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∃ v ∈ L ∃ A > 0 ∀ r > 0: n(r, 0, f) 6 Av(r),äå n(r, 0, f) = n(r) � ëi÷èëüíà �óíêöiÿ íóëiâ f . Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìîââàæàòè, ùî f(0) = 1, v(0) = 0, ln f(z) = ln |f(z)| + i arg f(z) � îäíîçíà÷íà âiòêàìíîãîçíà÷íî¨ �óíêöi¨ Lnf(z), âèçíà÷åíà â C \

∞⋃
j=1

{z : |z| ≥ |aj |, arg z = arg aj = αj},
ln f(0) = 0.Ââàæàòèìåìî, ùî íóëi �óíêöi¨ f ç êëàñó H0(L) ìàþòü êóòîâó ùiëüíiñòü, ÿêùîäëÿ âñiõ α i β, çà âèíÿòêîì, ìîæëèâî, íå áiëüøå, íiæ çëi÷åííî¨ êiëüêîñòi çíà÷åíü ç
[0, 2π], iñíó¹ ãðàíèöÿ

∆(α, β) = lim
r→+∞

n(r, α, β)/v(r),äå n(r, α, β) � êiëüêiñòü íóëiâ aj �óíêöi¨ f , ÿêi ëåæàòü â ñåêòîði {z : |z| ≤ r,
α < arg z ≤ β}, 0 ≤ α < β < 2π.Ïðèéìåìî äëÿ k ∈ Z

nk(r) =
∑

|aj |6r

e−ikαj , Nk(r) =

r∫

0

nk(t)

t
dt.
© Áîäíàð Î., Çàáîëîöüêèé Ì., 2011
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. 98℄ ) îòðèìó¹ìî, ùî íóëi �óíêöi¨
f ç êëàñóH0(L) ìàþòü êóòîâó ùiëüíiñòü òîäi i ëèøå òîäi, êîëè äëÿ âñiõ k ∈ Z iñíóþòüñêií÷åííi ãðàíèöi (δk ∈ C)

δk = lim
r→+∞

nk(r)/v(r). (1)Ïðèéìåìî
Gf (θ) = i

∑

k 6=0

δk
k

eikθ, (2)
L∗ � ïiäêëàñ �óíêöié v êëàñó L òàêèé, ùî rv′(r)/v(r) ց 0, r → +∞,

v1(r) =

r∫

0

v(t)

t
dt, N(r, 0, f) = N(r) = N0(r),

‖ · ‖p −p � íîðìà â ïðîñòîði Lp[0, 2π], p ∈ [1,+∞).Çàóâàæåííÿ 1. Îñêiëüêè δ−k = δk, òî, ÿê íåâàæêî ïîêàçàòè, ç (2) âèïëèâà¹
Gf (θ) = −2

+∞∑

k=1

Im(δke
ikθ)

k
.2. Îñíîâíi ðåçóëüòàòè. Â [3] çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè íà ðîçïîäiëíóëiâ öiëèõ �óíêöié êëàñó H0(L), ùîá âåëè÷èíè ln |f |, arg f , ln f −N(r) ðåãóëÿðíîçðîñòàëè â Lp[0, 2π] ìåòðèöi, òî÷íiøå äîâåäåíî òâåðäæåííÿ.Òåîðåìà À. ßêùî f ∈ H0(L) i äëÿ âñiõ k ∈ Z\{0} iñíóþòü ãðàíèöi (1), òî äëÿ âñiõ

p ∈ [1,+∞) ∥∥∥∥
ln f(reiθ)−N(r)

v(r)
− iGf(θ)

∥∥∥∥
p

→ 0, r → +∞. (3)ßêùî ãðàíèöi (1) iñíóþòü äëÿ âñiõ k ∈ Z, òîáòî íóëi f ìàþòü êóòîâó ùiëü-íiñòü, òî äëÿ âñiõ p ∈ [1,+∞)
∥∥∥∥
ln |f(reiθ)|

v1(r)
− δ0

∥∥∥∥
p

→ 0, r → +∞, (4)
∥∥∥∥
arg f(reiθ)

v(r)
−Gf (θ)

