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F (s) =

∞∑

n=0

ane
(σ+it)λn ,çà ÿêèõ ëîãàðè�ì éîãî ìàêñèìàëüíîãî ÷ëåíà ìà¹ áàãàòî÷ëåííó ïîêàçíè-êîâî-ñòåïåíåâó àñèìïòîòèêó lnµ(σ, F ) = Te̺σ +

m∑
j=1

Tjσ
pj + (τ + o(1))σpïðè σ → +∞, äå T > 0, ̺ > 0, Tj ∈ R\{0}, τ ∈ R\{0} i 0<p<pm<. . .<p1.Çàçíà÷èìî òàêîæ óìîâó íà λn, çà ÿêî¨ ëîãàðè�ìè ìàêñèìóìó ìîäóëÿ

M(σ, F ) i ìàêñèìàëüíîãî ÷ëåíà µ(σ, F ) ìàþòü òó ñàìó áàãàòî÷ëåííóïîêàçíèêîâî-ñòåïåíåâó àñèìòîòèêó.Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, ìàêñèìóì ìîäóëÿ, ìàêñèìàëüíèé ÷ëåí,áàãàòî÷ëåííà ïîêàçíèêîâî-ñòåïåíåâà àñèìòîòèêà.1. Âñòóï. Íåõàé Λ = (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë
(λ0 = 0), à S(Λ) � êëàñ öiëèõ ðÿäiâ Äiðiõëå

F (s) =
∞
∑

n=0

ane
sλn , s = σ + it. (1)Ïðèéìåìî M(σ, F ) = sup{|F (σ + it)| : t ∈ R}, i íåõàé µ(σ, F ) = max{|an| exp(σλn) :

n > 0} � ìàêñèìàëüíèé ÷ëåí ðÿäó, ν(σ, F ) = max{n : µ(σ, F ) = |an| exp(σλn)} �éîãî öåíòðàëüíèé iíäåêñ, à n(t) =
∑

λn6t 1 � ëi÷èëüíà �óíêöiÿ ïîñëiäîâíîñòi (λn).Çðîñòàííÿ ðÿäó (1) îòîòîæíþ¹òüñÿ çi çðîñòàííÿì �óíêöi¨ lnM(σ, F ), à çíàõîäæåííÿçâ'ÿçêó ìiæ çðîñòàííÿì lnM(σ, F ) ïðè σ → +∞ i ñïàäàííÿì êîå�iöi¹íòiâ an ðÿäó(1) âiäáóâà¹òüñÿ ó äâà åòàïè. Ñïî÷àòêó âèâ÷àþòü çâ'ÿçîê ìiæ çðîñòàííÿì lnµ(σ, F )ðÿäó (1) i ñïàäàííÿì êîå�iöi¹íòiâ an, à ïîòiì äîñëiäæóþòü óìîâè íà ïîêàçíèêè λn,çà ÿêèõ lnM(σ, F ) i lnµ(σ, F ) îäíàêîâî çðîñòàþòü â òié ÷è iíøié øêàëi çðîñòàííÿ.Öèì ïðîáëåìàì ïðèñâÿ÷åíî ÷èñëåííi ïðàöi ëüâiâñüêèõ ìàòåìàòèêiâ Ì.Ì.Øåðåìåòè,Î.Á. Ñêàñêiâà, Ï.Â. Ôiëåâè÷à òà ií. Âèâ÷åííÿ çâ'ÿçêó ìiæ çðîñòàííÿì M(σ, F ) i
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98 Ìèêîëà ��ÈÖIÂISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75ñïàäàííÿì an ó òåðìiíàõ íåîäíî÷ëåííèõ àñèìïòîòèê çàïî÷àòêóâàâ Ì.Ì. Øåðåìåòà[1-2℄, ÿêèé ðîçãëÿíóâ âèïàäîê äâî÷ëåííî¨ ïîêàçíèêîâî¨ àñèìïòîòèêè. Íà âèïàäîêáàãàòî÷ëåííî¨ ïîêàçíèêîâî¨ àñèìïòîòèêè ðåçóëüòàòè Ì.Ì. Øåðåìåòè ðîçïîâñþäæå-íî â [3-4℄. Î.Ì. Ñóìèê [5℄, óçàãàëüíþþ÷è îäèí ðåçóëüòàò �.I. Òàðàñþêà [6℄, çíàéøëàçâ'ÿçîê ìiæ çðîñòàííÿì µ(σ, F ) i ñïàäàííÿì an â òåðìiíàõ äâî÷ëåííî¨ ñòåïåíåâî¨àñèìïòîòèêè. Íà âèïàäîê òðè÷ëåííî¨ ñòåïåíåâî¨ àñèìïòîòèêè öåé ðåçóëüòàò ïåðåíå-ñåíî â [7℄. Î.Ì. Ñóìèê [3℄ äîñëiäèëà çâ'ÿçîê ìiæ çðîñòàííÿì µ(σ, F ) i ñïàäàííÿì
an ó òåðìiíàõ äâî÷ëåííî¨ ïîêàçíèêîâî-ñòåïåíåâî¨ àñèìïòîòèêè. Âîíà äîâåëà, ùîäëÿ òîãî, ùîá lnµ(σ, F ) = Te̺σ + (τ + o(1))σp ïðè σ → +∞, äå 0 < T < +∞,
0 < ̺ < +∞, 1 < p < +∞ i τ ∈ R, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ êîæíî-ãî ε > 0: 1) iñíóâàëî n0 = n0(ε) òàêå, ùî ln |an| 6 −λn

