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omThe set Ψ(S1) of the equivalen
e 
lasses of open onto maps of the unit 
ir
leis endowed with the topology generated by the Vietoris topology. The mainresults of this note 
onsists in des
ription of the 
onne
tedness 
omponents ofthe spa
e Ψ(S1).Key words: hyperspa
e, open map, 
ir
le.1. Introdu
tion. Every open map f : X −→ Y of 
ompa
t Hausdor� spa
esgenerates a de
omposition of X into the �bers of f . We say that two maps de�ned on Xare equivalent if the 
orresponding de
ompositions 
oin
ide. One 
an de�ne a topologyon the set Ψ(X) of open maps on X by using the embedding f 7→ {f−1(f(x)) | x ∈ X}into the double hyperspa
e exp2(X) = exp(expX) of X and 
onsidering the Vietoristopology on exp2X (see, e.g. [4℄).In the previous papers the 
ases X = ω + 1 (
onvergent sequen
e) and X = I (thesegment) are 
onsidered.In this note we deal with the unit 
ir
le S1. The main result is a des
ription of the
omponents of the spa
e Ψ(S1).2. Preliminaries. A map f : X −→ Y is 
alled a lo
al homeomorphism if for anypoint x ∈ X there exists a neighborhood U ⊂ X su
h that f(U) is an open subset in Yand f |U : U −→ f(U) is a homeomorphism.The symbol Bd denotes the boundary.Let n be a natural number. Let p ∈ X . The spa
e X has the order 6 n at the point
p, we write ordpX 6 n, if for every ε > 0 there exists an open set U su
h that

p ∈ U, diam U < ε i |Fr(U)| 6 n.Re
all that X [n] = {p ∈ X | ordpX 6 n}.The points of order < ω are 
alled regular (that are the points, for whi
h the set
|Bd(U)| is �nite). The points of order 1 are 
alled endpoints.The spa
e X is 
alled regular, a

ording to the order theory, if every point x ∈ X isa regular point. The spa
e X is 
alled rational , a

ording to the order theory, if everypoint x ∈ X is rational point (see [6℄, �51, p. 274).
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al spa
es is 
alled open if the image of every open set is open.We will use the following result (see [7℄).Theorem 1. The order of a point is never in
reased under an open mapping.Let X and Y be two topologi
al spa
es. Two maps f, g : X −→ Y are 
alledhomotopi
 (notation f ≃ g) if there is a map F : X×[0, 1] −→ Y su
h that F (x, 0) = f(x)and F (x, 1) = g(x).Two spa
es X and Y are 
alled homotopy equivalent (X ≃ Y ) if there are maps
f : X −→ Y and g : Y −→ X su
h that f ◦ g ≃ idY and g ◦ f ≃ idX .The symmetri
 group Sn a
ts on the n-th power of a topologi
al spa
e Xn of atopologi
al spa
e X by permutation of 
oordinates. The n-th symmetri
 produ
t or the
n-th symmetri
 power of the spa
e X is the orbit spa
e SPn = Xn/Sn.By S1 we denote the unit 
ir
le, S1 = {z ∈ C | |z| = 1}.The following result holds (see [8℄):Theorem 2. For n odd, SPn(S1) ∼= S1 × In−1, the trivial (n− 1)-dis
 bundle over S1.For n even, SPn(S1) ∼= S1×In−1 non-orientable (n− 1)-dis
 bundle over S1.Re
all that maps f : S1 −→ S1 and g : S1 −→ S1 are topologi
ally equivalent (write
f ∼ g), if there exist homeomorphisms h1 : S1 −→ S1 and h2 : S1 −→ S1 su
h that thediagram

