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We prove the existence and uniqueness theorem and get the representation,
by means of the Green vector-function, of the solution of the problem

uiﬂ)(x,t) —a*Au(z,t) = F(z,t), (x,t) € Qx (0,T], a= const
u(z,t) = Fi(z,t), (z,t) €00 x(0,T], u(z,0) = Fr(z), =€

with Riemann-Liouville fractional derivative uEB ) of the order 8 € (0,1) and
F, 1, I, from spaces of generalized functions D’.

Key words: fractional derivative, generalized function, boundary value
problem, Green vector-function.

1. Introduction. The conditions of classical solvability of the first boundary value
problem to equation

DPu(z,t) — a®Au(z,t) = F(z,t), a= const

in bounded domain €2 x (0,7, with regulating derivative

t
T 1 (x,0
Dfu(m,t) = F(1£ﬁ)(%{ E:(ZCT)%dT_ 1(txﬁ ))

of the order € (0;1), under homogeneous boundary conditions, were obtained by
Luchko Yu. [1], Meerschaert M.M., Nane Erkan and Vallaisamy P. [2]. The solution was
constructed by means of Fourier rows on eigen functions of corresponding Sturm-Lioville
problem.

There were proved in [3], [4] the existence and uniqueness theorem and the
representation, by means of Green function, of classical solution of fractional Cauchy
problem

DPu(z,t) = A(z, D)u(z,t), (z,t) € RN x [0,T7,
u(z,0) = gi(z), = eRY
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with continuous function g; having some growth at infinity, elliptic differential second
order operator A(z, D) with smooth coefficients depending on space variables z € R"™.
Such regulating fractional derivative was used by the authors of [5]-[10] and the others.
The classical solution of corresponding fractional Cauchy problem in the case 8 > 1 and
A(z,D) = A was constructed in [9]. The representation, by means of Green function, of
the solution was obtained. In [11] and [12] the unique solvability of the fractional Cauchy
problem with given data — slowly increasing generalized functions and from weight spaces
of generalized functions, respectively, was established.
We prove the unique solvability of the first boundary value problem to equation

ugﬁ)(x,t) —a*Au(z,t) = F(x,t), (2,t) € Qx (0,T], a= const,

with Riemann-Liouville fractional derivative ugﬂ ) of the order B € (0,1), in spaces of
generalized functions of type D’. This paper is organized as follows. The main signifi-
cances and terminology are given in section 2. We state the problem in section 3. To prove
the main result (in section 5) we study the properties of conjugated Green operators in
section 4. We finish this paper with some remarks in section 6 and addition on some
requisite properties of the H-function of Fox in section 7.

2. Auxiliary significances. Let Q be boundary domain in RV, N = 2,3,...,
S = 99 — the boundary of domain Q (of class C*®), Qr = Q x (0,T], Qi = S x (0,T],

D(Qr) = C®>(Qr) ={p € C®°(Qr) : Dpli=r =0, 1 =0,1,2,...},

D(QIT) = COO’(O) (QlT) = {SO € COO(QIT) : Drlt50|t:T - 07 l= Oa ]-7 2; o }>

D(RYN) = C§°(RY) — the space of indefinitely differentiable functions with compact
supports in RV,

D(Q) = C=(Q),

D'(RM), D'(Q), D'(Qr) and D’(Q17) — the spaces of linear continuous functionals
(generalized functions) on D(RY), D(Q), D(Qr) and D(Q17), respectively,

(f, ) — the value of f € D'(RY) onto the basic function ¢ € D(RY),

(f,¥)o — the value of f € D'(Qr) onto the basic function » € D(Qr),

(f, )1 — the value of f € D'(Q17) onto the basic function ¢ € D(Q17),

(f, )2 — the value of f € D'(Q) onto the basic function ¢ € D(Q).

