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The nonhomogeneous initial-boundary value Dirichlet problem for the
equation

ut −∆u+ g(x, t)|u|q(x,t)−2
u = f(x, t)

in cylinder domain is considered. If the condition 1 < q0 ≤ q(x, t) ≤ q0 < 2 is
satisfied, then the existence of the mild solution of this problem is proved.
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1. Introduction. In this paper, we continue our study of semilinear parabolic
equations from [1]. Let n ∈ N and T > 0 be fixed numbers, Ω ⊂ R

n be a bounded
domain with the boundary ∂Ω, Q0,T = Ω× (0, T ].

We seek the mild solution u of the following problem

ut −∆u + g(x, t)|u|q(x,t)−2u = f(x, t), (x, t) ∈ Q0,T , (1)

u|∂Ω×(0,T ) = d(x, t), (2)

u|t=0 = u0(x). (3)

Here ∆u = ux1x1 + ux2x2 + . . . + ux1x1 is the Laplace operator, g, q, f are real valued
functions on Q0,T , d is a real valued function on ∂Ω× (0, T ), u0 is a real valued function
on Ω.

Under some conditions for data-in of problem (1)-(3), using the Green function
technique, we prove a solvability of these problems with variable exponents of nonlineari-
ty.

The existence of the Green function and its various properties it is well known
(see for instance [2], [3], [4], and the references given there). The various problems with
variable exponents of nonlinearity and homogeneous boundary conditions are investigate
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in [5], [6], [7], [8], [9], [10]. The Green function technique for some semilinear parabolic
problems with variable exponents of nonlinearity and homogeneous boundary conditions
are investigated in [1], [11], [12]. The extensive literature is reviewed in [1].

This paper is organized as follows. In Part 2, we give some definitions and main
results. Auxiliary facts are given in Part 3. In Part 4, we prove the main theorem.

2. Motivation of the definition and main results.
2.1. Case of the linear problem. First we consider the problem

ut −∆u = h(x, t) in Q0,T , (4)

u|∂Ω×(0,T ) = 0, u|t=0 = 0. (5)

Recall that a function G = G(x, t, ξ, s) x, ξ ∈ Ω, t > s ≥ 0, is called the Green
function (see [13, p. 1118]) of the Dirichlet mixed problem for parabolic equation (4)
if for every (ξ, s) ∈ Q0,T the function G satisfies homogeneous equation (4), and the

boundary condition G|∂Ω×(0,T ) = 0 with respect to the variables x ∈ Ω, t > s ≥ 0, and

for every function ϕ ∈ C(Ω) we have

lim
t→s+0

∫

Ω

G(x, t, ξ, s)ϕ(ξ) dξ = ϕ(x).

It is well known that the solution of problem (4)-(5) is

u(x, t) =

t∫

0

∫

Ω

G(x, t, ξ, s)h(ξ, s) dξds. (6)

Further we consider a problem with a nonhomogeneous initial condition, i.e.

ut −∆u = 0 in Q0,T , (7)

u|∂Ω×(0,T ) = 0, (8)

u|t=0 = u0(x). (9)

Its solution is

u(x, t) =

∫

Ω

G(x, t, ξ, 0)u0(ξ) dξ, (x, t) ∈ Q0,T . (10)

Now let us consider a problem with a nonhomogeneous boundary condition, i.e.

ut −∆u = 0 in Q0,T , (11)

u|∂Ω×(0,T ) = d(x, t), (12)

u|t=0 = 0. (13)

We assume that there exists a function d̂ = d̂(x, t) such that

d̂ ∈ C2,1
x,t (Q0,T ) ∩ C(Q0,T ), d̂|∂Ω×(0,T ) = d(x, t). (14)

If we replace u by d̂+ u∗, we obtain a new problem
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u∗t −∆u∗ = h∗(x, t) in Q0,T , (15)

u∗|∂Ω×(0,T ) = 0, (16)

u∗|t=0 = u∗0(x), (17)

where h∗ = −d̂t +∆d̂, u∗0 = −d̂|t=0. According to (6), (10), we have

u∗(x, t) =

∫

Ω

G(x, t, ξ, 0)u∗0(ξ) dξ +

t∫

0

∫

Ω

G(x, t, ξ, s)h∗(ξ, s) dξds. (18)