∥∥∥∥
p

→ 0, r → +∞. (5)Òåîðåìà B. ßêùî f ∈H0(L) i äëÿ äåÿêèõ ÷èñëà p∈ [1,+∞) òà �óíêöi¨ H∈Lp[0, 2π]âèêîíó¹òüñÿ (3), òî 2π∫
0

H(θ)dθ = 0 i äëÿ âñiõ k ∈ Z\{0} iñíóþòü ãðàíèöi
∆k = lim

r→+∞
Nk(r)/v1(r).ßêùî f ∈H0(L

∗) i äëÿ äåÿêèõ ÷èñåë p∈ [1,+∞), b0∈R òà �óíêöi¨ H ∈ Lp[0, 2π]âèêîíóþòüñÿ (4) i (5), òî íóëi f ìàþòü êóòîâó ùiëüíiñòü, b0 = δ0, H(θ) = Gf (θ)äëÿ ìàéæå âñiõ θ ∈ [0, 2π].Îäíi¹þ ç ãîëîâíèõ ïåðåäóìîâ äëÿ îòðèìàííÿ öèõ ðåçóëüòàòiâ áóëî òàêåòâåðäæåííÿ, äîâåäåíå â [3].
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k ∈ Z\{0} iñíó¹ ãðàíèöÿ (1). Òîäi äëÿ öèõ k

lim
r→+∞

lk(r)/v(r) = −δk/k. (6)Çàóâàæåííÿ 2. Ëåãêî áà÷èòè òàêå: ÿêùî f ∈ H0(L) i n(r) ∼ v(r), òî
N(r) = l0(r) ∼ v1(r), r → +∞.Íàøà ìåòà � äàòè âiäïîâiäi íà çàïèòàííÿ.

• ×è ïðàâèëüíå òâåðäæåííÿ îáåðíåíå äî òåîðåìè Ñ?
• ×è iñíóþòü öiëi �óíêöi¨ êëàñó H0(L), íóëi ÿêèõ íå ìàþòü êóòîâî¨ ùiëüíîñòii ãðàíèöi (1) iñíóþòü äëÿ âñiõ k ∈ Z\{0}?
• ×è ¹ iñòîòíîþ óìîâà íàëåæíîñòi �óíêöi¨ f äî ïiäêëàñó H0(L

∗) â òåîðåìi Â,òîáòî ÷è áóäå ïðàâèëüíîþ äðóãà ÷àñòèíà òåîðåìè Â äëÿ âñüîãî êëàñóH0(L)?Òåîðåìà 1. Íåõàé f ∈ H0(L), íóëi f ëåæàòü íà îäíîìó ïðîìåíi arg z = α i äëÿäåÿêîãî k ∈ Z\{0} âèêîíó¹òüñÿ (6). Òîäi äëÿ âñiõ k ∈ Z\{0} âèêîíó¹òüñÿ (1).Òåîðåìà 2. Äëÿ äîâiëüíî¨ �óíêöi¨ v ∈ L iñíó¹ f ∈ H0(L) òàêà, ùî äëÿ äåÿêèõ
k ∈ Z\{0} âèêîíó¹òüñÿ (6) i íå iñíóþòü ãðàíèöi (1).Òåîðåìà 3. Äëÿ äîâiëüíî¨ �óíêöi¨ v ∈ L iñíó¹ öiëà �óíêöiÿ f ∈ H0(L), íóëi ÿêî¨íå ìàþòü êóòîâî¨ ùiëüíîñòi i äëÿ âñiõ k ∈ Z\{0} âèêîíóþòüñÿ óìîâè (1).Òåîðåìà 4. Iñíóþòü �óíêöi¨ v ∈ L\L∗ i f ∈ H0(L) òàêi, ùî l0(r) ∼ v1(r), r → +∞,i ãðàíèöÿ (1) äëÿ k = 0 íå iñíó¹.3. Äîïîìiæíi ðåçóëüòàòè. Íåõàé γ � íåâiä'¹ìíà, iíòåãðîâíà íà [0,+∞) �óíê-öiÿ, γ(0) = 0. Äëÿ k ∈ N ïðèéìåìî

