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ademy of S
ien
es,Naukova Str., 3b, Lviv, 79060e-mail: kmit�informatik.hu-berlin.deWe 
onstru
t a distributional solution to a linear initial-boundary hyperbo-li
 problem with integral boundary 
ondition whose initial and boundary dataare strongly singular distributions. Our result 
overs the Lotka M
Kendri
kproblem with a variable 
oe�
ient in the di�erential part.Key words: generalized Lotka M
Kendri
k problem, singular data, distri-butional solution.1. Introdu
tion and main result. The paper 
on
erns a singular initial-boundaryproblem for the general linear �rst-order one-dimensional hyperboli
 equation of thefollowing type:
(∂t + λ(x, t)∂x)u = p(x, t)u+ g(x, t), (x, t) ∈ Π, (1)

u|t=0 = ar(x) + δ(m)(x− x∗1), x ∈ [0, L), (2)
u|x=0 = (cr(t) + δ(j)(t− t1))

L
∫

0

(br(x) + δ(n)(x− x1))u dx, t ∈ [0,∞), (3)where x1 > 0, x∗1 > 0, t1 > 0, m, j, n ∈ N0, and
Π = {(x, t) ∈ R

2 | 0 < x < L, t > 0}.This problem 
an be easily generalized to the 
ase when the initial and the boundary datahave singular supports at �nitely many points. Without loss of generality we assume that
x∗1 < x1. The system (1)-(3) arises in the theory of population dynami
s (see [1, 7, 9, 10℄),where u denotes the distribution of individuals having age x > 0 at time t > 0,
ar(x) + δ(m)(x − x∗1) is the initial distribution, −p(x, t) denotes the mortality rate,
br(x) + δ(n)(x − x1) denotes the age-dependent fertility rate, cr(t) + δ(j)(t − t1) is thespe
i�
 fertility rate of females, g(x, t) is the distribution of migrants, L is the maximumage attained by individuals.
© Kmit I., 2011
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e (1)-(3) is a 
ontinuous model ofa dis
rete stru
ture, in many problems of su
h a kind it is natural to 
onsider stronglysingular initial and boundary data (see [7℄).A partial 
ase of the problem (1)-(3) where λ ≡ 1 is investigated in [4℄. Here wedevelop our approa
h from [4℄ and 
onstru
t a distributional solution to (1)-(3) in the 
aseof the variable 
oe�
ient λ, what has meaning for appli
ations to problems of populationdynami
s (see, e.g. [2℄).Initial-boundary semilinear hyperboli
 problems with distributional data were stu-died in [8, 5, 6℄, where the authors 
onstru
ted delta-wave solutions. In 
ontrast to thesepapers, we here show that the problem (1)-(3) is solvable in the distributional sense and
onstru
t the distributional solution by means of multipli
ation of distributions in thesense of H�ormander [3℄.We impose the following 
onditions for (1)-(3):A1. λ(x, t) > 0 for all (x, t) ∈ R
2.A2. a(i)r (0) = 0, c

(i)
r (0) = 0 for all i ∈ N0.A3. b(i)r (L) = 0 for all i ∈ N0 and there exists ε > 0 su
h that br(x) = 0 for x ∈ [0, ε].A4. The fun
tions λ, p, and g are smooth in R

2, ar is smooth on [0, L), br is smoothon [0, L], and cr is smooth on [0,∞).These assumptions are not parti
ularly restri
tive from the pra
ti
al point of view.In parti
ular, Assumption A3 is a 
onsequen
e of the fa
t that [0, L] 
overs the fertilityperiod of females. Note that Assumption A2 ensures the arbitrary order 
ompatibilitybetween (2) and (3).It is well known that, under the assumptions A1 and A4, for every (x, t) ∈ R
2there exists a unique 
hara
teristi
 of (1) expressed in one of two forms ξ = ω(τ ;x, t) or

τ = ω̃(ξ;x, t), where ω and ω̃ are smooth fun
tions with respe
t to all their arguments.Below we will use both of the forms.De�nition 1. Let I+ =
⋃

n≥0

I+[n], where I+[n] are subsets of R2 de�ned by indu
tion asfollows.
• I+[0] is the union of the 
hara
teristi
s ω(t;x∗1, 0) and ω(t; 0, t1).
• Let n ≥ 1. If I+[n− 1] in
ludes the 
hara
teristi
 ω(t;x1, t̃), then I+[n] in
ludesthe 
hara
teristi
 ω(t; 0, t̃).For 
hara
teristi
s 
ontributing into I+ denote their interse
tion points with thepositive semiaxis x = 0 by t∗1, t∗2, . . . . We assume that t∗j < t∗j+1 for j ≥ 1. The union ofall singular 
hara
teristi
s of the initial problem, as it will be shown, is in
luded into theset I+. In fa
t, we will show that sing suppu ⊂ I+. Assume thatA5. ω(0;x1, t1) 6= x∗1, ω̃(0;x1, t1) 6= t∗s for all t∗s < t1.Without this assumption the distributional solution does not exist, be
ause thereappears multipli
ation of the delta fun
tion onto itself.We pro
eed similarly to [4℄ and start with the distributional solution in the domainof in�uen
e (or determina
y) of the problem (1)-(3):

