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henko1960�rambler.ruThe main result of this note is a 
onstru
tion of an operator that extendsfuzzy metri
s de�ned on the 
losed sets of zero-dimensional fuzzy metrizablespa
e over the whole spa
e. The extension operator preserves the operationof minimum of fuzzy metri
s as well as the operation of trun
ation. We alsode�ne a fuzzy metri
 on the 
ountable produ
t of fuzzy metri
 spa
es.Key words: fuzzy metri
, extension operator, zero-dimensional spa
e.1. Introdu
tion. The notion of fuzzy metri
 spa
e is tightly related with that ofprobabilisti
 metri
 spa
e introdu
ed by Menger [6℄ (see also [7℄). The fuzzy metri
 spa
eswere de�ned in the paper [5℄ and later their de�nition was modi�ed in [8℄. The versionfrom [8℄ is more restri
tive. However, it turns out that the fuzzy metri
s in the sense of[8℄ determine the metrizable topologies.It is well-known that the family of metri
s on a set forms a 
one with respe
t to theoperations of sum and produ
t with the non-negative s
alar. Also, the maximum of twometri
s is a metri
. We establish 
ounterparts of these properties for the fuzzy metri
s.One of the main results of this note is the 
onstru
tion that allows, in the zero-dimensional 
ase, to extend fuzzy metri
s from a 
losed subset to the whole set. Remarkthat, in the 
ase of metri
s, the problem of extension has a long history, whi
h tra
es ba
kto Hausdor�. The problem of existen
e of operators extending the 
ones of metri
s was�rst formulated (and partially solved) by Bessaga [3℄. Its 
omplete solution is obtainedby Banakh [1℄; a short proof of existen
e 
an be found in [11℄.It turns out that this extension operator preserves the mentioned operations on thefuzzy metri
s. Our 
onstru
tion is based on fuzzy metrization of the 
ountable produ
tof the fuzzy metri
 spa
es. We also prove that, for any two fuzzy metri
 spa
es, thereexists a fuzzy metrization of the bouquet of these spa
es that agrees with these fuzzymetri
s.
© Sav
henko O., 2009



EXTENSION OF FUZZY METRICS: ZERO-DIMENSIONAL CASE 2052. Preliminaries. We start with some ne
essary de�nitions 
on
erning the notionof fuzzy metri
 spa
e.A 
ontinuous t-norm is a 
ontinuous map (x, y) 7→ x ∗ y : [0, 1]× [0, 1] → [0, 1] whi
hsatis�es the following properties:(1) (x ∗ y) ∗ z = x ∗ (y ∗ z);(2) x ∗ y = y ∗ x;(3) x ∗ 1 = x;(4) if x ≤ x′ and y ≤ y′, then x ∗ y ≤ x′ ∗ y′.In other words, a 
ontinuous t-norm is a 
ontinuous Abelian monoid with unit 1and with the monotoni
 operation. The following are examples of 
ontinuous t-norms:(1) x ∗ y = min{x, y};(2) x ∗ y = max{0, x + y − 1}.De�nition 1. A fuzzy metri
 spa
e is a triple (X, M, ∗), where X is a nonempty set, ∗is a 
ontinuous t-norm and M is a fuzzy set of X × X × (0,∞) (i.e. M is a map from
X × X × (0,∞) to [0, 1]) satisfying the following properties:(i) M(x, y, t) > 0;(ii) M(x, y, t) = 1 if and only if x = y;(iii) M(x, y, t) = M(y, x, t);(iv) M(x, y, s) ∗ M(y, z, t) ≤ M(x, z, s + t);(v) the fun
tion M(x, y,−) : (0,∞) → (0, 1] is 
ontinuous.We obtain the notion of a fuzzy pseudometri
 spa
e if we repla
e 
ondition (ii) fromthe above de�nition by the following 
ondition:(ii') M(x, x, t) = 1.In a fuzzy metri
 spa
e (X, M, ∗), we say that the set

