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ademy of Printing,79020, L'viv, Pidgolosko St., 19e-mail: pnazar�ukr.netIn the paper we prove that a free paratopologi
al group on a T0-to-pologi
al spa
e is a T0-topologi
al spa
e. We 
onsider the fun
tors thatpreserve the isomorphisms of the free (abelian) paratopologi
al groups andfree homogeneous spa
es.Key words: free paratopologi
al group, free homogeneous spa
e, isomor-phism of paratopologi
al groups, isomorphism of homogeneous spa
es.1. Preliminaries. The paper is a 
ontinuation of the paper [11℄. All the notationsand de�nition are taken from [11℄.In the se
ond se
tion of the paper we prove that a free paratopologi
al group on a
T0-spa
e is a T0-spa
e. The third se
tion is devoted to fun
tors preserving isomorphismsof free (abelian) paratopologi
al groups and free homogeneous spa
es. The fourth se
-tion 
ontains a method of the redu
ing of the isomorphi
 
lassi�
ation of free (abelian)paratopologi
al groups to the isomorphi
 
lassi�
ation of free (abelian) paratopologi
algroups on T0-spa
es.Some results of the paper were announ
ed in [10℄.2. Free paratopologi
al groups on T0-spa
es. For every n ≥ 1, byDn we denotethe set {1, 2, . . . , n} with the topology {∅, U1, U2, ...Un}, where Uk = {1, 2, . . . , k}.It was proved in [13, Pr. 3.4℄ that a Markov free abelian paratopologi
al group on
T0-spa
e is a T0-spa
e.Theorem 1. A Markov free paratopologi
al group over a T0-spa
e is a T0-spa
e.To prove the theorem we need the following lemmas.Lemma 1. Let X be a T0-spa
e, Y a �nite non-empty subset of X and n = |Y |. Thenthere exists a 
ontinuous mapping f : X → Dn su
h that f |Y is inje
tive.
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192 Nazar PYRCHProof. Let Y = {x1, x2, ..., xn}, G = (R,+) and τ be the topology on G with the base
{[x; +∞) : x ∈ R}. Then (G, τ) is a paratopologi
al group [14, Ex. 2.14℄. We shalldenote this group by R

∗. Sin
e X is a T0-spa
e, for ea
h pair {i, j} su
h that i 6= jthere exists an open set Uij 
ontaining exa
tly one of the points xi and xj . Considerthe mapping fij : X → R
∗ de�ned by fij(Uij) = 2ni+j and fij(X \ Uij) = 0. Themapping fij is 
ontinuous [13, Lem. 2.3℄. Sin
e R

∗ is a paratopologi
al group, the mapping
g : X → R

∗ su
h that g(x) =
∑
fij(x) is 
ontinuous. Then fij(x) = 2ni+j([g(x)/2ni+j ]

mod 2) for every x ∈ X and i 6= j. Sin
e fij(xi) 6= fij(xj) provided i 6= j, we see that
g|Y is an inje
tion. Let g(Y ) = {a1, a2, ..., an} where a1 > a2 > · · · > an. Consider themapping h : R