We denote by % the operation of convolution of generalized function g and basic
function ¢: (g¢)(z) = (9(§),¢(x + §)), and by * — the operation of convolution of
generalized functions f and g — the generalized function f  g: (f x g,¢) = (f, gkp) for
all basic function ¢. We use the function fy € D' (R) ={f € D'(R): f =0 npu t < 0}:

A—1
falt) = 9(;)(3) for A\>0 and fa(t) = fi,(t) for A <O,
where 0(t)— Heaviside function, I'(A)- Gamma-function. The function
uEB) =f_g*u

is called the Riemann-Lioville derivative of the order 3 of the function u € D/, (R). If the
regulating derivative Du(t) exists then

DPu(t) = uDu(t) - fi_p(t)u(0).
The relations underway

f)\*fu:f)\er f)\’T‘fu:f)\Jru:
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and for (x,t) € Qr, v € D(Qr), B € (0;1)

T
f-s®v(a,t) = fi_s(Okv(a.t) = —fip®u(a.t) = —rasm 5 | AL dn.

We denote by Csg(Qr) the class of restricted twice continuously differentiable
by variables = functions v(x,t), (z,t) € Qr, vanishing at ¢ > T and with continuous
Dtﬂv(x,t) in Qr.

We introduce the operators

L (Lo)(z,t) = f_g(t)sv(x, t) — a?Av(z,t), (x,1) € Qr, v e D(Qr),
L: (Lv)(z,t) = f_p(t) xv(x,t) — a*Av(z,t), (z,t) € Qr, ve D'(Qr),
Lres . (L™%)(x,t) = Dtﬂv(x,t) —a?Av(z,t), (z,t) € Qr, ve Cap(Qr),
the functional space
X(Qr)={peC>®(Qr) : LpeD@Qr), ¢lg,, =0}

which does not empty (see following lemma 3) and X’(Qr) — the space of linear conti-
nuous functionals on X (Qr), denote by (f, p)o the value of f € X'(Qr) onto ¢ € X (Qr).
3. Problem’s definition.
Supposition (L): Let € (0,1), F € X'(Qr), F1 € D'(Q1r), F» € D'(Q).

Under supposition (L) we study the problem
fop(t) xu(z,t) — a*Au(z, t) = F(z,t), (z,t) € Qr, (1)
u(z,t) = Fi(x,t), (x,t) € Qir, u(z,0) = Fa(x), x € Q. (2)
Definition 1. The function u € D'(Qr) satisfying the equality

(u, LYo = (F, )0 + (Fr, 22

Gt (B [ st i, Yo e X@) @)
0

is called the solution of the problem (1), (2). Here v(z) = (v1(x),...,vn(x)) — the unite
vector of the inner normal to the surface S at the point x € S.

Note that for u € Cz 5(Qr), ¥ € X(Qr) the Green formula

/u(x,t)(fﬂ/))(x,t)dmdt = /(L"egu)(x,t)w(x,t)dxdt—i— (4)
Qr Qr

+a2fdt [u(z,t) 24z g5 4 fu(x,o)da:f f1op()(z, t)dt
0 S Q 0

holds. We may prove it as the corresponding formula in [11].
We may consider the problem (1), (2) as the generalization of the problem

(L™u)(z,t) = go(x, 1), (x,t) € Qr (5)

u(xat) = gl(xat)v ({E,t) € Q1r, u(x,O) = 92($), r€Q (6)
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with regular data go, g1, g2. It obtains from following theorem 1 that under rather regular
given functions F = go, F1 = g1, F> = go the solutions of the problems (1), (2) and (5),
(6) coincide.

4. Green vector-function.

Definition 2. The vector-function (Go(z,t), G1(x,t),Ga(x,t)) such that under rather
reqular functions go, g1, g2 the function

u(a, 1) = / dr / Gol — .t — 7)goly, T)dy+ (7)
0 R

n

/Gl x_yvt_T)gl(ya )deT+/G2 xr—y, )92( )dya ((E t) € QT
Q¢

is the classical (of class Ca (Qr)) solution of the problem (5), (6) is called the Green
vector-function of the problem (1), (2) (as well as of the problem (5), (6)).