BM (x, r, t) = {y ∈ X | M(x, y, t) > 1 − r}, x ∈ X, r ∈ (0, 1), t ∈ (0,∞),is the open ball of radius r > 0 
entered at x for t. It is proved in [8℄ that the family ofall open balls is a base of a topology on X ; this topology is denoted by τM .Proposition 1. Let (X, Mi, ∗), i = 1, 2, be fuzzy metri
 spa
es. Then (X, M, ∗), where
M(x, y, t) = M1(X, y, t) ∗ M2(x, y, t), is also a fuzzy metri
 spa
e.Proof. We are going to verify properties (i)�(iv) from De�nition 1.(i) Obvious.(ii) Clearly, M(x, x, t) = 1, for every x ∈ X and t ∈ (0,∞). If M(x, y, t) = 1, then

1 = M(x, y, t) = M1(x, y, t) ∗ M2(x, y, t) ≤ M1(x, y, t) ∗ 1 = M1(x, y, t),when
e M1(x, y, t) = 1 and therefore x = y.(iii) Obvious.(iv) We have
M(x, y, s) ∗ M(y, z, t) =M1(x, y, s) ∗ M2(x, y, s) ∗ M1(y, z, t) ∗ M2(y, z, t) =

=M1(x, y, s) ∗ M1(y, z, t) ∗ M2(x, y, s) ∗ M2(y, z, t) ≤

≤M1(x, z, s + t) ∗ M2(x, z, s + t) = M(x, z, s + t).(v) Obvious.



206 Oleksandr SAVCHENKOProposition 2. Let (X, Mi, ∗), i = 1, 2, be fuzzy metri
 spa
es. Then (X, M, ∗), where
M(x, y, t) = min{M1(X, y, t), M2(x, y, t)}, is also a fuzzy metri
 spa
e.Proof. We are going to verify properties (i)�(iv) from De�nition 1.(i) Obvious.(ii) Clearly, M(x, x, t) = 1, for every x ∈ X and t ∈ (0,∞). If M(x, y, t) = 1, then
M1(x, y, t) = M2(x, y, t) = 1 and therefore x = y.(iii) Obvious.(iv) We have
M(x, y, s) ∗ M(y, z, t) = min{M1(x, y, s), M2(x, y, s)} ∗ min{M1(y, z, t), M2(y, z, t)} ≤

≤Mi(x, y, s) ∗ Mi(y, z, t) ≤ Mi(x, z, s + t), i = 1, 2,when
e M(x, y, s) ∗ M(y, z, t) ≤ M(x, z, s + t).(v) Obvious.One 
an similarly prove the following statement.Proposition 3. Let (X, Mα, ∗), α ∈ A, be fuzzy metri
 spa
es. Suppose that, for every
x, y ∈ X, x 6= y, we have inf{Mα(x, y, t) | α ∈ A} < 1. Then (X, M, ∗), where

M(x, y, t) = inf{Mα(x, y, t) | α ∈ A},is also a fuzzy metri
 spa
e.Proposition 4. Let (X, M, ∗) be a fuzzy metri
 spa
e and c ∈ (0, 1). Then (X, M ′, ∗),where M ′(x, y, t) = max{M(x, y, t), c}, is also a fuzzy metri
 spa
e.Proof. The only 
ondition from De�nition 1 whi
h requires veri�
ation is (iv). We aregoing to prove that
M ′(x, y, s) ∗ M ′(y, z, t) ≤ M ′(x, z, s + t). (1)The proof splits into three 
ases.a) M(x, y, s) ≤ c. Then (1) redu
es to the following:

c ∗ M ′(y, z, t) ≤ M ′(x, y, s + t).Sin
e
c ∗ M ′(y, z, t) ≤ c ∗ 1 ≤ c ≤ M ′(x, z, s + t),we are done.b) M(x, y, s) > c, M(y, z, t) > c. Then

M ′(x, y, s) ∗ M ′(y, z, t) = M(x, y, s) ∗ M(y, z, t) ≤ M(x, z, s + t) ≤ M ′(x, z, s + t).
) M(x, y, s) > c, M(y, z, t) ≤ c. Then
M ′(x, y, s) ∗ M ′(y, z, t) ≤ M(x, y, s) ∗ c ≤ c ≤ M ′(x, z, s + t).In the sequel, we use the notation c ⊙ M for the fuzzy metri
 max{M(x, y, t), c}.Remark 1. Counterparts of Propositions 1-4 are also valid for the fuzzy pseudometri
spa
es.