Ω = {(x, t) ∈ R
2 | x < ω(t;L, 0)}.
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alled a D′(Ω)-solution to the problem (1)-(3) if thefollowing 
onditions are met.1. The equation (1) is satis�ed in D′(Ω): for every ϕ ∈ D(Ω)

〈(∂t + λ(x, t)∂x − p(x, t))u, ϕ〉 = 〈g(x, t), ϕ〉.2. u is restri
table to [0, L)× {0} in the sense of H�ormander [3℄.3. u|t=0 = ar(x) + δ(m)(x− x∗1), x ∈ [0, L).4. The produ
t [(br(x) + δ(n)(x − x1)) ⊗ 1(t)] · u(x, t) exists in D′(Π) in the sense ofH�ormander [3℄.5. L
∫

0

[(br(x)+ δ
(n)(x−x1))⊗ 1(t)]u dx for t > 0 is a distribution v(t) ∈ D′(R+) de�ned by

〈v(t), ψ(t)〉 = 〈[(br(x) + δ(n)(x− x1))⊗ 1(t)] · u(x, t), 1(x)⊗ ψ(t)〉, ψ(t) ∈ D(R+),where br(x) = 0, x /∈ [0, L].6. There exists ε > 0 su
h that v(t) restri
ted to (t1 − ε, t1 + ε) is a smooth fun
tion.7. u is restri
table to {0} × [0,∞) in the sense of H�ormander [3℄.8. u|x=0 = (cr(t) + δ(j)(t− t1)) · v(t), t ∈ [0,∞).9. sing suppu ⊂ Ω \ {(x, t) |x = ω(t; 0, 0)}.Our next obje
tive is to de�ne the solution 
on
ept for (1)-(3) on Π. To de�-ne the restri
tion of u ∈ D′(Π) to the boundary of Π so that the initial and theboundary 
onditions are meaningful, let us make the following observation: Note that
Π \ {(L, 0)} ⊂ Ω. Let Ω0 ⊂ Ω be a domain su
h that Π \ {(L, 0)} ⊂ Ω0 and u be a
D′(Ω)-solution to the problem (1)-(3) in the sense of De�nition 2. Then u restri
ted to
Ω0 is a D′(Ω0)-solution to the problem (1)-(3) in the sense of the same de�nition. Thissuggests the following de�nition.De�nition 3. Let u be a D′(Ω)-solution to the problem (1)-(3) in the sense of De�niti-on 2. Then u restri
ted to Π is 
alled a D′(Π)-solution to the problem (1)-(3).Set

Ω+ = {(x, t) ∈ Ω |x > 0, t > 0}.We are now prepared to state the existen
e result.Theorem 1. 1. Let Assumptions A1�A5 hold. Then there exists a D′(Ω)-solution u tothe problem (1)-(3) in the sense of De�nition 2 su
h that:the restri
tion of u to any domain Ω′
+ ⊃ Ω+ su
h that any 
hara
teristi
of (1) interse
ts ∂Ω′

+ at a single point does not depend on the values ofthe fun
tions λ, p and g on Ω \ Ω′
+. (4)2. Let Assumptions A1�A5 hold. Then there exists a D′(Π)-solution to the problem (1)-(3) in the sense of De�nition 3.2. Constru
tion of the D′-solution. It is su�
ient to solve the problem in thedomain

ΩT = {(x, t) ∈ Ω | ω(t; 0, T ) < x, −T < t < T }



140 Iryna KMITISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75for an arbitrary �xed T > 0. Observe that ΩT is the interse
tion of the strip R× (−T, T )with the domain of determina
y of (1) with respe
t to the set ([0, L)×{0})∪({0}×[0, T )).Fix T > 0 and start with a subdomain
ΩT

