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Ðîçãëÿíóòî âëàñòèâîñòi áàãàòîôðàêòàëüíèõ äîáóòêiâ åêñïîíåíöiàëüíèõ
äèôóçiéíèõ ïðîöåñiâ âèçíà÷åíèõ ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿí-
íÿì ç ëiíiéíèì çñóâîì i îêðåìîþ ôîðìîþ äèôóçiéíîãî êîåôiöi¹íòà çàëå-
æíî âiä ãðàíè÷íîãî ðîçïîäiëó.

Êëþ÷îâi ñëîâà: áàãàòîôðàêòàëüíi äîáóòêè, ôóíêöiÿ Ðåíü¨, ñòàöiîíàðíà
äèôóçiÿ, ðàíäîìiçîâàíèé ïðîöåñ.

1. Âñòóï. Áàãàòîôðàêòàëüíi ïðîöåñè âèêîðèñòîâóþòü ó áàãàòüîõ ãàëóçÿõ,
çîêðåìà â ôiíàíñàõ, ãåíåòèöi, â êîìï'þòåðíèõ ìåðåæàõ òà ií. Ìè áóäåìî ðîçãëÿ-
äàòè áàãàòîôðàêòàëüíi äîáóòêè íåçàëåæíèõ âèïàäêîâèõ ïðîöåñiâ, ïîðîäæåíèõ òàê
çâàíèì áàòüêiâñüêèì ïðîöåñîì, ÿêèé ¹ äèôóçiéíèì ïðîöåñîì â åêñïîíåíöiàëüíié
ôîðìi ç çàäàíèì ãðàíè÷íèì ðîçïîäiëîì. Òàêîæ ðîçãëÿíåìî ðàíäîìiçîâàíèé ïðîöåñ
ç âàãîâèìè êîåôiöi¹íòàìè α1, α2 i ïîáóäó¹ìî äëÿ öüîãî ïðîöåñó ôóíêöiþ Ðåíü¨.

2. Áàãàòîôðàêòàëüíi äîáóòêè âèïàäêîâèõ ïðîöåñiâ. Ââåäåìî òàêi óìîâè:
À1: Λ(i)(t), t ∈ [0, 1], i = 0, 1, 2, ... ïîñëiäîâíiñòü ñòàöiîíàðíèõ ïðîöåñiâ ó øèðî-

êîìó ðîçóìiííi, òàêèõ ùî ∀ t, t1, t2 ∈ [0, 1] òà äëÿ âñiõ i = 0, 1, 2, ... âèêîíóþòüñÿ òàêi
ïðèïóùåííÿ:

EΛ(i)(t) = 1, (1)

V arΛ(i)(t) = σ2
Λ < ∞, (2)

Cov(Λ(i)(t1),Λ
(i)(t2)) = RΛ(t1 − t2) = σ2

Λρi(t1 − t2), ρi(0) = 1. (3)

A2: Λ
(i)
b

def
= Λ(tbi), t ∈ [0, 1], i = 0, 1, 2, ..., äå b > 1 � ìàñøòàáíèé ïàðàìåòð,

EΛ(t) = 1.
A3: Äëÿ t ∈ [0, 1], íåõàé Λ(t) = exp{X(t)}, äå X(t) � ñòàöiîíàðíèé ïðîöåñ ç

EX2(t) < ∞,

Cov(X(t1), X(t2)) = RX(t1 − t2) = σ2
XrX(t1 − t2), rX(0) = 1.

Ìè ïðèïóñòèìî, ùî iñíó¹ ùiëüíiñòü pθ(x) i äâîâèìiðíà ùiëüíiñòü pθ(x1, x2;
t1 − t2) òàêi, ùî Mθ(ζ) = E exp{ζX(t)}, iñíó¹ äëÿ ζ ∈ Σ1 ⊂ R i äëÿ äâîâèìiðíîãî

c⃝ �ëåéêî ß., Ëàçàðiâ Ò., Ìàçóð Ñ., 2011
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âèïàäêó Mθ(ζ1, ζ2; t1 − t2) = E exp{ζ1X(t1) + ζ2X(t2)} iñíó¹ äëÿ (ζ1, ζ2) ∈ Σ2 ⊂ R2,
Σ1 ∩ Σ2 /∈ ∅.