It follows from the definition 2 that

(LGo)(x,t) = 0(z,t), (z,t) € Qr where d — delta-function of Dirac,

(LregGl)(J),t) =0, (J?,t) S QT, Gl(x,t) = (5(1‘,t), (J?,t) S Q1T7

(L™Gs)(z,t) =0, (x,t) € Qr, Ga(z,0)=0(z), xe€.

In [3], [4] the properties of the Green operators on Cs g(RY x (0,T]) were studied.
We study the conjugated Green operators

(Gop)(y, fdtho r—y,t—71)p(x,t)d,

(B19)(y, 7 fdth1 z—y,t— 7)oz, t)d,

(B200)(y gTdthg (x —y,t)p(z, t)dxdt, € D(Qr)
by methods of the works [4], [13], [11].

Lemma 1. For all ¢ € X(Qr)

(éO([A’w))(ya T) - w(% t)a (ya t) € QT7 (8)
@) = 2000 e Qur, o)

(Ba(L0)) () = / frop(, Hdt, ye Q. (10)
0
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Proof. If we substitute the solution (7) of the classical first boundary value problem (5),
(6) into the formula (4), then for all v € X(Qr) we obtain

Gi(z —y,t —T)g1(y, T)dS) (L) (2, ) dewdlt+
(];Gz(ﬂﬁ -, t)gz(y)dy) (L) (z, t)dzdt =

= [ golx, )(x, t)dadt + [ g1 (x,t) 2Lzl m t) dSdt+
Qr Qi1
[ o) p (00, ),
Qr

that is i (}dt Golz —y,t — 1) (L) (x, t)da:) go(y, 7)dydT+

Q

+ dthl x—y,t — 1) (L) (x, t)da:)gl(y, T)dSdT+
QIT

+ —~ 0=

f
ngw»uxwmwmwm@wz

= [ golz, t)(a,t)dxdt + [ gi(a,t) 222D aSdt+
QT Qir

+Qf g2(2) f1_ 5 ()0 (, t)dadt.

The correctness of the lemma follows from the arbitrariness of gg, g1, 92 -
Lemma 2. Mapping & acts: D(Qp) — C°©(Qr).

Proof. Tt follows from the results of [14] that the fundamental function G(z,t) of the
operator L is given by

o NRET o (2 (1) (8,8)
Gla,t) = —pn—Ha <4a2tﬁ ‘(1, ) (N/2,1) (1, 1)) ) (11)
where H"" (z‘((iiz 311)) ((ZZ: g:’)) ) := H(z) is the H-function of Fox [15].

By property (B) (in addition) of the H-function we simplify the expression (11) and
get the representation

Gty = T g2 ( l=I° 1(6,6) ) .
||V 4a2¢81(1,1) (N/2,1)
We use following significances for H}"":
Ar =300 B — 2o i,
a* = Z?:l Q; — Ez nt1 Qi Tt Ez 1Bi — Zz 1 Bi-

Since A* = 2 — 3, it follows from theorem 1.1 [15] that function G(z,t) exists for
all z #£0,¢>0 (A* #0).

(12)
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Using property (E) (in addition) of the H-function we find
dG(w,t) _ 9G(al,t) NPT g [ Jaf? ‘ (8,8)  (N,2)
dlz| O] eV T2 a2 I(N +1,2) (1L,1) (N/2,1))7
whence

OG(x,t) _ w NP g (> (8,8)  (N,2) o v ()
v gVl H30<4a2tﬂ(N+1,2) (1,1) (N/2 1))2 2] , (13)

Jj=1

8@0 (I,t) .
o exists

x € S. Since A* = 2 — 3, it follows from theorem 1.1 [15] that function
for all z #0, ¢t > 0.

As in [3], [4] one may prove by Levi method that the functions Gy and G (and its
derivatives) have equal character of singularities.