0 = {(x, t) ∈ ΩT | ω(t; 0, 0) < x < ω(t;L, 0)}.In the 
ase that the initial data are fun
tions, a unique solution to the problem(1)-(2) on ΩT
0 
an be written in the form

u(x, t) = S(x, t)ar(ω(0;x, t)) + S1(x, t) + S(x, t)δ(m)(ω(0;x, t)− x∗1), (5)where
S(x, t) = exp











t
∫

θ(x,t)

p(τ + x− t, τ) dτ











, (6)
θ(x, t) = ω̃(0;x, t), and

S1(x, t) =

t
∫

θ(x,t)

g(ω(τ ;x, t), τ) dτ+

+

t
∫

θ(x,t)

p(ω(τ ;x, t), τ) dτ

τ
∫

θ(x,t)

g(ω(τ1;ω(τ ;x, t), τ), τ1) dτ1 + . . . .

(7)Observe that S and S1 are smooth and the equalities
S(x, t) = 1 +

t
∫

θ(x,t)

p(ω(τ ;x, t), τ)S(ω(τ ;x, t), τ) dτ,

S1(x, t) =

t
∫

θ(x,t)

g(ω(τ ;x, t), τ) dτ +

t
∫

θ(x,t)

p(ω(τ ;x, t), τ)S1(ω(τ ;x, t), τ) dτ

(8)hold. Let Ai(x, t) = δ(i)(x)⊗1(t) and Bi(x, t) = 1(x)⊗δ(i)(t) be the distributions de�nedby the equalities
〈Ai(x, t), ϕ(x, t)〉 = (−1)i

∫

ϕ(i)
x (0, t) dt,

〈Bi(x, t), ϕ(x, t)〉 = (−1)i
∫

ϕ
(i)
t (x, 0) dxfor all ϕ ∈ D(R2).Let f be the smooth map

f : (x, t) → (x, ω(0;x, t)− x∗1).The inverse
f−1 : (x, t) → (x, r(x, t))
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urve t = r(x, 0) and the t-axis onto itself. Here
τ = r(x, t), is a smooth fun
tion for whi
h we have t ≡ ω(0;x, r(x, t))−x∗1 . Furthermore,

f ′(x, t) =

(

1 0
ω′
x(0;x, t) ω′

t(0;x, t)

)with
ω′
x(0;x, t) = exp





0
∫

t

λ′ξ(ξ(τ), τ) dτ



 ,

ω′
t(0;x, t) = −λ(x, t) exp





0
∫

t

λ′ξ(ξ(τ), τ) dτ



 .

(9)By A1, λ(x, t) 6= 0 for all (x, t) ∈ R
2. Hen
e

J(f) = |f ′| = ω′
t(0;x, t) 6= 0,where J(f) is the Ja
obian of f . Hen
e f∗Bm = δ(m)(ω(0;x, t)−x∗1), the pullba
k of Bmby f (see [3℄), is well de�ned. Similarly, f∗Bm is the m-th derivative of the delta fun
tionsupported along the 
urve t = r(x, 0).De�nition 4. A distribution u is 
alled a D′(ΩT

0 )-solution to the problem (1), (2) ifItems 1�3 of De�nition 2 with Ω repla
ed by ΩT
0 hold.Lemma 1. u(x, t) given by the formula (5) is a D′(ΩT

0 )-solution to the problem (1)-(2).Proof. From the 
lassi
al theory of �rst-order linear partial di�erential operators it followsthat the sum of the �rst two summands in (5) is a unique smooth solution to the problem(1)-(2) with the singular part of the initial 
ondition (2) identi
ally equal to 0. It is obviousthat this solution satis�es the latter problem in a distributional sense. Our goal is nowto prove that the third summand in (5) is a distributional solution to the homogeneousequation (1) with singular initial 
ondition δ(m)(x − x∗1). Indeed, for all ϕ ∈ D(ΩT
0 ), wehave

〈(∂t + λ∂x)(Sδ
(m)(ω(0;x, t)− x∗1)), ϕ〉 = −〈Sδ(m)(ω(0;x, t)− x∗1), ϕt + (λϕ)x〉 =

= −〈δ(m)(ω(0;x, t)− x∗1), Sϕt + S(λϕ)x〉 =

= −〈δ(m)(ω(0;x, t)− x∗1), (Sϕ)t + (λSϕ)x − Stϕ− λSxϕ〉.Sin
e w = δ(m)(ω(0;x, t) − x∗1) is a distribution in ω(0;x, t), this is a weak solution tothe equation (∂t + λ∂x)w = 0. Note that Sϕ ∈ D(ΩT
0 ). Therefore