S1 f
//

h1

��

S1

h2

��

S1
g

// S1is 
ommutative.A separable metrizable spa
e is an l2-manifold, if every its point has a neighborhoodhomeomorphi
 to the open subset of an separable Hilbert spa
e l2.Theorem 3. Let M and N be l2-manifolds. The spa
es M and N are homeomorphi
 ifthey are homotopy equivalent.See [10℄ for the proof.3. Topologi
al type of the spa
e Ψ(S1). Let us 
onsider the stru
ture of thespa
e
Ψ(S1) = {〈f〉 | f : S1 −→ X},where f is a 
ontinuous open map of the 
ir
le onto a metri
 
ompa
t spa
e X . ByTheorem 1 we obtain the following 
ases:(1) If for every z ∈ S1 we have ordf(z)X = 2 then the image of the 
ir
le is a simple
losed 
urve and a map f is a lo
al homeomorphism. Let Ψlh(X) be the set ofall lo
al homeomorphisms of the spa
e X .(2) If there exist a, b ∈ S1 su
h that ordf(a)X = ordf(b)X = 1 and for every

z ∈ S1 \ {a, b} we have ordf(z)X = 2 then the image of the 
ir
le is an ar
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alled an os
illating map. Let Ψosc(X) be the set of allos
illating maps of the spa
e X .(3) If for every z ∈ S1 we have ordf(z)X = 0 then X = {∗} is the one point spa
eand f is a 
onstant map. By 〈c〉 we denote the set of all 
onstant maps.Then Ψ(X) = Ψlh(X) ∪Ψosc(X) ∪ 〈c〉.Let us 
onsider the set of lo
al homeomorphisms of the 
ir
le. Let f : S1 −→ S1 bea lo
al homeomorphism. It is well-known that f is topologi
ally equivalent to the map
zn : S1 −→ S1, for some n ∈ Z (see [9℄). We denote by Ψn

lh(S
1) the set of all elements

〈f〉 ∈ Ψ(S1) su
h that f ∼ zn. Then from 〈f〉 ∈ Ψn
lh(S

1) we will have |f−1(f(s))| = n,for every s ∈ S1.Then the set Ψlh(S
1) of all lo
al homeomorphisms is de�ned as the union

∞⋃
n=1

Ψn
lh(S

1).Proposition 1. The set Ψn
lh(S

1) is an open and 
losed subset of the spa
e Ψlh(S
1), forall n ∈ N.Proof. Let us 
onsider 〈f〉 ∈ Ψlh(S

1) \ Ψn
lh(S

1). Then there exists m ∈ N su
h that
〈f〉 ∈ Ψm

lh(S
1). Than the proof splits into two 
ases:1. Let n < m. Let s1 ∈ S1 and 
onsider f−1(f(s1)) = {s1, s2, . . . , sm}. Let us
hoose open disjoint subsets Ui ⊂ S1 su
h, that si ∈ Ui for all i = 1, 2, . . .m. Then

〈U1, . . . , Um〉 is an open subset in expS1, and 〈f〉 ∩ 〈U1, . . . , Um〉 6= ∅. From this itfollows that 〈f〉 ∈ 〈expS1, 〈U1, . . . , Um〉〉 = O(〈f〉). The set O(〈f〉) is an open subset ofthe spa
e exp2 S1, i.e., is a neighborhood of the element 〈f〉 ∈ exp2 S1.Let 〈g〉 ∈ O(〈f〉). Then 〈g〉 ∩ 〈U1, . . . , Um〉 6= ∅, and there exists x ∈ S1 su
h that
g−1(x) ∈ 〈U1, . . . , Um〉. From this it follows that g−1(x)∩Ui 6= ∅, for every i = 1, 2, . . . ,m.Sin
e, as the sets U1, U2 . . . , Um are disjoint, we 
an draw a 
on
lusion that |g−1(x)| >
> m > n. Therefore 〈g〉 does not belong to the set Ψn

lh(S
1).2. Let n > m and 〈f〉 ∈ Ψm

lh(S
1). Let x, y ∈ f(S1), x 6= y and

ε = min{d(a, b) | a, b ∈ f−1({x, y}), a 6= b}.Let 〈g〉 ∈ Ψn
lh(S

1) be su
h that dHH(〈f〉, 〈g〉) < ε/3. There exists ξ ∈ g(S1) su
h that
dH(g−1(ξ), f−1(x)) < ε/3. A

ording to the pigeon-hole prin
iple there exists a ∈ f−1(x)su
h that Oε/3(a) 
ontains at least two di�erent points of the set g−1(ξ). The map g is alo
al homeomorphism so it is homeomorphi
 to the map z 7→ zn, where n ∈ N. When
e,for every η ∈ g(S1) the set g−1(η) interse
ts the interval between two points of the set
g−1(ξ). Therefore g−1(η)∩Oε/3(a) 6= ∅, for every η ∈ g(S1). Then there exists η̃ ∈ g(S1)su
h that dH(g−1(η̃), f−1(y)) < ε/3 and g−1(η̃) ∩Oε/3(a) 6= ∅.Let Oε/3(f