Let v = (y1,...,7n) (v € Z4, j=1,...,N) be multi-index, |y| =~v1 +--- + 7w,

. . o ol

Dy =D"=(5) = 5o gorw

Because that G(z,t) = G(|z,t) (and therefore, (2 )'G(z—y,t) = (—%)VG(x—y,t)
for all multi-index v), by property of the convolution of generalized function and basic
» € D(Qr) we obtain

T
% fG(J) - Y, t— T)QO(J), t)dt = %(G(l‘ - Y, t— T)%QO(J%T) =

T
=Gz —y,t — )28 — [ Gz —y,t — )22 gy

(and therefore, () [ G(z—y,t—7)p(z, t)dzdt = [ G(z—y,t—7)(Z) "0 p(z,t)dzdt).
Qr Qr

In respect continuity of functions D) D}°¢(z,t) on Q7 for all 4o € Z; and multi-index

v, it is enough to demonstrate the uniform convergence of the integrals

T T

/dt/|G T —y,t— 7)|da, /dt/|G T~y t—1)[dSs, (14)
/dt/‘aG — Wt ‘dS (15)

In [15] the asymptotic of the H-functions is constructed. Using the realization of
the conditions (1.1.6) and (1.3.2) from this work for obtaining of the estimates of the
H-functions we adapt the corollary 1.10.2 [15]:

utd .
H90 (a, 1) ... (ap, ap) ) ‘<C’z = ¢~ hZBT for real z — 00, 16
g (i o Gy )|<ow 16)
where p = Z b — Z a; + 252, C and h = h(a, 3) are positive constants. Further we
Jj=1 i=1

denote by P,C, ¢, C;, Cr,Clci ¢, ¢ cr (i =0,1,2,3) some positive constants.



Andrii LOPUSHANSKYJ, Halyna LOPUSHANSKA
98 ISSN 2078-3744. Bicuux JIppiB. yu-ry. Cepis mex.-mar. 2013. Bumyck 78

Using (12) and (13) we find p+i=8+1-Bfor G, p+3=5+2-3for

%f, A* =2 — g for both cases. Then by (16) we get the following estimates:

L
OtP=1 a2\ S ()T Co
G0 < T (5+) e N e Tor P> 0% ()
_1
G, 1), _ Ct7 (N1 —h(‘f}f) G tor 1ol > 18
By corollary from theorem 1.12 [15] the following estimates
mn a,a1) ... (ap,« .
e (a5 Gy s o0
hold where ¢ = 1gr11<n gbﬂ , IN* is the greatest order of the poles b;; = _Ig__l, 1<j<m,
<j<m ™ .

1=0,1,... of the function I'(b; + §;s).
We find o = min{1,§} =1for N > 2 (9 =1/2 for N = 1) and get

Cs 0G(z,t) Cyt
Glot) < — s, | = < — 2 <P 20
Glant) < g, || < e or ol < (20)
in the case of the simple poles b;; (that is N > 3),
t8/2 t) tﬁ/Q
|G(x,t)|<col ‘8Gx ‘7 Cll for |z> <t?, N =2

ol t|z|

Now we may prove the uniform convergence of mtegrals (14),(15). Let for all (y, 1) €
QT, e>0

QT,E(va) = QT,E = {(xvt) € QT : |£L‘ - y| <g, 0<t—7< 62/ﬁ};

Qire(y,7) = Qure = {(x,t) €Qir : |z —y| <&, 0<t—7 <P}

Then in the case N > 3, for all (y,7) € Qr, € > 0 the formulas (17), (18), (20)
imply following requisite estimates

/ |G(z —y,t — 7)|dxdt < / |G(z —y,t — 7)|dedt+
QT,E(va) (vat)EQT,E:|37_y|2<(t_7—)ﬂ
+ |G(z —y,t — 7)|dxdt <
(2 )€QT c:|lz—y|?>(t—7)#
22/8 £2/8
dt dt
SCS / ? / |J?—y|27Ndx+CO / tITB / |q;_y|*NdJ)§

0 reQ|z—y[2<th 0 zeQtP<|z—y|?2<e?