̺ ln λn

eT̺ + τ+ε
̺p lnp λn äëÿâñiõ n > n0; 2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| > −

λnk

̺ ln
λnk

eT̺ + τ−ε
̺p lnp λnk

i λnk+1
− λnk

= o(
√

λnk
lnp λnk

), k → +∞. Òóòìè çíàéäåìî óìîâè, çà ÿêèõ
lnµ(σ, F ) = Te̺σ +

m
∑

j=1

Tjσ
pj + (τ + o(1))σp, σ → +∞, (2)äå T > 0, ̺ > 0, Tj ∈ R\{0}, τ ∈ R\{0} i 0 < p < pm < . . . < p1. Ïðàâèëüíà òàêàòåîðåìà.Òåîðåìà 1. Äëÿ òîãî, ùîá lnµ(σ) ìàâ áàãàòî÷ëåííó ïîêàçíèêîâî-ñòåïåíåâóàñèìïòîòèêó (2), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n > n0

ln |an| 6 −
λn

̺
ln

λn

eT̺
+

m
∑

j=1

Tj

(

1

̺
ln

λn

T̺

)pj

+ (τ + ε)

(

1

̺
ln

λn

T̺

)p

; (3)2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî
ln |ank

| > −
λnk

̺
ln

λnk

eT̺
+

m
∑

j=1

Tj

(

1

̺
ln

λnk

T̺

)pj

+ (τ − ε)

(

1

̺
ln

λnk

T̺

)p

; (4)i
λnk+1

− λnk
= o

(

√

λnk
lnp λnk

)

(k → +∞). (5)Ç óìîâè, çà ÿêî¨ â (2) lnµ(σ, F ) ìîæíà çàìiíèòè íà lnM(σ, F ), âèïëèâà¹ òàêàòåîðåìà.Òåîðåìà 2. ßêùî
lnn(t) = o(lnp t), t → +∞, (6)òî ñïiââiäíîøåííÿ (2) ðiâíîñèëüíå ñïiââiäíîøåííþ

lnM(σ, F ) = Te̺σ +

m
∑

j=1

Tjσ
pj + (τ + o(1))σp, σ → +∞. (7)2. Äîïîìiæíi ðåçóëüòàòè. Ó äîâåäåííi òåîðåìè 1 áóäåìî âèêîðèñòîâóâàòèðåçóëüòàòè ñòàòåé [8-10℄. ×åðåç Ω(∞) ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ íà
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(−∞,+∞) �óíêöié Φ òàêèõ, ùî ïîõiäíà Φ

