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An inverse problem for nonlocal diffusion equation is considered. The exi-
stence and uniqueness conditions of the solution to the problem are obtained.
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1. The statement of the problem and the main results. We consider a
nonlocal inverse problem for the diffusion equation with an unknown coefficient a(s) > 0

h
ur=a /u(x,t)d:v Uge + f(2,8), (2,0) €Qr={(x,t): O<az<h, 0<t<T} (1)
0

subject to the initial condition

u(z,0) = p(x), x€][0,h], (2)
the boundary conditions
u(0,t) = (t), u(h,t) = pa(t), tel0,T], (3)
and the additional condition
h
a /u(m, Dda | un(0,8) = ps(t), £ € [0,7]. (4)
0

In the case where the function a = a(s) is known, problem (1)-(3) may be considered
as a mathematical model of the migration of a population when the velocity of migration
depends on the total population in the considered domain [1], [2]. The inverse problem
(1)-(4) corresponds to the situation when the velocity of migration is unknown.

Conditions for existence and uniqueness of solution for problem (1)-(4) are given in
the following theorems.
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Theorem 1. Suppose that the following assumptions hold: o
1) ¢ € C?[0,h], p; € C1[0,T), i = 1,2, uz € C[0,T], f € CO(Qr);
2) ¢'(z) >0, x € [0,h]; py(t) = f(0,1) <0, pa(t) — f(h,t) 2 0, ps(t) >0,

ff(x,t)dx—ug()>0 t €1[0,T); folz,t) >0, (z,t) € Qp;

0

3) ¢(0) = u1(0), p(h) = p2(0). _
Then there exists a solution (a,u) for problem (1)-(4) from the space C[0,S] x C*Y(Qr)
such that a(s) > 0,s € [0, S], where the number S > 0 is determined by the problem data.

Theorem 2. Under the condition
/1’3(t) 7é 0, te [OvT]u

problem (1)-(4) cannot have more than one solution in the space C[0,S] x C*X(Qr),
where the number S > 0 is determined by the problem data.

2. Existence of solution. In order to reduce problem (1)-(4) to an equation wi-
th respect to a(-), we suppose, for instant, that a solution (a(s),u(z,t)) € C(Ry) x
C*HQr)NCHO(Qr),a(s) > 0,s > 0 is known. Denote

h t

/u(a:,t)dx , 0t = /b(T)dT, te0,T].

0 0

Using the Green function G1(z,t,&,7;u) we find the solution of problem (1)-(3) [3]:

h t
u(z,t) = / Gi(z,t,&, 0;u)p(€)dE + / Gre(w,t,0,7;u)b(T) 1 (7)d7—
0
t h t
- / Gre( £, hy 75 u)b(r)paa (7)dr + / / G (. €, 7u) (€, 7)dédr,  (2,1) € Oy, (5)
0 0

where the Green functions are defined as follows:

. 1 S ((exp (B =€+ 20h)?
Gt &) = S e > (e (- S ooy )*

n=—oo

1V ex _(I—f"‘?"h)z
= p< 4<9<t>—e<7>>>)’ heil2

It is easy to verify the equality

le(xu t7§7 T u) = _G2£(x7t7§7T;u)'
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Taking it into account, we find from (5) the derivative u, :
h t
U’I(Ia t) = / GQ(xv L, 57 0; u)@/(g)dg - / GQ(Ia t,0,7; u)(:ull (T) - f(07 T))dT+

0 0

t t

h
+ GQ(xvta h77-;u)(u/2(7') - f(haT))dT+ GQ(x,t,g,T;u)fg(f,T)dng,
/ /1
(z,t) € Qr. (6)

Since
h

[ Galen 6,000 ¢ = min () >0,
0

under the assumptions 2) of the Th.1 we have
ux(xat) >07 ({E,t) GGT'

Hence, we obtain from (4) the following equation with respect to b(¢) :

h t
b(t) = :u3(t) </ G2(05t75507u)¢/(§)d€ - /GQ(OvtaovT;UJ)(p/l (T) - f(OvT))dT+
0 0

hot )
+/G2(07t7 h,T;u)(MIQ(T)—f(h,T))dT+0/0/GQ(O,t,f,T;U)fg(ﬁ,T)d§dT> )

temﬂ.o (7)

