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In this paper the behavior of the solutions of the initial-boundary problem
for degenerate quasilinear parabolic equations in unbounded domains with
noncompact boundary is study.
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1. Introduction. The goal of the paper is to study behavior of solutions of the
initial-boundary problem for degenerate quasi-linear parabolic equations in unbounded
domains with noncompact boundary.

For linear elliptic and parabolic equations on behavior of solution were studied in
the paper of O.A. Oleinik [1], [2]. For quasilinear equations, similar results were obtained
in the papers of A.F. Tedeev, A.E. Shishkov [3], T.S. Gadjiev [4]. S. Bonafade [5] is
studied quality properties of solutions for degenerate equations. Also we mention papers
6], 7], [101-{12]

We obtained some estimations that analogies of Saint-Venant’s principle known in
theory of elasticity. By means of these estimations we obtained estimation on behavior
of solution of type Fragmen-Lindelyof.

In unbounded domain @ which contains in layer Hy = {(z,t) : 0 <t < T < oo} of
Euclid space jol consider initial-boundary problem

5 Z (-D)*ID>A, (x,t,u, Du, ..., D™u) = 0, (1)
la]<m
U|t=o = 0, (2)
D% |r =0, |a]<m-1, (3)
where D = _ 2L la| = a1 +az + ... + am, m > 1, D™ = (DY) |a|=m-

oz oxIm
The domain @ has noncompact boundary 9Q =Ty JT'r JT, where
Ty =0QN{(z,t): t =0}, Tr =90Q N {(z,t): t =T}
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Assume that the coefficients A, (z,t,£) are measurable with respect to (z,t) € @,
continuous with respect to & € RM ( M is the number of different multi-indices of length
no more than m) and satisfy the conditions

m—1
37 A (2,1,6) € > w (@) [E7 - aw (@) Y €]~ fila.t), (4)
la]<m i=1
Ao (2,4,6) | < Cow (2) Y [€771 + fala, 1), (5)

=0
where f = (507 "'7§m)7 gz = (f(lx)a |C¥| = i: p> 1a fl € Lp/ (OvT Lp,loc (Qt))a

f2 eLl,loc(Q)a Q'r :Qm{(l’ﬂf): t:T}'

’ p
The space L,(0,T, W, (;)) defined as {u(ac,t): fOT (||u||Wm (Qt)) dt < oo},
where Q’-bounded subdomain Q. Q; = Q"N {(z,t): t =7}. W;L(Q;) is a closure of ¢
the functions from C™ (Qt) with respect to the norm

1/q

||U||W(;7w(gi) = /w(:v) Z |D*u|? dzdt

’ |a|<m
Q,

Assume that w(zx), e(z), z € Q, are measurable non negative function satisfying the
conditions:

w e Ll,loc(Q>7 (6)
where Qg = Q:(Bs, Bs = {x: |z| < s}, C; are positive constants dependent only on
problems data. In particular, it follows from condition (6) that w € A, (see [8]), i.e. for
any p > 0

/w(a:) dx[/w_(ﬁé)léxr_l < Cupte. 7)

Well describe geometry Q) with weight nonlinear basis frequency A, (r, 7) of section

o (r,7) = 5(r) (1€, where S(r) = @9Q(r), Q(r) = QM {Bs x (0,T)},

Ag(m)sz< / w(x)|Vv|pdT>( / w(x)Vv|pd7')_1,

o(r,T) 7(r,7)
where the lower bound is taken by all continuously differentiable functions in the vicinity

of o (r,7) that vanish on 0Q; Vv(x) is a projection of the vector V,v(z) on a tangential

plane to o (r,7) at the point x.
The function w € L,(0,T, Vc[)/gf%loc () W3 (0, T La o (€24)) is said to be a generali-

zed solution of problem (1)-(3) if

ou m o
/Egpdmdt —|—/ Z Aq (z,t,u, Du, D™u) DYpdxdt = 0 (8)
Q

Q lalsm
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is fulfilled for the arbitrary function ¢ € L,(0, T} I/?/;”W(Q;) N L2 (Q")). We will consider
classes of domains, for which hold estimate

/w(x) lul” dzdt < AP (r) /w(az) |Vu|? dzdt. (9)
S, S,
The necessary and sufficiently conditions on domains for holds estimate (9) is given for
example [9].
2. Behavior of solutions. Let k(z) € C[7. () positive function, £(0) = 0 and that
at = € (2 hold estimates

‘Dwk($)| > h1 > 07 .
|Dik(z)| < hy (k(z) 7™, ha >0, j=1,2,..,m.