Therefore the solution of problem (11)-(13) is

u(x, t) = d̂(x, t) −

∫

Ω

G(x, t, ξ, 0)d̂(ξ, 0) dξ −

−

t∫

0

∫

Ω

G(x, t, ξ, s)(d̂t(ξ, s)−∆d̂(ξ, s)) dξds, (x, t) ∈ Q0,T . (19)

Finally let us consider the general Dirichlet mixed problem for the model equation

ut −∆u = h(x, t) in Q0,T , (20)

u|∂Ω×(0,T ) = d(x, t), (21)

u|t=0 = u0(x). (22)

Let again G = G(x, t, ξ, s) be the Green function of the homogeneous Diriclet problem

(4)-(5); d̂ = d̂(x, t) be a function such that d̂|∂Ω×(0,T ) = d(x, t);

d∗(x, t) = d̂(x, t) −

∫

Ω

G(x, t, ξ, 0)d̂(ξ, 0) dξ −

−

t∫

0

∫

Ω

G(x, t, ξ, s)(d̂t(ξ, s)−∆d̂(ξ, s)) dξds. (23)

Clearly if we replace (20)-(22) by three problems, i.e. (4)-(5), (7)-(9), and (11)-(13),
then, using formulas (6), (10), (19), we get a solution of problems (20)-(22) such that

u(x, t) = d∗(x, t) +

∫

Ω

G(x, t, ξ, 0)u0(ξ) dξ +

t∫

0

∫

Ω

G(x, t, ξ, s)h(ξ, s) dξds. (24)

Let p ≥ 1 be a fixed number. We introduce the following notion (see for comparison
[14], [15]). A function u is called a mild solution of problem (20)-(22) if u ∈ Lp(Q0,T ), u
satisfies equality (24) for a.e. (x, t) ∈ Q0,T . In the same manner we define a mild solution
of the mixed problem for parabolic equation (1). More precisely, we replace the function h
by f −g|u|q(x,t)−2u and consider equality (24) as nonlinear integral equations. A solution
of this integral equation is a solution for problem (1)-(3).
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2.2. Main results. Suppose that the following conditions hold:
(G): g ∈ L∞(Q0,T );
(Q): q ∈ L∞(Q0,T ), 1 < q0 ≤ q(x, t) ≤ q0 < +∞, where

q0 ≡ ess inf
(x,t)∈Q0,T

q(x, t), q0 ≡ ess sup
(x,t)∈Q0,T

q(x, t);

(DFU): for some p > 1 we take u0 ∈ Lp(Ω), f ∈ Lp(Q0,T ), d̂ ∈ W 1,p(Q0,T ) ∩
Lp(0, T ;W 2,p(Ω)) ∩ C([0, T ];Lp(Ω)) such that

d̂|∂Ω×(0,T ) = d(x, t).

Let G(x, t, ξ, s) be the Green function of the mixed problem (4)-(5) such that the
Gaussian estimate

|G(x, t, ξ, s)| ≤
M1 χ(0,+∞)(t− s)

(t− s)
n
2

e−M2
|x−ξ|2

t−s (25)

holds. Here M1,M2 > 0 are constants, χ(0,+∞)(z) is the indicator function of the segment

(0,+∞). Let d∗ be given by (23), where d̂ is taken from condition (DFU).
Now we provide Definition of the solution and the main theorem.

Definition 1. A real valued function u ∈ Lp(Q0,T ) is called a mild solution of problems
(1)-(3) if for a.e. (x, t) ∈ Q0,T the equality

u(x, t) = d∗(x, t) +

∫

Ω

G(x, t, ξ, 0)u0(ξ) dξ +

t∫

0

∫

Ω

G(x, t, ξ, s)f(ξ, s) dξds−

−

t∫

0

∫

Ω

G(x, t, ξ, s)g(ξ, s)|u(ξ, s)|q(ξ,s)−2u(ξ, s) dξds (26)

holds.

Theorem 1. Suppose that conditions (Q) with q0 < 2, (DFU) with p ∈ (1 + n
2 ,+∞),

and (G) are satisfied. If there exists the Green function of problem (1)-(3) such that the
Gaussian estimate (25) is executed, then problem (1)-(3) has a mild solution.