Jk(r) = Jk(r; γ) = rk
+∞∫

r

γ(t)

tk+1
dt, Ik(r) = Ik(r; γ) = r−k

r∫

0

γ(t)

t−k+1
dt.Äëÿ äîâåäåííÿ òåîðåì 1-4 áóäåìî âèêîðèñòîâóâàòè òàêi òâåðäæåííÿ.Ëåìà 1. ßêùî γ ∈ L, òî äëÿ âñiõ k ∈ N îòðèìà¹ìî Jk ∈ L, Ik ∈ L i

Jk(r) ∼ Ik(r) ∼ γ(r)/k, r → +∞. (7)Íàâïàêè, ÿêùî äëÿ äåÿêîãî k ∈ N �óíêöiÿ Jk ∈ Lïç àáî Ik ∈ Lïç, òî γ ∈ Lïç.Äîâåäåííÿ. a) ßêùî γ ∈ L, òî [3, ëåìà 2] âèêîíó¹òüñÿ (7). Äàëi
Jk(r) > rkγ(r)

+∞∫

r

t−k−1dt =
γ(r)

k
, (8)òîìó

J′k(r) =
k

r
Jk(r) −

γ(r)

r
=

kJk(r) − γ(r)

r
> 0,i çàâäÿêè (7)

rJ′k(r)

Jk(r)
= k − γ(r)

Jk(r)
→ 0, r → +∞,
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Ik(r) 6 r−kγ(r)

r∫

0

tk−1dt =
γ(r)

k
, (9)

I′k(r) = −k

r
Ik(r) +

γ(r)

r
=

γ(r) − kIk(r)

r
> 0,

rI′k(r)

Ik(r)
=

γ(r)− kIk(r)

Ik(r)
→ 0, r → +∞.á) Íåõàé Jk(r) ∈ Lïç . Òîäi

Jk

( r
2

)
=

(r
2

)k
r∫

r/2

γ(t)

tk+1
dt+

(r
2

)k
+∞∫

r

γ(t)

tk+1
dt 6

6
rk

k2k
γ(r)t−k

∣∣∣∣
r/2

r

+
1

2k
Jk(r) =

2k − 1

k2k
γ(r) +

1

2k
Jk(r).Çâiäñè

γ(r) >
2kkJk(r/2)− kJk(r)

2k − 1i, âðàõîâóþ÷è íåðiâíiñòü (äèâ. (8)) γ(2r) 6 kJk(2r), îòðèìó¹ìî
1 6

γ(2r)

γ(r)
6

kJk(2r)(2
k − 1)

2kkJk(r/2)− kJk(r)
=

= (2k − 1)

(
2k

Jk(r/2)

Jk(2r)
− Jk(r)

Jk(2r)

)−1

→ 1, r → +∞.Îòæå, γ ∈ Lïç.â) Íåõàé, íàðåøòi, Ik ∈ Lïç . Àíàëîãi÷íî äî âèïàäêó á îäåðæèìî
Ik(2r) = (2r)−k

r∫

0

γ(t)

t−k+1
dt+ (2r)−k

2r∫

r

γ(t)

t−k+1
dt >

> 2−kIk(r) +
γ(r)

k
2−k(2k − 1).Çâiäñè i ç (9) îòðèìó¹ìî

γ(2r) 6
k
(
2kIk(4r)− Ik(2r)

)

2k − 1
,

γ(r) > kIk(r),òîìó
1 6

γ(2r)

γ(r)
6

1

2k − 1

(
2k

Ik(4r)

Ik(r)
− Ik(2r)

Ik(r)

)
→ 1, r → +∞,ùî äîâîäèòü íàëåæíiñòü �óíêöi¨ γ äî êëàñó Lïç. Ëåìó 1 äîâåäåíî. �
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(
Φ(x)

)
, x → +∞. Â [4, òåîðåìà 2℄ çíàéäåíî íåîáõiäíó òà äîñòàò-íþ óìîâè åêâiâàëåíòíîñòi ïîõiäíèõ îïóêëèõ �óíêöié. Àíàëîãîì öi¹¨ òåîðåìè äëÿîïóêëèõ ñòîñîâíî ëîãàðè�ìà �óíêöié ¹ òâåðäæåííÿ.Ëåìà 2. Íåõàé Φ ∈ Ω. Äëÿ òîãî, ùîá äëÿ äîâiëüíî¨ �óíêöi¨ Ψ ∈ Ω òàêî¨, ùî

