé [2] äëÿ àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi õàðàêòåðèñòè÷íèõ
ôóíêöié. Íàéçàãàëüíiøi ðåçóëüòàòè äëÿ öiëèõ i äëÿ àíàëiòè÷íèõ ó ñêií÷åííîìó êðóçi
ôóíêöié íàâåäåíî â [5].

Ïðèðîäíèì ñòàëî ïèòàííÿ, çà ÿêèõ óìîâ íà WF (x) äëÿ öiëèõ õàðàêòåðèñòè÷íèõ
ôóíêöié lnM(r, φ) = (1 + o(1))Trρ ïðè r → ∞, äå T > 0 i ρ > 1, à äëÿ àíàëiòè÷íèõ
â êðóçi {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü

M(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè r ↑ R, äå T > 0 i ρ > 0.

c⃝ Ïëàöèäåì Ì., 2014
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Âiäïîâiäü íà öå ïèòàííÿ áóäå îòðèìàíî ç äîâåäåíîãî íèæ÷å çàãàëüíîãî ðåçóëü-
òàòó.

×åðåç Ω(0, R) ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ íà [r0, R) äëÿ äåÿêîãî
r0 ∈ (0 , R) ôóíêöié Φ òàêèõ, ùî ïîõiäíà Φ′ äîäàòíà, íåïåðåðâíî äèôåðåíöiéîâíà i

çðîñòà¹ äî +∞ íà [r0, R), i íåõàé ϕ � ôóíêöiÿ, îáåðíåíà äî Φ′, à Ψ(r) = r − Φ(r)

Φ′(r)
�

ôóíêöiÿ, àñîöiéîâàíà ç Φ çà Íüþòîíîì.
Áóäåìî äîñëiäæóâàòè óìîâè íà ôóíêöi¨ WF i Φ, çà ÿêèõ

lnM(r, φ) = (1 + o(1))Φ(r), r ↑ R. (1)

Äëÿ öüîãî ïðèéìåìî µ(r, φ) = sup {WF (x)e
rx : x > 0} i çíàéäåìî ñïî÷àòêó óìîâè íà

Φ, çà ÿêèõ ñïiââiäíîøåííÿ (1) ðiâíîñèëüíå ñïiââiäíîøåííþ

lnµ(r, φ) = (1 + o(1))Φ(r), r ↑ R. (2)

Îñêiëüêè [6, c. 55 ] µ(r, φ) 6 2M(r, φ) ïðè r → ∞, òî lnµ(r, φ) 6 (1+ o(1)) lnM(r, φ),
i íàì çàëèøèëîñü îòðèìàòè îöiíêó lnM(r, φ) ÷åðåç lnµ(r, φ) çâåðõó. Àëå [6, c. 55]
M(r, φ) 6 rI(r, φ) + const, äå I(r, φ) =

∫∞
0

WF (x) exp{rx}dx. Òîìó, ÿêùî φ ̸≡ const

� öiëà õàðàêòåðèñòè÷íà ôóíêöiÿ, òî
lnM(r, φ)

r
→ σ ∈ (0,+∞] ïðè r → +∞, i îòæå,

lnM(r, φ) 6 (1 + o(1)) ln I(r, φ), ïðè r → +∞, ÿêùî φ àíàëiòè÷íà â êðóçi DR = {z :
|z| < R}, R < +∞, òî M(r, φ) 6 RI(r, φ) + const i çíîâó

lnM(r, φ) 6 (1 + o(1)) ln I(r, φ) ïðè r ↑ R.

Îòæå, çàäà÷à çâåëàñü äî îöiíêè I(r, φ) ÷åðåç µ(r, φ) çâåðõó. Ìàòèìåìî

I(r, φ) =

∫ ∞

0

WF (x) exp {(r + η(r))x} exp {−η(r)x} dx 6 µ(r + η(r), φ)

η(r)

äëÿ áóäü-ÿêîãî η(r) ∈ (0, R− r), òîáòî r + η(r) < R. Çâiäñè âèïëèâà¹, ùî

ln I(r, φ) 6 lnµ(r + η(r), φ) + ln
1

η(r)
. (3)

Òîìó ç (2) âèïëèâà¹, ùî

ln I(r, φ) 6 (1 + o(1))Φ(r + η(r)) + ln
1

η(r)
, r ↑ R, (4)

i îòæå, òðåáà âèáðàòè η(r) òàê, ùîá Φ(r + η(r)) = (1 + o(1))Φ(r) i ln η(r) = o(Φ(r))