′ ¹ íåïåðåðâíîþ, äîäàòíîþ i çðîñòàþ-÷îþ äî +∞ íà (−∞,+∞). Íåõàé ϕ � �óíêöiÿ, îáåðíåíà äî Φ
′ , à Ψ(σ) = σ − Φ(σ)

Φ′ (σ)
��óíêöiÿ, àñîöiéîâàíà ç Φ çà Íüþòîíîì.Ëåìà 1. [9, 10℄ ßêùî ðÿä (1) öiëèé i Φ ∈ Ω(∞), òî äëÿ òîãî, ùîá lnµ(σ) 6 Φ(σ)äëÿ âñiõ σ > σ0, íåîáõiäíî i äîñòàòíüî, ùîá ln |an| 6 −λnΨ(ϕ(λn)) äëÿ âñiõ n > n0.Äëÿ Φ ∈ Ω(∞) i ÷èñåë 0 < a < b < +∞ ïðèéìåìî

G1(a, b,Φ) =
ab

b− a

b
∫

a

Φ(ϕ(t))

t2
dt, G2(a, b,Φ) = Φ

(

1

b− a

b
∫

a

ϕ(t)dt

).Ëåìà 2. [8, 10℄ Íåõàé Φ ∈ Ω(∞). Äëÿ êîæíèõ 0 < a < b < +∞ âèêîíó¹òüñÿíåðiâíiñòü G1(a, b,Φ) < G2(a, b,Φ).Ëåìà 3. [10℄ Íåõàé Φ ∈ Ω(∞) i ln |ank
| > −λnk

Ψ(ϕ(λnk
)) äëÿ äåÿêî¨ çðîñòàþ÷î¨ïîñëiäîâíîñòi (nk) íàòóðàëüíèõ ÷èñåë. Òîäi äëÿ âñiõ σ ∈ [ϕ(λnk

), ϕ(λnk+1)] i âñiõ
k > k0 ïðàâèëüíà íåðiâíiñòü lnµ(σ) > Φ(σ)− (G2(λnk

, λnk+1
,Φ)−G1(λnk

, λnk+1
,Φ)).Ëåìà 4. [10℄ Íåõàé Φ1 ∈ Ω(∞), Φ2 ∈ Ω(∞) i Φ1(σ) 6 lnµ(σ) 6 Φ2(σ) äëÿ âñiõ

σ > σ0. Òîäi ln |an| 6 −λnΨ2(ϕ2(λn)) (n > n0) òà iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü
(nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî ln |ank

| > −λnk
Ψ1(ϕ1(λnk

)) i
G1(λnk

, λnk+1
,Φ2) > Φ1

(

1

λnk+1
− λnk

λnk+1
∫

λnk

ϕ2(t)dt

)

,äå Ψj i ϕj âiäïîâiäàþòü Φj .Ïðèïóñòèìî, ùî �óíêöiÿ Φ ∈ Ω òàêà, ùî äëÿ âñiõ σ > σ0

Φ(σ) = Te̺σ +
m
∑

j=1

Tjσ
pj + τσp. (8)Òóò ̺, p, pj , T, Tj , τ òàêi, ÿê ó ñïiââiäíîøåííi (2). Ç ëåì 1-4 âèäíî, ùî âàæëèâóðîëü âiäiãðà¹ îáåðíåíà äî Φ′ �óíêöiÿ ϕ, àñèìïòîòèêó ÿêî¨ îïèñó¹ ëåìà.Ëåìà 5. ßêùî �óíêöiÿ Φ ∈ Ω(∞) òàêà, ùî âèêîíó¹òüñÿ (8), òî äëÿ �óíêöi¨ ϕïðè x → +∞ ïðàâèëüíà òàêà àñèìïòîòè÷íà ðiâíiñòü:

ϕ(x) =
1

̺
ln

x

T̺
−

m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

−
τp(1 + o(1))