Ψ(x) ∼ Φ(x), x → +∞, âèêîíóâàëîñü ñïiââiäíîøåííÿ
Ψ′

lnx(x) ∼ Φ′
ln x(x), x → +∞íåîáõiäíî i äîñòàòíüî, ùîá äëÿ äîâiëüíî¨, íåïåðåðâíî¨, çðîñòàþ÷î¨ äî +∞ íà

[1,+∞) �óíêöi¨ l
Φ′

ln x

(
r exp

{
Φ(x)

Φ′
ln x(x)l(x)

})
∼ Φ′

ln x(x), x → +∞, (10)äå G′
ln x � ïðàâîñòîðîííÿ ïîõiäíà ñòîñîâíî ëîãàðè�ìà �óíêöi¨ G ∈ Ω.Ëåìà 3. ([5℄) Äëÿ äîâiëüíî¨ �óíêö¨ Φ ∈ Ω iñíó¹ öiëà �óíêöiÿ f òàêà, ùî

lnM(r, f) ∼ N(r, 0, f) ∼ Φ(r), r → +∞,äå M(r, f) = max
{
|f(z)| : |z| = r

}.Ëåìà 4. Íåõàé v ∈ L∗. Òîäi
v2(r) >

dv(r)

d ln r
·

r∫

0

v(t)d ln t = rv′(r)v1(r).Äîâåäåííÿ. Îäåðæàëè
v(r) =

r∫

0

tv′(t)

v(t)

v(t)

t
dt >

rv′(r)

v(r)

r∫

0

v(t)

t
dt =

v′ln r(r)

v(r)
v1(r).

�Òâåðäæåííÿ 1. ßêùî v ∈ L∗, �óíêöiÿ l òàêà, ÿê â ëåìi 2, òî
v

(
r exp

{
v(r)

rv′(r)l(r)

})
∼ v(r), r → +∞.Äîâåäåííÿ. Äëÿ r > r0 îòðèìàëè

v(r) = exp

{ r∫

r0

ε(t)

t
dt

}
,äå ε(r) = rv′(r)/v(r) ց 0, v(r0) = 1. Ïðèéíÿâøè r∗ = r exp

{
1

ε(r)l(r)

}, îòðèìó¹ìî
1 6 v(r∗)/v(r) = exp

{ r∗∫

r

ε(t)

t
dt

}
6 exp

{
ε(r) ln

r∗

r

}
=

= exp

{
1

l(r)

}
→ 1, r → +∞,ùî äîâîäèòü òâåðäæåííÿ 1. �
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v

(
r exp

{
v1(r)

v(r)l(r)

})
∼ v(r), r → +∞,òîáòî �óíêöiÿ v1 çàäîâîëüíÿ¹ óìîâó (10).Äîâåäåííÿ. Íåõàé r̃ = r exp{v1(r)/(v(r)l(r))}. Çàâäÿêè ëåìi 4 îòðèìà¹ìî

r̃ 6 r exp{v(r)/ (rv′(r)l(r))} = r∗,òîìó 1 6 v(r̃)/v(r) 6 v(r∗)/v(r) → 1, r → +∞, ùî äîâîäèòü òâåðäæåííÿ 2. �4. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.4.1. Äîâåäåííÿ òåîðåìè 1. Íåõàé f ∈ H0(L). Îñêiëüêè ([6℄)
lk(r) = −rk

+∞∫

r

nk(t)

tk+1
dt, k > 1, (11)

lk(r) = rk
r∫

0

nk(t)

tk+1
dt, k 6 −1, (12)i íóëi �óíêöi¨ f ðîçòàøîâàíi íà îäíîìó ïðîìåíi arg z = α, òî nk(r) = e−ikαn(r),

lk(r) = −e−ikαJk(r;n(r)), k > 1,

lk(r) = e−ikαI−k(r;n(r)), k 6 −1.Çà óìîâàìè òåîðåìè 1 äëÿ äåÿêîãî k ∈ N îäåðæèìî (δk = δ0e
−ikα)

Jk(r;n(r)) ∼
δk
k
eikαv(r) =

δ0
k
v(r), r → +∞,àáî (δ−k = δ0e

ikα)