EXTENSION OF FUZZY METRICS: ZERO-DIMENSIONAL CASE 2072.1. Fuzzy metri
s on bouquets. Let X = X1 ∨X2 and let a be the base point of X .Let Mi be fuzzy metri
s on Xi, i = 1, 2, (with respe
t to the same t-norm ∗). De�ne thesymmetri
 with respe
t to the �rst and the se
ond variable fun
tion M : X×X×(0,∞) →
→ [0, 1] as follows:

M(x, y, t) =

{

Mi(x, y, t), if x, y ∈ Xi, i = 1, 2,

sup{M1(x, a, t1) ∗ M2(a, y, t2) | t1 + t2 = t}, if x ∈ X1, y ∈ X2.Proposition 5. The fun
tion M is a fuzzy metri
 on X with respe
t to the t-norm ∗.The topology indu
ed by M is that of the bouquet topology on X = X1 ∨ X2.Proof. Clearly, M(x, x, t) = 1, for every x ∈ X . Suppose now that M(x1, x2, t) = 1 and
x1 6= x2. Then, without loss the generality, one may assume that xi ∈ Xi \ {a}, i = 1, 2.Then M1(xi, a, t) < 1, i = 1, 2, when
e

M(x1, x2, t) ≤ sup{M1(x, a, t1) ∗ M2(a, y, t2) | t1 + t2 = t} ≤

≤M1(x1, a, t) ∗ M2(a, x2, t) < 1 ∗ 1 = 1and we obtain a 
ontradi
tion.(iii) We have to prove that, for all x, y, z ∈ X and t, s ∈ (0,∞),
M(x, y, t) ∗ M(y, z, t) ≤ M(x, z, t + s).We 
onsider two 
ases. 1) x, y ∈ X1, z ∈ X2, then

M(x, y, t) ∗ M(y, z, s) ≤M1(x, y, t) ∗ (sup{M1(y, a, s1) ∗ M(a, z, s2) | s1 + s2 = s}) =

= sup{M1(x, y, t) ∗ ({M1(y, a, s1) ∗ M(a, z, s2) | s1 + s2 = s} ≤

≤ sup{M1(x, a, t + s1) ∗ M(a, z, s2) | s1 + s2 = s} =

=sup{M1(x, a, τ1) ∗ M(a, z, τ2) | τ1 + τ2 = t + s, τ1 ≥ t} ≤

≤ sup{M1(x, a, τ1) ∗ M(a, z, τ2) | τ1 + τ2 = t + s} =

=M(x, z, t + s).2) x, z ∈ X1, y ∈ X2. Then
M(x, y, t) ∗ M(y, z, s) ≤(sup{M1(x, a, t1) ∗ M(a, y, t2) | t1 + t2 = t})∗

∗ (sup{M1(y, a, s1) ∗ M2(a, z, s2) | s1 + s2 = s}) ≤

≤ sup{M1(x, a, t1) | t1 ≤ t} ∗ sup{M1(a, z, s1) | s1 ≤ s} ≤

≤M1(x, z, t) = M(x, z, t).(iv) We are going to prove that, for any x, y ∈ X , the map γ : t 7→ M(x, y, t) is
ontinuous. We only need to 
onsider the 
ase x ∈ X1, y ∈ X2. First, sin
e the maps
t 7→ M1(x, a, t) and t 7→ M2(a, y, t) are 
ontinuous and nonde
reasing, there exist unique
ontinuous extensions of these maps onto the set [0,∞). We preserve the same notationsfor the extended maps. Let us denote by ϕ : [0,∞) × [0,∞) → [0, 1] the fun
tion a
tingby the formula:

ϕ(t1, t2) = M1(x, a,−) ∗ M2(a, y,−).The map
α : t 7→ {(t1, t2) ∈ [0,∞) × [0,∞) | t1 + t2 = t}
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ontinuous map from [0,∞) to the spa
e 2[0,∞)×[0,∞) of nonempty 
ompa
t subsetsin [0,∞) × [0,∞); the latter is endowed with the Hausdor� metri
 dH :
dH(A, B) = inf{r > 0 | A ⊂ Or(B), B ⊂ Or(A)}(here Or stands for the r-neighborhood with respe
t to the eu
lidean metri
 on

[0,∞) × [0,∞)). Now the map γ is the 
omposition
(0,∞)