〈δ(m)(ω(0;x, t)− x∗1), (Sϕ)t + (λSϕ)x〉 = 0.Using (8) and (9), we obtain
St + λSx = pS +

t
∫

0

(

∂ω(τ ;x, t)

∂t
+ λ(x, t)

∂ω(τ ;x, t)

∂x

)

(pxS + pSx) dτ = pS,as desired.
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ted to the initialinterval X = [0, L)× {0}. Observe that f restri
ted to ΩT
0 is a di�eomorphism. We haveto 
he
k the 
ondition (see [3℄)

WF(Sf∗Bm) ∩N(X) = ∅, (10)where the normal bundle N(X) to X is de�ned by the formula
N(X) = {(x, t, ξ, η) | (x, t) ∈ X, 〈T(x,t)(X), (ξ, η)〉 = 0}and T(x,t)(X) is the spa
e of all tangent ve
tors to X at (x, t). It is 
lear that in our 
ase

N(X) = {(x, 0, 0, η), η 6= 0}.Let us now look at WF(Sf∗Bm). By Proposition 2, we have
WF(Sf∗Bm) ⊂ WF(f∗Bm).Re
all that by de�nition

WF(f∗Bm) = {(x, t, df t
x · (ξ, η)) : (f(x, t), ξ, η) ∈ WF(Bm)}.Moreover,

WF(Bm) ⊂ WF(B0) = {(x, 0, 0, η), η 6= 0}.It follows that f(x, t) is equal to (x, 0). Therefore (x, t) = (x, r(x, 0)). Furthermore,
df t

x =

(

1 ω′
x(0;x, t)|t=r(x,0)

0 ω′
t(0;x, t)|t=r(x,0)

)

, df t
x · (0, η) =

(

ω′
x(0;x, t)|t=r(x,0)η
ω′
t(0;x, t)|t=r(x,0)η

)

.As a 
onsequen
e,
WF(Sf∗Bm) ⊂ {(x, r(x, 0), ωx(0;x, t)|t=r(x,0)η, ωt(0;x, t)|t=r(x,0)η), η 6= 0}.This means that S(x, t)δ(m)(ω(0;x, t) − x∗1) is restri
table to X . Considering the distri-bution δ(m)(ω(0;x, t)− x∗1) to be smooth in t with distributional values in x, the initial
ondition (10) follows from (5). This �nishes the proof.We have proved that u de�ned by (5) satis�es Items 1�3 of De�nition 2 with Ωrepla
ed by ΩT

0 . Items 5�9 on ΩT
0 do not need any proof. Item 4 will be given by Lemma 3below.Now we extend the solution over

ΩT
1 = {(x, t) ∈ ΩT | ω(t; 0, T ) < x < ω(t; 0, 0)}.We use the fa
t that any u satisfying Item 9 of De�nition 2 on ΩT is representable as

u(x, t) = u0(x, t) + u1(x, t), (11)where u0 = u in D′(ΩT
0 ), u0 is identi
ally equal to 0 on ΩT

1 , u1 = u in D′(ΩT
1 ), and

u1 is identi
ally equal to 0 on ΩT
0 . Indeed, Item 9 implies that the solution is smoothin a neighborhood of {(x, t) |x = ω(t; 0, 0)}. For an arbitrary ϕ ∈ D(ΩT ) 
onsider arepresentation

ϕ(x, t) = ϕ1(x, t) + ϕ2(x, t) + ϕ3(x, t)su
h that ϕi(x, t) ∈ D(ΩT ), suppϕ1 ⊂ ΩT
0 , suppϕ2 ∩ sing suppu = ∅, and suppϕ3 ⊂ ΩT

1 .Then
〈u0 + u1, ϕ〉 = 〈u0, ϕ1 + ϕ2〉+ 〈u1, ϕ2 + ϕ3〉 =

= 〈u, ϕ1〉+ 〈u0, ϕ2〉+ 〈u1, ϕ2〉+ 〈u, ϕ3〉 = 〈u, ϕ1 + ϕ2 + ϕ3〉 = 〈u, ϕ〉.