ïðè r ↑ R. Íàéïðîñòiøèì ¹ âèáið η(r) =
1

Φ(r)
ç âèìîãîþ Φ

(
r +

1

Φ(r)

)
= (1 +

+o(1))Φ(r) ïðè r ↑ R. ßêùî R = +∞, òî öÿ âèìîãà íå ¹ îáòÿæëèâîþ, îñêiëüêè ¨¨
çàäîâîëüíÿþòü ñòåïåíåâà òà ïîêàçíèêîâà ôóíêöi¨, à òàêîæ ôóíêöiÿ Φ(r) = expk r, äå
exp1 r = er, expk r = exp{expk−1 r} (k > 2). Ñèòóàöiÿ äåùî iíøà, ÿêùî R ∈ (0,+∞).

Ðîçãëÿíåìî, íàïðèêëàä, Φ(r) =
1 + γ

R− r
, γ > 0. Òîäi r +

1

Φ(r)
= r +

R− r

1 + γ
< R, àëå

Φ

(
r +

1

Φ(r)

)
=

(1 + γ)2

γ(R− r)
̸= (1 + o(1))Φ(r) ïðè r ↑ R. Ùîá âêëþ÷èòè öåé âèïàäîê

äî ðîçãëÿäó, âèáåðåìî η(r) =
1

Φ′(r)
. Òîäi, ÿêùî Φ′(r) > 1 + γ

R− r
äëÿ r > r0, òî
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r + η(r) < R (çðîçóìiëî, ùî öÿ óìîâà ¹ çàéâîþ, ÿêùî R = +∞). Ïðèïóñêàþ÷è

ùå, ùî Φ

(
r +

1

Φ′(r)

)
= (1 + o(1))Φ(r) i lnΦ′(r) = o(Φ(r)) ïðè r ↑ R ∈ (0,+∞], ç (2)

i (4), îòðèìó¹ìî îöiíêó

ln I(r, φ) 6 (1 + o(1))Φ(r), r ↑ R. (5)

Ç ïðîâåäåíèõ ìiðêóâàíü îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Íåõàé 0 < R 6 +∞, à ôóíêöiÿ Φ ∈ Ω(0, R) òàêà, ùî Φ′(r) > 1 + γ

R− r

ç γ > 0 äëÿ âñiõ r ∈ [r0, R), lnΦ′(r) = o(Φ(r)) i Φ
(
r + 1

Φ′(r)

)
= (1 + o(1))Φ(r) ïðè

r ↑ R. Òîäi äëÿ êîæíî¨ àíàëiòè÷íî¨ â DR õàðàêòåðèñòè÷íî¨ ôóíêöi¨ φ ñïiââiäíî-
øåííÿ (1) i (2) ðiâíîñèëüíi.

Çàóâàæåííÿ 1. Ó âèïàäêó, êîëè R = +∞, òîáòî φ � öiëà õàðàêòåðèñòè÷íà ôóíêöiÿ,
óìîâè òåîðåìè çàäîâîëüíÿþòü, íàïðèêëàä, ôóíêöi¨ Φ(r) = σrρ(r > r0) ç ρ > 1 i
σ > 0, Φ(σ) = σeρr(r > r0) ç σ > 0 i ρ > 0, à òàêîæ ôóíêöiÿ Φ(r) = expk r ç k > 2.

Çàóâàæåííÿ 2. ßêùî ïðèïóñòèòè, ùî Φ(r) = B( 1
R−r ), òî ìîæíà äîâåñòè, ùî Φ

çàäîâîëüíÿ¹ óìîâè òâåðäæåííÿ 1, ÿêùî, íàïðèêëàä, B(x) = xρ ç p > 0 B(x) = expk x
ç k > 1, B(x) = σ lnp x ç σ > 0 i p > 1. Â îñòàííüîìó ïðèêëàäi p > 1 çàìiíèòè íà
p = 1 íå ìîæíà.