α
// 2[0,∞)×[0,∞)

sup
−

ϕ
// [0, 1] ,where the fun
tion sup− ϕ assigns to every A ∈ 2[0,∞)×[0,∞) the number sup{ϕ(x) |

x ∈ A}; the fun
tion sup− ϕ is known to be 
ontinuous (see, e.g., [4℄). Therefore, γ is
ontinuous.It is 
lear that the fuzzy metri
 M indu
es the bouquet topology on X .Remark 2. The proof of Proposition 5 
an be immediately generalized over the 
ase ofbouquet of arbitrary number of fuzzy metri
 spa
es.3. Extension of metri
s.3.1. Fuzzy metri
s on the 
ountable powers. Let (Xi, Mi, ∗), i ∈ N, be a family offuzzy metri
 spa
es, X =
∏

i∈N
Xi.Theorem 1. The fun
tion M̄ : X × X × (0,∞) → [0, 1] de�ned by the formula

M̄((xi), (yi), t) = inf{(1/i)⊙ M(xi, yi, t) | i ∈ N}is a fuzzy metri
 on X. The topology τM 
oin
ides with the produ
t topology on Xgenerated by the fuzzy metri
s τMi
, i ∈ N.Proof. Let us denote by pi : X → Xi the proje
tion onto the i-th 
oordinate, i ∈ N.By Proposition 4, the fun
tion M ′
i : Xi × Xi × (0,∞) → [0, 1] de�ned by the formula

M ′
i(x, y, t) = Mi(pi(x), pi(y), t) is a fuzzy pseudometri
 on Xi. By the remark afterProposition 2, M̄ is a fuzzy pseudometri
 on X .Let x, y ∈ X , x 6= y, then there exists i ∈ N su
h that pi(x) 6= pi(y). Therefore

M ′
i(x, y, t) < 1 and 
onsequently M̄(x, y, t) < 1, for every t. This shows that M̄ is afuzzy metri
 on X .Let us use B̄ to denote the balls with respe
t to the fuzzy metri
 M̄ and Bi todenote the balls with respe
t to the fuzzy metri
 Mi.Let x, y ∈ X , r ∈ (0, 1), and t ∈ (0,∞). Let xi = pi(x), yi = pi(y). If y ∈ B̄(x, r, t),then M̄(x, y, t) > 1 − r and therefore, there exists ε ∈ (0, 1 − r) su
h that

inf{(1/i)⊙ Mi(xi, yi, t) | i ∈ N} > 1 − r + ε.Let
K =

⋃

ε∈(0,1−r)





∏

(1/i)≤1−r+ε

Bi(xi, r − ε, t) ×
∏

(1/i)>1−r+ε

Xi



 .We 
on
lude that y ∈ K. Sin
e all the impli
ations above are reversible, we see that
B̄(x, r, t) = K.Show that

K =
∏

(1/i)≤1−r

Bi(xi, r, t) ×
∏

(1/i)>1−r

Xi.



EXTENSION OF FUZZY METRICS: ZERO-DIMENSIONAL CASE 209If y ∈ K and 1/i ≤ 1 − r, then (1/i) ≤ 1 − r + ε and therefore
yi ∈ Bi(xi, r − ε, t) ⊂ Bi(x, r, t),when
e

y ∈
∏

(1/i)≤1−r

Bi(xi, r, t) ×
∏

(1/i)>1−r

Xi.On the other hand, let
y ∈

∏

(1/i)≤1−r

Bi(xi, r, t) ×
∏

(1/i)>1−r

Xi.Then there exists ε > 0 su
h that yi ∈ Bi(xi, r + ε, t) for all i with (1/i) ≤ 1 − r andtherefore y ∈ K.We have proven that the topology on X generated by the fuzzy metri
 M̄ on X is
ontained in the produ
t topology on X generated by the fuzzy metri
s Mi.On the other hand, let
∏

i≤n

Bi(xi, ri, ti) ×
∏

i>n

Xibe a basi
 neighborhood of x ∈ X . Sin
e the fun
tions Mi(a, b,−) are nonde
reasing, wesee that
x ∈

