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x0 < t < x, 0 < y < π}, {ρq} � ïîñëiäîâíiñòü íóëiâ �óíêöi¨ f â Rx, çàíóìåðîâàíèõ âïîðÿäêó íåñïàäàííÿ ¨õíiõ äiéñíèõ ÷àñòèí, ρq = βq+iγq; {ωp} � ïîñëiäîâíiñòü ïîëþñiâ�óíêöi¨ f â Rx, çàíóìåðîâàíèõ àíàëîãi÷íî, ωp = ξp + iηp.Ôóíêöiþ log f(z) âèçíà÷èìî â
R∗

x = Rx\
⋃

j

({tβj + iγj : t ≥ 1} ∪ {tξj + iηj : t ≥ 1})i íà ∂Rx çà âèíÿòêîì íóëiâ òà ïîëþñiâ, ùî ëåæàòü íà ∂Rx, ñïiââiäíîøåííÿì
log f(z) = log f(z∗) +

z
∫

z∗

f ′(ζ)

f(ζ)
dζ, (1)âèáðàâøè äåÿêå z∗ ∈ R∗

x òà äåÿêå çíà÷åííÿ log f(z∗). Iíòåãðàë áåðåìî çà äåÿêèìøëÿõîì â R∗
x ç ïî÷àòêîì ó òî÷öi z∗ i êiíöåì ó òî÷öi z.Ó âèïàäêó äiéñíîçíà÷íîñòi ãîëîìîð�íî¨ �óíêöi¨ íà îäíié çi ñòîðií ïðÿìîêóòíè-êà çà äîïîìîãîþ òåîðåìè ç [3℄ áóëà äîâåäåíà òàêà òåîðåìà.© Áðèäóí À., Ñîêóëüñüêà Í., 2011



ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI �ÎËÎÌÎ�ÔÍÈÕ Ó ÏIÂÑÌÓÇI ÔÓÍÊÖIÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 75Òåîðåìà A. ([2℄). Íåõàé �óíêöiÿ f, f(z) 6≡ 0, ãîëîìîð�íà â çàìèêàííi ïðÿìîêóò-íèêà Rx = {z = t+ iy : x0 < t < x, 0 < y < π} i äiéñíîçíà÷íà íà ïðîìiæêó
I0 = {z : z = x0 + iy, 0 ≤ y ≤ π}. Òîäi

∑

ρq∈Rx

(

1

eβq
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Reρq=x0
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sin γq =

=
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2π

x
∫

x0

(log |f(t)|+ log |f(t+ iπ)|)
(

1

et
− et

e2x

)

dt+ (2)
+

1

πex

π
∫

0

log |f(x+ iy)| sin y dy − ch(x− x0)

π ex

π
∫

0

log |f(x0 + iy)| sin y dy.2. Îñíîâíi ðåçóëüòàòè. Ïðèéìåìî M(x) = max
{

|f(z)| : z ∈ Rx

}

;R = Rx,ïðè x = +∞.Âèêîðèñòîâóþ÷è òåîðåìó À, äîâåäåìî òàêó òåîðåìó.Òåîðåìà 1. Íåõàé �óíêöiÿ f , f 6≡ 0, ãîëîìîð�íà â R, äiéñíîçíà÷íà íà I0, i
logM(t) ≤ Ceαt, x0 ≤ t, C = const, 0 ≤ α < 1. Òîäi

∑

ρq∈R

ex0−βq sin γq +
1
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Reρq=x0
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≤ 1

π
e(α−1)x0



C − 1

2

π
∫

0

log |f(x0 + iy)| sin y dy



 . (3)Äîâåäåííÿ. Ïðàâèé áiê (2) îöiíþþòü òàê:
1

2π
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∫
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(log |f(t)|+ log |f(t+ iπ)|)
(
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dt+

+
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∫
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log |f(x+ iy)| sin y dy − ch(x− x0)

π ex

π
∫
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+
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∫
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log |f(x0 + iy)| sin y dy.Ñïðÿìóâàâøè x äî +∞, îäåðæèìî ïðàâèé áiê (3). �îçãëÿíåìî òåïåð ïåðøó ñóìóëiâîãî áîêó (2).ßêùî βq <
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∑
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2
−log

√
2

sin γq
eβq

<
∑

ρq∈Rx

(

1

eβq

− eβq

e2x

)

sin γq.Òîìó ç (2) òà (4) âèïëèâà¹, ùî ðÿä
∑

q

sin γq
eβq

(5)çáiãà¹òüñÿ. Îòæå,
∑

ρq∈Rx

sin γq
eβq

−
∑
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eβq

e2x
sin γq +

1
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∑

Re ρq=x0

(

1

ex0

− ex0

e2x

)
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≤ 1

π
e(α−1)x0



C − 1

2

π
∫

0

log |f(x0 + iy)| sin y dy



 . (6)Äëÿ äîâiëüíîãî ξ, x0 < ξ < x, îòðèìà¹ìî
∑

ρq∈Rx

eβq

e2x
sin γq =

∑

x0≤βq≤ξ

eβq

e2x
sin γq +

∑

ξ<βq≤x

e2βq

e2x
sin γq
eβq

. (7)Îñòàííÿ ñóìà íå ïåðåâèùó¹
∑

ξ<βq

sin γq
eβq

. (8)Äëÿ äîâiëüíîãî ε > 0 çíàéäåòüñÿ ξ(ε) òàêå, ùî ïðè ξ = ξ(ε) ñóìà ðÿäó (8) íåìåíøà íiæ ε, ùî âèïëèâà¹ çi çáiæíîñòi ðÿäó (5). Âiäòàê, ç (7) âèïëèâà¹ íåðiâíiñòü
0 ≤