Äëÿ çíàõîäæåííÿ óìîâ íà WF , çà ÿêèõ ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü (2),
ìîæíà âèêîðèñòàòè ðåçóëüòàòè ç [7-8]. Äëÿ öüîãî ÷åðåç Ω(−∞, R) ïîçíà÷èìî êëàñ
äîäàòíèõ íåîáìåæåíèõ íà (−∞, R) ôóíêöié Φ∗ òàêèõ, ùî ïîõiäíà Φ′

∗ íåïåðåðâíà,
äîäàòíà i çðîñòà¹ äî +∞ íà (−∞, R), i íåõàé ôóíêöi¨ Ψ∗ i ϕ∗ âèçíà÷åíi ÿê âèùå.
Ïðèïóñòèìî, ùî P � áóäü-ÿêà ôóíêöiÿ, çàäàíà íà [0,+∞) i âiäìiííà âiä +∞ (âîíà
ìîæå íàáóâàòè çíà÷åíü−∞, àëå P ̸≡ −∞). Òîäi ôóíêöiÿQ(σ) = sup{P (t)+σt : t > 0}
íàçèâà¹òüñÿ ñïðÿæåíîþ ç P çà Þíãîì, à äëÿ íå¨ ç Òåîðåìè 2.5 ç [8] âèïëèâà¹ òàêà
ëåìà.

Ëåìà 1. Íåõàé Φ∗ ∈ Ω(−∞, R), 0 < R 6 +∞. Äëÿ òîãî, ùîá Q(σ) = (1+o(1))Φ∗(σ)
ïðè σ ↑ R, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùîá P (x) 6 −xΨ∗(ϕ∗(
x

1+ε )) äëÿ âñiõ x > x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà, ùî
P (xk) > −xkΨ∗(ϕ∗(

xk

1−ε )) äëÿ âñiõ k > 1 i

lim
k→∞

G1(xk, xk+1,Φ∗)

G2(xk, xk+1,Φ∗)
= 1, (6)

äå

G1(xk, xk+1,Φ∗) =
xkxk+1

xk+1 − xk

xk+1∫
xk

Φ∗(ϕ∗(t))

t2
dt,

G2(xk, xk+1,Φ∗) = Φ∗(
1

xk+1 − xk

xk+1∫
xk

ϕ∗(t)dt).
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Îñêiëüêè lnµ(r, φ) = sup {lnWF (x) + rx : x > 0}, òî äëÿ P (x) = lnWF (x) ìàòè-
ìåìî lnµ(r, φ) = Q(r) äëÿ r > 0 i, âèáèðàþ÷è Φ∗ ∈ Ω(−∞, R) òàê, ùîá Φ∗(r) = Φ(r)
äëÿ r > r0, çà ëåìîþ 1 ïðèõîäèìî äî òàêîãî òâåðäæåííÿ.

Òâåðäæåííÿ 2. Íåõàé 0 < R 6 +∞ i Φ ∈ Ω(0, R). Äëÿ òîãî, ùîá àñèìïòîòè÷íà
ðiâíiñòü (2) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî lnWF (x) 6 −xΨ(ϕ( x
1+ε )) äëÿ âñiõ x > x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà, ùî
lnWF (xk) > −xkΨ(ϕ( xk

1−ε )) äëÿ âñiõ k > 1 i âèêîíóâàëàñü ðiâíiñòü (6) ç Φ∗ = Φ.

Îá'¹äíóþ÷è òâåðäæåííÿ 1 i 2, îòðèìó¹ìî òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé 0 < R 6 +∞, ôóíêöiÿ Φ ∈ Ω(0, R) çàäîâîëüíÿ¹ óìîâè òâåðäæåí-
íÿ 1, à φ � àíàëiòè÷íà â DR õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F . Äëÿ
òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü (1) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî,
ùîá äëÿ êîæíîãî ε > 0 âèêîíóâàëèñü óìîâè 1) i 2) òâåðäæåííÿ 2.

Íàâåäåìî äâà íàñëiäêè, ÿêi ñòîñóþòüñÿ öiëèõ òà àíàëiòè÷íèõ â DR ôóíêöié
ñêií÷åííîãî ïîðÿäêó.

Íàñëiäîê 1. Íåõàé φ � öiëà õàðàêòåðèñòè÷íà ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F
ïîðÿäêó ρ > 1. Äëÿ òîãî, ùîá lnM(r, φ) = (1+o(1))Trρ ïðè r → +∞, äå T ∈ (0,+∞),
íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî lnWF (x) 6 −(1− ε)T (ρ− 1)( x
Tρ )

ρ
ρ−1 äëÿ âñiõ

x > x0(ε);
2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) òàêà, ùî

lnWF (xk) > −(1 + ε)T (ρ− 1)(
x

Tρ
)

ρ
ρ−1 i

xk+1

xk
→ 1 ïðè k → ∞.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöiÿ Φ(r) = Trρ(r > r0) çàäîâîëüíÿ¹ óìîâè