In particular, the conditions of Theorem 1 are the conditions on ∂Ω. For example,
we recall some facts from [4]. First let us consider a nondecreasing bounded half-additive
function ω : R+ → R+ such that

ω(t)

t
≤ 2

ω(s)

s
,

ω(t)

tγ
≤ C̃

ω(s)

sγ
, 0 < s < t,

where γ ∈ (12 , 1), C̃ > 0. By definition, put

F (t) =

t∫

0

ω(s)

s
ds, t ≥ 0, Φ(τ) =

τ∫

0

ω(t)

t
dt, τ ≥ 0.
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Suppose that there exist constants σ > 0, Ĉ > 0 such that

F (σ) < +∞, Φ(σ) < +∞,

σ∫

t

ω(s)

s2
ds ≤ Ĉ

F (t)

t
, 0 < t < σ.

Let m,N ∈ N be fixed numbers, O ⊂ R
N . Let Cm(O) be the space of all functions ϕ

which, together with all their partial derivatives Dαϕ of orders |α| ≤ m, are continuous
on O. The set of all functions ψ ∈ Cm(O) such that

|ψ|ωm :=
∑

|α|≤m

sup
y∈O

|Dαψ(y)|+
∑

|β|=m

sup
y,z∈O

|Dβψ(y)−Dβψ(z)|

ω(|y − z|)
< +∞,

is called the Dini space and is denoted by C(m,ω)(O).
Further for our domain Ω ⊂ R

n we put S = ∂Ω. We say that the surface S belongs

to the Dini sets C(m,ω) if S =
ℓ⋃

k=1

Sk, where for every k ∈ {1, . . . , ℓ} the open surface

Sk is given by the rule xj = ϕk
j (x

′
j), x

′
j = (x1, . . . , xj−1, xj+1, . . . , xn) ∈ Ok, and the

following conditions hold:
1) Ok is a bounded domain from R

n−1; 2) ϕk
j ∈ C(m,ω)(Ok).

Finally we recall Theorem.

Example 1 (see Theorem 2.8 [4, p. 136]). If ∂Ω ∈ C(2,ω), then there exists the Green
function of problem (1)-(3) such that the Gaussian estimate (25) is executed.

3. Auxiliary facts.
3.1. A fixed point theorem. First we recall some definitions. Let X,Y be normed

spaces, A : X → Y . A subset M of a normed space X is called a compact set if every
sequence of points in M has a subsequence converging in X to an element of M (see [16,
p. 6]). M is called a precompact set if its closure M (in the norm topology) is compact
(see [16, p. 7]).

An operator A : X → Y is called a compact operator if A(M) is precompact in Y
whenever M is bounded in X (see [16, p. 8]). A is a completely continuous operator if it
is continuous and compact (see [16, p. 9]). Every bounded linear operator is continuous.
Hence every compact linear operator is completely continuous.

Further let us consider some examples.

Example 2. 1) Clearly if A,B : X → Y are completely continuous operators, and
α, β ∈ R, then the operator αA+ βB also is completely continuous.

2) (see Lemma 1 [1, p. 81]) Let X , Y , Z be Banach spaces, A : Y → Z, B : X → Y .
If A is completely continuous, and B is bounded continuous, then the composition of the
operators A ◦B : X → Z is a completely continuous operator.

3) Clearly, every constant operator, i.e. an operator C : X → X such that

∃ y ∈ X ∀ x ∈ X : Cx = y (27)

is a nonlinear (if y 6= 0) completely continuous operator.

Suppose that G is a measurable on Q0,T ×Q0,T real valued function such that almost

everywhere in Q0,T ×Q0,T we have Gaussian estimate (25). In particular, G = 0 if t ≤ s.
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By Lp(Ω), where p ≥ 1, we denote the standard Lebesgue space with respect to the norm

||u;Lp(Ω)|| =
(∫

Ω

|u(x)|p dx
)1/p

.

In the same manner we define the space Lp(Q0,T ).

Example 3. (Lemma 3 [1, p. 83]). Suppose the measurable real valued function G

satisfies Gaussian estimate (25), the integral operator J is given by equality

(J z)(x, t) =

t∫

0

∫

Ω

G(x, t, ξ, s)z(ξ, s) dξds, (x, t) ∈ Q0,T . (28)

If p > 1 + n
2 , then the operator J : Lp(Q0,T ) → Lp(Q0,T ) is completely continuous.

