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The Lie group S* acts on the hyperspace cw(I?) of convex bodies of constant
width inscribed into the unit square I? by rotation. It is proved that the orbit
space cw(1?)/S" of this action contains a Q-manifold which is a K (Z, 2)-space.
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1. Introduction. Let X be a compact convex body in the euclidean space R™ (to
avoid trivialities, we always assume that n > 2). By S"~! we denote the unit sphere
in R". For any u € S" 1, let hx(u) = max{(z,u) | * € X}. We call the function
hx: S" ! — R the support function of X. A compact convex body X is said to be of
constant width d > 0 if hx (u) — hx(—u) = d, for every u € S"1.

Let I = [0,1]. By cw(I?) of convex bodies of constant width inscribed into the unit
square I?. We endow cw(I?) with the Hausdorff metric dp:

di(A,B) =inf{r >0 | AC O.(B), B C O.(A)},

where O;(C) stands for the t-neighborhood of C in R? (actually, this formula also works
for the hyperspace exp R? of nonempty compact subsets in R?).
The Minkowski combination in cw(I?) is defined as follows:

tA+(1—t)B={ta+(1—t)b | ac A, be B}, A Beccw(l?), tecl.

With respect to this combination, the space cw(I?) is a convex subset of the space
cw(R™). Since the space cw(I?) is infinite-dimensional, it follows from Keller’s theorem
[5] that cw(I?) is homeomorphic to the Hilbert cube.

The Lie group S* acts on the hyperspace cw(I?) by rotations. The simplest way to
describe this action is to identify R? with the complex plane C. Then for every A € cw(I?)
and every o € S there exists 24 () € C such that the set aA + 24 () is inscribed in
I?, i.e. belongs to the space cw(I?). We define o+ A = A+ x4(«). The circle B of radius
1/2 centered at (1/2,1/2) is the unique fixed point of this action.
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The natural action of the Lie group S on the hyperspace exp S! is investigated in
[7]. It is proved therein that the orbit space of this action contains @-manifolds which are
Eilenberg-MacLane spaces K (G, 2), for some groups G. Recall that X is a space K(Z, 2),
if m9(X) = G and 7;(X) = 0 for i # 2.

The aim of this note is to prove that the orbit space cw(I?)/S* contains a Q-
manifold which is an Eilenberg-MacLane space K (Z,2). Moreover, this -manifold is
homeomorphic to its product by [0,1). We therefore can conclude that this @-manifold
is homeomorphic to T(CP>) x @ x [0,1), where T stands for the infinite telescope
construction.

2. Notation and auxiliary results. If a group G acts on a set X, for any x € X,
we denote by x the stabilizer of z, i.e. zg = {g € G | gz = z}.

We denote by ¢: cw(I?) — cw(I?)/S* the quotient map.

For every finite subgroup G of S', we let Z(G) = {A € cw(I?) | S} C G}.

We will need the following construction due to Sallee [11]. Let K be a convex body
of constant width h in R? and let p € R?\ K be a point sufficiently close to K. Let
q,m € OK be points of the intersection of 0K with the circumference of radius h centered
at p. Let ¢, 7" € K be the points opposite to ¢ and r respectively. Following [11] we call
the A-modification of K the convex set bounded by the union of the following pieces: 1)
the smaller arc of the circumference connecting ¢ and r of radius h centered at p; 2) the
part of 0K that connects g and 7’; 3) the part of 9K that connects r and ¢'; 4) the arc
of the circumference centered at ¢ of radius h that connects ¢’ and p; 5) the arc of the
circumference centered at r of radius A that connects v’ and p.

Note that this construction works only in the case when p is close enough to 0K
in the sequel we speak about the A-modification only in the situation where it is well-
defined, i.e. leads to a body of constant width. We denote this modification by A(K,p).
In [11], it is remarked that A(K,p) is also a convex set of constant width h. Note that
the boundary of A(K,p) is not a smooth curve.

In the sequel, we apply the A-modification to the sets from cw(I?); the result,
A(K,p), is a convex set of constant width 1 but does not belong to cw(I?). We denote
by A'(K,p) the (unique) shifted copy of A(K,p) that belongs to cw(I?). We will call it
the A’-modification.

Proposition 1. The A’-modification map (K,p) — N (K,p) is continuous as a map of
two variables.

By an AR-space (ANR-space) we mean an absolute (neighborhood) retract for the
class of metric spaces.

Recall that a @-manifold is a separable metrizable space which is locally homeo-
morphic to the Hilbert cube.

A metric space (X,d) is said to satisfy the Disjoint Approximate Property if, for
every a: X — (0,00) there exist maps f,g: X — X such that d(f(x),g(x)) < a(f(z)),
for every z € X, and f(X)Ng(X)=0.

The following characterization theorem for -manifolds is proved by H. Toruiiczyk
[6].

Theorem 1 (Characterization theorem for (Q-manifolds). A separable locally compact
metrizable ANR-space is a Q-manifold if it satisfies the Disjoint Approzimation Property.



EILENBERG-MACLANE SPACES OF COMPACT CONVEX BODIES ... 7

Recall that a map is called proper if the preimage of every compact subset is compact.

An important consequence of the Slice theorem is that if X is a G-space with the
orbits all of the same type, then the orbit map X — X/G is a locally trivial fibration
[12, Chapter II, Theorem 5.8].

3. Main result.

Lemma 1. There ezists an equivariant deformation retraction (f:) of the hyperspace
cw(I?) to the set {B} such that f,(Z(S1)) C Z(S1).