òâåðäæåííÿ 1. Äëÿ öi¹¨ ôóíêöi¨ xΨ(ϕ(x)) = T (ρ − 1)( x
Tρ )

ρ
ρ−1 . Òîìó ç îãëÿäó íà äî-

âiëüíiñòü ε ç íàâåäåíèõ â óìîâàõ 1) i 2) íåðiâíîñòÿõ ç òâåðäæåííÿ 2 äëÿ lnWF (x)
âèïëèâàþòü âiäïîâiäíi íåðiâíîñòi â óìîâàõ 1) i 2) íàñëiäêó 1. Íàðåøòi, ÿê äîâåäå-

íî â [9] ðiâíiñòü (6) ó âèïàäêó, êîëè ôóíêöiÿ Φ′(r)
Φ(r) íå çðîñòà¹, ðiâíîñèëüíà ðiâíîñòi

lim
k→∞

xk+1

xk
= 1. �

Íàñëiäîê 2. Íåõàé φ � àíàëiòè÷íà â DR, 0 < R < +∞, õàðàêòåðèñòè÷íà ôóíêöiÿ

éìîâiðíiñíîãî çàêîíó F ïîðÿäêó ρ > 0. Äëÿ òîãî, ùîá lnM(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè

r ↑ R, äå T > 0, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíîãî ε > 0:

1) iñíóâàëî x0 = x0(ε) òàêå, ùî ln(WF (x)e
Rx) 6 (T + ε)(ρ+ 1)( x

Tρ )
ρ

ρ+1 äëÿ âñiõ
x > x0;

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (xk) äîäàòíèõ ÷èñåë òàêà, ùî

ln(WF (xk)e
Rxk) > (T − ε)(ρ+ 1)( x

Tρ )
ρ

ρ+1 i
xk+1

xk
→ 1 ïðè k → ∞.

Äîâåäåííÿ. ßê âèäíî çi çàóâàæåííÿ 2, ôóíêöiÿ Φ(r) = T
(R−r)ρ çàäîâîëüíÿ¹ óìîâè

òâåðäæåííÿ 1. Äëÿ öi¹¨ ôóíêöi¨ ϕ(x) = R − (Tρ
x )

1
ρ+1 , Ψ(r) = r − R−r

ρ , xΨ(ϕ(x)) =

= Rx−T (ρ+1)( x
Tρ )

ρ
ρ+1 . Òîìó ç îãëÿäó íà äîâiëüíiñòü ε > 0 ç íàâåäåíèõ â óìîâàõ 1) i
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2) íåðiâíîñòÿõ äëÿ lnWF ó òâåðäæåííi 2 âèïëèâàþòü âiäïîâiäíi íåðiâíîñòi â óìîâàõ
1) i 2) íàñëiäêó 2. Çàëèøèëîñü äîâåñòè, ùî óìîâà (6) ó âèïàäêó, êîëè Φ(r) = T

(R−r)ρ

âèêîíó¹òüñÿ òîäi i òiëüêè òîäi, êîëè xk+1

xk
= 1, k → ∞, òîáòî, ÿêùî ïðèéìåìî

xk+1 = (1 + θk)xk, òî θk → 0, k → ∞.
Íåâàæêî ïåðåâiðèòè, ùî

G1(xk, xk(1 + θk),Φ) = (ρ+ 1)T
1

ρ+1 ρ−
ρ

ρ+1x
ρ

ρ+1

k

1 + θk
θk

(
1− 1

(1 + θk)
1

ρ+1

)
i

G2(xk, xk(1 + θk),Φ) = (ρ+ 1)−ρT
1

ρ+1 ρ
ρ2

ρ+1x
ρ

ρ+1

k

(
(1 + θk)

ρ
ρ+1−1

θk

)−ρ

,

òîáòî

G1(xk, xk(1 + θk),Φ)

G2(xk, xk(1 + θk),Φ)
=

(ρ+ 1)ρ+1

ρρ
1 + θk
θk

(
1− 1

(1 + θk)
1

ρ+1

)(
(1 + θk)

ρ
ρ+1 − 1

θk

)ρ

. (7)

ßêùî òåïåð θk → 0, òî

G1(xk, xk(1 + θk),Φ)

G2(xk, xk(1 + θk),Φ)
=

(
ρ+ 1

ρ

)ρ+1
1 + θk
θ + k

(
1−

(
1− θk

ρ+ 1
+O(θ2k)

))
×

×

(
1 + ρ

ρ+1θk +O(θ2k)