Çàóâàæèìî, ùî θ ∈ Θ ⊆ Rp, p ≥ 1. Çà óìîâ À1- À3 ïðèïóùåííÿ (1)-(3) íàáóäóòü
âèãëÿäó

EΛ
(i)
b (t) = Mθ(1) = 1,

V arΛ
(i)
b (t) = Mθ(2)− 1 = σ2

Λ < ∞,

Cov(Λ
(i)
b (t1),Λ

(i)
b (t2)) = Mθ(1; 1; (t1 − t2)b

i)− 1, b > 1.

Ââåäåìî ñêií÷åííèé äîáóòîê ïðîöåñiâ

Λn(t) =
n∏

i=0

Λ
(i)
b (t) = exp{

n∑
i=0

X(tbi)}

i êóìóëÿòèâíèé ïðîöåñ

An(t) =

t∫
0

Λn(s)ds, n = 0, 1, 2, ...

Òàêîæ ðîçãëÿíåìî âiäïîâiäíi äîäàòíi âèïàäêîâi ìiðè, âèçíà÷åíi íà áîðåëåâèõ ìíî-
æèíàõ B ⊂ [0, 1]

µn(B) =

∫
B

Λn(s)ds, n = 0, 1, 2, ...

Áóëî äîâåäåíî [2], ùî µn → µ (ì.í.). ßêùî çàäàíî ñêií÷åííó àáî çëi÷åííó ñiì'þ
ìíîæèí Bj ⊂ [0, 1], òî âèêîíó¹òüñÿ òàêå: äëÿ âñiõ j lim

n→∞
µn(Bj) = µ(Bj) ç éìî-

âiðíiñòþ 1. ßêùî An → A (ì.í.), A i An � íåïåðåðâíi, òîäi äëÿ âñiõ t ∈ [0, 1]
lim

n→∞
An(t) = A(t) ç éìîâiðíiñòþ 1. Çàóâàæèìî, ùî îäíå ç äâîõ òâåðäæåíü âèêîíó¹-

òüñÿ: 1. An(t) → A(t) â Lq äëÿ âñiõ t; 2. An(1) → 0 (ì.í.). Òàêîæ áóäåìî âèêîðèñòî-
âóâàòè ôóíêöiþ Ðåíü¨

T (q) = lim
n→∞

inf

logE
2n−1∑
k=0

µq(I
(n)
k )

log |I(n)k |
= lim

n→∞
inf

(
− 1

n

)
log2E

2n−1∑
k=0

µq(I
(n)
k ),

äå I
(n)
k = [k2−n, (k + 1)2−n], k = 0, 1, . . . , 2n − 1.
3. Óìîâè L2-çáiæíîñòi òà ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ. Íà-

äàëi áóäåìî êîðèñòóâàòèñÿ òàêîþ òåîðåìîþ [4].

Òåîðåìà 1. Íåõàé óìîâè À1-À3 âèêîíóþòüñÿ.
1. ßêùî äëÿ äåÿêèõ äîäàòíèõ ÷èñåë δ i γ,

exp{−δ|τ |} ≤ ρ(τ) =
Mθ(1, 1; τ)− 1

Mθ(2)− 1
≤ |cτ |−γ , (4)

òîäi An(t) çáiãà¹òüñÿ â L2 ⇐⇒ b > 1 + σ2
Λ = Mθ(2).
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2. ßêùî An(t) çáiãà¹òüñÿ â L1, òîäi ãðàíè÷íèé ïðîöåñ A(t) çàäîâîëüíÿ¹ ðåêóð-
ñiþ

A(t) =
1

b

1∫
0

Λ(s)dÃ(bs), (5)

äå ïðîöåñè Λ òà Ã íåçàëåæíi, à ïðîöåñè A òà Ã ìàþòü îäíàêîâi ñêií÷åííîâèìiðíi
ðîçïîäiëè.