Ik(r;n(r)) ∼
δ−k

k
e−ikαv(r) =

δ0
k
v(r), r → +∞.Çàâäÿêè ëåìi 1 îòðèìó¹ìî n(r) ∼ δ0v(r), r → +∞,

nk(r) ∼ δ0e
−ikαv(r) = δkv(r), r → +∞,äëÿ âñiõ k ∈ Z\{0}, ùî äîâîäèòü òåîðåìó 1.4.2. Äîâåäåííÿ òåîðåìè 2. Íåõàé v ∈ L, v−1 � �óíêöiÿ îáåðíåíà äî v,

ε > 0 � äîâiëüíå ÷èñëî. Îñêiëüêè v(r) < rε äëÿ âñiõ äîñòàòíüî âåëèêèõ r, òî�óíêöiÿ
f1(z) =

+∞∏

k=1

(
1− z

v−1(k)

)¹ öiëîþ. Âðàõó¹ìî ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë (np) òàêó, ùî v−1(np) > n2
p,

np+1 > 2np i ïðèéìåìî ρp = 1/np, rp = v−1(np),
f2(z) =

+∞∏

p=1

((
1 +

z

rp

)(
1− z

rp + ρp

))[
v(rp)

2 ]

,



�ÎÇÏÎÄIË ÍÓËIÂ ÇÀ À��ÓÌÅÍÒÀÌÈ ÒÀ ÊÎÅÔIÖI�ÍÒÈ ÔÓ�'� ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 23äå [·] îçíà÷à¹ öiëó ÷àñòèíó ÷èñëà. Ôóíêöiÿ f2 ¹ öiëîþ, à îòæå, f(z) = f1(z) · f2(z)òàêîæ öiëà �óíêöiÿ. Íåâàæêî ïîêàçàòè, ùî n(r) = n2k(r) 6 3v(r), k ∈ Z, òîáòî
f ∈ H0(L) i

n2k+1(r) ∼






v(r), v−1(p) 6 r 6 v−1(p+ 1), p 6= np,
v(r)/2, rp 6 r < rp + ρp,
v(r), rp + ρp 6 r < rp+1,à îòæå, n2k+1(r) ≁ v(r), r → +∞.Äëÿ k ∈ N i äîñòàòíüî âåëèêèõ r îòðèìàëè

rk

rp+ρp∫

rp

v(t)

tk+1
dt 6 rkv(rp + ρp)

(rp + ρp)
−k − r−k

p

−k
6

6 2v(rp)
( r

rp

)k ρp
rp

= 2
( r

rp

)k

np
ρp
rp

= 2
( r

rp

)k 1

v−1(np)
6 2

( r

rp

)k 1

n2
p

, (13)i, àíàëîãi÷íî,
r−k

rp+ρp∫

rp

v(t)

t−k+1
dt 6 r−kv(rp + ρp)

(rp + ρp)
k − rkp

k
6

6 2v(rp)
(rp
r

)k ρp
rp

6 2
(rp
r

)k 1

n2
p

, (14)Íåõàé r ∈ [rm + ρm, rm+1 + ρm+1), k ∈ N, k � íåïàðíå ÷èñëî. Òîäi (äèâ. (11))
lk(r) = −

(
1 + o(1)

)
rk

+∞∫

r

v(t)

tk+1
dt+

1 + o(1)

2
rk

+∞∑

p=m+1

rp+ρp∫

rp

v(t)

tk+1
dt =

= −
(
1 + o(1)

)v(r)
k

+
1 + o(1)

2

∑
1
, r → +∞.Çàâäÿêè (13) îäåðæàëè

0 6
∑

1
6 2

+∞∑

p=m+1

( r

rp

)k 1

n2
p

6 4

+∞∑

p=m+1

1

n2
p

6 4,à îòæå, lk(r) ∼ −v(r)/k, r → +∞. Àíàëîãi÷íî, ç (12) òà (14) äëÿ r ∈ [rm, rm+1)îòðèìó¹ìî (k- íåïàðíå íàòóðàëüíå ÷èñëî)
l−k(r) =

(
1 + o(1)

)
r−k

r∫

0

v(t)

t−k+1
dt− 1 + o(1)

2
r−k

m∑

p=1

rp+ρp∫

rp

v(t)

t−k+1
dt =

=
(
1 + o(1)

)v(r)
k

− 1 + o(1)

2

∑
2
, r → +∞,i

0 6
∑

2
6 2

m∑

p=1

(rp
r

)k 1

n2
p

6 2
m∑

p=1

1

n2
p

6 4.Îòæå, l−k(r) ∼ v(r)/k, r → +∞, k � íåïàðíå íàòóðàëüíå ÷èñëî. Òåîðåìó 2 äîâåäåíî.