Proof. Let h: [0,1] — [1, oo] be any nondecreasing homeomorphism (we endow [1, co] with
the order topology). For any 7 € [1,00] and any A € cw(I?), the closed T-neighborhood
O, (A) is a convex body of constant width and there is a unique homothetic copy of it
(we denote it by (O, (A))) which belongs to cw(I?). We finally let f;(A) = p(On1)(A)).
It is easy to to deduce from known geometric properties of bodies of constant width that
(ft) is a required retraction.

Theorem 2. The space M(S') = Z(S1)/a is a Q-manifold which is K(Z,2).

Proof. First, note that M is an open subset in cw(I?); this follows immediately from the
Slice Lemma. We are going to prove that the space M satisfies the Disjoint Approximate
Property. By a consequence of the Slice Theorem, the quotient map q: Z(S*) — M is
a fibration. Given x € M, find a neighborhood U of x such that q is trivial over U. Let
a: U — (0,00) be a continuous function. We will assume that B,,(y) C U, for every
yeU.

There exists a section s: U — ¢ 1(U) of the fibration ¢|¢~(U). There exists a
continuous function #: U — (0, 00) such that du(fg(qa))(4), A) < a(q(A))/2, for every
AeqgHU).

There exists a small enough continuous function v: U — (0,00) such that, for
every y € U, we have dy (A (fs(q(s(y)))(8(%)), P(¥)), 5(y)) < a(y), where p(y) is the point
defined as follows. Let 7(y) = (r1(y), r2(y)) denote the (unique) point of intersection of
s(y) and the upper side of the square I?; then p(y) = (r1(y),r2(y) + v(y)). Note that
N (fs(as)) (5(%)), p(y)) € Z(S"), because the boundary of A'( fg(g(s(y)))(5(¥)), p(y)) has
exactly three non-differentiability points. If v is small enough, then also two of these
points are close enough so that three of them cannot form the vertices of an equilateral
triangle.

Now, define the maps F,G: U — U by the following formulas:

F(z) = fa)(s(¥), Gy) = N (fa(as) (5W)) p(y)).

Since d(F(y),y) < a(y), d(G(y),y) < a(y) and F(U)NG(U) = 0, we see that U satisfies
the Discrete Approximation Property.

We are going to show that the orbit space is an ANR. This follows from the fact
that the action of S on cw(I?) is linear and results of [].

We conclude that U is a Q-manifold. Thus, M is also a -manifold.

In order to prove that M is homeomorphic to M x [0, 1) it is sufficient to prove that
there exists a proper homotopy H: M x [0,1) — M such that H(z,0) = z, for every
x € M (see [14]). This homotopy is defined by the formula H(z,t) = q(fis(x)), v € M.

It follows from the homotopy exact sequence of the bundle Z — M (with fiber S*)
and from contractibility of Z that M is a K(Z,2)-space. Consider the space
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T(CP>®) =| |CP! x [i,00) € CP™ x [1,00).

NG

i=1
This is a locally compact K(Z,2)-space and therefore T(CP>) x Q x [0,1) is a [0, 1)-
stable @-manifold. Since the [0, 1)-stable @-manifolds are classified by their homotopy
types, we conclude that Z(S) ~ T(CP>) x Q x [0,1).

4. Remarks. One can ask whether there are counterparts of the main result of this
note for the hyperspace of rotors. Recall that a rotor in a regular polygon P is a convex
set X which admits a complete rotation in P such that X touches every side of P in the
process of rotation. It is proved in [4] that the hyperspace R(P,) of the rotors inscribed
in the regular n-gon is homeomorphic to the Hilbert cube.

Let (X,Y) be a pair of compact convex subsets in R™, n > 2. Following [13] we say
that (X,Y) is of constant relative width r > 0 if

wix,y)(u) = hx(u) + hy(—u) =r for every ue S" '

Let Oxy be the standard rectangular coordinate system in R2. Denote by crw,(R?)
the set of all pairs (X,Y) of compact convex subsets in R? of constant relative width r
such that X lies in the first quadrant of the system and touches both the z-axis and y-axis.
The topology on the set crw,.(R?) is inherited from the product exp R? x expR?, where
the Hausdorff metric is considered on each factor. The Lie group S* acts on crw,(R?)
by rotations. Are there counterparts of the main result of this note for the hyperspace
crw,.(R?)?
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I'pyma JIi S* mie moBoporamu Ha rimepmpocropi cw(I?) omykamx Tia crasol
IMVPUHH, BIOMCAHUX B OJMHWIHWI KBaapar I2. JIoBemeHO, MO HpOCTip op6iT
niei ail micturs Q-muoroBun, skuii € K (Z,2)-npocTopom.

Karouost crosa: min-max OmyK/a MHOXKWHA, TiIEPIIPOCTIP, ripbepTiB KyO.
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I'pymma JIn S' geiicreyer moBoporamu Ha rumeprpocropanctse cw(I?)
BBITYKJIBIX TeJI TIOCTOSHHOM IMMPUHEI, BIMCAHHBIX B €IMHEYHBI KBagpar I-.
JToka3aHO, O MPOCTOPAHCTBO OPOHMT 3TOrO AEHCTBHA COmEpPXKUT ()-MHOTO00-
paswme, asusiomeecs K (7, 2)-mpocTpaHCTBOM.

Karouesvie cao6a: max-min BBIITYK/IOe MHOXKECTBO, THIIIIEPIIPOCTPAHCTBO,
rub0epToB Ky0.
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