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Äëÿ ïàðè ôóíêöié F(z) := u(z)+iŭ(z), äå u(z) � ñóáãàðìîíiéíà â Côóíê-
öiÿ, ãàðìîíiéíà â äåÿêîìó îêîëi òî÷êè z = 0, u(0) = 0, à ŭ(z) � ñïðÿæåíà
äî u(z), ñóòò¹âî óòî÷íåíî âiäîìi îöiíêè q-õ iíòåãðàëüíèõ ñåðåäíiõ mq(r,F)
ïðè 1 6 q 6 2. Äëÿ öüîãî âèêîðèñòàíî çîáðàæåííÿ Âàñèëüêiâà-Êîíäðàòþêà
ôóíêöi¨ ŭ â òåðìiíàõ ïåðåòâîðåíÿ Ãiëüáåðòà äëÿ êîëà òà êëàñè÷íó òåîðåìó
Ì. Ðiñà ïðî îöiíêó q-õ ñåðåäíiõ (1 < q < +∞) äëÿ òàêèõ ïåðiîäè÷íèõ
ïåðåòâîðåíü Ãiëüáåðòà.

Êëþ÷îâi ñëîâà: ñóáãàðìîíiéíà ôóíêöiÿ, ñïðÿæåíà ôóíêöiÿ äî ñóáãàð-
ìîíiéíî¨ ôóíêöi¨, ëåáåãîâi iíòåãðàëüíi ñåðåäíi, õàðàêòåðèñòèêà Íåâàíëií-
íè.

1. Âñòóï. Íåõàé u(z) ñóáãàðìîíiéíà â C ôóíêöiÿ, ãàðìîíiéíà â äåÿêîìó îêîëi
íóëÿ, u(0) = 0, F(z) = u(z)+iŭ(z), äå ŭ(z) � ôóíêöiÿ ñïðÿæåíà äî u(z) (äèâ. [1]),
DR = {z ∈ C : |z| < R} , DR = {z ∈ C : |z| 6 R}, 0 < R < +∞. Ïðèéìåìî

T (r, u) =
1

2π

2π∫
0

u+
(
reiθ

)
dθ, mq(r,F) =

 1

2π

2π∫
0

|F(reiθ)|q dθ

1/q

,

u+(reiθ) = max
{
u
(
reiθ

)
, 0
}
, 1 6 q < +∞, 0 < r < +∞.

Â [2] äîâåäåíî òàêi òâåðäæåííÿ.

Òåîðåìà A ([2]). Íåõàé 0 < r < +∞, 0 < ε(r) 6 1, ε(r) � íåçðîñòàþ÷à íà (0,+∞)
ôóíêöiÿ, ε(0) = 1, γ(r) = 1 + ε(r), u � ñóáãàðìîíiéíà â D4r ôóíêöiÿ, ãàðìîíiéíà â

äåÿêîìó îêîëi òî÷êè z = 0, u(0) = 0. Òîäi

mq(r,F) 6 A(q)
T (γ2(r)r, u)

q
√
ε(r)

, 1 6 q 6 2, (1)

mq(r,F) 6 A(q)
q
√
ε(r)T (γ2(r)r, u)

ε(r)
, 2 6 q < +∞, (2)

c⃝ Âàñèëüêiâ ß., Ïîëiòèëî Ë., 2011
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äå A(q) = 17 · 21−1/q ïðè 1 6 q 6 2 i A(q) = 17 q1−1/q ïðè 2 6 q < +∞.

Íàäàëi ÷åðåç E ïîçíà÷àòèìåìî ìíîæèíó ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè, òîáòî
òàêó ìíîæèíó E ⊂ [1,+∞), ùî iíòåãðàë

∫
E
d(log t) çáiãà¹òüñÿ.