24 Îêñàíà ÁÎÄÍÀ�, Ìèêîëà ÇÀÁÎËÎÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 754.3. Äîâåäåííÿ òåîðåìè 3. Íåõàé v � äîâiëüíà �óíêöiÿ ç êëàñó L. Âèáåðåìî äâiçðîñòàþ÷i ïîñëiäîâíîñòi (rk) äîäàòíèõ ÷èñåë i (mk) íàòóðàëüíèõ ÷èñåë çà iíäóêöi¹þ.Ïðèéìåìî r1 > 1 òàêå, ùî v(r1) ∈ N, m1 = v(r1) i ïðèïóñòèìî, ùî r2, r3, . . . , rk i
m2,m3, . . . ,mk âæå âèáðàíi. Òîäi ìè áåðåìî rk+1 òàêå, ùî

v(rk+1) ∈ N, rk+1 > 2rk, v(rk+1) > (k + 1)v(rk), (15)òà mk+1 = v(rk+1)− v(rk).Îñêiëüêè äëÿ äîâiëüíîãî �iêñîâàíîãî R > 0 âèêîíó¹òüñÿ (äèâ.(15)) R/rk < 1
2äëÿ âñiõ k > k0 i mk > (k + 1)v(rk) − v(rk) > k, òî ðÿä ∑+∞

k=1

(
R
rk

)mk � çáiæíèé, àîòæå, �óíêöiÿ
f(z) =

+∞∏

k=1

(
1−

( z

rk

)mk

)¹ öiëîþ. Äëÿ rk 6 r < rk+1 îòðèìà¹ìî
n(r) =

∑

rk6r

mk = v(r1) +
∑

r1<rk6r

(
v(rk)− v(rk−1)

)
= v(rk) 6 v(r),òîáòî, f ∈ H0(L). Äàëi, ÿêùî 0 6 α < β < 2π, òî

n(r, α, β) =
(
1 + o(1)

)β − α

2π

∑

rk6r

mk =
(
1 + o(1)

)β − α

2π
v(rk), r → +∞,i ç (15) îòðèìó¹ìî, ùî ãðàíèöÿ limr→+∞ n(r, α, β)/v(r) íå iñíó¹, à îòæå, íóëi f íåìàþòü êóòîâî¨ ùiëüíîñòi.Ç iíøîãî áîêó, íóëi (aj) öiëî¨ �óíêöi¨ f äîðiâíþþòü

aj = r1 exp

{
2πi

m1
j

}
, j = 1,m1; am1+j = r2 exp

{
2πi

m2
j

}
, j = 1,m2; . . . ;

am1+m2+...+mn−1+j = rn exp

{
2πi

mn
j

}
, j = 1,mn; . . . .Çàóâàæèìî, ùî äëÿ äîâiëüíèõ íàòóðàëüíîãî ÷èñëà n i öiëîãî s 6= 0, |s| < n, âèêî-íó¹òüñÿ

e
2πsi
n + e

2πsi
n

·2 + . . .+ e
2πsi
n

·(n−1) + e
2πsi
n

·n = 0.Íåõàé k ∈ Z\{0} � äîâiëüíå ÷èñëî, à j0 ∈ N � íàéìåíøå ÷èñëî òàêå, ùî mj0 > |k|.Òîäi äëÿ âñiõ r > rj0 îäåðæó¹ìî
|nk(r)| =

∣∣∣∣∣
∑

|aj |6r

e−ik arg aj

∣∣∣∣∣ =
∣∣∣∣∣

∑

rj6rj0

e−ik arg aj

∣∣∣∣∣ 6
∑

rj6rj0

1 6 n(rj0 ) = v(rj0 ),à îòæå, nk(r)/v(r) → 0, r → +∞, ùî äîâîäèòü òåîðåìó 3.4.4. Äîâåäåííÿ òåîðåìè 4. Íåõàé (rk) � ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë, r1 > e4,
rk = o(ln rk+1), k → +∞. Ïðèéìåìî r∗k = r

√
ln rk−1

k ,
v(r) =






(ln+ r)2, 0 6 r 6 r1,

ln3/2 rk ln
r

rk
+ ln2 rk, rk 6 r 6 r∗k,

ln2 r, r∗k 6 r 6 rk+1.