̺x

(

1

̺
ln

x

T̺

)p−1

. (9)Äîâåäåííÿ. Îñêiëüêè Φ
′

(σ) = T̺e̺σ +
∑m

j=1 Tjpjσ
pj−1 + τpσp−1, òî äëÿ òîãî, ùîáçíàéòè àñèìïòîòèêó �óíêöi¨ ϕ, òðåáà ðîçâ'ÿçàòè ðiâíÿííÿ

T̺e̺σ +

m
∑

j=1

Tjpjσ
pj−1 + τpσp−1 = x. (10)
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T̺ exp{̺σ}(1 + o(1)) = x, x → +∞, òîáòî

σ =
1

̺
ln

x

T̺
− α, (11)äå α = α(x) → 0 ïðè x → +∞. Ïiäñòàâèâøè (11) ó (10), îòðèìà¹ìî

xe−̺α +

m
∑

j=1

Tjpj

(

1

̺
ln

x

T̺
− α

)pj−1

+ τp

(

1

̺
ln

x

T̺
− α

)p−1

= x,òîáòî
e−̺α +

m
∑

j=1

Tjpj
x

(

1

̺
ln

x

T̺

)pj−1
(

1−
α̺

ln x
T̺

)pj−1

+

+
τp

x

(

1

̺
ln

x

T̺

)p−1
(

1−
α̺

ln x
T̺

)p−1

= 1,çâiäêè
1− ̺α+

̺2α2

2
+O(α3) +

m
∑

j=1

Tjpj
x

(

1

̺
ln

x

T̺

)pj−1
(

1−
α̺(pj − 1)

ln x
T̺

+O

(

α2

lnx2

)

)

+

+
τp

x

(

1

̺
ln

x

T̺

)p−1

(1 + o(1)) = 1, x → +∞,i îòæå,
α =

̺α2

2
+O(α3) +

m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

−
m
∑

j=1

(

Tjpj(pj − 1)α

x ln x
T̺

(

1

̺
ln

x

T̺

)pj−1

+

+ O

(

α2(ln x)pj−3

x

))

+
τp(1 + o(1))

̺x

(

1

̺
ln

x

T̺

)p−1

= 1, x → +∞. (12)Ç (12) âèïëèâà¹, ùî
α(x) = (1 + o(1))

m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

, x → +∞. (13)Îòæå, ïiäñòàâèâøè (13) â (12), îäåðæèìî
α(x) =

m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

+
̺

2
(1 + o(1))

( m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1)2

−

−(1+o(1))
m
∑

j=1

Tjpj(pj − 1)

x ln x
T̺

(

1

̺
ln

x

T̺

)pj−1 m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

+O

(

lnx3(pj−1)

x3

)

+

+
τp(1 + o(1))

̺x

(

1

̺
ln

x

T̺

)p−1

=

=

m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

+O

(

lnx2(p1−1)

x2

)

+
τp(1 + o(1))

̺x

(

1

̺
ln

x

T̺

)p−1

=
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=

m
∑

j=1

Tjpj
̺x

(

1

̺
ln

x

T̺

)pj−1

+
τp(1 + o(1))

̺x

(

1

̺
ln

x

T̺

)p−1

, x → +∞,i, âðàõîâóþ÷è (11), îòðèìà¹ìî (9). Ëåìó äîâåäåíî. �Ç (9) âèïëèâà¹, ùî
x
∫

x0

ϕ(t)dt =
x

̺
ln

x

eT̺
−

m
∑

j=1

Tj

(

1

̺
ln

x

T̺

)pj

− τ(1+ o(1))

(

1

̺
ln

x

T̺

)p

, x → +∞, (14)îñêiëüêè xΨ(ϕ(x)) =
∫ x

x0
ϕ(t)dt + const, òî òàêà æ àñèìïòîòè÷íà ðiâíiñòü ïðàâèëüíài äëÿ xΨ(ϕ(x)).ßêùî (tn) � äîäàòíà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü i tn+1 = (1 + θn)tn, òîiíòåãðóâàííÿì ÷àñòèíàìè îäåðæèìî

G1(tn, tn+1,Φ) =
tntn+1

tn+1 − tn

tn+1
∫

tn

Φ(ϕ(t))

t2
dt =

(1 + θn)tn
θn

Ψ(ϕ(t))