∗ → Dn su
h that h(x) = i, where i = n if x < an and i is the smallestnumber su
h that x ≥ ai otherwise. It is easy to 
he
k that h is 
ontinuous. Now we put
f = hg : X → Dn. Sin
e g|Y is an inje
tion and h(ai) = i for ea
h i, the map f |Y is aninje
tion too.Lemma 2. (T.O. Banakh) A Markov free paratopologi
al group Fp(Dn) is a T0-spa
efor every positive integer n.Proof. It was proved in [13, Pr. 3.4℄ that a Markov free abelian paratopologi
al group ona T0-spa
e is a T0-spa
e. Let ϕ : Fp(Dn) → Ap(Dn) be a 
ontinuous homomorphism su
hthat ϕ(x) = x for ea
h x ∈ Dn, K be the 
ommutant of Fp(Dn). Sin
e Ap(Dn) is abelian,
K ⊂ kerϕ. Let π : Fp(Dn) → Fp(Dn)/K be the quotient homomorphism. Sin
e the group
Fp(Dn)/K is abelian, there exists a 
ontinuous homomorphism ψ : Ap(Dn) → Fp(Dn)/Ksu
h that ψ(x) = π(x) for every x ∈ Dn. Sin
e the group Fp(Dn) is generated by the set
Dn, we obtaine π = ψϕ. Then K = kerπ ⊃ kerϕ, thus K = kerϕ.Therefore, in order to prove that Fp(Dn) is a T0-spa
e it su�
es to 
onstru
t atopology τ on F (Dn) whi
h separates every point from K\{e} and the identity {e} of
Fp(Dn) andDn is a subspa
e of (Fp(Dn), τ). Using results from [15℄ it is easy to prove thatthe group Fp(Dn) is algebrai
ally free over the set Dn. For every word A ∈ Fp(Dn) let
ϕi(A) be the sum of degrees of the letters �i� in the word A. Consider the subsemigroup Sof Fp(Dn) generated by {e} and the set of all the words A ∈ Fp(Dn) over the alphabet Dnsu
h that the last nonzero element in the sequen
e (ϕ1(A), ϕ2(A), . . . , ϕn(A)) is positive.For every s ∈ S and for every g ∈ Fp(Dn) we see that g−1xg ∈ S, thus the semigroup Sde�nes a semigroup topology τ on Fp(Dn) [14, 2℄ su
h that S ⊂ τ . Then Dn is a subspa
eof (Fp(Dn), τ) and the topology τ indu
es the dis
rete topology on K.Proof of the theorem. Using results from [15℄ it is easy to prove that the group Fp(X) isalgebrai
ally free over the setX . Sin
e the spa
e of paratopologi
al group is homogeneous,it is su�
ient to prove that for ea
h word A ∈ Fp(X) over the alphabet X there existsan open set U separating A and the identity of Fp(X). Let A = xǫ1

1 x
ǫ2
2 ...x

ǫn
n be a wordin the irredu
ible form and a1, a2, ..., ak, k 6 n, be its letters. Then by Lemmma 1 thereexists a 
ontinuous mapping f : X → Dk su
h that f(ai) 6= f(aj) provided i 6= j. Wemay extend the mapping f to a 
ontinuous homomorphism f∗ : Fp(X) → Fp(Dk). Then

f∗(A) 6= eFp(Dk). Sin
e Fp(Dk) is a T0-spa
e, there exists an open set U ⊆ Fp(Dk)
ontaining exa
tly one of the points f∗(A) and eFp(Dk). The set (f∗)−1(U) is open and
ontains exa
tly one of the points A and eFp(X).



ON THE ISOMORPHISMS OF FREE PARATOPOLOGICAL GROUPS... 1933. The re�e
tions of spa
es and the isomorphisms of free paratopologi-
al groups. A topologi
al spa
e is totally dis
onne
ted if ea
h its quasi
omponent is asingleton.Let T be a 
lass of spa
es satisfying the following property:Let X be a spa
e su
h that for every x, y ∈ X there exists f : X → Y , where Y ∈ Twith f(x) 6= f(y), then X ∈ T . (∗)Examples of the 
lasses spa
es satisfying property (∗) are: T0-spa
es, T1-spa
es,
T2-spa
es, fun
tionally Hausdor� spa
es, totally dis
onne
ted spa
es.A 
lass T of spa
es is hereditary provided that if X ∈ T then Y ∈ T for ea
hsubspa
e Y of X . The following observation was made by T. O. Banakh.Proposition 1. A 
lass T of spa
es satis�es 
ondition (∗) if and only if T is a hereditary
lass 
losed under Ty
hono� produ
ts and strengthening of topology.Let T be a 
lass of spa
es satisfying 
ondition (∗) and let X be a spa
e. Consi-der the following equivalen
e relation on X . Let x, y ∈ X . Put x ∼T y if and only if
f(x) = f(y) for ea
h 
ontinuous mapping f : X → Y , where Y ∈ T . The quotient spa
e
X/ ∼T is 
alled the T-re�e
tion of X and is denoted by TX . If X ∈ T then the identityhomeomorphism i : X → X separates all pairs of di�erent points of X , thus X = TX .For some 
lasses T of spa
es the equivalen
e relation ∼T has an other des
riptions.If T0 is the 
lass of T0-spa
es and x, y ∈ X then x ∼T0

y if and only if either x = yor there is no open subset of the spa
e X 
ontaining exa
tly one of the points x, y. If
fT2 is the 
lass of fun
tionally Hausdor� spa
es and x, y ∈ X then x ∼fT2