�ÎÇÏÎÄIË ÍÓËIÂ ÇÀ À��ÓÌÅÍÒÀÌÈ ÒÀ ÊÎÅÔIÖI�ÍÒÈ ÔÓ�'� ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 25Ëåãêî áà÷èòè, ùî v � íåâiä'¹ìíà íåïåðåðâíà çðîñòàþ÷à äî +∞ íà [0,+∞) �óíê-öiÿ. Ïîêàæåìî, ùî v � ïîâiëüíî çðîñòàþ÷à �óíêöiÿ. Ñïðàâäi, äëÿ r ∈
[
r∗k−1, rk/2

]âèêîíó¹òüñÿ
1 6 v(2r)/v(r) = ln2(2r)/ ln2 r → 1, k → +∞.ßêùî r ∈

[
rk/2, rk

], òî
1 6

v(2r)

v(r)
6

v(2rk)

v(rk/2)
=

(
ln3/2 rk ln 2 + ln2 rk

)
/ ln2(rk/2) → 1, k → +∞.Äàëi, äëÿ r ∈

[
rk,

1
2r

∗
k

] îäåðæó¹ìî
1 6

v(2r)

v(r)
= 1 +

ln3/2 rk ln 2

ln3/2 rk ln(r/rk) + ln2 rk
6 1 +

ln 2√
ln rk

→ 1, k → +∞.Íàðåøòi, ÿêùî r ∈
[
1
2r

∗
k, r

∗
k

], òî
1 6 v(2r)/v(r) 6 v(2r∗k)/v(r

∗
k/2) =

=
(
√
ln rk − 1)2 ln2(2rk)

ln3/2 rk
(
(
√
ln rk − 2) ln rk − ln 2

)
+ ln2 rk

→ 1, k → +∞.Îòæå, v ∈ Lïç . Çàóâàæèìî, ùî v(r) < ln5/2 r íà [1,+∞). Íàñïðàâäi, íà [r∗k−1, rk] öåî÷åâèäíî, à íà [rk, r
∗
k] îòðèìó¹ìî
(
ln5/2 r − v(r)

)′

ln r

=
5

2
ln3/2 r − ln3/2 rk > 0i ln5/2 rk > v(rk) = ln2 rk. Ïðèéìåìî v1(r) =

r∫
1

v(t)/t dt. Òîäi v1 ∈ L, v1 � îïóêëàñòîñîâíî ëîãàðè�ìà íà [1,+∞) i
v1(rk) =

r∗k−1∫

1

v(t)

t
dt+

rk∫

r∗
k−1

ln2 t

t
dt = A(r∗k−1) +

ln3 rk
3

−

− (
√
ln rk−1 − 1)3 ln3 rk−1

3
=

ln3 rk
3

(
1 + o(1)

)
, k → +∞,áî

A(r∗k−1) 6

r∗k−1∫

1

ln5/2 t

t
dt =

2(
√
ln rk−1 − 1)7/2 ln7/2 rk−1

7
= o(ln rk), k → +∞.Äàëi

v1(rk)/
(
rkv

′
1(rk)

)
=

v1(rk)

v(rk)
=

1 + o(1)

3
ln rk, k → +∞,i äëÿ l(r) =

√
ln r îòðèìó¹ìî

(v1)
′
ln r

(
rk exp

{
v1(rk)/

(
v(rk)l(rk)

)})
= v

(
rk exp

{
(1 + o(1)) ln rk

3l(rk)

})
=



26 Îêñàíà ÁÎÄÍÀ�, Ìèêîëà ÇÀÁÎËÎÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75
= ln3/2 rk

(1 + o(1)) ln rk
3l(rk)

+ ln2 rk =
1+ o(1)

3

ln5/2 rk
l(rk)

+ ln2 rk =
4 + o(1)