The following theorem plays main role in the proof of our results.

Proposition 1 (the Schauder fixed point theorem). ( [17, p. 229]). Let X be a Banach
space, A : X → X be a completely continuous operator, M ⊂ X be a nonempty bounded
closed convex set. If A(M) ⊂ M, then A has a fixed point.

3.2. Some properties of the integral operators. We will need the following Proposition
and Lemmas.

Proposition 2. (Lemma 2 [1, p. 83]). Suppose that r ∈ [1,+∞) is a fixed number, G is
a measurable real valued function such that Gaussian estimate (25) holds,

Jr(x, t, s) =

∫

Ω

|G(x, t, ξ, s)|r dξ, Ĵr(ξ, t, s) =

∫

Ω

|G(x, t, ξ, s)|r dx (29)

for a.e. x, ξ ∈ Ω, 0 ≤ s < t. Then there exists a constant C(r) > 0 such that

0 ≤ Jr(x, t, s) ≤
C(r)

(t− s)
n
2 (r−1)

, 0 ≤ Ĵr(ξ, t, s) ≤
C(r)

(t− s)
n
2 (r−1)

. (30)

Remark 1. From (29), (30) it follows that if the measurable real valued function G

satisfies Gaussian estimate (25), then there exists a constant M > 0 such that

ess sup
(x,t)∈Q0,T

s∈(0,T )

∫

Ω

|G(x, t, ξ, s)| dξ ≤ M, ess sup
t∈(0,T )

(ξ,s)∈Q0,T

∫

Ω

|G(x, t, ξ, s)| dx ≤ M. (31)

Lemma 1. Suppose that the measurable real valued function G satisfies Gaussian esti-
mate (25) and the integral operator J0 is given by the equality

(J0v)(x, t) =

∫

Ω

G(x, t, ξ, 0)v(ξ) dξ, (x, t) ∈ Q0,T . (32)

Then for every p ∈ (1,+∞) the linear operator J0 : Lp(Ω) → Lp(Q0,T ) is bounded
(therefore it is a continuous operator). In addition, there exists a constant L0 > 0 such
that for every v ∈ Lp(Ω) the estimate

||J0v;L
p(Q0,T )|| ≤ L0||v;L

p(Ω)|| (33)

holds (notice that L0 depends on p but does not depend on v).
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Proof. Clearly the complete proof of this Lemma follows from estimate (33). Let
p, p′ ∈ (1,+∞), 1

p + 1
p′ = 1. Using the Hölder inequality, we obtain

||J0v;L
p(Q0,T )||

p =

∫

Q0,T

∣∣∣
∫

Ω

G(x, t, ξ, 0)v(ξ) dξ
∣∣∣
p

dxdt ≤

≤

∫

Q0,T

∣∣∣
∫

Ω

|G|s=0|
1
p′

|G|s=0|
1
p |v| dξ

∣∣∣
p

dxdt ≤

∫

Q0,T

(∫

Ω

|G|s=0| dξ
) p

p′
(∫

Ω

|G|s=0| |v|
p dξ

)
dxdt.

Taking into account estimates (31), the equality p
p′ = p− 1, and the Fubini theorem, we

get

||J0v;L
p(Q0,T )||

p ≤ M

p
p′

∫

Q0,T

dxdt

∫

Ω

|G|s=0| |v|
p dξ = M

p−1 ×

×

T∫

0

dt

∫

Ω

dx

∫

Ω

|G(x, t, ξ, 0)| |v(ξ)|p dξ = M
p−1

∫

Ω

( T∫

0

dt

∫

Ω

|G(x, t, ξ, 0)| dx
)
|v(ξ)|p dξ ≤

≤ M
p−1

∫

Ω

( T∫

0

M dt
)
|v(ξ)|p dξ ≤ T M p

∫

Ω

|v(ξ)|p dξ.