y if and only
f(x) = f(y) for ea
h 
ontinuous mapping f : X → [0; 1], where the segment [0; 1] has thestandard topology. If TD is the 
lass of totally dis
onne
ted spa
es and x, y ∈ X then
x ∼TD y if and only if the points x and y have the same quasi
omponent (see also [5,�46, V.℄).Proposition 2. Any 
lass T satisfying 
ondition (∗) determines a 
ovariant fun
tor T ·from the 
ategory of spa
es and 
ontinuous mappings to the 
ategory of spa
es from the
lass T and their 
ontinuous mappings.Proof. Let us 
he
k that TX ∈ T for ea
h spa
eX . Note that for ea
h 
ontinuous mapping
f : X → Y ∈ T there exists a 
ontinuous mapping g : TX → Y su
h that f = g ◦ tX ,where tX : X → TX is the quotient mapping. Let x, y ∈ TX , x 6= y. Choose points
x1 ∈ t−1

X (x), y1 ∈ t−1
X (y). Then there exists a 
ontinuous mapping f : X → Y ∈ T su
hthat f(x1) 6= f(y1). Then for the above de�ned g we have that g(x) 6= g(y), therefore

TX ∈ T .Let f : X → Y be a 
ontinuous mapping, tX : X → TX , tY : Y → TY bethe quotient mappings. Let us prove that there exists a unique 
ontinuous mapping
g : TX → TY su
h that g ◦ tX = tY ◦ f . Let u ∈ TX and x ∈ t−1

X (u). Put
g(u) = tY (f(x)). Let us 
he
k that the mapping g is well-de�ned. If z ∈ t−1

X (u)then h(x) = h(z) for all 
ontinuous mappings h : X → Z, where Z ∈ T . Sin
e TY ∈ T ,we obtaine tY (f(x)) = tY (f(z)), and we are done. Sin
e tX is the quotient mapping andthe 
omposition tY ◦ f is 
ontinuous, the mapping tX is 
ontinuous too. Put Tf = g.It is easy to 
he
k that the rule whi
h 
orresponds a spa
e TX to ea
h spa
e Xand a mapping Tf : TX → TY to ea
h 
ontinuous mapping f : X → Y is a 
ovariantfun
tor.



194 Nazar PYRCHThe fun
tor from Proposition 2 is 
alled the T -re�e
tion.Theorem 2. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Fp(X
′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X and Y be spa
es su
h that the Markov free paratopologi-
al groups Fp(X) and Fp(Y ) are topologi
ally isomorphi
. Then the quotient map-pings tX : X → TX and tY : Y → TY are Mp-equivalent and hen
e the Markov freeparatopologi
al groups Fp(TX) and Fp(TY ) are topologi
ally isomorphi
.Proof. Let i : Fp(X) → Fp(Y ) be a topologi
al isomorphism, tX : X → TX , tY : Y → TYbe the quotient mappings, t∗X : Fp(X) → Fp(TX) and t∗Y : Fp(Y ) → Fp(TY ) be theirhomomorphi
 extensions.Let us 
onstru
t a 
ontinuous mapping h : TX → Fp(TY ) su
h that h ◦ tX =

= t∗Y ◦ (i|X). Let x′ ∈ TX . Choose an arbitrary point x ∈ X su
h that with tX(x) = x′and put h(x′) = t∗Y i(x). Let y ∈ X . There is a point x ∈ X su
h that tX(x) = tX(y) and
htX(x) = t∗Y i(x). Thus htX(y) = htX(x) = t∗Y i(x) = t∗Y i(y) sin
e TY ∈ T and therefore
Fp(TY ) ∈ T . Thus h ◦ tX = t∗Y ◦ (i|X). The 
ontinuity of the mapping h is implied fromthe 
ontinuity of i and t∗Y and the fa
t that the mapping tX is quotient.Similarly, we 
an 
onstru
t a 
ontinuous mapping g : TY → Fp(TX) su
h that
g ◦ tY = t∗X ◦ (i−1|Y ). Let us extend the mappings h, g to the 
ontinuous homomorphisms
h∗ : Fp(TX) → Fp(TY ) and g∗ : Fp(TY ) → Fp(TX). Let x ∈ X . Then