Òåîðåìà B ([2]). Íåõàé φ(r) � íåïåðåðâíà, äîäàòíà, íåñïàäíà íà (0,+∞) ôóíêöiÿ,

φ(r) → +∞ ïðè r → +∞,
+∞∫
t0

dr/φ(r) < +∞ i âèêîíóþòüñÿ óìîâè òåîðåìè A. Òîäi

mq(r,F) = o
(
T (r, u)φ1−α(log T (r, u))

)
, 0 6 α < 1− 1/q, 1 6 q 6 2, (3)

mq(r,F) = o
(
T (r, u)φ1−α(log T (r, u))

)
, 0 6 α < 1/q, 2 6 q +∞, (4)

äëÿ êîæíîãî òàêîãî α i r → +∞ çîâíi âèíÿòêîâî¨ ìíîæèíè E.
Ìåòà íàøî¨ ïðàöi � óòî÷íèòè ñïiââiäíîøåííÿ (1) òà (3). Äëÿ öüîãî íàì áóäóòü

ïîòðiáíi òàêi ôàêòè. Íåõàé µ[u] � ìiðà Ðiñà ôóíêöi¨ u ([3, c. 132]), •̃ � îïåðàòîð
Ãiëüáåðòà äëÿ êîëà (äèâ. [4, c. 108]).

Òåîðåìà C ([1]). Íåõàé u(z) � ñóáãàðìîíiéíà â DR ôóíêöiÿ, u(0) = 0, 0 /∈ suppµ[u].
Òîäi äëÿ äîâiëüíîãî r ∈ (0, R)

ŭ(reiθ) = ũ(reiθ)− p̃(reiθ)

äëÿ ìàéæå âñiõ θ ∈ [0, 2π], äå

p̃(reiθ) =

r∫
0

 ∫
|a|6t

Im
r + tei(θ−α)

r − tei(θ−α)
dµa[u]

 dt

t
, α = arg a.

Òåîðåìà D ([4, c. 117]). ßêùî 1 < q < +∞, g(eiθ) ∈ Lq[0, 2π], òî 1

2π

2π∫
0

∣∣g̃ (eiθ)∣∣q dθ

1/q

6 M(q)

 1

2π

2π∫
0

∣∣g (eiθ)∣∣q dθ

1/q

,

äå

M(q) =


tg

π

2q
, 1 < q 6 2;

ctg
π

2q
, 2 6 q < +∞.

Òåîðåìà E ([5]). Íåõàé u � δ-ñóáãàðìîíiéíà â C ôóíêöiÿ, u(0) = 0, σ > 1,
1 6 q < +∞, 1

q + 1
q′ = 1. Òîäi

mq(r, u) 6
Aq(σ)

(σ − 1)1/q′
T (σr, u), r > 0,

äå

Aq(σ) =


(σ − 1)

1/q′
+
(
2q

′+1(
√
σ + 1)

)1/q′
+ (2qσ)

1/q′
, 2 6 q < +∞,

2 (A2(σ))
1/q′

, 1 6 q 6 2.
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2. Ôîðìóëþâàííÿ òà äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.

Òåîðåìà 1. Íåõàé 0 < r < +∞, 0 < δ < 1
2 , 0 < ε(r) < 1, ε(r) � íåçðîñòàþ÷à

íà (0,+∞) ôóíêöiÿ, ε(0) = 1, γ(r) = 1 + ε(r), u � ñóáãàðìîíiéíà â C ôóíêöiÿ,

0 ̸∈ suppµ[u], u(0) = 0. Òîäi

mq(r,F) 6 T
(
γ2(r)r, u

) C(q, δ)

(ε(r))
δ( 2

q−1)
+
+1− 1

q

, 1 6 q < +∞,

äå C(q, δ) � äîäàòíà ñòàëà òàêà, ùî lim
δ→+0

C(•, δ) = +∞ i lim
q→+∞

C(q, •) = +∞.