∑

ρq∈Rx

eβq

e2x
sin γq <

1

e2x

∑

x0<βq≤ξ(ε)

eβq sin γq + ε, ξ(ε) < x.Ïåðåõîäÿ÷è â íié äî ãðàíèöi ïðè x → +∞ i âðàõîâóþ÷è äîâiëüíiñòü ε, îäåðæó¹ìî
lim

x→+∞





∑

ρq∈Rx

eβq

e2x
sin γq



 = 0.Îòæå, ç (6) âèïëèâà¹ (3). �Çàóâàæåííÿ 1. Ïðè α = 1 âèñíîâîê òåîðåìè íå ñïðàâäæó¹òüñÿ.Äîâåäåííÿ. Äîâåäåìî öå. Âiçüìåìî x0 = 0 i ðîçãëÿíåìî �óíêöiþ f(z) = ch (π ch z):1) f(z) = ch (π ch z) � ãîëîìîð�íà â R;2) ch (π ch iy) = ch (π cos y) � äiéñíîçíà÷íà;3) îñêiëüêè ch z = O
(

e|z|
)

, z → ∞, i ïðè z ∈ R âèêîíó¹òüñÿ Re z ∼ |z|, z → ∞, òî
log |f(t + iy)| = O (et) , t → ∞, òîáòî óìîâè òåîðåìè âèêîíóþòüñÿ ïðè α = 1. Àëåíóëi �óíêöi¨ f â R ìàþòü âèãëÿä

ρq = log
1 + 2q +

√

(1 + 2q)2 + 4

2
+ i

π

2
, q ∈ N.



ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI �ÎËÎÌÎ�ÔÍÈÕ Ó ÏIÂÑÌÓÇI ÔÓÍÊÖIÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 77Îòæå, ðÿä (5) ðîçáiãà¹òüñÿ, ùî ñóïåðå÷èòü âèñíîâêó, îäåðæàíîìó ç (2) òà (3) ïðèäîâåäåííi òåîðåìè.Îòîæ, ìè äîâåëè, ùî òåîðåìà íå ñïðàâäæó¹òüñÿ ïðè α = 1. �Çàóâàæåííÿ 2. Íåõàé �óíêöiÿ f , f 6≡ 0, ãîëîìîð�íà â Rx i äiéñíîçíà÷íà íà I0,
M(x) = max

{

|f(z)| : z ∈ Rx

}. Òîäi
∑

ρq∈Rx

(

1

eβq

− eβq

e2x

)

sin γq +
1

2

∑

Reρq=x0

(

1

ex0

− ex0

e2x

)

sin γq ≤

≤ ch(x − x0)

πex



2 logM(x)−
π
∫

0

log |f(x0 + iy)| sin y dy



 . (9)Ñïðàâäi, çàñòîñó¹ìî òåîðåìó A äî �óíêöi¨ f(z)

M(x)
. Âðàõîâóþ÷è, ùî ∣

∣

∣

∣

f(z)

M(x)

∣

∣

∣

∣

≤ 1â Rx, ç (2) îäåðæó¹ìî (9).Íàñëiäîê 1. Íåõàé �óíêöiÿ f , f 6≡ 0, ãîëîìîð�íà ó çàìèêàííi ïiâïëîùèíè
H = {z : Re z > 0}, äiéñíîçíà÷íà íà (−1, 1) i îáìåæåíà â H ñòàëîþ C. Òîäi

∑

Im zn>0

Im
(

√

z2n − 1− zn

)

+
∑

−1<xn<1

√

1− x2
n ≤

≤ 1

π



logC − 1

2

1
∫

−1

log |f(x)| dx



 , (10)äå zn = xn + iyn � íóëi �óíêöi¨ f i ãiëêà √
z2 − 1 â C ç ðîçðiçîì [−1, 1] âèçíà÷åíàòàê, ùî √

−4 = 2i.Óìîâà (10) óòî÷íþ¹ íåîáõiäíó óìîâó Áëÿøêå
∑

n

Im zn

1 + |zn|2
< +∞ (11)äëÿ �óíêöié, ÿêi çàäîâîëüíÿþòü óìîâè íàñëiäêó, áî (11) âèïëèâà¹ ç (10). Ñïðàâäi,ïðè Im zn > 0 îòðèìà¹ìî

√

z2n − 1− zn ∼ − 1

2 zn
, zn → ∞,

2
Im zn

1 + |zn|2
≤ Im

(−1

zn

)

=
Im zn

|zn|2
.Äîâåäåííÿ. Äëÿ äîâåäåííÿ íàñëiäêó çàóâàæèìî, ùî ïðè x0 = 0 ïiâñìóãà R âiäîáðà-æà¹òüñÿ â H �óíêöi¹þ ch z. Ñïiââiäíîøåííÿ (10) îäåðæó¹òüñÿ ç (3) çàìiíîþ çìiííî¨.
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