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Filters of modules are studied. Necessary and sufficient conditions for all
preradical filters to be trivial are given.
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All rings are considered to be associative with unit 1#£0 and all modules are left
unitary.

Let R be a ring. The category of left R-modules will be denoted by R — Mod. We
shall write N < M if N is a submodule of M. The set of all R-endomorphisms of M will
be denoted by End(M). Let J(M)denote the Jacobson radical of M. Let N < M and
f € End(M). Put

(N:flu={xeM [ f(z) e N}, End(M)y ={f € End(M) | f(M)C N} .

Let E be some non-empty collection of submodules of a left R-module M.
Consider the following conditions:

LeE,L<N<M= N €EFE; (1)
LeE, feEndM)= (L: f)m € E; (2)
N,Le E= N()Le€E; (3)

NeENeGen(M),L<N<MAVge EndM)y:(L:g)y EE=LeE; (4)

Definition 1. A non-empty collection E of submodules of a left R-module M satisfying
(1), (2), (3) is called a preradical filter of M (see [2]).

Definition 2. A non-empty collection E of submodules of a left R-module M satisfying
(1), (2), (4) is called a radical filter of M (see [2]).
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Definition 3. A preradical (radical) filter E of a left R-module M is said to be trivial
if either E={L|L < M} or E={M}.

Theorem 1. Let M be a left R-module such that M = My, & My & ... & M, where
M; = Try(M;) for each i € {1,2,...,n} and VS : S < M = S € Gen(M). If E; is a
radical [preradical] filter of M; for each i € {1,2,...,n}, then E = {J; + Jo + ... + Jy,|
Ji € Ei(i € {1,2,...,n})} is a radical [preradical] filter of M.

Proof. Let E; is a radical [preradical] filter of M; for each i € {1,2,...,n}. Put
FE = {J1 +Jo+ ...+ Jy |J1 S Ez(l € {1, 2, ,n})}

(1) Let 1+ o+ ...+ J, < S < M, where J; € E1,Js € Es,...,J, € E,. As in
the above, by a similar argument, S = 51 + So + ... + S, where S; = Trgs(M;) = fi(9).
Hence J; < S; for any ¢ € {1,2,...,n}. By (1) for radical [preradical] filters, S; € E; for
any ¢ € {1,2,...,n}. Hence S € E.

(2) Let J1 € Fy,Jo € Ea, ..., J, € B, F € End(M). Since M; is fully invariant for
any i € {1,2,...,n}, F(M;) C M, for any i € {1,2,...,n}. Consider

F;,: M, — Mz,Fz(m) = F(m), (m c Ml)
Hence F; € End(M;). We claim that
(J1:Fo)p + (T2 Fo)py + oo+ (o Fo)u, = (1 + o+ oo+ Jn) 2 F)ar.

Indeed, let . € M, x = a1 + 22 + ... + 2,,Vi € {1,2,...,n} : ; € M;. Hence

x € (J1 : Fl)Ml + (J2 : FQ)M2 + ...+ (Jn : Fn)M" S Ve {1,2, ,TL} 1 x; € (Jz : Fz)M, =
eVie{l,2,..,n}: Fi(x;) e Jy &Vie{l,2,..,n} : F(z;) € J; &
@F(Z‘) chh+l+.+J,&x€ ((J1+J2++Jn)F)M

By (2) for radical [preradical] filters, (J; : F;)n, € E; for any i € {1,2,...,n}.

Therefore ((J1 +J2 + ...+ Jpn) : F)m € E.

(3) J1 € El,JQ S EQ,...,Jn S En,Tl S El,TQ S EQ,...,Tn c FE,. By (3) for
preradical filters, J; (11 € E1,J2 (T2 € Ea, ..., Jn ()T € E,. Hence

(it ot ot ) [T+ Tot o+ T) = S [(\To+ Jo [ \To+ oo+ Jn [ )Tn € E.

(4) Let Ny € E{,Ny € Es,...N, € Epn, L < N < M, Yg € End(M)y : (L :
g)m € E, where N = Ny + Nz + ... + N,,. As in the above consideration, we obtain
L=L1®Ls®...®L,, where L; = Trr(M;) = f;(L). Since L < N, it is easily seen that
L; < N, for any i € {1,2,...,n}. Let g; be an arbitrary element of End(M;)y,. Consider

g:M—= Mz +xo+ ...tz + ...+ Tn = gi(xi), (21 € M1,22 € My, ...z, € M,).