CLASSICAL SOLVABILITY OF A SINGULAR HYPERBOLIC PROBLEM ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 143Using (11), we rewrite v(t) de�ned by Items 5 of De�nition 2 in the form:
v(t) =

L
∫

0

b(x)u0(x, t) dx +

L
∫

0

b(x)u1(x, t) dx.Our task now is to 
ompute the �rst integral
I0(t) =

L
∫

0

b(x)u0(x, t) dx, 0 < t < T, (12)that will be used in the 
onstru
tion. We have to ta
kle the multipli
ation of distributionsinvolved in the integrand. For te
hni
al reasons we extend ar(x) and br(x) over all Rde�ning them to be 0 outside [0, L]. Using (5), we rewrite (12) as follows
I0(t) =

L
∫

ω(t;0,0)

br(x)(S(x, t)ar(ω(0;x, t)) + S1(x, t)) dx+

+

L
∫

0

δ(n)(x− x1)(S(x, t)ar(ω(0;x, t)) + S1(x, t)) dx+

+

L
∫

0

br(x)S(x, t)δ
(m)(ω(0;x, t))− x∗1) dx+

+

L
∫

0

δ(n)(x− x1)S(x, t)δ
(m)(ω(0;x, t)− x∗1) dx.To 
ompute the se
ond integral we take a test fun
tion ψ(t) ∈ D(0, T ) and 
onsider thea
tion (see De�nition 2, Item 5)

〈δ(n)(x− x1)(S(x, t)ar(ω(0;x, t)) + S1(x, t)), 1(x) ⊗ ψ(t)〉 =

= 〈δ(n)(x − x1)⊗ 1(t), (S(x, t)ar(ω(0;x, t)) + S1(x, t))ψ(t)〉 =

= (−1)n〈1(t), (S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

ψ(t)〉 =

= (−1)n〈(S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

, ψ(t)〉.To 
ompute the third integral, 
onsider the bije
tive map
q : (x, t) → (ω(0;x, t)− x∗1, t)that is smooth both in x and t. The inverse of q is unique and has form
q−1 : (x, t) → (̺(x, t), t),where η = ̺(x, t) is a smooth fun
tion, for whi
h it holds x ≡ ω(0; ̺(x, t), t)− x∗1. Hen
e

〈S(x, t)br(x)δ
(m)(ω(0;x, t)− x∗1), 1(x) ⊗ ψ(t)〉 = 〈q∗δ(m)(x), S(x, t)br(x)ψ(t)〉 =

=

〈

δ(m)(x),
S(x, t)br(x)ψ(t)

ω′
x(0;x, t)

◦ q−1

〉

=
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= (−1)m

〈

1(t),

(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0

ψ(t)

〉

=

= (−1)m

〈

(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0

, ψ(t)

〉

.To 
ompute the last integral in the expression for I0(t) we need the following fa
t.Lemma 2. The produ
t of two distributions v = δ(n)(x − x1)⊗ 1(t) and
w = δ(m)(ω(0;x, t)− x∗1) exists in the sense of H�ormander [3℄.Proof. By [3℄, it su�
es to re
all that

WF(v) = {(x1, t, ξ1, 0), ξ1 6= 0},

WF(w) ⊂ {x, r(x, 0), ω
′

x(0;x, t)|t=r(x,0)ξ2, ω
′

t(0;x, t)|t=r(x,0)ξ2, ξ2 6= 0},where ω′

t(0;x, t)|t=r(x,0) 6= 0.We have proved the following lemma.Lemma 3. A distribution u de�ned by (5) satis�es Item 4 of De�nition 2 with Π repla
edby Π ∩ ΩT
0 .Turning ba
k to 
omputing the last integral in I0(t), 
onsider the map

H : (x, t) → (x− x1, ω(0;x, t)− x∗1)and the inverse map
H−1 : (x, t) → (x+ x1, r(x + x1, t)).Then de�ne H∗An = δ(n)(x− x1)⊗ 1(t) and H∗Bm = δ(m)(ω(0;x, t)− x∗1).We are now in a position to de�ne the produ
t of two distributions δ(n)(x−x1) and

δ(m)(ω(0;x, t)− x∗1). For all ϕ ∈ D(R2) we 
ompute the a
tion
〈

S(x, t)δ(n)(x − x1)δ
(m)(ω(0;x, t)− x∗1), ϕ(x, t)

〉

= 〈H∗AnH
∗Bm, S(x, t)ϕ(x, t)〉 =

= 〈H∗(AnBm), S(x, t)ϕ(x, t)〉 =

〈

AnBm,
(Sϕ)(x + x1, r(x + x1, t))

ω′

r(0;x+ x1, r(x + x1, t))

〉

=

=

〈

δ(n)(x)⊗ δ(m)(t),
(Sϕ)(x + x1, r(x + x1, t))

ω′

r(0;x+ x1, r(x + x1, t))

〉

=

= (−1)n+m

(

(Sϕ)(x + x1, r(x + x1, t))

ω′

r(0;x+ x1, r(x + x1, t))

)(n+m)

x,t

∣

∣

∣

∣

x=0,t=0

=

=

n
∑

j=0

n+m
∑

i=0

Fji(x, t)ϕ
(j+i)
x,t (x+ x1, r(x + x1, t))