3. ßêùî À íåâèðîäæåíèé, âèêîíó¹òüñÿ ðåêóðñiÿ (5), A(1) ∈ Lq äëÿ äåÿêîãî
q > 0 i

∞∑
n=0

c(q; b−n) < ∞, c(q, t) = E sup
s∈[0,1]

|Λq(0)− Λq(s)|,

òîäi iñíóþòü êîíñòàíòè C òà C òàêi, ùî äëÿ âñiõ t ∈ [0, 1]

Ctq−logbEΛq(t) ≤ EAq(t) ≤ Ctq−logbEΛq(t),

ÿêå ìîæíà ïîäàòè ÿê EAq(t) ∼ tq−logbEΛq(t).
4. ßêùî A íåâèðîäæåíèé, A(1) ∈ Lq, q > 1 òà Λ, ÿê ó òâåðäæåííi 3, òîäi

ôóíêöiÿ Ðåíü¨ íàáóäå âèãëÿäó

T (q) = q − 1− logbEΛq(t) = q − 1− logbMθ(q).

5. ßêùî A íåâèðîäæåíèé, A(1) ∈ L2, òîäi

V ar A(t) ≥ V ar

t∫
0

Λ(s)ds.

Ðîçãëÿíåìî îäíîâèìiðíå ñòîõàñòè÷íå äèôóçiéíå ðiâíÿííÿ

dX(t) = −(X(t)− µ)dt+
√
v(X(t))dB(t), t ≥ 0,

äå θ > 0, µ ∈ (l, r), −∞ ≤ l < r ≤ ∞, v � íåâiä'¹ìíà ôóíêöiÿ íà iíòåðâàëi (l, r), i
{B(t), t ≥ 0} � ñòàíäàðòíèé áðîóíiâñüêèé ðóõ.

4. Ðàíäîìiçîâàíèé âèïàäîê. Íàãàäà¹ìî, ùî

MθX(ζ) = E exp{ζ X(t)},

EΛ(t) = 1, EΛ(t) = MθX(1).

Áóäåìî ðîçãëÿäàòè áàòüêiâñüêèé ïðîöåñ ó ôîðìi

Λ(t) = exp{α1X(t) + α2Y (t) + C}, (6)

äå X(t) ∼ N(0, σ2
X), t ≥ 0 ïðîöåñ, ùî çàäîâîëüíÿ¹ ñòîõàñòè÷íå äèôåðåíöiàëüíå

ðiâíÿííÿ

dX(t) = −θX(t)dt+ σX

√
2θdB(t), θ > 0, σX > 0, (7)

à Y (t) ∼ Γ(β, λ) çàäîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

dY (t) = −θ(Y (t)− β

λ
)dt+

√
2θ

λ
Y (t)dB(t), t ≥ 0, λ > 1, β ≥ 1. (8)

Ç íàâåäåíîãî âèùå îòðèìà¹ìî

MθZ(ζ) = E exp{ζ α1(X(t) + CX) + ζ α2(Y (t) + CY ) + ζ C ′} =



86
ßðîñëàâ �ËÅÉÊÎ, Òàðàñ ËÀÇÀÐIÂ, Ñòåïàí ÌÀÇÓÐ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74

= exp{ζ C ′}E exp{ζ α1(X(t) + CX) + ζ α2(Y (t) + CY )} =

= exp{ζ C ′}MθX(ζ α1)MθY (ζ α2),

MθZ(1) = 1. (9)

Ç ïóíêòiâ 2 i 3 îäåðæèìî

MθX(α1) = exp{1
2σ

2
X(α2

1 − α1)},

MθY (α2) =
1

(1− α2

λ )
β
exp{−c1α2}; c1 = log (1− 1

λ )
−β

, λ > 1, β ≥ 1.

Äëÿ çíàõîäæåííÿ C âèêîðèñòà¹ìî óìîâó (9)

exp{C ′} · exp{1
2σ

2
X(α2

1 − α1)} · exp{−α2 log (1− 1
λ )

−β} = (1− α2

λ )
β
,

C ′ + 1
2σ

2
X(α2

1 − α1)− α2 log (1− 1
λ )

−β
= log (1− α2

λ )
β
,

C ′ + 1
2σ

2
X(α2

1 − α1) + α2β log(1− 1
λ ) = β log(1− α2

λ ),

C ′ = β log

(
(λ− α2)λ

α2−1

(λ− 1)
α2

)
− 1

2
σ2
X(α2

1 − α1).

