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The set U(S*) of the equivalence classes of open onto maps of the unit circle
is endowed with the topology generated by the Vietoris topology. The main
results of this note consists in description of the connectedness components of
the space U(S1).
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1. Introduction. Every open map f: X — Y of compact Hausdorff spaces
generates a decomposition of X into the fibers of f. We say that two maps defined on X
are equivalent if the corresponding decompositions coincide. One can define a topology
on the set ¥(X) of open maps on X by using the embedding f — {f~(f(z)) |z € X}
into the double hyperspace exp?(X) = exp(exp X) of X and considering the Vietoris
topology on exp? X (see, e.g. [4]).

In the previous papers the cases X = w + 1 (convergent sequence) and X = I (the
segment) are considered.

In this note we deal with the unit circle S*. The main result is a description of the
components of the space W(S?).

2. Preliminaries. A map f: X — Y is called a local homeomorphism if for any
point x € X there exists a neighborhood U C X such that f(U) is an open subset in ¥’
and f|y: U — f(U) is a homeomorphism.

The symbol Bd denotes the boundary.

Let n be a natural number. Let p € X. The space X has the order < n at the point
p, we write ord, X < n, if for every € > 0 there exists an open set U such that

peU, diamU < ¢ i [Fr(U)] < n.

Recall that X" = {p € X | ord, X < n}.

The points of order < w are called regular (that are the points, for which the set
IBA(U)] is finite). The points of order 1 are called endpoints.

The space X is called regular, according to the order theory, if every point z € X is
a regular point. The space X is called rational , according to the order theory, if every
point z € X is rational point (see [6], §51, p. 274).
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A map of topological spaces is called open if the image of every open set is open.
We will use the following result (see [7]).

Theorem 1. The order of a point is never increased under an open mapping.

Let X and Y be two topological spaces. Two maps f,g: X — Y are called
homotopic (notation f ~ g) if there is amap F: X x[0,1] — Y such that F(z,0) = f(z)
and F(z,1) = g(z).

Two spaces X and Y are called homotopy equivalent (X ~ Y) if there are maps
f: X —Yandg: Y — X such that fog~idy and go f ~idx.

The symmetric group S, acts on the n-th power of a topological space X" of a
topological space X by permutation of coordinates. The n-th symmetric product or the
n-th symmetric power of the space X is the orbit space SP™ = X"/S,,.

By S! we denote the unit circle, S* = {z € C| |z| = 1}.

The following result holds (see [8]):

Theorem 2. For n odd, SP"(S') =2 S* x I"~1, the trivial (n — 1)-disc bundle over S*.
For n even, SP™(S') = S1XI"~! non-orientable (n — 1)-disc bundle over S*.

Recall that maps f: St — St and g: S' — S* are topologically equivalent (write
f ~ g), if there exist homeomorphisms h;: St — St and hy: St — St such that the
diagram
f

R ——

Slﬁsl

is commutative.
A separable metrizable space is an [>-manifold, if every its point has a neighborhood
homeomorphic to the open subset of an separable Hilbert space 2.

Theorem 3. Let M and N be [?>-manifolds. The spaces M and N are homeomorphic if
they are homotopy equivalent.

See [10] for the proof.
3. Topological type of the space ¥(S'). Let us consider the structure of the
space
(s ={{f) | f: ST — X},
where f is a continuous open map of the circle onto a metric compact space X. By
Theorem 1 we obtain the following cases:
(1) If for every z € S* we have ordy(.)X = 2 then the image of the circle is a simple
closed curve and a map f is a local homeomorphism. Let ¥y,(X) be the set of
all local homeomorphisms of the space X.
(2) If there exist a,b € S' such that ords)X = ordypX = 1 and for every
z € S*\ {a,b} we have ords,)X = 2 then the image of the circle is an arc
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(an interval) and f is called an oscillating map. Let W.s.(X) be the set of all
oscillating maps of the space X.
(3) If for every z € S! we have ords.yX = 0 then X = {x} is the one point space
and f is a constant map. By (c¢) we denote the set of all constant maps.
Then U (X) = U1(X) U Uuse(X) U {(c).
Let us consider the set of local homeomorphisms of the circle. Let f: S' — S be
a local homeomorphism. It is well-known that f is topologically equivalent to the map
2" St — St for some n € Z (see [9]). We denote by Wl (S!) the set of all elements
(f) € U(S1) such that f ~ 2". Then from (f) € ¥ (S*) we will have |f~1(f(s))| = n,
for every s € S*.
Then the set W),(S') of all local homeomorphisms is defined as the union

U w(s").