3
ln2 rk ≁

≁ (v1)
′
ln r(rk) = ln2 rk, r → +∞.Çà ëåìîþ 2 iñíó¹ �óíêöiÿ Ψ ∈ Ω, ùî Ψ(r) ∼ v1(r) i Ψ′

ln r ≁ v(r) ïðè r → +∞. Çàâäÿêèëåìi 3 îòðèìó¹ìî, øî iñíó¹ öiëà �óíêöiÿ f òàêà, ùî lnM(r, f) ∼ N(r, 0, f) ∼ Ψ(r),
r → +∞. Äîáðå âiäîìî, ùî ïîðÿäîê ïîâiëüíî çðîñòàþ÷î¨ �óíêöi¨ äîðiâíþ¹ íóëþ,îñêiëüêè Ψ(r) ∼ v1(r), r → +∞, n(r, 0, f) 6 N(2r, 0, f)/ ln 2, l0(r) = N(r, 0, f), òî
f ∈ H0(L), l0(r) ∼ v1(r) i n(r) ≁ v(r), r → +∞. Òåîðåìó 4 äîâåäåíî.5. Âèñíîâêè.Ìè ïîáóäóâàëè ïðèêëàäè �óíêöié i äàëè âiäïîâiäi íà çàïèòàííÿ,ÿêi âèíèêëè ïiä ÷àñ äîâåäåííÿ íåîáõiäíèõ i äîñòàòíiõ óìîâ íà ðåãóëÿðíå çðîñòàííÿ
ln f, ln |f |, arg f (äèâ. [3℄) ó âèïàäêó öiëî¨ �óíêöi¨ f ïîâiëüíîãî çðîñòàííÿ.Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Ñåíåòà Å. Ïðàâèëüíî ìåíÿþùèåñÿ �óíêöèè. / Ñåíåòà Å. � Ì.: Íàóêà, 1985. � 142 ñ.2. Êîíäðàòþê À.À. �ÿäû Ôóðüå è ìåðîìîð�íûå �óíêöèè. / Êîíäðàòþê À.À. � Ëüâîâ,1988. � 196 ñ.3. Áîäíàð Î.Â. Êðèòåði¨ ðåãóëÿðíîñòi ëîãàðè�ìà ìîäóëÿ òà àðãóìåíòà öiëî¨ �óíêöi¨/ Áîäíàð Î.Â., Çàáîëîöüêèé Ì.Â. //Óêð. ìàò. æóðí. � 2010. � Ò. 62, �7. � Ñ. 885-893.4. Ôiëåâè÷ Ï.Â. Àñèìïòîòè÷íà ðiâíiñòü ïîõiäíèõ ëîãàðè�ìiâ ìàêñèìóìó ìîäóëÿ i ìàêñè-ìàëüíîãî ÷ëåíà öiëî¨ �óíêöi¨ / Ôiëåâè÷ Ï.Â. //Ìàòåì. âiñíèê ÍÒØ. � 2009. � Ò. 6. �Ñ. 252-260.5. Clunie J. On integral fun
tions having pres
ribed asymptoti
 growth. II. / Clunie J., Köva-ri T. //Can. J. Math. � 1966. � Vol. 18. � P. 7-20.6. Êàëèíåöü �.Ç. Ïðî ðåãóëÿðíiñòü çðîñòàííÿ ìîäóëÿ i àðãóìåíòà öiëî¨ �óíêöi¨ â

L
p

[0,2π]
−ìåòðèöi / Êàëèíåöü �.Ç., Êîíäðàòþê À.À. //Óêð. ìàò. æóðí. � 1998. � Ò. 50,�7. � Ñ. 889-896. Ñòàòòÿ: íàäiéøëà äî ðåäàêöi¨ 07.09.2011ïðèéíÿòà äî äðóêó 14.12.2011DISTRIBUTION OF ZEROS FOR THE ARGUMENTSAND FOURIER COEFFICIENTS OF LOGARITHMOF AN ENTIRE FUNCTIONOksana BODNAR, Mykola ZABOLOTSKIIIvan Franko National University of Lviv,Universytetska Str., 1, Lviv, 79000e-mail: matmod�franko.lviv.uaFor an entire fun
tion f of zero order we have established relationshipbetween the Fourier 
oe�
ients of ln f , arguments and angular density of it'szeros.
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