Therefore (33) is true, and the Lemma is proved. �

Lemma 2. Suppose that the measurable real valued function G satisfies Gaussian esti-
mate (25), the integral operator J is given by equality (28). Then for every p ∈ (1,+∞)
the linear operator J : Lp(Q0,T ) → Lp(Q0,T ) is bounded (therefore it is a continuous
operator). In addition, there exists a constant L > 0 such that for every z ∈ Lp(Q0,T )
the estimate

||J z;Lp(Q0,T )|| ≤ L||z;Lp(Q0,T )|| (34)

holds (notice that the constant L depends on p but does not depend on z).

Proof. Again it is enough to show only estimate (34). Let p, p′ ∈ (1,+∞), 1
p + 1

p′ = 1.

Using the methods of Lemma 1, we obtain

||J z;Lp(Q0,T )||
p =

∫

Q0,T

∣∣∣
∫

Q0,t

G(x, t, ξ, s)z(ξ, s) dξds
∣∣∣
p

dxdt ≤

≤

∫

Q0,T

∣∣∣
∫

Q0,t

|G|
1
p′

|G|
1
p |z| dξds

∣∣∣
p

dxdt ≤

≤

∫

Q0,T

( ∫

Q0,t

|G| dξds
) p

p′
( ∫

Q0,t

|G| |z|p dξds
)
dxdt.

Using estimate (31), equality p
p′ = p− 1, and the Fubini theorem, we get

||J z;Lp(Q0,T )||
p ≤ (T M)

p
p′

∫

Q0,T

dxdt

∫

Q0,t

|G| |z|p dξds =
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= (T M)p−1

T∫

0

dt

∫

Ω

dx

t∫

0

ds

∫

Ω

|G(x, t, ξ, s)| |z(ξ, s)|p dξ =

= (T M)p−1

T∫

0

ds

∫

Ω

( T∫

s

dt

∫

Ω

|G(x, t, ξ, s)| dx
)
|z(ξ, s)|p dξ ≤

≤ (T M)p−1

T∫

0

ds

∫

Ω

( T∫

s

M dt
)
|z(ξ, s)|p dξ ≤ (T M)p

∫

Q0,T

|z(ξ, s)|p dξds.

This inequality yields (34). The Lemma is proved. �

3.3. Generalized Lebesgue spaces and Nemytskii operator with the variable exponent
of nonlinearity. First let us introduce some notation and functional spaces. Suppose that
q ∈ L∞(Q0,T ) satisfies condition (Q). Consider a linear subspace Lq(x,t)(Q0,T ) of the
space L1(Q0,T ) which consists of v such that ρq(v,Q0,T ) <∞, where

ρq(v,Q0,T ) :=

∫

Q0,T

|v(x, t)|q(x,t) dxdt.

It is the Banach space with respect to the Luxemburg norm

||v;Lq(x,t)(Q0,T )|| := inf{λ > 0 | ρq(v/λ,Q0,T ) ≤ 1}

(see [19, p. 599]) and it is called a generalized Lebesgue space. This space was first
introduced by W. Orlicz in [18]. Note that if q(x, t) = q0 = const for a.e. (x, t) ∈
Q0,T , then ||·;Lq(x,t)(Q0,T )|| equals to the standard norm ||·;Lq0(Q0,T )|| of the Lebesgue

space Lq0(Q0,T ). According to [19, p. 599], the conjugate space [Lq(x,t)(Q0,T )]
∗ equals

Lq′(x,t)(Q0,T ), where the function q′ is defined by the equality 1
q(x,t) +

1
q′(x,t) = 1 for a.e.

(x, t) ∈ Q0,T . Note also that the set C(Q0,T ) is dense in Lq(x,t)(Q0,T ) (see [19, p. 603]). In

addition, the continuous embedding Lq(x,t)(Q0,T ) 	 Lr(x,t)(Q0,T ) holds if q(x, t) ≥ r(x, t)
(see [19, p. 599-600]).

Suppose that the function q satisfies condition (Q),

Sq(s) =

{
sq0 , s ∈ [0, 1],

sq
0

, s > 1,
S1/q(s) =

{
s1/q

0

, s ∈ [0, 1],
s1/q0, s > 1,

(35)

where the constant q0, q
0 are given by (Q) (see Lemma 1 [8, p. 168], Remark 3.1 [10, p.

453]). We will need the following Propositions.