Proposition 1. The set U2 (S1) is an open and closed subset of the space ¥y,(SY), for
all n € N.

Proof. Let us consider (f) € Uj,(S') \ ¥l (S1). Then there exists m € N such that
(f) € m(S1). Than the proof splits into two cases:

1. Let n < m. Let s; € S' and consider f=(f(s1)) = {s1,52,...,5m}. Let us
choose open disjoint subsets U; C S' such, that s; € U; for all i« = 1,2,...m. Then
(Uy,...,Uy) is an open subset in exp S!, and (f) N (Uy,...,Uy,) # 0. From this it
follows that (f) € (exp S, (Ui, ...,Un)) = O({f)). The set O((f)) is an open subset of
the space exp? S?, i.e., is a neighborhood of the element (f) € exp? S!.

Let (g) € O({(f)). Then (g) N (Un,...,Un) # 0, and there exists € S* such that
g Yx) € (Uy,...,U,). From this it follows that g~!(2)NU; # 0, for every i = 1,2,...,m.
Since, as the sets Uy, Us ..., U, are disjoint, we can draw a conclusion that [g~1(z)| >
> m > n. Therefore (g) does not belong to the set W7 (S1).

2. Let n > m and (f) € ¥(S'). Let x,y € f(S'), x # y and

e = min{d(a,b) | a,be f({z,y}),a # b).

Let (g) € W7 (S') be such that dgw ((f), (9)) < €/3. There exists £ € g(S') such that
dr(g=1(&), f~Y(z)) < /3. According to the pigeon-hole principle there exists a € f~!(x)
such that O, /3(a) contains at least two different points of the set g~1(¢). The map g is a
local homeomorphism so it is homeomorphic to the map z — 2™, where n € N. Whence,
for every n € g(S') the set g~1(n) intersects the interval between two points of the set
g~ (€). Therefore g~*(n) N O./3(a) # 0, for every n € g(S*). Then there exists 77 € g(S*)
such that dg (g=(77), f~(y)) < &/3 and g~ (1) N O.3(a) # 0.

Let O./3(f~'(y)) be a neighborhood of the set f~1(y). According to the choice of ,
O /3(a)NO./3(f~1(y)) = 0. However, g~ ' (1) N O.3(a) # 0 and we have a contradiction.

Let (f) € U;;,(S?) then there exist n € Z\{0} such that f ~ 2". Every (f) € U7 (S*)
can be identified with some element of the space (0,1)"~* x (C([0, 1],[0,1]))" .

Let zZ0 = 1 and f_l(f(l)) = {Z,’Q,Zl7 .. -Zn—l}-

We consider the points zg, z1,...2,_1 to be situated in the order counterclockwise
on the circle. There exists t; € (0,1) such that the ratio of the lengths of the arcs (zo, z1)
and (21, 2z0) is t1 : (1 —¢1). Next, we define ¢; € (0, 1) such that the ratio of the lengths of
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the arcs (z;—1, 2;) and (z;, z0) is ¢; : (1—1;). In this way, we obtain a one-to-one continuous
map {z0,21,...2n—1} > (t1,t2, .. . tn_1).
Let us consider the following maps:

ho: [0,1] = [20, 21] such that ho(t) = e, where ¢ = Ln(z;),

hi: [0,1] = [2k, 2k41] such that hy(t) = e

where ¢, = Ln <2k+1) yar = Ln(zg),
2k

Vi [20,21] = [2k, 2k41] such that ¥y (2) = F7H(f(2)) N (28, 2641),
where 1 <k <n-1.

Let us consider the map ¢, = h; ' o ¢ o ho, then ¢y: [0,1] — [0,1] such that
0r(0) =01¢r(1)=1,forall k € {1,2,...,n—1}.

As usual, C(S') denotes the set of all continuous real functions on S*, endowed with
the uniform convergence topology. We denote by Cy(I) the set of all f € C(I) such that
f preserves the endpoints of the segment. Then the map

<f> — (t17t27 .. ~tn71;9017902a H -<Pn—1) € Inil X (CO(I))n71

is an embedding.
The image of this embedding is the set

K={(ti,ta,...,tn) €I |0 <ty < v <ty_y <1} x (Co(I))" L.