∣

∣

∣

∣

(1+θn)tn

tn

.Òîìó, âèêîðèñòîâóþ÷è (14), ìîæíà äîâåñòè òàêó ëåìó.Ëåìà 6. ßêùî lim
n→+∞

θn = +∞, òî äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi (nj)

G1(tnj
, tnj

(1 + θnj
),Φ) = (1 + o(1))

tnj

̺
ln θnj

, j → ∞. (15)ßêùî æ lim
n→+∞

θn = θ ∈ (0,+∞), òî äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi (nj)

G1(tnj
, tnj

(1 + θnj
),Φ) = (1 + o(1))

(1 + θ)tnj

̺θ
ln (1 + θ), j → ∞. (16)Íàðåøòi, ÿêùî θn → 0(n → +∞), òî

G1(tn, tn(1 + θn),Φ) =
tn
̺
(1 + θn)

(

1−
θn
2

+
θ2n
3

+O(θ3n)

)

+

m
∑

j=1

Tj

(

1

̺
ln

tn
T̺

)pj

−

−
m
∑

j=1

Tjpj
̺

(

1

̺
ln

tn
T̺

)pj−1

+
m
∑

j=1

Tjpj
θn
2̺

(

1

̺
ln

tn
T̺

)pj−1

− (17)
−

m
∑

j=1

Tjpj(1−pj)
θn
2̺2

(

1

̺
ln

tn
T̺

)pj−2

+(1+o(1)τ

(

1

̺
ln

tn
T̺

)p

+O(θ2 ln
p1−1 tn), n → ∞.Îñêiëüêè G2(tn, tn+1,Φ) = Φ(κ(tn, tn+1)), äå κ(tn, tn+1) = 1

tn+1−tn

∫ tn+1

tn
ϕ(t)dt,òî, âèêîðèñòîâóþ÷è (14), ìîæíà çíàéòè àñèìïòîòèêó κ(tn, (1 + θn)tn), à ïîòiì iàñèìïòîòèêó G2(tn, tn(1 + θn),Φ). Çíàõîäæåííÿ öi¹¨ àñèìïòîòèêè âèêîíóþòü åëå-ìåíòàðíèìè ìåòîäàìè, à ç îãëÿäó íà ãðîìiçäêiñòü âèêëàäåííÿ ìè éîãî îïóñòèìî. Óïiäñóìêó îòðèìa¹ìî òàêó ëåìó.
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n→+∞

θn = +∞, òî äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi (nj)

G2(tnj
, tnj

(1 + θnj
),Φ) = (1 + o(1))T exp

{

ln
tnj

eT̺
+ ln θnj

}

, j → ∞. (18)ßêùî æ lim
n→+∞

θn = θ ∈ (0,+∞), òî äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi (nj)

G2(tnj
, tnj

(1 + θnj
),Φ) = (1 + o(1))

tnj

e̺
exp

{

(1 + θ) ln (1 + θ)

θ

}

, j → ∞. (19)Íàðåøòi, ÿêùî θn → 0(n → +∞), òî
G2(tn, tn(1 + θn),Φ) =

tn
̺
(1 + θn)

(

1 +
θn
2

−
θ2n
24

+O(θ3n)

)

−
m
∑

j=1

Tj

(

1

̺
ln

tn
T̺

)pj

+

+
m
∑

j=1

Tjpj
̺

(

1

̺
ln

tn
T̺

)pj−1

+
m
∑

j=1

Tjpj
θn
2̺

(

1

̺
ln

tn
T̺

)pj−1

+O

(

ln2(p1−1) tn
tn

)

+ (20)
+

m
∑

j=1

Tjpj(1−pj)
θn
2̺2

(

1

̺
ln

tn
T̺

)pj−2

+(1+o(1)τ

(

1

̺
ln

tn
T̺

)p

+O(θ2 ln
p1−1 tn), n → ∞.Ç àñèìïòîòè÷íèõ ðiâíîñòåé (17) i (20) âèïëèâà¹ òàêå òâåðäæåííÿ.Ëåìà 8. ßêùî θn → 0(n → +∞), òî