Proposition 3. (Lemma 4 [1, p. 85]). Suppose that conditions (Q) with q0 < 2, (G),
are satisfied, the Nemytskii operator N is defined by the formula

(N z)(x, t) = g(x, t)|z(x, t)|q(x,t)−2z(x, t), (x, t) ∈ Q0,T . (36)

Then for every number p ∈ [1,+∞) the operator N : Lp(Q0,T ) → Lp(Q0,T ) is bounded
and continuous. In addition, there exists a constant Np > 0 such that for every
u, v ∈ Lp(Q0,T ) we have

||Nu−Nv;Lp(Q0,T )|| ≤ Np

{
S1/h

(
||u− v;Lp(Q0,T )||

p
)}1/p

, (37)
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||Nu;Lp(Q0,T )|| ≤ Np

{
S1/h

(
||u;Lp(Q0,T )||

p
)} 1

p
, (38)

where S1/h is a continuous function from (35), and h(x, t) = 1
q(x,t)−1 .

4. Proof of Theorem 1. We define the operators D, K, N , J , A by the following
identities. D is a constant (see (27)) operator such that

(Dz)(x, t) = d∗(x, t), (x, t) ∈ Q0,T , (39)

where d∗ is given by (23), d̂ is taken from (DFU). K is a constant operator such that

(Kz)(x, t) =

∫

Ω

G(x, t, ξ, 0)u0(ξ) dξ +

t∫

0

∫

Ω

G(x, t, ξ, s)f(ξ, s) dξds. (40)

The nonlinear Nemytskii operator N is given by (36). The linear integral operator J is
given by (28). The operator A is a combination of the operators D, K, N , J , namely

A = D +K − J ◦ N . (41)

Taking into account these notation, we rewrite equality (26) as

u = Au. (42)

Then the existence of the solution to problems (1)-(3) means the existence of the fixed
point of the operator A. We will show that conditions of the Schauder theorem are
satisfied.

Step 1. Lemmas 1, 2 mean that K(Lp(Q0,T )) ⊂ Lp(Q0,T ), and

||Kz;Lp(Q0,T )|| ≤ L0||u0;L
p(Ω)||+ L||f ;Lp(Q0,T )||, (43)

where L0 > 0 is taken from (33), L > 0 is taken from (34). Similarly D(Lp(Q0,T )) ⊂
⊂ Lp(Q0,T ), and the estimate

||Dz;Lp(Q0,T )|| ≤

≤ ||d̂;Lp(Q0,T )||+ L0||d̂|t=0;L
p(Ω)||+ L||d̂t −∆ d̂;Lp(Q0,T )|| (44)

holds. Recall that the constant operators are completely continuous.
Step 2. From Proposition 3 it follows that N : Lp(Q0,T ) → Lp(Q0,T ) is continuous

and bounded operator. In addition, we have estimates (37), (38).
From Example 2 it follows that the operator J : Lp(Q0,T ) → Lp(Q0,T ) is completely

continuous. In addition, estimate (34) holds.
Using Example 1 and the properties of the operators N , J , we see that J ◦N is a

completely continuous operator as a composition of completely continuous and bounded
continuous operators. Consequently, A is a completely continuous operator as a sum of
the completely continuous operators D, K, and J ◦ N (see Example 1).

Step 3. Take a sufficiently small ε ∈ (0,min{ 1
2 , 2 − q0}), where q0 ∈ (1, 2) is taken

from condition (Q). Then ε < 1
2 , that is 1 − 2ε > 0. In addition, ε < 2 − q0, i.e.

2− q0 − ε > 0.
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Let R > 0 be a sufficiently large number such that




Rε ≥ max{
√
||d̂;Lp(Q0,T )||, ||d̂|t=0;L

p(Ω)||, ||d̂t −∆ d̂;Lp(Q0,T )||,

||u0;Lp(Ω)||, ||f ;Lp(Q0,T )||, L0, L, 1},

5

R1−2ε
+

Np

R2−q0−ε
≤ 1,

(45)

where the constants L0,L are taken from (33), (34), and the constant Np is taken from
(38). By definition, put

BR = {u ∈ Lp(Q0,T ) | ||u;Lp(Q0,T )|| ≤ R}.