h∗t∗X(x) = h∗tX(x) = htX(x) = t∗Y i(x).Sin
e the group Fp(X) is generated by the set X , we have h∗ ◦ t∗X = t∗Y ◦ i. Similarly we
an show that g∗ ◦ t∗Y = t∗X ◦ i−1. Sin
e
g∗ ◦ h∗ ◦ t∗X = g∗ ◦ t∗Y ◦ i = t∗X ◦ i−1 ◦ i = t∗X ,we obtain g∗ ◦ h∗ = 1Fp(TX). Similarly, we 
an prove that h∗ ◦ g∗ = 1Fp(TY ). Thus

h∗ : Fp(TX) → Fp(TY ) is a topologi
al isomorphism. Sin
e h∗◦t∗X = t∗Y ◦i, the mappings
tX and tY are Mp-equivalent.Corollary 1. Let T be one of the following 
lasess:

• T0-spa
es,
• fun
tionally Hausdor� spa
es,
• totally dis
onne
ted spa
es.Let X and Y be spa
es su
h that the Markov free paratopologi
al groups Fp(X) and Fp(Y )are topologi
ally isomorphi
. Then the Markov free paratopologi
al groups Fp(TX) and

Fp(TY ) are topologi
ally isomorphi
 too.Proof. If X ′ is a T0-spa
e then Fp(X
′) is a T0-spa
e too [12℄. If X ′ is a fun
tionallyHausdor� spa
e then Fp(X

′) is a fun
tionally Hausdor� spa
e too [13, Pr. 3.8℄. If X ′is a totally dis
onne
ted spa
e then by [13, Pr. 2.15℄ the quasi
omponent of the unit in
Fp(X

′) is a singleton, thus Fp(X
′) is a totally dis
onne
ted spa
e too.Corollary 2. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Fp(X

′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X1, X2, Y1, Y2 be spa
es, f1 : X1 → Y1 and f2 : X2 → Y2 be
Mp-equivalent mappings. Then the mappings Tf1 and Tf2 are Mp-equivalent.



ON THE ISOMORPHISMS OF FREE PARATOPOLOGICAL GROUPS... 195Proof. Let i : Fp(X1) → Fp(X2), j : Fp(Y1) → Fp(Y2) be topologi
al isomorphisms su
hthat f∗

2 ◦ i = j ◦ f∗

1 . Similarly to the proof of Theorem 2 we 
an build topologi
alisomorphisms iT : Fp(TX1) → Fp(TX2) and jT : Fp(TY1) → Fp(TY2) su
h that iT ◦t∗X1
=

= t∗X2
◦ i and jT ◦ t∗Y1

= t∗Y2
◦ j. Proposition 2 implies that Tf1 ◦ tX1

= tY1
◦ f1 and

Tf2 ◦ tX2
= tY2

◦ f2. If x ∈ X2 then
t∗Y2
f∗

2 (x) = t∗Y2
f2(x) = tY2

f2(x) = (Tf2)tX2
(x) = (Tf2)

∗tX2
(x) = (Tf2)

∗t∗X2
(x).Sin
e the group Fp(X2) is generated by the set X2, we have t∗Y2

◦ f∗

2 = (Tf2)
∗ ◦ t∗X2

. Let
x ∈ X1. Then

jT (Tf1)
∗t∗X1

(x) = jT (Tf1)
∗tX1

(x) = jT (Tf1)tX1
(x) = jT tY1

f1(x) = jT t
∗

Y1
f1(x) =

= t∗Y2
jf1(x) = t∗Y2

jf∗

1 (x) = t∗Y2
f∗

2 i(x) = (Tf2)
∗t∗X2

i(x) = (Tf2)
∗iT t

∗

X1
(x).Sin
e the group Fp(TX1) is generated by the set t∗X1

(X1), we obtain (Tf2)
∗ ◦ iT =

= jT ◦ (Tf1)
∗. Thus, the mappings Tf1 and Tf2 are Mp-equivalent.If we repla
e the words �free paratopologi
al group� by the words �free abelianparatopologi
al group� in the De�nitions 1.8 and 1.9 from the paper [11℄ then we obtainthe de�nitions of Ap-equivalent spa
es and Ap-equivalent mappings (remark that in thepaper [11℄ the author did misprints in these de�nitions; there must we written �in De�-nitions 1.8 and 1.9� instead of �in De�nitions 1.10 and 1.11�).Similarly to Theorem 2 we 
an prove the followingTheorem 3. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Ap(X