In order to prove the existence of solution of the equation (7) we apply the Schauder
fixed-point theorem. Firstly we establish a priori estimates of solutions of equation (7).
It is evident that from the assumptions 2) of Th.1 we have

h
00,002 [ Ga(0,4,6,0:00¢/ (¢ = min /(@) >0, 1 0.7,
0
Thus we obtain
b(t) < By, tel0,T), 8)

where the constant B; > 0 is determined by the problem data.
In order to evaluate solutions of equation (7) from above, we use the inequalities [3]

Cso
Vo) —6(r)’

where the constants Ci, k € {1,2,3}, do not depend on b(t). Taking into account these
inequalities we find

GQ(OatvoaT;u)§01+ GQ(Ovtath;U) §C37 te [OvT]a

t
um(O,t) <Cy+ C5/ te [O,T].
0

dr
Vo) —0(r)’
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Thus, we obtain from (7) the following inequality:

b(t) > Co , telo,T]. (9)

- / dr
s | T

Denote by 1= gnq% b(t). Tt is easy to deduce from (9) the inequality

bmin Z LC
Oy + —=

bmin
Solving it, we obtain
bmin > By > 0,
where the constant By is determined by the given constants. It means that we have the
estimation of b(t) from below:

b(t) > By, t€]0,T]. (10)
Rewrite equation (7) as follows
b(t) = Pb(t), te [0, (11)

where the operator P is determined by the right-hand side of equation (7). Denote
N = {b € C([0,T]) : Bo < b(t) < B1}. In view of estimates (8) and (10), it is evi-
dent that the operator P maps A into itself. It is shown in [3] that the operator P is
compact on the set . Applying the Schauder fixed-point theorem, we deduce the exi-
stence of a solution b = b(t) of equation (7) such that b € C([0,7]) and b(¢) > 0, ¢t € [0,T].
Substituting into (5) the function b(t), found from (11), we obtain the known function
u = u(zx,t).

To finish the proof of the existence of solution for problem (1)-(4), we have to
determine the function a = a(s). Denote

h
q(t) = /u(:v,t)dx.

Note that the function ¢ = ¢(t) is known. From the definition of b(t) we have
b(t) = alq(t)), te€l0,T].

Find the derivative
h

q(t) = /ut(:v,t)dx.
0
Using equation (1) and taking into account the assumptions of Th.1, we find

h
q' (t) = b(t)ux(1,t) — ps(t) +/f(:v,t)dx >0, te][0,T).
0
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It means that there exists a continuous function ¢~!(s) defined on the interval [0, S] such
that

g () =s, s€0,8],

where S = I[Blz})](q(t). From this we find the function a(s) :

a(s) =b(g”'(s)), s€l0,8]. (12)
Thus, the proof of Theorem 1 is complete.
3. Uniqueness of solution. Suppose that there exist two solutions (ag,u),
k € {1,2}, of problem (1)-(4). Denote
h
bi(t) == ag /uk(:v,t)dx s ke {1,2}, b(t) :=b1(t)—ba(t), ul(x,t) :== w1 (z, t)—usz(x,t).
0
The functions (b(t), u(x,t)) verify the following system
up = by (t)Uze + b(t)u2ea (2, 1), (2,t) € Qr, (13)
u(z,0) =0, x€][0,h], (14)
u(0,t) =0, wu(h,t)=0, tel0,T], (15)
b1(t)u.(0,t) = —b(t)u2.(0,t), te€[0,T]. (16)
Find the solution of problem (13)-(15):

t h
umw://QWm@ﬂwwm@ﬂ@m,uwe@p (17)
0 0

where Ggl)(x, t,&,7) is the Green function for the equation
Ut = bl (t)uxx

with boundary conditions (15). After substituting (17) into (16) we obtain the following
equation with respect to unknown b(¢) :

t h
= —7[)1@)()2@) (1) T)b(T)u T T T Q
b = -2 JJQAM@)M)w@)%W @0eQr (9

This is a second kind homogeneous Volterra integral equation with integrable kernel.
Consequently, b(t) =0, ¢t € [0,T]. It follows from (17) that u(z,¢) =0, (z,t) € Qp. The
proof of Theorem 2 is complete.
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