Äîâåäåííÿ. Ó âèïàäêó q > 2 ïðàâèëüíå ñïiââiäíîøåííÿ (2). Òîìó çàëèøèëîñÿ ðîç-
ãëÿíóòè âèïàäîê 1 6 q 6 2. Ó öüîìó âèïàäêó äîâåäåííÿ ïðîâåäåìî çà òàêîþ ñõåìîþ:

1) âðàõîâóþ÷è òåîðåìè C i D òà ìîíîòîííiñòü ïî q iíòåãðàëüíèõ ñåðåäíiõ, ñïî-
÷àòêó îöiíèìî m1(r,F);

2) âðàõîâóþ÷è ñïiââiäíîøåííÿ (2) ïðè q = 2 òà îïóêëiñòü ñòîñîâíî log q ëåáåãî-
âèõ iíòåãðàëüíèõ ñåðåäíiõ mq(•, •) (äèâ., íàïðèêëàä, òåîðåìó 10.12 ç [6])

mq(r,F) 6
(
m1(r,F)

)(2−q)/q(
m2(r,F)

)2(1−1/q)

, (5)

îöiíèìî mq(r,F) ïðè 1 6 q 6 2;
3) ç îöiíêè ïðàâîãî áîêó (5) òà (2) îòðèìà¹ìî îñòàòî÷íèé ðåçóëüòàò.
1) Íåõàé q = 1. Çàñòîñîâóþ÷è òåîðåìó C òà âðàõîâóþ÷è íåðiâíiñòü òðèêóòíèêà

i ìîíîòîííiñòü ïî q iíòåãðàëüíèõ ñåðåäíiõ, îäåðæèìî

m1(r,F) 6 m1(r, u) +m1(r, ũ) +m1(r, p̃) 6 m1+δ(r, u) +m1+δ(r, ũ) +m1(r, p̃).

Ç îãëÿäó íà òåîðåìó Å äëÿ âñiõ 1 6 q < +∞ çíàõîäèìî

m1+δ(r, u) 6
C0(δ)

ε
δ

1+δ (r)
T
(
γ2(r)r, u

)
6 C0(δ)

εδ(r)
T
(
γ2(r)r, u

)
, (6)

äå C0(δ) = 2(A2(γ(r)))
δ/(1+δ).

Äëÿ m1+δ(r, ŭ), âðàõîâóþ÷è òåîðåìè D i E, îäåðæó¹ìî

m1+δ(r, ũ) 6 M(1 + δ)m1+δ(r, u) 6
C1(δ)

ε
δ

1+δ (r)
T
(
γ2(r)r, u

)
6 C1(δ)

εδ(r)
T
(
γ2(r)r, u

)
, (7)

äå C1(δ) = 2M(1 + δ) · (A2(γ(r)))
δ/(1+δ).

Äàëi äëÿ m1(r, p̃) îòðèìó¹ìî òàêi îöiíêè:

m1(r, p̃)=
1

2π

2π∫
0

|p̃(reiθ)| dθ 6
r∫

0

dt

t

∫
|a|6t

dµa[u]

2π

2π∫
0

∣∣∣∣ 2rt sin(θ − α)

r2 + t2 − 2rt cos(θ − α)

∣∣∣∣ dθ =

=
2

π

r∫
0

dt

t

∫
|a|6t

log
r + t

r − t
dµa[u]6

2

π

r∫
0

log
r + t

r − t
· n(t, u)

t
dt =

2

π

r∫
0

n(t, u)

t

r+t∫
r−t

dx

x
dt, (8)

äå n(t, u) =
∫

|a|6t

dµa[u].
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Â îñòàííüîìó iíòåãðàëi çìiíèìî ïîðÿäîê iíòåãðóâàííÿ. Òîäi

2

π

r∫
0

n(t, u)

t

r+t∫
r−t

dx

x
dt =

2

π

r∫
0

dx

x

r∫
r−x

n(t, u)

t
dt+

2

π

2r∫
r

dx

x

r∫
x−r

n(t, u)

t
dt =

=
2

π

rε(r)∫
0

dx

x

r∫
r−x

n(t, u)

t
dt+

2

π

r∫
rε(r)

dx

x

r∫
r−x

n(t, u)

t
dt+

2

π

2r∫
r

dx

x

r∫
x−r

n(t, u)

t
dt. (9)