£2/8 1B8/2 e

< /[til/rdr—i—tﬁ*l/ “Ldr)dt < cie?,

0 0 tB/2
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2/8
/ |G(x —y,t — 7)|dS.dt < co / [1HE AL (B2 — e ) dt < cle,
Q11,e(y,7) 0
o2/
0G(x —y,t — 7 dt
/ i VP [ le-uvrasy
vy t
Qir,e(y,7) 0 z€S:|z—y|2<tP
£2/8
dt _N—
+Cl / tlT,B / |x_y| 1+5dS <
0 zES:HP L |z —y|2<e?
£2/8 ¢B/2 e
<c / [til / s ldr P12 / r5*2dr]dt <
0 0 tB8/2
o2/8
<d) / [ 4B DB/2 L sy gp < et
0

Here s € (0,1) — smoothness of surface S is taken into consideration. We get similar
results in the case N = 2 and for GGy instead of G.

Lemma 3. For arbitrary ¢ € D(Qr) there exists 1 € X(Qr) such that

(f1¢)($at) = @(xvt)a (xvt) € QT~
Proof. As in [11] we show that the function
T

Py, 7) = / dt / Gol — .t — 7)p(a, t)dz
Q

T

is desired.

Lemma 4. Gy(z — y,t) = 29@=vD = (2 ) € Qr, (y,7) € Qur,

Ovy

Gg(il',t) :flfﬁ(t)*GO(xat)’ ({E,t) 6C?T-
Proof. Tt follows from (8) and (9) that for all v € X(Q71), (y,7) € Q11
T

T
// 9Co(@ guy’t”) (L) (, t)dwdt = //Gl(x—y,t—T)(w)(x,t)dxdt _ W)
T Q Q

)
y vy

T

whence

T
// [8Go(x 8—Vz:,t -7) Gi(x =y, t — )] (L) (x, t)dadt = 0.
Q

T
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By lemma 3, for every ¢ € D(Qr), there exists the function ¢p € X(Qr) such that
L = pin Q7. Then

T
Yy
T Q

By known lemma of Du Bois-Reymond we get the first formula in assertion of lemma.
We obtain the second formula in assertion of lemma reciprocally, from formulas (8) and
(10).

Note, that by means of Fourier rows on eigen ortonormed functions w,,(y) (m =
1,2,...) of the Sturm-Lioville problem

Awm + Apwm =0, Yy €Q, wn(y)=0, yeiN

we find the main Green function
oo

Go(z—y,t—7) =t —7)"1 Y Eg(=Ama®(t — 7)7)wm(z)wm (y)

m=0

— Mittag-Leffler function [7] having the estimate

where Eg(2) = Eg-1(z,8) = 2 F(pzﬁp-irﬁ)

0

p

Lemn}a 5. Ii'ollowing mappings B B R B B

G : D(Qr) = X(Qr), &1:D(Qr) = C>0(Qir), &y:D(Qr) — C™(Q)
hold.
Proof. . It follows from lemmas 2 and 3 that &g : D(Q7) — X (Qr). By lemma 4
Gi(w —y,t) = 2l (2.1) € Qr, (y,7) € Qur. Let Gi(w —y,t) = Fgt),
(z,t) € Qr, (y,7) € Q7. It follows from (18) and (20) that
Gy

|G1((E —y,t)| < W for |x_y|2 > tﬁv
~ 1 2
|G1(x_y’t)|§t|a:—y|’v—1’ for |z —y/?><t?, N>3,
~ C t8/2
|Gi(x —y,t)] < L _in , for |z —y|><t’, N=2
te —y| |z —yl

and the similar estimates for Gy (z — y, t) hold.

We find function Ga(z,t) using lemma 4 and properties of the H-functions. Being
that Gy(z,t) = f1_s(t) * Go(x,t), Ga(z,t) = fi_p(t) * G(x,t), we use the property (F)
(in addition) about fractional differentiation of the H-function reforming the expression
(12) before it.