′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X and Y be spa
es su
h that the Markov free abelianparatopologi
al groups Ap(X) and Ap(Y ) are topologi
ally isomorphi
. Then the quotientmappings tX : X → TX and tY : Y → TY are Ap-equivalent and hen
e the Markov freeabelian paratopologi
al groups Ap(TX) and Ap(TY ) are topologi
ally isomorphi
.Corollary 3. Let T be one of the following 
lasess:
• T0-spa
es,
• T1-spa
es,
• fun
tionally Hausdor� spa
es,
• totally dis
onne
ted spa
es.Let X and Y be spa
es su
h that the Markov free abelian paratopologi
al groups Ap(X)and Ap(Y ) are topologi
ally isomorphi
. Then Markov free abelian paratopologi
al groups

Ap(TX) and Ap(TY ) are topologi
ally isomorphi
 too.Proof. If X ′ is a T0-spa
e then Ap(X
′) is a T0-spa
e too [13, Pr. 3.4℄. If X ′ is a T1-spa
ethen Ap(X

′) is a T1-spa
e too [12, Pr. 3.5℄. If X ′ is a fun
tionally Hausdor� spa
e then
Fp(X

′) is a fun
tionally Hausdor� spa
e too [13, Pr. 3.8℄.Now let X ′ be a totally dis
onne
ted spa
e. We are going to show that the quasi-
omponent of the zero in Ap(X
′) is a singleton. Let x ∈ Ap(X

′)\{0}. Then there existsa �nite nonempty subset F ∈ X ′ and a set {ny : y ∈ F} of non-zero integers su
h that
x =

∑
{nyy : y ∈ F}. Sin
e the spa
e X ′ is totally dis
onne
ted, for every point y ∈ Fthere exists a 
lopen neighborhood Uy ⊂ X ′ of y su
h that Uy ∩F = {y}. For every point

y ∈ F put Vy = Uy\
⋃
{Uy′ : y′ ∈ F\{y}}. Then {Vy : y ∈ F} is a family of pairwisedisjoint 
lopen subsets of X ′. Let f : X → Z be a mapping su
h that f(z) = ny if z ∈ Vyfor some y ∈ F and F (X ′\

⋃
{Vy : y ∈ F}) = {0}. Then f is a 
ontinuous mapping.



196 Nazar PYRCHLet f∗ : Ap(X
′) → Z be a 
ontinuous homomorphi
 extension of the mapping f . Then

f∗(0) = 0 but f∗(x) =
∑

{n2
y : y ∈ F} > 0. Therefore f∗−1(0) is a 
lopen neighborhoodof the zero of the group Ap(X

′) not 
ontaining x. Thus Ap(X
′) is a totally dis
onne
tedspa
e.Corollary 4. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that Ap(X

′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X1, X2, Y1, Y2 be spa
es, f1 : X1 → Y1 and f2 : X2 → Y2 be
Ap-equivalent mappings. Then the mappings Tf1 and Tf2 are Ap-equivalent.Proof. The proof is similar to the proof of Corollary 2.Let X1, X2, Y1, Y2 be spa
es. A mapping f1 : X1 → Y1 is 
alled B-equivalent to amapping f2 : X2 → Y2 if there exist isomorphisms i : H(X1) → H(X2) and j : H(Y1) →
H(Y2) su
h that j ◦ f̄1 = f̄2 ◦ i. Re
all that here by H(X) = (HB(X), G(X), h) we denotethe free homogeneous spa
e on a spa
e X des
ribed in the beginning of [11, Part 2℄.We shall need the followingLemma 3. Let X,Y be spa
es and (i, ϕ) : H(X) → H(Y ) be a morphism. Let n ≥ 0and z1, z2, . . . , z2n+1 ∈ HB(X). Then z = z1z

−1
2 · · · z−1

2n z2n+1 ∈ HB(X) and
i(z) = i(z1)i(z2)

−1 · · · i(z2n)−1i(z2n+1).Proof. Let x, y ∈ HB(x). Then xy−1 ∈ G(X) and sin
e (i, ϕ) is a morphism,
ϕ(xy−1) = i(xy−1y)i(y)−1 = i(x)i(y)−1.It is 
lear that z ∈ HB(X). Put g = z1z