Îñêiëüêè C = C ′ + α1CX + α2CY , òî îòðèìà¹ìî

C = β log

(
(λ− α2)λ

α2−1

(λ− 1)
α2

)
− 1

2
σ2
X(α2

1 − α1) + α1(−
1

2
σ2
X) + α2(− log (1− 1

λ )
−β

) =

= β log

(
(λ− α2)λ

α2−1

(λ− 1)
α2

)
− 1

2
σ2
Xα2

1 + α2β log(1− 1
λ ) =

= β log

(
λ− α2

λ

)
− 1

2
σ2
Xα2

1.

Îòæå, C = log
(
1− α2

λ

)β − 1
2σ

2
Xα2

1.
Âðàõîâóþ÷è íàâåäåíå âèùå, áàòüêiâñüêèé ïðîöåñ Λ(t) íàáóäå âèãëÿäó

Λ(t) = exp

{
α1X(t) + α2Y (t) + log

(
1− α2

λ

)β

− 1

2
σ2
Xα2

1

}
.

Çàïèøåìî êîâàðiàöiéíó ôóíêöiþ äëÿ ðàíäîìiçîâàíîãî ïðîöåñó
Z(t) = α1X(t) + α2Y (t)

V ar Z(t) = α2
1σ

2
X + α2

2
β
λ2 ,

RZ(τ) = (α2
1σ

2
X + α2

2
β
λ2 ) · rZ(τ); rZ(τ) = exp{−θ τ}.

Çíàéäåìî ôóíêöi¨ ìîìåíòiâ

MθZ(ζ) = exp{ζ C ′}MθX(ζ p1)MθY (ζ p2) =

= exp{ζC ′} · exp{ 1
2σ

2
X(α2

1ζ
2 − α1ζ)} · exp{−α2ζ log (1− 1

λ )
−β} · 1

(1− α2ζ
λ )

β
=

=
1

(1− α2ζ
λ )

β
exp{ζβ log

λ− α2

λ
+

1

2
α2
1σ

2
X(ζ2 − ζ)},

MθZ(ζ1, ζ2; t1− t2) = E exp{ζ1(α1X(t1)+α2Y (t1)+C)+ ζ2(α1X(t2)+α2Y (t2)+C)} =

= MθX(α1ζ1, α2ζ2; t1 − t2)MθY (α1ζ1, α2ζ2; t1 − t2)×
× exp{(C − α1CX − α2CY )(ζ1 + ζ2)}, (ζ1, ζ2) ∈ R2.
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Ó öüîìó âèïàäêó

MθZ(1) = 1,

Cov(Λ(t1),Λ(t2)) = MθZ(1, 1; t1 − t2)− 1.

Âèêîðèñòàâøè òåîðåìó 1, çíàéäåìî ôóíêöiþ Ðåíü¨

T (q) = q − 1− logbEΛq(t) = q − 1− logbMθZ(q) =

= q − 1 + βlogb(1−
α2q
λ )−

(
qβ log

λ− α2

λ
+

1

2
α2
1σ

2
X(q2 − q)

)
logbe.

5. Âèñíîâêè. Ìè ðîçãëÿíóëè ðàíäîìiçîâàíèé âèïàäîê ñòàöiîíàðíèõ äèôóçié-
íèõ ïðîöåñiâ, çíàéøëè äëÿ íüîãî êîâàðiàöiéíó ôóíêöiþ, ëiíiéíèé çñóâ, ôóíêöi¨ ìî-
ìåíòiâ i ôóíêöiþ Ðåíü¨. Îòæå, ïîñèëàþ÷èñü íà òåîðåìó 1, ìîæåìî ïîáóäóâàòè áàãà-
òîôðàêòàëüíi äîáóòêè äëÿ ðàíäîìiçîâàíîãî ïðîöåñó.
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