−1(y)) be a neighborhood of the set f−1(y). A

ording to the 
hoi
e of ε,
Oε/3(a)∩Oε/3(f

−1(y)) = ∅. However, g−1(η̃)∩Oε/3(a) 6= ∅ and we have a 
ontradi
tion.Let 〈f〉 ∈ Ψlh(S
1) then there exist n ∈ Z\{0} su
h that f ∼ zn. Every 〈f〉 ∈ Ψn

lh(S
1)
an be identi�ed with some element of the spa
e (0, 1)n−1 × (C([0, 1], [0, 1]))n−1.Let z0 = 1 and f−1(f(1)) = {z0, z1, . . . zn−1}.We 
onsider the points z0, z1, . . . zn−1 to be situated in the order 
ounter
lo
kwiseon the 
ir
le. There exists t1 ∈ (0, 1) su
h that the ratio of the lengths of the ar
s (z0, z1)and (z1, z0) is t1 : (1− t1). Next, we de�ne ti ∈ (0, 1) su
h that the ratio of the lengths of
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s (zi−1, zi) and (zi, z0) is ti : (1−ti). In this way, we obtain a one-to-one 
ontinuousmap {z0, z1, . . . zn−1} 7→ (t1, t2, . . . tn−1).Let us 
onsider the following maps:
h0 : [0, 1] → [z0, z1] su
h that h0(t) = ect, where c = Ln(z1),

hk : [0, 1] → [zk, zk+1] su
h that hk(t) = eckt+akwhere ck = Ln

(
zk+1

zk

)
, ak = Ln(zk),

ψk : [z0, z1] → [zk, zk+1] su
h that ψk(z) = f−1(f(z)) ∩ (zk, zk+1),where 1 6 k 6 n− 1.Let us 
onsider the map ϕk = h−1
k ◦ ψk ◦ h0, then ϕk : [0, 1] → [0, 1] su
h that

ϕk(0) = 0 i ϕk(1) = 1, for all k ∈ {1, 2, . . . , n− 1}.As usual, C(S1) denotes the set of all 
ontinuous real fun
tions on S1, endowed withthe uniform 
onvergen
e topology. We denote by C0(I) the set of all f ∈ C(I) su
h that
f preserves the endpoints of the segment. Then the map

〈f〉 7−→ (t1, t2, . . . tn−1;ϕ1, ϕ2, . . . ϕn−1) ∈ In−1 × (C0(I))
n−1is an embedding.The image of this embedding is the set

K = {(t1, t2, . . . , tn) ∈ In−1 | 0 < t1 < · · · < tn−1 < 1} × (C0(I))
n−1.The set K is an open 
onvex subset of In−1× (C0(I))

n−1 and therefore is homeomorphi
to l2. It is well known that every n ∈ N the spa
e In−1 × (C0(I))
n−1 is homeomorphi
to the Hilbert spa
e l2 (see [10℄).Theorem 4. Ψlh(S

1) ∼=
∞⊕

n=1
(l2)n.Let us 
onsider the set of os
illating maps of the 
ir
le. Let 〈g〉 ∈ Ψosc(X), then