−1
2 · · · z−1

2n if n > 0 and g = e if n = 0. Then
g ∈ G(X) and i(z) = i(gz2n+1) = ϕ(g)i(z2n+1). Sin
e ϕ is a homomorphism,

ϕ(g) = ϕ(z1z
−1
2 ) · · ·ϕ(z2n−1z

−1
2n ) = i(z1)i(z2)

−1 · · · i(z2n−1)i(z2n)−1.Corollary 5. Let X,Y be spa
es and (i, ϕ), (j, ψ) : H(X) → H(Y ) be morphisms. If
i|X = j|X then (i, ϕ) = (j, ψ).Theorem 4. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that HB(X ′) ∈ T forea
h spa
e X ′ ∈ T . Let X and Y be spa
es su
h that the free homogeneous spa
es H(X)and H(Y ) are isomorphi
. Then the quotient mappings tX : X → TX and tY : Y →
TY are B-equivalent and hen
e the free homogeneous spa
es H(TX) and H(TY ) areisomorphi
.Proof. Let (i, ϕ) : H(X) → H(Y ) be an isomorphism of the homogeneous spa
es,
tX : X → TX , tY : Y → TY be the quotient mappings and t̄X = (t∗X , ψX) : H(X) →
H(TX), t̄Y = (t∗Y , ψY ) : H(Y ) → H(TY ) be the morphisms 
onstru
ted from themappings tX and tY (see [11, Part 2℄).Let us 
onstru
t a 
ontinuous mapping h : TX → HB(TY ) su
h that h ◦ tX =
= t∗Y ◦ (i|X). Let x′ ∈ TX . Choose an arbitrary point x ∈ X su
h that with tX(x) = x′and put h(x′) = t∗Y i(x). Let y ∈ X . There is a point x ∈ X su
h that tX(x) = tX(y)and htX(x) = t∗Y i(x). Thus htX(y) = htX(x) = t∗Y i(x) = t∗Y i(y) be
ause TY ∈ T andtherefore HB(TY ) ∈ T . So h ◦ tX = t∗Y ◦ (i|X). The 
ontinuity of the mapping h followsfrom the 
ontinuity of i and t∗Y and the fa
t that the mapping tX is quotient.
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an 
onstru
t a 
ontinuous mapping g : TY → HB(TX) su
h that
g ◦ tY = t∗X ◦ (i−1|Y ). Let (h∗, ϕX) : H(TX) → H(TY ), (g∗, ϕY ) : H(TY ) → H(TX) bethe morphisms 
onstru
ted from the mappings h and g. Let x ∈ X . Then

h∗t∗X(x) = h∗tX(x) = htX(x) = t∗Y i(x).Corollary 5 implies that h∗ ◦ t∗X = t∗Y ◦ i. Similarly we 
an show that g∗ ◦ t∗Y = t∗X ◦ i−1.Sin
e g∗ ◦ h∗ ◦ t∗X = g∗ ◦ t∗Y ◦ i = t∗X ◦ i−1 ◦ i = t∗X , g∗ ◦ h∗ = 1HB(TX). Similarly, we
an prove that h∗ ◦ g∗ = 1HB(TY ). Corollary 5 implies that (h∗, ϕX) ◦ (g∗, ϕY ) = 1H(TY )and (g∗, ϕY ) ◦ (h∗, ϕX) = 1H(TX). Hen
e (h∗, ϕX) is an isomorphism. Sin
e h∗t∗X = t∗Y i,
t̄Y ◦ (i, ϕ) = h∗ ◦ t̄X by Corollary 5 and the mappings tX and tY are B-equivalent.Corollary 6. Let T be one of the following 
lasess:

• T0-spa
es,
• T1-spa
es,
• T2-spa
es,
• fun
tionally Hausdor� spa
es,
• totally dis
onne
ted spa
es.Let X and Y be spa
es su
h that the free homogeneous spa
es H(X) and H(Y ) areisomorphi
. Then the free homogeneous spa
es H(TX) and H(TY ) are isomorphi
 too.Proof. If T is either the 
lass of T0-spa
es or the 
lass of totally dis
onne
ted spa
es orthe 
lass of fun
tionally Hausdor� spa
es and X ′ ∈ T then Fp(X

′) ∈ T (see the proofof Corollary 1) and therefore Hp(X
′) ∈ T thus HB(X ′) ∈ T by Lemma 1 from [11℄. If