Hence g € End(M)y. It is obvious that f;((L : g)a) = (Li = gi)ar,- Since (L : g)ar €
E, (Li: gi)m; = fi((L: g)m) € Ei.
Claim that
Vs e {1,2,..,n} VK < M,: K € Gen(Mj,).
Indeed, let K < M,. Since K € Gen(M), Trx(M) = K. By Proposition 8.20
[].], K = T?“K(M) = Z?:l TTK(MZ‘). But TTK(MZ‘) § KOTTM(MJ = KﬂMl §
Ms(\M; =0 for any s # 4. Hence K = Trg (M) = Trg(Ms). Therefore K € Gen(Ms,).
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Whence N; € Gen(M;) for any ¢ € {1,2,...,n}. Now we obtain N; € E;, N, €
Gen(Mi),Li < N; < M; ANVg; € E’I’Ld(Mt)]\h : (L,L' : gi)M{, € FE;. By (4) for radical
[preradical] filter E; of M;, L; € E;. Therefore L=L; + Ly + ...+ L, € E.

Corollary 1. Let R= Ry ® Ro ® ... ® R,, where R; is a non-zero two-sided ideal for
each i € {1,2,...,n}. If E; is a radical [preradical] filter of R; for each i € {1,2,...,n},
then E={Ji+Jo+...+Jp|Ji € E;(i € {1,2,...,n})} is a radical [preradical] filter of R.

Proof. 1t is easy to see that R; = Trr(R;) for each i € {1,2,...,n} and VS : S < R =
S € Gen(R).

Theorem 2. If M is a left R-module with J(M) # M, then every preradical filter of
M is trivial if and only if M is a finitely generated semisimple module and all minimal
submodules of M are isomorphic.

Proof. (=) Assume that every preradical filter of M is trivial. Let Ssbe the class of all
semisimple modules of M. Consider

F={L<M | M/Le Ss}.

Since J(M) # M, F # {M}.
(1) Let L < K,L € F. Then there exists an exact sequence M/L — M/K — 0.
Hence K € F.

(2) Let L € F,f € End(M). Since there exists an exact sequence 0 — M/(L :
f)M —)M/L, (L : f)M eF.

(3) Let L, N € F. Since there exists an exact sequence 0 — M/(L(\N) — M/L x
M/N, LN € F.

Therefore F' is a preradical filter.

Since F' is a preradical filter and F' # {M}, 0 € F'. Hence M is semisimple.

We shall show that all minimal submodules of M are isomorphic. Suppose that
L,N are non-isomorphic minimal submodules of M. Hence Trp(L),Try(N) are
fully invariant submodules of M. Since L, N are non-isomorphic, Trp (L), Tra(N)
are independent. Hence Trp (L) Tram(N) = 0. Since 0 # L C Try(L)&0 # N C
Tra(N)&Trp (L) (\Tra(N) =0, 0 # Trpy (L) # M. Taking into account that Tras (L)
is a fully invariant submodule of M, it is easily seen that {B < M |Try (L) < B} is a
non-trivial preradical filter of M, contrary to the fact that every preradical filter of M
is trivial.

Since all minimal submodules of M are isomorphic, M has exactly one homogeneous
component.

Suppose that M is not a finitely generated module. Hence M = @A P;, where P, =2 P

1€
for some minimal submodule P < M, Card(A) = occ.

Put

E:={T |T <M, M/T is finitely generated }.

Let a € A. Put
K = Z P,
icA\{a}
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It is obvious that M /K = (K ® P,)/K = P, is finitely generated. Therefore K € E.
Since M/0 = M is not finitely generated, 0 ¢ E.

Hence E # {T|T < M} and E # {M}.

(1) Let L € E,L < N < M. There exists an exact sequence M/L — M/N — 0.
Since M/L is finitely generated and M/N is an epimorphic image of M/L, M/N is
finitely generated. Hence N € E.

(2) Let L € E, f € End(M). By Lemma 1 [3], M/(L : f)m = f(M)/(f(M)NL).
By Corollary 3.7 (3) [1, p. 46], f(M)/(f(M)(L) = (f(M)+ L)/L. Since (f(M)+L)/L
is a submodule of a finitely generated semisimple module M /L, M/(L : f)a is finitely
generated. Hence (L : f)y € E.

(3) Let N,L € E. Hence M /N, M/L are finitely generated semisimple modules. It
follows from this that M /N x M/Lis finitely generated semisimple. Since there exists an
exact sequence 0 — M/(N (L) - M/N x M/L and M/N x M/L is finitely generated
semisimple, M /(N (L) is finitely generated. Hence N (L € E.

Now we obtain that E is a non-trivial filter, contrary to the fact that every preradical
filter of M is trivial. It means that M is finitely generated.

(<) Assume that M is a finitely generated semisimple module and all minimal
submodules of M are isomorphic. Hence M is a finitely generated semisimple module
with a unique homogeneous component. Arguing as in the proof of Theorem 4 [3] we can
show that all preradical filters of M are trivial.

Corollary 2. All preradical filters of R are trivial if and only if R =2 M,(T) for some
division ring T and n € N.

Proof. By Theorems 2 and 13.4 [1].
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