∏

i≤n

Bi(xi, r, t) ×
∏

i>n

Xi ⊂
∏

i≤n

Bi(xi, ri, ti) ×
∏

i>n

Xi,where
r = max{r1, . . . , rn}, t = min{t1, . . . , tn}.Choose r′ ∈ (max{r, 1 − 1

n}, 1), then
x ∈ B̄(x, r′, t) =

∏

(1/i)≤1−r′

Bi(xi, r
′, t) ×

∏

(1/i)>1−r′

Xi ⊂
∏

i≤n

Bi(xi, r, t) ×
∏

i>n

Xiand this allows us to 
on
lude that the topology on X generated by M̄ 
oin
ides withthe produ
t topology of the topologies generated by the fuzzy metri
s Mi, i ∈ N.3.2. Extension of fuzzy metri
s. Given a metrizable spa
e X , let us denote by
FPM(X) (respe
tively FM(X)) the set of all fuzzy pseudometri
s (respe
tively fuzzymetri
s) on X 
ompatible with the topology of X .Let A be a 
losed subset of X . An extension operator for fuzzy (pseudo)metri
sis a map u : FM(A) → FM(X) (respe
tively u : FPM(A) → FPM(X)) su
h that
u(M)|(A × A × (0,∞)) = M , for every M ∈ FM(A) (respe
tively M ∈ FPM(A))Theorem 2. Let A be a 
losed subspa
e of a zero-dimensional separable metrizable spa
e
X, |A| ≥ 2. Then there exists a fuzzy metri
 extension operator u that satis�es thefollowing properties:(1) u(min{M1, M2}) = min{u(M1), u(M2)};(2) u(c ⊙ M) = c ⊙ u(M).



210 Oleksandr SAVCHENKOProof. Let a, b ∈ A, a 6= b. Consider a 
ountable base {Ui : i ∈ N} of X \ A 
onsisting ofopen and 
losed in X sets. Let also {Vi : i ∈ N} be a 
ountable family of open and 
losedsubsets in X whi
h forms a base of topology at all the points of A.Sin
e A is a 
losed subset of a zero-dimensional metrizable spa
e, there exists a
ontinuous retra
tion r : X → A (see, e.g., [4℄).De�ne a 
ountable family R = {ri | i ∈ N} of 
ontinuous retra
tions of X onto Aas follows:
r4i−3|(X \ Ui) =r4i−2|(X \ Ui) = r|(X \ Ui),

r4i−3(Ui) =a, r4i−2(Ui) = b,

r4i−1|(X \ (r−1(Vi) \ Vi)) =r4i|(X \ (r−1(Vi) \ Vi)) = r|(X \ (r−1(Vi) \ Vi)),

r4i−1(r
−1(Vi) \ Vi) =a, r4i(r

−1(Vi) \ Vi) = b.Clearly, r = (ri)i∈N : X → XN is 
ontinuous and inje
tive. That the map r is anembedding easily follows from the fa
t that the set {ri | i ∈ N} separates the points andthe 
losed sets in X .Let M ∈ FM(A). Denote by M̄ the fuzzy pseudometri
 on AN de�ned by theformula:
M̄((xi), (yi), t) = inf{(1/i) ⊙ M(xi, yi, t) | i ∈ N}.De�ne u(M) : X × X × (0,∞) → [0, 1] by the formula: u(M)(x, y, t) = M̄(r(x), r(y), t).Sin
e the map r is inje
tive, we see that u(M) is a fuzzy pseudometri
 on X ; 
learly,

u(M) is a fuzzy metri
 on X whenever M ∈ FM(A).Let x, y ∈ A and t ∈ (0,∞), then
u(M)(x, y, t) =M̄(r(x), r(y), t) = inf{(1/i)⊙ M(ri(x), ri(y), t) | i ∈ N} =

= inf{(1/i)⊙ M(x, y, t) | i ∈ N} = M(x, y, t),i.e., u(M) is an extension of M .Given M1, M2 ∈ FM(A), we have
u(min{M1, M2})(x, y, t) = min{M1, M2}(r(x), r(y), t) =If c ∈ (0, 1), then