The set K is an open convex subset of 1"~ x (Co(I))" ! and therefore is homeomorphic
to [2. It is well known that every n € N the space I"~! x (Co(I))"~! is homeomorphic
to the Hilbert space [? (see [10]).

Theorem 4. V), (S%) = @ (12),.
n=1
Let us consider the set of oscillating maps of the circle. Let (g) € Wys(X), then
g: St — 1.

Proposition 2. The sets Z = g~ 1(0) and W = g~1(1) are finite.

Proof. Let, us consider the set Z = g~ 1(0) = {21, 22,... } C S'. Since the map g: S* — I
is open Int(Z) = 0. Suppose that Z is an infinite set. Then for every § > 0 there exist
elements z;, z;11 € Z such that p(z;, zi41) < 9.

Since g: S' — I is uniformly continuous, for every ¢ > 0 there exists § > 0 such
that for every z,y € St with p(z,y) < J, we have |g(z) — g(y)| < e.

Let e = 1/3, then there exists do > 0 such that from p(x,y) < d¢ it follows that
lg(2)—g(y)| <1/3.In the set Z one can find elements z; and z;4+1 such that p(z;, zi11) <do.
Let us consider the arc w; = (2;,2,41) C S!. For any elements z,y € w; we have
lg(z) — g(y)| < 1/3, then g(w;) = [0,a] C [0,1/3], and this contradicts the openness
of the map g: S! — I. Thus Z is a finite subset in S'. Similarly, we can prove that W
is a finite set.

Thus, |Z| = |W| = n, where n € N. Let z; € Z. Then we will move along the circle
in the direction counterclockwise. Denote by zo the element z € Z \ {21} which is the
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closest to the element z;. Denote by z3 the element z € Z \ {21, 22} which is the closest
to the element z5. So on, unless we number all the elements from the set Z.

Then there exists w € W such that z; < w < 23, denote it by w;. Let us choose
we € W\ {w1} such that zo < wy < z3. We proceed similarly, unless we number all
the elements from the set W. In such a way all the elements from the sets Z and W
are situated on the circle (z1, w1, 22, wa, ... 2, wy) C St in the order counterclockwise.
Therefore, 2n points are located on the circle and they divide the circle into 2n arcs.
Denote by Ji = [zk,wg] and Jir = [wg, 2x4+1] where k € {1,2,...n}, ¥ € {1,2,...n}
and n € N. Then the restriction of g: S' — I to Ji or Jjs is a homeomorphism, for all
k. k' e {1,2,...n}.

Let us consider the following maps:

hy:[0,1] — Ji such that hy(t) = e“*""* where ¢; = Ln

wy,
Yy Ji — Ji is defined by the formula ¢ (2) = ¢~ (g9(2)) N Ji,
Yp s Jy = Jy is defined by the formula ¢ (2) = g7 (g(2)) N Jy,

where k € {1,2,...n}, k¥ € {1,2,...n}ineN.

Let us consider the map ¢, = h;l o 9 o hy, then @: [0,1] — [0,1] is such
that ¢ (0) = 0 and @g(1) = 1, for all &k € {1,2,...,n}. Similarly, we obtain a map
@i = hy,' o o hy such that ¢ (0) = 11 @ (1) =0, for all &' € {1,2,...,n}.

Therefore, every (g) € ¥2" (X) can be identified with the element

(Zl7w17 22, W2,y ... 2n, Wn,P1,L1y- -, Pn, (pn') € SP2(SP2n(51)) X (CO(I))Qn
Since SP?"(S1) =2 §1% 1?71 ~ S (see Theorem 3) and (Co(I))*" = I?, we see that
SP2(SP*(SY)) x (Co(I))*™ = S* x I2.

Therefore W27 (X) = St x [2) which gives the following result:

osc
oo
Theorem 5. U, (X) 2 @ (St x 12),.
n=1
Theorems 1 and 2 give a description of the topology of the connectedness components
of the space of open quotient maps of the circle.

Remark. Similarly as in [5] one can show that the space ¥(S?') is not the one-point
compactification of the space of its components.
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