G2(tn, tn(1+ θn),Φ)−G1(tn, tn(1+ θn),Φ) =
tnθ

2
n

8̺
(1+ o(1))+ o(lnp tn), n → ∞. (21)Íàì áóäå ïîòðiáíà òàêîæ i òàêà ëåìà.Ëåìà 9. Íåõàé �óíêöi¨ Φ1 ∈ Ω(∞) i Φ2 ∈ Ω(∞) òàêi, ùî ïðè σ ≥ σ0

Φ1(σ) = Te̺σ +
m
∑

j=1

Tjσ
pj + τ1σ

p i Φ2(σ) = Te̺σ +
m
∑

j=1

Tjσ
pj + τ2σ

p,äå τ2 > τ1. Ïðèïóñòèìî, ùî tn+1 = (1 + θn)tn i
G1(tn, tn(1 + θn),Φ2) > Φ1(κ(tn, (1 + θn)tn,Φ2)). (22)Òîäi θn → 0 (n → +∞) i
θ2n 6

8̺

tn
(1 + o(1))(τ2 − τ1) ln

p tn, n → +∞. (23)Äîâåäåííÿ. Ïðèïóñòèìî, ùî lim
n→+∞

θn = +∞. Îñêiëüêè Φ1(κ(tn, (1 + θn)tn),Φ2) =

= (1+o(1))Φ2(κ(tn, (1+θn)tn),Φ2) = G2(tn, tn(1+θn),Φ2)(1+o(1)), n → +∞, òî ç (15)i (18) äëÿ âiäïîâiäíî¨ ïîñëiäîâíîñòi (nj) ëåãêî îòðèìó¹ìî àñèìïòîòè÷íó íåðiâíiñòü
ln θnj

> (1 + o(1))
θnj

e (j → ∞), ùî íåìîæëèâî.ßêùî á lim
n→+∞

θn = θ, òî ç (16) i (19) âèïëèâàëà á íåðiâíiñòü (1+θ) ln (1+θ)
θ >

> exp{ (1+θ) ln (1+θ)
θ − 1}, ÿêà ¹ íåìîæëèâîþ äëÿ θ > 0. Îòæå, θn → 0 (n → +∞), à ç(22) ç îãëÿäó íà (17) i (20) îòðèìà¹ìî

tn
̺

(

−
θ2n
6

+O(θ3n)

)

+ (1 + o(1))τ2

(

1

̺
ln

tn
T̺

)p

>
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>

tn
̺

(

−
θ2n
24

+O(θ3n)

)

+ (1 + o(1))τ1

(

1

̺
ln

tn
T̺

)p

+O(θ2n lnp1−1 tn), n → ∞,çâiäêè âèïëèâà¹ íåðiâíiñòü (23). �3. Äîâåäåííÿ òåîðåìè 1. Ïî÷íåìî ç íåîáõiäíîñòi. Ïðèïóñòèìî, ùî âèêîíó¹-òüñÿ (2). Òîäi äëÿ Φ1(σ) = Te̺σ +
m
∑

j=1

Tjσ
pj + τ1σ

p i Φ2(σ) = Te̺σ +
m
∑

j=1

Tjσ
pj + τ2σ

p,ç τ1 = τ − ε/2 òà τ2 = τ + ε/2, (ε > 0) ïðàâèëüíèìè ¹ ðåçóëüòàòè ëåìè 4, îñêiëüêè ç(14) äëÿ i = 1, 2 îäåðæèìî
λnΨi(ϕi(λn)) =

λn

̺
ln

λn

eT̺
−

m
∑

j=1

Tj

(

1

̺
ln

λn

T̺

)pj

− τi(1+ o(1))