Is defined A2

n(s) (T7 T) = )\% (T7T) + M%(S)v v S, T > 0.

J;L(s),p (T’, T) = / (‘Dmu|P + :LLQ(S)UZ) dl‘,
Q- (s)

Ju(s),2(r,7), Qr (51) \Qr (52) = M (51, 52), where p (v) function which define later.

Lemma 1. Let v € L,(0,T; WI%(Q;)HLQ (@) and w(k(z)) be a measurable non-
negative function locally bounded in ). Then the inequality

| D3u]” Aoy (k(), 7) f k() da <

< hy / (\D;”u|2 + 12 (s) ‘Dju’2) f(k(x))dx, (10)
]VIT(51752)

is valid, where 7 < m.

We introduce shear function £ (t) be m times continuously differentiable function,
0<&(t)<1,27'<t<1;€(t)=1fort <1, &(t)=0fort> 1. Denote f}(f) = {(&=h).
The following estimations are true for this shear function

, k(x) C; T . .
‘D?E&L ( . >‘ < i —]h)]-j’ rh+ 5(1 —h)y<jlxz)y<r, j=0,1,...,m.

Dig, (@) =0 for g(z) <rh+ 5(1 —h), and g(z) >r, j > 1.

T

Lemma 2. Assume that the continuous non-decreasing on (t,00) function I(t) satisfies
inequality
I(t) <01ty (t), 0<O<1,
Pt)=1+¢({), ¢t)>0

and measurable function ¢ (t) satisfy

(o) tinfo (1) >8>0, t<7<th(t), (12)

(11)
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Then the estimation ,

I(t) > Oexp (51119—1 / T(;ZZT)I(tO)

to

is valid for I(t).

Our main goal is to obtain estimations of behavior of the function J,(;), (1) at
T — 00. We defined function ¢ (1) and p (7):

T<k§)931)1t1<f‘;1/1(7) >‘;J,(T) (k’(fﬂ),t) T (1/} (T) - 1) > hO >0 V7> 70, (13)
O<h<purv (@) () ' <H<oo Vi>r. (14)

We substitute to integral identity (8) of test function

o(x,t) = u(x,t) [1 —¢ (W)] exp (—2p%(7) t).

Then by virtue of condition (4), (5) having

(e (T) = / (w(z) D™l + p® (1) u?) exp (—2p°(7)t) dzdt <
Q.

x exp (—2u% (7)) dedt + / {03]@‘“ ( > 1Dl 1)

Q0 N ruir) |a]<m
x D2 > (DT [P+ 30 D 1R@)ID T ul D7 +
la|<m [B]|<]a la|<m [B]<|af
+ Z Z )| D> |DB§|} exp (— 2u2(t)t) dxdt.

lo|<m |B|<|e]
Later if we use lemma 1 and 2, also conditions to (13), (14) following basic theorem is
obtained.

Theorem 1. Let u(x) be a generalized solution of problem (1)-(3) and measurable,
locally bounded function 1 (7), ¥ (1) > 1 satisfy conditions (13), (14). Moreover function
o (p) = (1) — 1 satisfy condition (12) of lemma 2 with some 6 > 0. Then for integral
of energy J,(r) (1) alternative

. -1
1) or Tli)n;o JH(T) (T) (G#(T) (T)) <C< oo,

2) or Jur) (1) > (B+¢)exp ((5 In(B+¢e)” f G cam) T) 1 )JM(T) (1);
is valid, where G, (T fo Gu(r) (T, 1) exp( 207 ( ) )dt-
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