θk

)ρ

=
(ρ+ 1)ρ+1

ρρ
(1 + o(1))

1

ρ+ 1

(
ρ

ρ+ 1

)ρ

= 1 + o(1), k → ∞,

òîáòî âèêîíó¹òüñÿ (6).
Íàâïàêè, íåõàé âèêîíó¹òüñÿ (6). Ïðèïóñòèìî ñïî÷àòêó, ùî lim

k→∞
θk = +∞. Òîäi

iñíó¹ çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî θkj → +∞
(j → ∞), à äëÿ öi¹¨ ïîñëiäîâíîñòi ç (7) îòðèìà¹ìî

G1(xkj , xkj (1 + θkj ),Φ)

G2(xkj , xkj (1 + θkj ),Φ)
=

(ρ+ 1)ρ+1

ρρ
θ
− ρ

ρ+1

kj
→ 0 (j → ∞),

ùî íåìîæëèâî. ßêùî æ lim
k→∞

θk = θ ∈ (0,+∞), òî äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi θkj

ìàòèìåìî

G1(xkj , xkj (1 + θkj ),Φ)

G2(xkj , xkj (1 + θkj ),Φ)
=

(ρ+ 1)ρ+1

ρρ
1 + θ

θ

(
1− 1

(1 + θ)
1

ρ+1

)(
(1 + θ)

ρ
ρ+1 − 1

θ

)ρ

(1+o(1)),

j → ∞ i ç (6) âèïëèâà¹, ùî

(1 + θ)
ρ

ρ+1

θρ+1
((1 + θ)

1
ρ+1 − 1)((1 + θ)

1
ρ+1 − 1)ρ =

ρρ

(ρ+ 1)ρ+1
.

Â [8, ñ. 100] äîâåäåíî, ùî ¹äèíèì íåâiä'¹ìíèì ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ ¹ θ = 0.
Òîìó θk → 0(k → ∞) i íàñëiäîê 2 ïîâíiñòþ äîâåäåíî. �
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ON REGULAR GROWTH OF CHARACTERISTIC FUNCTIONS

Marta Platsydem
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e-mail: marta0691@rambler.ru

For analytic in DR = {z : |z| < R}, 0 < R 6 +∞, characteristic functi-
ons φ of probability laws F a relations between the growth of M(r, φ) =
= max {|φ(z)| : |z| = r} , r ∈ [0, R) and decrease ofWF (x) = 1−F (x)+F (−x),
x > 0 are established. The results are used to �nd the conditions on WF (x)
for which the correct asymptotic equalities lnM(r, φ) = (1 + o(1))Trρ at
r → ∞, where T > 0, ρ > 1 for entire characteristic functions and M(r, φ) =

=
(1 + o(1))T

(R− r)ρ
at r ↑ R, where T >0, ρ>0 for analytic in the circle {z : |z|< R}

haracteristic functions.

Key words: analytic function, characteristic function, probability law,
generalized order.
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Ìàðòà ÏËÀÖÈÄÅÌ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: marta0691@rambler.ru

Äëÿ àíàëèòè÷åñêèõ â DR = {z : |z| < R}, 0 < R 6 +∞, õàðàêòåðèñòè-
÷åñêèõ ôóíêöèé φ âåðîÿòíîñòíûõ çàêîíîâ F íàéäåíà ñâÿçü ìåæäó ðîñòîì
M(r, φ) = max {|φ(z)| : |z| = r} , r ∈ [0, R) è óáûâàíèåì WF (x) = 1−F (x)+
+F (−x), x > 0. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû äëÿ íàõîæäåíèÿ óñëî-
âèé íà WF (x), ïðè êàêèõ âåðíû àñèìïòîòè÷åñêèå ðàâåíñòâà lnM(r, φ) =
= (1 + o(1))Trρ ïðè r → ∞, ãäå T > 0, ρ > 1 äëÿ öåëûõ õàðàêòåðèñòè÷åñ-

êèõ ôóíêöèé è M(r, φ) =
(1 + o(1))T

(R− r)ρ
ïðè r ↑ R, ãäå T > 0, ρ > 0 äëÿ

àíàëèòè÷åñêèõ â êðóãå {z : |z| < R} õàðàêòåðèñòè÷åñêèõ ôóíêöèé.
Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêàÿ ôóíêöèÿ , õàðàêòåðèñòè÷åñêàÿ ôóíê-

öèÿ, âåðîÿòíîñòíûé çàêîí, îáîáù¼ííûé ïîðÿäîê.