(

1

̺
ln

λn

T̺

)p

, n → +∞,òî çà ëåìîþ 4 äëÿ âñiõ n > n0 ñïðàâäæó¹òüñÿ íåðiâíiñòü (3) i äëÿ äåÿêî¨ çðîñòàþ÷î¨ïîñëiäîâíîñòi (nk) íàòóðàëüíèõ ÷èñåë âèêîíó¹òüñÿ (4), ïðè÷îìó äëÿ öi¹¨ ïîñëiäîâ-íîñòi ¹ ïðàâèëüíîþ íåðiâíiñòü G1(tn, tn(1 + θn),Φ2) > Φ1(κ(tn, tn+1,Φ2)), à çâiäñè çàëåìîþ 9
λnk

θ2k
8̺

6 (τ2 − τ1) ln
p λnk

, k → +∞,äå λnk+1
− λnk

= θkλnk
, òîáòî

λnk+1
− λnk

6 (1 + o(1))
√

8ε̺λnk
lnp λnk

, k → +∞,çâiäêè, çàâäÿêè äîâiëüíîñòi ε, îòðèìà¹ìî (5).Äîâåäåìî äîñòàòíiñòü öèõ óìîâ. Ç ëåìè 1, âðàõîâóþ÷è óìîâó (3) òåîðåìè 1,ëåãêî âèïëèâà¹, ùî
lnµ(σ, F ) 6 Te̺σ +

m
∑

j=1

Tjσ
pj + (τ + o(1))σp, σ → +∞. (24)Çà ëåìîþ 3 äëÿ âñiõ σ ∈ [ϕ(λnk

), ϕ(λnk+1)] i âñiõ k > k0 ïðàâèëüíà íåðiâíiñòü
lnµ(σ) > Φ(σ)− (G2(λnk

, λnk+1
,Φ)−G1(λnk

, λnk+1
,Φ)), òîáòî ç ëåìè 8 îòðèìà¹ìî

lnµ(σ, F ) > Te̺σ +

m
∑

j=1

Tjσ
pj + (τ − ε)σp − (1 + o(1))

λnk
θ2k

8̺
+ o(lnp λnk

) =

= Te̺σ+

m
∑

j=1

Tjσ
pj +(τ−ε)σp+o(lnp λnk

) > Te̺σ+

m
∑

j=1

Tjσ
pj +(τ−ε)σp−ε(lnp Φ′(σ)) >

> Te̺σ +

m
∑

j=1

Tjσ
pj + (τ − 3ε)σp, σ → +∞. (25)Ç (24) i (25), çàâäÿêè äîâiëüíîñòi ε, îòðèìó¹ìî (2). Òåîðåìó 1 ïîâíiñòþ äîâåäåíî.4. Äîâåäåííÿ òåîðåìè 2. Â [10℄ äîâåäåíî, ùî

M(σ, F ) 6 µ(σ, F )

(

n(2λν(σ+1,F )) +

∞
∫

2λν(σ+1,F )

e−t/2dn(t)

)

. (26)
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2 ln

p t (t > t0), à λν(σ+1,F ) → +∞ (σ → +∞), òî
∞
∫

2λν(σ+1,F )

e−t/2dn(t) 6
1

2

∞
∫

2λν(σ+1,F )

n(t)e−t/2dt 6
1

2

∞
∫

2λν(σ+1,F )

e−
1
2 (t−lnp t)dt → 0, (27)

σ → +∞. Ç iíøîãî áîêó, lnµ(σ + 2, F ) − lnµ(σ + 1, F ) =
∫ σ+2

σ+1 λν(t,F )dt > λν(σ+1,F ),òîìó ç îãëÿäó íà óìîâó (6)
lnn(2λν(σ+1,F )) = o(lnp λν(σ+1,F )) = o(lnp lnµ(σ + 2, F )), σ → +∞. (28)Ç (26)-(28) i (2) ëåãêî îòðèìó¹ìî

lnM(σ, F ) 6 lnµ(σ, F ) + lnn(2λν(σ+1,F )) + o(1) 6 lnµ(σ, F ) + o(lnp lnµ(σ + 2, F )) 6