We will show that A(BR) ⊂ BR. Take a function u ∈ BR. Using the monotonicity of the
function S1/h, from estimations (34), (43), (38), (44), and (45), we have

||Au;Lp(Q0,T )|| ≤ ||(D +K − J ◦ N )(u);Lp(Q0,T )|| ≤

≤ ||Du;Lp(Q0,T )||+ ||Ku;Lp(Q0,T )||+ ||J (Nu);Lp(Q0,T )|| ≤

≤ ||Du;Lp(Q0,T )||+ ||Ku;Lp(Q0,T )||+ L||Nu;Lp(Q0,T )|| ≤

≤ ||d̂;Lp(Q0,T )||+ L0||d̂|t=0;L
p(Ω)||+ L||d̂t −∆ d̂;Lp(Q0,T )||+

+ L0||u0;L
p(Ω)||+ L||f ;Lp(Q0,T )||+ LNp

{
S1/h

(
||u;Lp(Q0,T )||

p
)} 1

p
≤

≤ 5R2ε +Rε
Np

{
S1/h

(
Rp

)} 1
p
,

where h(x, t) = 1
q(x,t)−1 . Taking into account (35), from inequality R > 1 it follows that

S1/h

(
Rp

)
=

(
Rp

) 1
ess infh(x,t)

=
(
Rp

) 1
ess inf

1
q(x,t)−1 =

(
Rp

) 1
1

q0−1 = Rp(q0−1).

By the choice of R, we get

||Au;Lp(Q0,T )|| ≤ 5R2ε + NpR
ε+q0−1 =

( 5

R1−2ε
+

Np

R2−q0−ε

)
R ≤ R,

i.e. A(BR) ⊂ BR. Therefore, the operator A satisfies the conditions of the Schauder
theorem (see Proposition 1), and has a fixed point. Theorem is proved. �

Remark 2. Using monotonicity method, and the additional condition g(x, t) ≥ 0 it is
easy to show the uniqueness of the solution u ∈ L2(0, T ;H1

0 (Ω)) ∩ C([0, T ];L2(Ω)) of
problem (1)-(3) (notice that Theorem 1 does not show that the solution u belongs to
L2(0, T ;H1

0(Ω)) ∩C([0, T ];L
2(Ω))).

Remark 3. The results of Theorem 1 can be extended on to the second and third mixed
problems for equation (1) and its generalization.



ON SOLVABILITY OF MODEL NONHOMOGENEOUS PROBLEMS ...
ISSN 2078-3744. Вiсник Львiв. ун-ту. Серiя мех.-мат. 2012. Випуск 77 39

References

1. Бугрiй О. Про iснування слабкого розв’язку мiшаної задачi для модельного пiвлiнiйно-
го параболiчного рiвняння зi змiнним степенем нелiнiйностi / О. Бугрiй // Вiсн. Львiв.
ун-ту. Сер. мех.-мат. – 2011. – Вип. 75. – С. 79-90.

2. Эйдельман С.Д. Параболические системы. / С.Д. Эйдельман – М., 1964.
3. Ивасишен С.Д. Матрицы Грина параболических граничных задач / С.Д. Ивасишен –

К.: Вища школа, 1990.
4. Матiйчук М.I. Параболiчнi та елiптичнi крайовi задачi з особливостями. / М.I. Ма-

тiйчук – Чернiвцi: Прут, 2003.
5. Алхутов Ю.А. Параболические уравнения с переменным порядком нелинейности

/ Ю.А. Алхутов, С.Н. Антонцев, В.В. Жиков //Збiрник праць Iн-ту математики
НАН України. – 2009. – Т. 6, № 1. – С. 23-50.

6. Zhikov V.V. Lemmas on compensated compactness in elliptic and parabolic equations
/ V.V. Zhikov, S.E. Pastukhova //Proceedings of the Steklov Institute of Mathematics.
– 2010. – Vol. 270. – P. 104–131.

7. Bokalo M.M. The unique solvability of a problem without initial conditions for linear and
nonlinear elliptic-parabolic equations / M.M. Bokalo // J. Math. Sciences. – 2011. – Vol.
178, №1. – P. 41-64.

8. Бугрiй О.М. Скiнченнiсть часу стабiлiзацiї розв’язку нелiнiйної параболiчної варiацiй-
ної нерiвностi зi змiнним степенем нелiнiйностi / О.М. Бугрiй // Мат. студiї. – 2005. –
Т. 24, №2. – C. 167-172.