∣

∣

∣

∣

x=0,t=0

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)ϕ
(j+i)
x,t (x1, t

∗
1) =

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)
〈

δ(j)(x− x1)⊗ δ(i)(t− t∗1), ϕ(x, t)
〉

.
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tions of λ, S, and of all their derivatives up to theorder n+m. Furthermore, for ψ(t) ∈ D(0, T )
〈 L
∫

0

δ(n)(x − x1)S(x, t)δ
(m)(ω(0;x, t)− x∗1) dx, ψ(t)

〉

=

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)

〈 L
∫

0

δ(j)(x− x1)⊗ δ(i)(t− t∗1) dx, ψ(t)

〉

=

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)
〈

δ(i)(t− t∗1)⊗ δ(j)(x− x1), 1(x)⊗ ψ(t)
〉

=

=

n+m
∑

i=0

F0i(0, 0)〈δ
(i)(t− t∗1), ψ(t)〉.As a 
onsequen
e,

I0(t) =

L
∫

ω(t;0,0)

br(x)(S(x, t)ar(ω(0;x, t)) + S1(x, t)) dx+

+(−1)n(S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

+

+(−1)m
(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0

+

n+m
∑

i=0

F0i(0, 0)δ
(i)(t− t∗1).

(13)
Observe that, by Assumption A2 and Assumption A3, the �rst three summands in (13)are smooth for t > 0.Further 
onstru
tion is based on the splitting of ΩT

1 into subdomains
Ω(i) = {(x, t) ∈ ΩT

1 | ω(t; 0, t∗i ) < x < ω(t; 0, t∗i−1)}and 
onstru
ting the solution separately in ea
h Ω(i) and in a neighborhood of ea
hborder between Ω(i) and Ω(i + 1). Here t∗0 = 0, 1 ≤ i ≤ k(T ), where k(T ) is de�ned byinequalities t∗
k(T ) < T and t∗

k(T )+1 ≥ T . The �niteness of k(T ) is ensured by A1 and A4for λ.Lemma 4. There exists a smooth solution to the problem (1)-(3) on Ω(1).Proof. Under the assumption that x∗1 < x1, we have ω(t∗1; 0, 0) < L. Hen
e (x1, t
∗
1) ∈ Ω0.Therefore any solution whi
h is given by (5) on ΩT

0 and is smooth on Ω(1), by Item 9 ofDe�nition 2 satis�es the integral equation
u(x, t) = S3(x, t) + S2(x, t)

ω(θ(x,t);0,0)
∫

0

br(ξ)u(ξ, θ(x, t)) dξ, (14)where
S2(x, t) = S(x, t)cr(θ(x, t))
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S3(x, t) = S2(x, t)I0(θ(x, t)) + S1(x, t)are known by (13). The smoothness of I0(θ(x, t)) if (x, t) ∈ Ω(1) follows from the fa
tsthat θ(x, t) < t∗1 and that I0(t) restri
ted to the interval (0, t∗1) is smooth. Therefore S2and S3 are smooth. Observe that

ω(θ(x, t); 0, 0) ≤ θ(x, t) max
(x,t)∈Ω(1)

λ ≤ t max
(x,t)∈Ω(1)

λ.Hen
e (14) is the Volterra integral equation of the se
ond kind.The existen
e follows from the proof of Theorem 3 in [6℄.From the formulas (5) and (14), Lemma 4, and Assumption A2 it follows that u issmooth in a neighborhood of the 
hara
teristi
 
urve x = ω(t; 0, 0). This ensures that uwe 
onstru
t satis�es Item 9 of De�nition 2.Under the assumption that Ω(2) is nonempty, below we give the formula of thesolution on
Ωε(1) = Ω(1) ∪ {(x, t) ∈ Ω(2) | x > ω(t; 0, t∗1 + ε)}for a �xed ε > 0 su
h that t∗1 − ε > 0 and

br(x) = 0, x ∈ [0, ω(t∗1 + ε; 0, t∗1 − ε)]. (15)Su
h ε exists by A3.Write now
v(t) =

L
∫

0

(br(x) + δ(n)(x− x1))u dx = vr(t) + vs(t), (16)where vr(t) and vs(t) are, respe
tively, regular (smooth) and singular parts of v(t). Onthe a

ount of (11), (13), (15), and the fa
t that x∗1 < x1, we have on [0, t∗1 + ε]:
vr(t) =