Because in our case (n = 0) the condition (1.1.6) hold automatically, the property

‘2

(D) (in addition) for A = L= implies

aoN/28—1 g2 2 z|? 2,0 (6;6)
G(x,t) = W%k—oé(l - %)kHl,z <t% (1+k,1) (N/2,1))"

Using property (C) (in addition) of the H-functions we get
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N/2,8-1 22 —k, 1 1-N/2/1
Glr.t) = Tpfems 3 (1= ) Y (tﬁ\ 3 oy ) .

At last, by property (F), we find that

Galot) = e & 4=yt (p[( 200 (B 0N,

Using properties (B) and (C) of the H-function, we reform this expression toward
following

~ —N/2 |2 —k,]_ 1—N2,1
GQ(xat) = 4a2|x|N P Z k'( - %)ngf (tﬁ‘( 0,3 ) ( / ) ) =

- a £ a0 - 80 (#04 v):

and lastly, by property (D), we obtain that Go(x,t) is given by

VR L (L)
Go(z,t) = BN H12( 40218 | (1,1) (N/2,1)>'

Since A* = 2 — 3, it follows from the theorem 1.1 [15] that the functions Gy (x,t)
and Ga(x,t) exist for all x £ 0, ¢ > 0.

Note that function (21) is such as constructed in [3] and also [16] Green function of
the Cauchy problem for the equation with regulating derivative.

As in proof of lemma 2, in respect continuity of functions D) D;°p(z,t), (z,t) € Qr
for all 79 € Z4 and multi-index +, it remains to demonstrate the uniform convergence of
integrals

/|C~1‘i(:c—y,t)|dxdt, /|C~¥i(x—y,t)|d5'dt, i=1 /‘3(;2 — Ut ‘det

By property (E) of the differentiation of the H-function we get

0Go(w,t) w2 pao (Bl | (LB)  (N2) o 324(2)
] O IO (N/2,1)>j§ ER

(21)

We find p+ 1 =& for the H-function in (21), p+ 2 = & + 1 for the H-function
n (22). Then by estimate (16) we get

Catet) < '(ﬁ)ﬁeh(f

[N\ P

1

0Gs(x,t) o 22\ S -a(ER)T7 Cy e
| B | < e . (t_ﬁ> e ( ) < PRz for |z|* >t
and by estimate (19) for |z|? < #
G (x, 1) c - C3 OGo(x,t) Cs .
t)| < f N>
| 81/35 | = t|£L'|N’ |G2({Ea )| = tﬁ|x|N*2’ | 81/95 | = t5|x|N*1 1 = 3;
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| 8@1 (J), t)
vy

c, P2
12 In—,
lz[2 |z

5 . e
Gt G5 P e vy
vy

Pla| ™ ||
Now, as in proof of lemma 2, in the case IV > 3 we find following estimates:

. * B/2
(Gala, 1)) < i

< v
|_t /Bn|x|’

| <
t

/ |Gi(a — y,t — 7)|dzdt < / |G (x — y, t — 7)|dedt+

Q1. (y,7) (2,t)EQr,c:|x—y|2<(t—7)B

+ / |C~¥1(x—y,t—7)|dxdt <
(z,)EQT,c:|lz—y|>>(t—7)P
e2/8 c2/8
<Cy / % / |z —y|*Ndx + Cy / tlthﬁ / lz —y| "N lde <
0 reQ|z—y[2<t? 0 zEQtB<|z—y|2<e?
22/8 1B/2 R

<a /[t_l/dr—i—tﬁ_l/r_er]dtScfs V(y, 1) € Qir,
0

0 tB8/2

[ (Gala - y0lasat <
Qr.(y,0)
e2/8 c2/8
<C3 / tPdt / |z —y|* Ndx + Cy / dt / |z —y| Ndx <
0 reQ|z—y|2<th 0 zEQ:B < |z—y|2<e?
£2/8 t8/2 c c2/8
<y / [t=# / rdr + / rtdr]dt < / 1+ lntﬂ%]dt <P wyeq,
0 0 t58/2 0
0G(x —y,t —71)

5 |dS,dt < cte®

G (2 — gt — 7)|dS,dt = / |
Qur,e(y,7) Qir,e(y,7)
Y(y,7) € Qr, s€(0,1)
(see proof of lemma 2),
£2/8
/ (Gla( — g, £)[dS, dt — / dt/|C~1‘2(x—y,t)|dSz <

Qi1,:(y,0) 0 S
£2/8

[ |Ga (2 — y,t)|dS + / |G (x — y,1)|dS]dt <

0 zeS:|e—yl2<th €SB <|z—y|2<e?