9. Buhrii O.M. Uniqueness of solutions of the parabolic variational inequality with variable
exponent of nonlinearity / O.M. Buhrii, R.A. Mashiyev //Nonlinear Analysis: Theory,
Methods and Appl. – 2009. – Vol. 70, №6. – P. 2335-2331.

10. Mashiyev R.A. Existence of solutions of the parabolic variational inequality with variable
exponent of nonlinearity / R.A. Mashiyev, O.M. Buhrii // J. Math. Anal. Appl. – 2011. –
Vol. 377. – P. 450-463.

11. Pinasco J.P. Blow-up for parabolic and hyperbolic problems with variable exponents
/ J.P. Pinasco // Nonlinear Analysis. – 2009. – Vol. 71. – P. 1094-1099.

12. Sawangtong P. Blow-up solutions of degenerate parabolic problems / P. Sawangtong,

W. Jumpen // WSEAS Transactions on Mathematics. – 2010. – Vol. 9, Issue 9. – P. 723-
733.

13. Математическая энциклопедия. В 5 т. / гл. ред. И. М. Виноградов, Т. 1. – М.: Советская
энциклопедия, 1984. — 1140 с.

14. Лопушанская Г.П. О решении с помощью матрицы Грина параболеской граничной
задачи в пространстве обобщенных функций / Г.П. Лопушанская //Укр. мат. журн. –
1986. – Т. 38, №6. – C. 795-798.

15. Agase S.B. Existence of mild solutions of semilinear differential equations in Banach spaces
/ S.B. Agase, V. Raghavendra // Indian J. Pure Appl. Math. – 1990. – Vol. 21 (9). – P. 813-
821.

16. Adams R.A. Sobolev spaces. / R.A. Adams – New York, San Francisco, London: Academic
press, 1975.

17. Хатсон В. Приложения функционального анализа и теории операторов / В. Хатсон,

Дж. Пим – М.: Мир, 1983.
18. Orlicz W. Uber Konjugierte Exponentenfolgen / W. Orlicz // Studia Mathematica (Lwów).

– 1931. – Vol. 3. – P. 200-211.
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ПРО РОЗВ’ЯЗНIСТЬ МОДЕЛЬНИХ НЕОДНОРIДНИХ
ЗАДАЧ ДЛЯ ПIВЛIНIЙНИХ ПАРАБОЛIЧНИХ РIВНЯНЬ

ЗI ЗМIННИМИ СТЕПЕНЯМИ НЕЛIНIЙНОСТI

Олег БУГРIЙ

Львiвський нацiональний унiверситет iменi Iвана Франка,

вул. Унiверситетська, 1, Львiв, 79000

e-mail: ol_buhrii@i.ua

Дослiджено неоднорiдну мiшану задачу Дiрiхле для рiвняння

ut −∆u+ g(x, t)|u|q(x,t)−2
u = f(x, t)

в цилiндричнiй областi. За умови 1 < q0 ≤ q(x, t) ≤ q0 < 2 доведено
iснування слабкого розв’язку цiєї задачi.

Ключовi слова: нелiнiйне параболiчне рiвняння, неоднорiдна задача,
мiшана задача, змiнний показник нелiнiйностi, узагальненi простори Ле-
бега i Соболєва, слабкий розв’язок, функцiя Грiна.

О РАЗРЕШИМОСТИ МОДЕЛЬНЫХ НЕОДНОРОДНЫХ
ЗАДАЧ ДЛЯ ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ

С ПЕРЕМЕННЫМИ СТЕПЕНЯМИ НЕЛИНЕЙНОСТИ

Олег БУГРИЙ

Львовский национальный университет имени Ивана Франко,

ул. Университетская, 1, Львов, 79000

e-mail: ol_buhrii@i.ua

Исследовано смешанную задачу Дирихле для уравнения

ut −∆u+ g(x, t)|u|q(x,t)−2
u = f(x, t)

в цилиндрической области. При условии 1 < q0 ≤ q(x, t) ≤ q0 < 2 доказано
существование слабого решения этой задачи.

Ключевые слова: нелинейное параболическое уравнение, смешанная
задача, переменный степень нелинейности, обобщённые пространства Ле-
бега и Соболева, слабое решение, функция Грина.