ω(t;0,0)
∫

ω(t;0,t∗
1
−ε)

br(x)u(x, t) dx +

L
∫

ω(t;0,0)

br(x)[S(x, t)ar(ω(0;x, t)) + S1(x, t)] dx+

+(−1)n(S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

+

+(−1)m
(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0 (17)and
vs(t) =

n+m
∑

i=0

F0i(0, 0)δ
(i)(t− t∗1). (18)Note that the �rst summand in (17) is a known smooth fun
tion. This follows from thein
lusion [ω(t; 0, t∗1 − ε), ω(t; 0, 0)] × {t} ⊂ Ω(1) ∪ {(x, t) |x = ω(t; 0, 0)}, Lemma 4 andAssumption A2. Hen
e u(x, t) is smooth on Ω(1) ∪ {(x, t) |x = ω(t; 0, 0)}.We 
onsider two 
ases.
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onsequen
e, Item 6 of De�nition 2 for u we 
onstru
t is ful�lled. Furthermore
u(0, t) = (δ(j)(t− t∗1) + cr(t))vr(t) =

j
∑

i=0

Ciδ
(i)(t− t∗1) + cr(t)vr(t) (19)for t ∈ (0, t∗1 + ε). Here Ci are 
onstants depending on v

(k)
r (t∗1) for 0 ≤ k ≤ j. These
onstants are known due to (17).Case 2. t∗1 6= t1. Then ω̃(x1;x

∗
1, 0) = t∗1. Using (16) and (17), we derive a similarformula for u(0, t) on (0, t∗1 + ε):

u(0, t) = cr(t)

n+m
∑

i=0

F0i(0, 0)δ
(i)(t− t∗1)+ cr(t)vr(t) =

n+m
∑

i=0

Eiδ
(i)(t− t∗1)+ cr(t)vr(t), (20)where Ei are 
onstants depending on F0,k(0, 0) and c(k)r (t∗1) for 0 ≤ k ≤ n+m.Set

Q(t) =

j
∑

i=0

Ciδ
(i)(t− t∗1) if t∗1 = t1and

Q(t) =
n+m
∑

i=0

Eiδ
(i)(t− t∗1) if t∗1 6= t1.Lemma 5. u(x, t) given by the formula

u(x, t) = S(x, t)cr(θ(x, t))vr(θ(x, t)) + S1(x, t) + S(x, t)Q(θ(x, t)), (21)where vr(t) is determined by (17), is a D′(Ω)-solution to the problem (1)-(3) restri
tedto Ωε(1).Proof. On the a

ount of (19), (20), and the 
onstru
tion of the solution on Ω(1), it isenough to prove that the restri
tion of S(x, t)Q(θ(x, t)) to Y = {0} × (0, t∗1 + ε) is wellde�ned and that S(x, t)Q(θ(x, t)) satis�es (1) with g(x, t) ≡ 0 on Ωε(1) in a distributionalsense.Consider the smooth bije
tive map
Φ : (x, t) → (x, ω̃(0;x, t)− t∗1)with Φ−1 : (x, t) → (x, π(x, t)),where t ≡ ω(0;x, π(x, t)) − t∗1. Observe that Φ restri
ted to Ωε(1) is a di�eomorphism.Sin
e

WF(Φ∗Bi) ⊂ {(0, π(0, t), ω̃x(0; 0, π(0, t))η, ω̃π(0; 0, π(0, t))η), η 6= 0}and
N(Y ) = {(0, t, ξ, 0)},we have

WF(Φ∗Bi) ∩N(Y ) = ∅ for all 0 ≤ i ≤ n+m.This means that the restri
tion of S(x, t)Q(θ(x, t)) to Y is well de�ned.Similarly to the proof of Lemma 1, one 
an show that S(x, t)Q(θ(x, t)) satis�es (1)with g(x, t) ≡ 0 in a distributional sense. This �nishes the proof.
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maxΩT

1 ∩ {(x, t) |x = 0} ≥ t∗2.Lemma 6. There exists a smooth solution to the problem (1)-(3) on Ω(2).Proof. We start from the general formula of a smooth solution on Ω(2):
u(x, t) = S(x, t)u(0, θ(x, t)) + S1(x, t). (22)Sin
e S and S1 are smooth, our task is to prove that there exists a smooth fun
tionidenti
ally equal to u(0, θ(x, t)) on Ω(2). Sin
e θ(x, t) is smooth, t∗1 < θ(x, t) < t∗2 if

(x, t) ∈ Ω(2), and c(t) = cr(t) if t ∈ (t∗1, t
∗
2), it su�
es to show the existen
e of a smoothfun
tion vr(t) identi
ally equal to v(t) on (t∗1, t