IN
o
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£2/8
<¢ / (C3t=? / o =y~ NdS + Cs / o — y|~Nas)dt <
0 z€S:|z—y|<t? eS8 <|z—y|2<e?
£2/8
<é / [L4tP2 — e Ndt < cher ™' Wyeq,
0

| 862 ((E - Y, t)
v,
Q11,:(y,0)

|dS <

<Ci /[t—ﬁ / |z —y|' Ndz + Cs / |z — y| ' Nda]dt <
0 z€S:|z—y|2<th T€S:tB< |z —y|2<e2
e2/8 B2 .
<c3 / [t=F / s ldr + / 57 3dr)dt < c§52(1f;5) tSowyeQ, se(0,1), £>0.

0 0 +8/2

We get similar results in the case NV = 2.
5. The existence and uniqueness theorem.

Theorem 1. Under supposition (L) the unique solution u € D'(Qr) of the problem (1),
(2) exists. It is given by the formula

(us )z = (F, Bop)o + (F1, B10)1 + (F, Bap)2 Yy € D(Qr). (23)
Proof. It follows from lemma 5 that
Gop € X(Qr), Grp € O (Qur), G20 € D(Q) Yo € D@Qr).
So, the right-hand side in formula (23) makes sense and the function u € D'(Qr) is
defined by (23).

Substituting the function (23) into identity (3), using lemma 1, we show that the
function (23) satisfies the problem (1), (2):

(u, L) gr = (F, B (L))o + (F1, &1 (L)1 + (Fo, Bo(Le)))s =
— (F ) + (Fr, 2), + (Fale), fT (e, Ve X(Q).

Let u1, us be solutions of the problem (1), (2). It follows from the solution’s definition
that function v = w; — wq satisfies the condition
(u,Lp)gr =0 Vo € X(Qr).
By lemma 3, for every ¢ € D(Qr), there exists function ¢ € X(Qr) such that

Ly = ¢ in Qr. Then, from the previous identity, (u,p)q, = 0 for every ¢ € D(Qr),
that is u = 0 in D’(Qr). The theorem is proved.
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6. Final remarks. The result of the theorem 1 may by improved: by learning new
properties of conjugated Green operators as in [12] we may find the character of the
solution’s singularities at the boundary of the domain subject to the singularities of the
right-hand side of the equation and subject to the orders of the singularities of given
generalized functions in initial and boundary conditions.

The obtained results have expansion to the equation

n
ugﬁ) - iju;‘j) = F(z,t), (x,t) € Qx(0,T]
j=1
with partial Riemann-Liouville fractional derivatives ugj) and constant coefficients b;,

. n
j = 1,n under the condition ) bjpi > Co for all p € R", |p| = 1 (the estimates of the
j=1
fundamental solutions were given in [17]) and also to the equation

P @ (=A) 2y = F(x,1), (,t) € Qx (0,T)

where the fractional n-dimensional Laplace operator (—A)®/? is defined by its Fourier
transform: F[(—A)*/2p(x)] = |N*F[¥(2)].