u(c ⊙ M)(x, y, t) =c ⊙ M(r(x), r(y), t) = inf{(1/i)⊙ c ⊙ M(x, y, t) | i ∈ N}

=c ⊙ inf{(1/i) ⊙ M(x, y, t) | i ∈ N} = c ⊙ u(M)(x, y, t),thus (2) holds.4. Remarks and open questions. Similarly as in [9℄, [10℄, one 
an 
onsider theproblem of simultaneous extension of fuzzy (pseudo)metri
s de�ned on the 
losed subsetsof a metrizable spa
e. For any metri
 spa
e (Y, d), let CL(Y ) the family of all nonempty
losed subsets of Y . We 
onsider the following Wijsman 
onvergen
e in CL(Y ): a sequen
e
(Ai) 
onverges to A if, for any y ∈ Y , the sequen
e d(y, Ai) 
onverges to d(y, A).Given a fuzzy metri
 M de�ned on a set A ∈ CL(X) (we express this by writing
dom(M) = A), for a metri
 spa
e X , identify every M ∈ FM(A) with its graph

ΓM ={(x, y, t, r) ∈ A × A × (0,∞) × [0, 1] | r = M(x, y, t)} ∈

∈CL(X × X × (0,∞) × [0, 1]).
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⋃

{FM(A) | A ∈ CL(X)} with the topology generated by theWijsman 
onvergen
e of their graphs.Question 1. Is their a simultaneous extension operator u : FM → FM(X) (i.e. u sati-sfying the property
u(M)|(dom(M) × dom(M) × (0,∞)) = M,for every M ∈ FM) whi
h is 
ontinuous in the topology of Wijsman 
onvergen
e?A similar question 
an be formulated for the fuzzy pseudometri
s.One 
an 
onsider also another topologies on the sets of 
losed subsets: Attou
h-Wets,Hausdor� et
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212 Oleksandr SAVCHENKOÍàøà ìåòà � ïîáóäîâà îïåðàòîðà, ùî ïðîäîâæó¹ ðîçìèòi ìåòðèêè,îçíà÷åíi íà çàìêíåíèõ ïiäïðîñòîðàõ íóëüâèìiðíîãî ðîçìèòîãî ìåòðè÷íî-ãî ïðîñòîðó, íà âåñü ïðîñòið. Îïåðàòîð ïðîäîâæåííÿ çáåðiãà¹ îïåðàöiþìiíiìóìó ðîçìèòèõ ìåòðèê, à òàêîæ îïåðàöiþ îáòèíàííÿ. Ïîäàíî òàêîæîçíà÷åííÿ ðîçìèòî¨ ìåòðèêè íà çëi÷åííîìó äîáóòêó ðîçìèòèõ ìåòðè÷íèõïðîñòîðiâ.Êëþ÷îâi ñëîâà: ðîçìèòà ìåòðèêà, îïåðàòîð ïðîäîâæåííÿ, íóëüâèìið-íèé ïðîñòið.Ï�ÎÄÎËÆÅÍÈÅ ÍÅ×ÅÒÊÈÕ ÌÅÒ�ÈÊ:ÍÓËÜÌÅ�ÍÛÉ ÑËÓ×ÀÉÀëåêñàíäð ÑÀÂ×ÅÍÊÎÕåðñîíñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò,73006, Õåðñîí, óë. �îçû Ëþêñåìáóðã, 23e-mail: sav
henko1960�rambler.ruÍàøà öåëü � ïîñòðîåíèå îïåðàòîðà, ïðîäîëæàþùåãî íå÷åòêèå ìåòðè-êè, îïðåäåëåííûå íà çàìêíóòûõ ïîäïðîñòðàíñòâàõ íóëüìåðíîãî íå÷åòêîãîìåòðè÷åñêîãî ïðîñòðàíñòâà, íà âñå ïðîñòðàíñòâî. Îïåðàòîð ïðîäîëæåíèÿñîõðàíÿåò îïåðàöèþ ìèíèìóìà íå÷åòêèõ ìåòðèê, à òàêæå îïåðàöèþ îòñå-÷åíèÿ. Äàíî òàêæå îïðåäåëåíèå íå÷åòêîé ìåòðèêè íà ñ÷åòíîì ïðîèçâåäå-íèè íå÷åòêèõ ìåòðè÷åñêèõ ïðîñòðàíñòâ.Êëþ÷åâûå ñëîâà: íå÷åòêàÿ ìåòðèêà, îïåðàòîð ïðîäîëæåíèÿ, íóëüìåð-íîå ïðîñòðàíñòâî. Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 15.10.2009Ïðèéíÿòà äî äðóêó 16.12.2009