∗
2). From the formula (18) for vs(t) on

(0, t∗1 + ε) it follows that v(t) = vr(t) if t ∈ (t∗1, t
∗
1 + ε), where ε is as above and vr(t) isknown and determined by (17). To prove the lemma, it is su�
ient to show that thereexists a smooth extension of vr(t) from (0, t∗1 + ε) to [t∗1 + ε, t∗2) su
h that vr(t) = v(t) if

t ∈ [t∗1 + ε, t∗2). If a su
h extension exists, then by (21) it satis�es the following integralequation on [t∗1 + ε, t∗2):
vr(t) =

ω(t;0,t∗
1
+ε)

∫

0

br(x)S(x, t)cr(θ(x, t))vr(θ(x, t)) dx +R(t), (23)where
R(t) =

P (t)
∫

ω(t;0,t∗
1
+ε)

br(x)S(x, t)cr(θ(x, t))vr(θ(x, t)) dx +

P (t)
∫

0

br(x)S1(x, t) dx

+I0(t) +

L
∫

0

br(x)S(x, t)Q(θ(x, t)) dx,

(24)
P (t) =

{

ω(t; 0, 0) if ω̃(L; 0, 0) ≤ t,
L if ω̃(L; 0, 0) ≥ t,

br(x) is de�ned to be 0 outside [0, L], and vr in the formula (24) is known and de�nedby (17). One 
an easily see that the �rst three summands in (24) are smooth fun
tionson [t∗1 + ε, t∗2). We now show that the last summand is a C∞[t∗1 + ε, t∗2)-fun
tion as well.Let us 
onsider the smooth map
h : (x, t) → (θ(x, t) − t∗1, t)that is bije
tive and therefore has the inverse map
h−1 : (x, t) → (ζ(x, t), t),for whi
h it holds θ(ζ(x, t), t) − t∗1 ≡ x. The fun
tion ζ(x, t) is smooth with respe
t to xand t, what is 
lear from (9).Sin
e θ(x, t) = ω̃(0;x, t), for ψ(t) ∈ D(t∗1 + ε/2, t∗1) we have

〈 L
∫

0

br(x)S(x, t)δ
(j)(θ(x, t) − t∗1) dx, ψ(t)

〉

=
〈

δ(j)(θ(x, t) − t∗1), br(x)S(x, t)ψ(t)
〉

=
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=

〈

h∗δ(j)(x), br(x)S(x, t)ψ(t) >=< δ(j)(x)⊗ 1(t),
br(ζ(x, t))S(ζ(x, t), t)ψ(t)

ω̃
′

ζ(0; ζ(x, t), t)

〉

=

= (−1)j

〈(

br(ζ(x, t))S(ζ(x, t), t)

ω̃
′

ζ(0; ζ(x, t), t)

)(j)

x

∣

∣

∣

∣

x=0

, ψ(t)

〉

.From this equality we 
on
lude that, irrespe
tive of whether t1 = t∗1 or t1 6= t∗1, the lastsummand in (24) is a known smooth fun
tion. As follows from (15), the fun
tions vr(t)de�ned by (17) and (23) 
oin
ide at t = t∗1 + ε. The same is true with respe
t to all thederivatives of vr.Therefore our task is redu
ed to show that there exists a C∞[t∗1 + ε, t∗2)-fun
tion
vr(t) satisfying the equation (23). This follows from the fa
t that (23) is the integralVolterra equation of the se
ond kind with respe
t to vr(t) (for details see the proof ofLemma 4). The proof is 
omplete.Continuing our 
onstru
tion in this fashion, we extend u over a neighborhood ofea
h subsequent border between Ω(i − 1) and Ω(i) and over Ω(i) for all 3 ≤ i ≤ k(T ).Eventually we 
onstru
t u on ΩT for any T > 0 in the sense of De�nition 2 with Ωrepla
ed by ΩT and Π repla
ed by ΠT = {(x, t) ∈ Π | t < T }. As easily seen from our
onstru
tion, the 
ondition (4) is ful�lled with Ω+ and Ω′

+ repla
ed by ΩT ∩ Ω+ and
ΩT ∩Ω′

+, respe
tively. Sin
e T is arbitrary, the proof of Item 1 of Theorem 1 is 
omplete.On the a

ount of De�nition 3 and the de�nition of the restri
tion u ∈ D′(Ω) to a subsetof Ω (see [3, Se
tion 5℄), Item 2 of Theorem 1 is a straightforward 
onsequen
e of Item 1.Theorem 1 is proved. Referen
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