Îñêiëüêè N(r, u) =
r∫
0

n(t, u)

t
dt =

1

2π

2π∫
0

u
(
reiθ

)
d θ 6 T (r, u), òî äâà îñòàííi iíòåãðà-

ëè ç (9) îöiíèìî òàê:

2

π

r∫
rε(r)

dx

x

r∫
r−x

n(t, u)

t
dt =

2

π

r∫
rε(r)

N(r, u)−N(r − x, u)

x
dx 6

6 2N(r, u)

π
log

1

ε(r)
6 2

π
T (γ2(r)r, u) log

1

ε(r)
, (10)

2

π

2r∫
r

dx

x

r∫
x−r

n(t, u)

t
dt =

2

π

2r∫
r

N(r, u)−N(x− r, u)

x
dx 6

6 2 log 2 N(r, u)

π
6 2

π
T (γ2(r)r, u). (11)

Çàëèøèëîñü îöiíèòè

2

π

rε(r)∫
0

dx

x

r∫
r−x

n(t, u)

t
dt 6 2

π

rε(r)∫
0

n(r, u) dx

x

r∫
r−x

dt

t
6 2n(r, u)

π

rε(r)∫
0

dx

r − x
=

=
2n(r, u)ε(r)

π(1− ε(r))
6 4

π
N ((1 + ε(r)) r, u) 6 2

π
T (γ2(r)r, u). (12)

Âðàõîâóþ÷è (6)-(12), îäåðæèìî

m1 (r,F) 6 T
(
γ2(r)r, u

) [C0(δ)

εδ(r)
+

C1(δ)

εδ(r)
+

4

π
+

2

π
log

1

ε(r)

]
6

6 C2(δ)

εδ(r)
T
(
γ2(r)r, u

)
, (13)

äå C2(δ) > 0 i lim
δ→+0

C2(δ) = +∞.

2) Íåõàé 1 6 q 6 2. Ïiäñòàâèâøè (2) ïðè q = 2 òà (13) â (5), çíàõîäèìî

mq(r,F) 6
(
C2(δ)

εδ(r)
T
(
γ2(r)r, u

))(2−q)/q
(
17

(
2

ε(r)

)1/2

T (γ2(r)r, u)

)2(1−1/q)

6
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6 17 · (2)(1−1/q) (C2(δ))
2
q−1 T (γ2(r)r, u)

(ε(r))δ(
2
q−1)+1− 1

q

. (14)

3) Ç óðàõóâàííÿì (14) i (2) îñòàòî÷íî îòðèìó¹ìî

mq(r,F) 6 17 (C2(δ))
( 2

q−1)
+

(max{q, 2})(1−1/q) T (γ2(r)r, u)

(ε(r))δ(
2
q−1)

+
+1− 1

q

=

= T
(
γ2(r)r, u

) C(q, δ)

(ε(r))
δ( 2

q−1)
+
+1− 1

q

, 1 6 q < +∞,

ùî i ïîòðiáíî áóëî äîâåñòè. �

Iç ëåìè 5 ç [2] òà òåîðåìè 1 âèïëèâàþòü òàêi íàñëiäêè.

Íàñëiäîê 1. Íåõàé φ(r) � íåïåðåðâíà, äîäàòíà, íåñïàäíà íà (0,+∞) ôóíêöiÿ,

φ(r) → +∞ ïðè r → +∞,
+∞∫
t0

dr/φ(r) < +∞ i âèêîíóþòüñÿ óìîâè òåîðåìè 1.

Òîäi

mq(r,F) = o (T (r, u)φα(log T (r, u))) , r → +∞, r /∈ E,

äå δ

(
2

q
− 1

)+

+ 1− 1

q
< α 6 1, 1 6 q < +∞, 0 < δ < 1

2 ,

Äîâåäåííÿ. Çà òåîðåìîþ 1 îäåðæàëè

mq(r,F) 6 T
(
γ2(r)r, u

) C(q, δ)

(ε(r))
1− 1

q+δ( 2
q−1)

+ , q ∈ [1,+∞).