6 lnµ(σ, F ) + o(σp), σ → +∞. (29)Òîìó ç íåðiâíîñòi Êîøi µ(σ, F ) 6 M(σ, F ) òà ç íåðiâíîñòi (29) ïðè σ → +∞, îòðè-ìà¹ìî 0 6 lnM(σ, F ) − lnµ(σ, F ) = o(σp), ÿêùî âèêîíó¹òüñÿ (2) àáî (7), à çâiäñèâèïëèâà¹ åêâiâàëåíòíiñòü öèõ ñïiââiäíîøåíü. Òåîðåìó 2 äîâåäåíî.Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Øåðåìåòà Ì.Í. Äâó÷ëåííàÿ àñèìïòîòèêà öåëûõ ðÿäîâ Äèðèõëå / Øåðåìåòà Ì.Í.// Òåîðèÿ �óíêöèé, �óíêöèîíàëüíûé àíàëèç è èõ ïðèëîæåíèÿ. � 1990. � �54.� Ñ. 16-25.2. Sheremeta M.M. On the se
ond term of asymptoti
 behaviour of entire Diri
hlet series/ Sheremeta M.M. // J. Analysis. � 1995. � Vol. 3, �1. � P. 213-218.3. Sumyk O.M. On two-member exponential-power asymptoti
s of maximal term of entireDiri
hlet series / Sumyk O.M. //Matem. Studii. � 2000. � Vol. 14, �1. � P. 29-34.4. Sumyk O.M. On 
onne
tion between the growth of maximum modulus and maximal termof entire Diri
hlet series in terms of m-termed asymptoti
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ients of an entire Diri
hlet series
F (s) =

∞∑

n=0

ane
(σ+it)λnare found, under whi
h the logarithm of its maximal term has multitermedexponential-power asymptoti
 lnµ(σ, F ) = Te̺σ +

m∑
j=1

Tjσ
pj + (τ + o(1))σp,

σ → +∞, where T > 0, ̺ > 0, Tj ∈ R\{0}, τ ∈ R\{0} i 0 < p < pm < . . . < p1.It is establis
hed also the 
ondition on λn, under whi
h the logarithms ofthe maximum modulus M(σ, F ) and of maximal term µ(σ, F ) have the samemultitermed exponential-power asymptoti
.Key words: Diri
hlet series, maximum modulus, maximal term, multi-termed exponential-power asymptoti
.ÌÍÎ�Î×ËÅÍÍÀß ÏÎÊÀÇÀÒÅËÜÍÎ-ÑÒÅÏÅÍÍÀßÀÑÈÌÏÒÎÒÈÊÀ ÖÅËÎ�Î �ßÄÀ ÄÈ�ÈÕËÅÍèêîëàé ��ÛÖÈÂËüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000e-mail: m_m_sheremeta�list.ruÍàéäåíû óñëîâèÿ íà êîý��èöèåíòû öåëîãî ðÿäà Äèðèõëå
F (s) =

∞∑

n=0

ane
(σ+it)λn ,ïðè âûïîëíåíèè êîòîðûõ ëîãàðè�ì åãî ìàêñèìàëüíîãî ÷ëåíà èìååò ìíî-ãî÷ëåííóþ ïîêàçàòåëüíî-ñòåïåííóþ àñèìïòîòèêó lnµ(σ, F ) = Te̺σ+

+
m∑

j=1

Tjσ
pj + (τ + o(1))σp ïðè σ → +∞, ãäå T > 0, ̺ > 0, Tj ∈ R\{0},

τ ∈ R\{0} i 0 < p < pm < . . . < p1. Óêàçàíî òàêæå óñëîâèå íà λn,ïðè âûïîëíåíèè êîòîðîãî ëîãàðè�ìû ìàêñèìóìà ìîäóëÿ M(σ, F ) è ìàê-ñèìàëüíîãî ÷ëåíà µ(σ, F ) èìåþò îäíó è òó æå ïîêàçàòåëüíî-ñòåïåííóþàñèìïòîòèêó.Êëþ÷åâûå ñëîâà: ðÿä Äèðèõëå, ìàêñèìóì ìîäóëÿ, ìàêñèìàëüíûé ÷ëåí,ìíîãî÷ëåííàÿ ïîêàçàòåëüíî-ñòåïåííàÿ àñèìïòîòèêà.