We may also study the generalized boundary value meaning of corresponding
problems for semi-linear equations

Wl (2,) — a®Au(z,t) = f(z,t,u(z, b)), (2,t) € Qx (0,T]

by the methods of [18].
7. Addition. Here we adduce some properties of the H-function of Fox

gy (s o G )=

from [15] which were applied in previous sections. We have

1) = [ 9s) s
C

where
(s) 7L, T(by + Bis) I (1 — a; — ais)
HfanI‘(ai + ais)H§=m+1I‘(1 —b; — Bjs)’
27% = exp[—s(log|z| +iargz)], z#0, i*= -1,
C is infinite contour which separates all the poles bj; = 7%:[, 1<5<m,l1=0,1,... of

the functions I'(b; + 8;s) to the left and all the poles a;; = 1‘73"'1_*]“, 1<i<n, k=0,1,...

of the functions I'(1 — a; — ;) to the right (under supposition that these poles do not
coincide).

(A) — property 2.1 [15]. The H-function is symmetric in the set of pares (a1, 1),
oy (A, ap)sin (Gnt1, nt), - - (ap, ap); in (b1, 81), - -, (b, Bm) and in

(bm+17/8m+1)a LRI (b(pﬁq)'
(B) — property 2.2 [15]. Forn > 1, g >m
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e (6050 ) )

_ pymyn—1 (a2; 042) e (apv ap)
- Hp—l,q—l (Z‘(blvﬂl) (bqflaﬂqfl) ) .
(C) — property 2.3 [15].
mm [ 1 (a‘laal) (a’pvap) _ gn,m (1_b1aﬂ1) (1 _bqaﬂq)
M (:i (b1, 1) .- (bg,By) > ~ fay (z‘(l—alval) e (L=ap, o) ) '

(D) — theorem 2.1 [15]. For all A € C, m > 0 and under condition (1.1.6) of this
work,

m,n (alv al) ce (ap, Oép) _

s AZ‘(bl,ﬂl) o (bgs By) ) =
= l;_l1 S 1 _ % k rm,n (alaal) (ap,ap)
- kgok!(l AT (Z‘(bl'f'kﬂl;ﬂl) oo (bg, By) )

(E) — property 2.8 [15] about the differentiation. For w,c € C, o0 >0, k =0,1,...

e (5 ) )]

(—w,0) (a1,01) (ap, ap) >_
(b1, 1) (bqaﬁq) (k —w,0)

_ Jw—kpm,n+l o
=~z Hp+1,q+1 <cz

= (=1 k wkaerLn < o (a‘lﬂ 041) v (a’pv ap) (_wv J) )
CO e (M “w.0) 0rs) L (0B
(F) — theorem 2.7 [15] about fractional differentiation. For a* > 0, o 1£r11<n [R;fj] +
<j<m

Rew > —-1,0>0

jg(z)ﬂ<{zw1¥§2” <Zo.(a1,oq) v (ap,ap) ) }__

(b1,B1) - (bg,Bq)
W m,n a(_waa) (a’a) (a,Oé)
==remtih (ot M i e )
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JloBesieHo TeopeMy iCHyBaHHS Ta €IMHOCTI, OJepKaHO 300parKeHHs 3a 10~
moMoroi0 BekTop-byHKIIl ['pina po3s’sa3ky 3amadi

ugﬁ)(x,t) — d*Au(z,t) = F(z,t), (x,t) € Qx(0,T], a= const
u(z,t) = Fi(z,t), (z,t) €00 x(0,T], u(z,0) = Fr(z), =€
3 gpobosoio moximaooo Pimana-Jliysimis u,(f}) nopanky 3 € (0,1) ra F, F1, F»
i3 mpocropip y3aranpmennx dymkmii D'

Karuo6i crosa: TOXimaHA IpOOGOBOTO TMOPSIKY, y3araJbHEHa (DYHKITIsT, Kpa-
iioBa 3a7at1a, BeKTop-dyHkKis ['pina.
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uiﬂ)(x,t) —a*Au(z,t) = F(z,t), (x,t) € Qx (0,T), a= const

u(z,t) = Fi(z,t), (z,t) €00 x (0,T], u(z,0) = Fa(x), z€Q

¢ apobHOi mpousBoanol Pumana-/InyBumrs uiﬁ ) nopamxa 8 € (0,1) m F, Fi,
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