Îòîæ, äëÿ çàâåðøåííÿ äîâåäåííÿ öüîãî íàñëiäêó äîñòàòíüî çàñòîñóâàòè ëåìó 5 ç [2]

ç γ2(r) = (1 + 1/φ(log(T (r, u)))); çâiäñè ε(r) ∼ 1

2φ(log(T (r, u)))
ïðè r → +∞. �

Íàñëiäîê 2. Íåõàé âèêîíóþòüñÿ óìîâè íàñëiäêó 1. Òîäi äëÿ âñiõ q ∈ [1,+∞)

mq(r, u
+) = o (T (r, u)φ(log T (r, u))) , r → +∞, r /∈ E.

Äîâåäåííÿ. Çàóâàæèìî, ùî äëÿ âñiõ q ∈ [1,+∞), 0 < r < +∞ ìà¹ìî

mq(r, u
+) 6 mq(r, u) 6 mq(r,F).

Çâiäñè òà ç íàñëiäêó 1 ïðè α = 1 îòðèìó¹ìî ïîòðiáíå òâåðäæåííÿ. �

Çàóâàæåííÿ 1. Ç ðåçóëüòàòiâ ïðàöü [7], [8] âèïëèâà¹, ùî ó âèïàäêó u = log |f |, f
� öiëà ôóíêöiÿ íåñêií÷åííîãî ïîðÿäêó, f(0) = 1, ïðàâèëüíà òàêà àñèìïòîòè÷íà ðiâ-
íiñòü

logM(r, f) = o (T (r, f)φ (log (T (r, f)))) , r → +∞, r /∈ E,

äå logM(r, f) = max
|z|=r

log |f(z)|.
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INTEGRAL MEANS OF FUNCTIONS CONJUGATE
TO SUBHARMONIC FUNCTIONS. II
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Ivan Franko National University of L'viv,
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For the pair of functions F(z) := u(z) + iŭ(z), where u(z) is subharmonic
in C function, harmonic in some neighborhood of z = 0, u(0) = 0, and ŭ(z)
is conjugate to u(z), the known estimates of q-th Lebesgue integral means of
mq(r,F) when 1 6 q 6 2, was substantially improved. For this Vasylkiv-Kond-
ratyuk's representation of function ŭ in terms of Hilbert transformation for
circle and classical M. Riesz theorem on estimates of q-th means (1 < q < +∞)
for this periodic Hilbert transformation where used.

Key words: subharmonic function, function conjugate to subharmonic
function, Lebesgue integral means, Nevanlinna's characteristic.
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Äëÿ ïàðû ôóíêöèé F(z) := u(z) + iŭ(z), ãäå u(z) � ñóáãàðìîíè÷åñêàÿ â
C ôóíêöèÿ, ãàðìîíè÷åñêàÿ â íåêîòîðîé îêðåñòíîñòè òî÷êè z = 0, u(0) = 0,
è ŭ(z) � ñîïðÿæåííàÿ ôóíêöèÿ ê u(z), ñóùåñòâåííî óòî÷íåíû èçâåñòíûå
îöåíêè q-õ èíòåãðàëüíûõ ñðåäíèõ mq(r,F) ïðè 1 6 q 6 2. Äëÿ ýòîãî
èñïîëüçîâàíî èçîáðàæåíèå Âàñèëüêèâà-Êîíäðàòþêà ôóíêöèè ŭ â òåðìè-
íàõ ïðåîáðàçîâàíèÿ Ãèëüáåðòà äëÿ îêðóæíîñòè, è êëàññè÷åñêóþ òåîðåìó
Ì. Ðèññà î îöåíêå q-õ ñðåäíèõ (1 < q < +∞) äëÿ òàêèõ ïåðèîäè÷åñêèõ
ïðåîáðàçîâàíèé Ãèëüáåðòà.

Êëþ÷åâûå ñëîâà: ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ôóíêöèÿ ñîïðÿæåííàÿ ê
ñóáãàðìîíè÷åñêîé ôóíêöèè, ëåáåãîâñêèå èíòåãðàëüíûå ñðåäíèå, õàðàêòå-
ðèñòèêà Íåâàíëèííû.