g : S1 −→ I.Proposition 2. The sets Z = g−1(0) and W = g−1(1) are �nite.Proof. Let us 
onsider the set Z = g−1(0) = {z1, z2, . . . } ⊂ S1. Sin
e the map g : S1 −→ Iis open Int(Z) = ∅. Suppose that Z is an in�nite set. Then for every δ > 0 there existelements zi, zi+1 ∈ Z su
h that ρ(zi, zi+1) < δ.Sin
e g : S1 −→ I is uniformly 
ontinuous, for every ε > 0 there exists δ > 0 su
hthat for every x, y ∈ S1 with ρ(x, y) < δ, we have |g(x)− g(y)| < ε.Let ε = 1/3, then there exists δ0 > 0 su
h that from ρ(x, y) < δ0 it follows that
|g(x)−g(y)|<1/3. In the set Z one 
an �nd elements zi and zi+1 su
h that ρ(zi, zi+1)<δ0.Let us 
onsider the ar
 ωi = (zi, zi+1) ⊂ S1. For any elements x, y ∈ ωi we have
|g(x) − g(y)| < 1/3, then g(ωi) = [0, a] ⊂ [0, 1/3], and this 
ontradi
ts the opennessof the map g : S1 −→ I. Thus Z is a �nite subset in S1. Similarly, we 
an prove that Wis a �nite set.Thus, |Z| = |W | = n, where n ∈ N. Let z1 ∈ Z. Then we will move along the 
ir
lein the dire
tion 
ounter
lo
kwise. Denote by z2 the element z ∈ Z \ {z1} whi
h is the
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losest to the element z1. Denote by z3 the element z ∈ Z \ {z1, z2} whi
h is the 
losestto the element z2. So on, unless we number all the elements from the set Z.Then there exists w ∈ W su
h that z1 < w < z2, denote it by w1. Let us 
hoose
w2 ∈ W \ {w1} su
h that z2 < w2 < z3. We pro
eed similarly, unless we number allthe elements from the set W . In su
h a way all the elements from the sets Z and Ware situated on the 
ir
le (z1, w1, z2, w2, . . . zn, wn) ⊂ S1 in the order 
ounter
lo
kwise.Therefore, 2n points are lo
ated on the 
ir
le and they divide the 
ir
le into 2n ar
s.Denote by Jk = [zk, wk] and Jk′ = [wk, zk+1] where k ∈ {1, 2, . . . n}, k′ ∈ {1, 2, . . . n}and n ∈ N. Then the restri
tion of g : S1 −→ I to Jk or Jk′ is a homeomorphism, for all
k, k′ ∈ {1, 2, . . . n}.Let us 
onsider the following maps:

h1 : [0, 1] → J1 su
h that h1(t) = ec1t+a1 where c1 = Ln

(
w1

z1

)
, a1 = Ln(z1),

hk : [0, 1] → Jk su
h that hk(t) = eckt+ak where ck = Ln

(
wk

zk

)
, ak = Ln(zk),

hk′ : [0, 1] → Jk su
h that hk′(t) = eckt+ak where ck = Ln

(
zk+1

wk

)
, ak = Ln(wk),

ψk : J1 → Jk is de�ned by the formula ψk(z) = g−1(g(z)) ∩ Jk,

ψk′ : J1 → Jk′ is de�ned by the formula ψk′ (z) = g−1(g(z)) ∩ Jk′ ,where k ∈ {1, 2, . . . n}, k′ ∈ {1, 2, . . . n} i n ∈ N.Let us 
onsider the map ϕk = h−1
k ◦ ψk ◦ h1, then ϕk : [0, 1] → [0, 1] is su
hthat ϕk(0) = 0 and ϕk(1) = 1, for all k ∈ {1, 2, . . . , n}. Similarly, we obtain a map

ϕk′ = h−1
k′ ◦ ψk′ ◦ h1 su
h that ϕk′ (0) = 1 i ϕk′(1) = 0, for all k′ ∈ {1, 2, . . . , n}.Therefore, every 〈g〉 ∈ Ψ2n

osc(X) 
an be identi�ed with the element
(z1, w1, z2, w2, . . . zn, wn, ϕ1, ϕ1′ , . . . , ϕn, ϕn′) ∈ SP 2(SP 2n(S1))× (C0(I))

2n.Sin
e SP 2n(S1) ∼= S1×I2n−1 ≃ S1 (see Theorem 3) and (C0(I))
2n ∼= l2, we see that

SP 2(SP 2n(S1))× (C0(I))
2n ∼= S1 × l2.Therefore Ψ2n

osc(X) ∼= S1 × l2, whi
h gives the following result:Theorem 5. Ψosc(X) ∼=
∞⊕

n=1
(S1 × l2)n.Theorems 1 and 2 give a des
ription of the topology of the 
onne
tedness 
omponentsof the spa
e of open quotient maps of the 
ir
le.Remark. Similarly as in [5℄ one 
an show that the spa
e Ψ(S1) is not the one-point
ompa
ti�
ation of the spa
e of its 
omponents.Referen
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