X ′ is a T1-spa
e then HB(X ′) is a T1-spa
e too [6℄. If X ′ is a T2-spa
e then HB(X ′) isa T2-spa
e too [7℄.Corollary 7. Let T be a 
lass of spa
es satisfying 
ondition (∗) su
h that HB(X ′) ∈ Tfor ea
h spa
e X ′ ∈ T . Let X1, X2, Y1, Y2 be spa
es, f1 : X1 → Y1 and f2 : X2 → Y2 be
B-equivalent mappings. Then the mappings Tf1 and Tf2 are B-equivalent.Proof. Let (i, ϕ) : H(X1) → H(X2), (j, ψ) : H(Y1) → H(Y2) be topologi
al isomorphismssu
h that f̄2 ◦ (i, ϕ) = (j, ψ) ◦ f̄1. Similarly to the proof of Theorem 4 we 
an 
onstru
tisomorphisms (iT , ϕT ) : H(TX1) → H(TX2) and (jT , ψT ) : H(TY1) → H(TY2) su
h that
(iT , ϕT ) ◦ t̄X1

= t̄X2
◦ (i, ϕ) and (jT , ψT ) ◦ t̄Y1

= t̄Y2
◦ (j, ψ). Proposition 2 implies that

Tf1 ◦ tX1
= tY1

◦ f1 and Tf2 ◦ tX2
= tY2

◦ f2. If x ∈ X2 then
t∗Y2
f∗

2 (x) = t∗Y2
f2(x) = tY2

f2(x) = (Tf2)tX2
(x) = (Tf2)

∗tX2
(x) = (Tf2)

∗t∗X2
(x).Corollary 5 implies that t∗Y2

◦ f∗

2 = (Tf2)
∗ ◦ t∗X2

. Let x ∈ X1. Then
jT (Tf1)

∗t∗X1
(x) = jT (Tf1)

∗tX1
(x) = jT (Tf1)tX1

(x) = jT tY1
f1(x) = jT t

∗

Y1
f1(x) =

= t∗Y2
jf1(x) = t∗Y2

jf∗

1 (x) = t∗Y2
f∗

2 i(x) = (Tf2)
∗t∗X2

i(x) = (Tf2)
∗iT t

∗

X1
(x).Sin
e the set HB(TX1) is generated by the set t∗X1

(X1), we see that Tf2 ◦ (iT , ϕT ) =

= (jT , ψT ) ◦ Tf1 by Corollary 5. Thus the the mappings Tf1 and Tf2 are B-equivalent.4. On T0-re�e
tion.Proposition 3. For ea
h topologi
al spa
e X the quotient mapping tX has a 
ontinuousright inverse.



198 Nazar PYRCHProof. Let X1 be a subset of X su
h that X1 ∩ C is a singleton for ea
h 
lass C ofthe relation ∼T0
on X . De�ne the mapping f : T0X → X1 by putting f(x) = y, where

y = t−1(x) ∩ X1. It is 
lear that tX ◦ f is the identity mapping on the spa
e TX . Letus 
he
k that the mapping f is 
ontinuous. Let U be an open subset in X1. Let us put
V = {x ∈ X : there exists a point y ∈ U su
h that x ∼T0

y}. Sin
e U is open in X1,there exists an open set W in X su
h that U = W ∩ X1. Let us prove that V = W .Suppose that there exists z ∈ V \W . Then there exists z1 ∈ U su
h that z ∼T0
z1. Sin
ethe points z and z1 are not separated by open subsets in X , we see that z1 /∈W . We geta 
ontradi
tion with the fa
t that U = W ∩X1. Let z ∈ W . Then there exists z1 ∈ X1su
h that z ∼T0

z1. Sin
e the points z and z1 are not separated by open subsets in X ,we have z1 ∈W , therefore z1 ∈ U and z ∈ V . Thus V = W and the set V is open in X .By the 
onstru
tion, V = t−1
X (f−1(U)). Sin
e the mapping tX is quotient and V is opensubset in X , we see that f−1(U) is an open subset in T0X .Remark 1. Let X be a topologi
al spa
e. Let X1 be a subset of X su
h that X1 ∩ C isa singleton for ea
h 
lass C of the relation ∼T0

on X . The above lemma imply that themapping tX |X1 is a homeomorphism. Sin
e every neighborhood of the set X1 
oin
ideswith X , the quotient spa
e X/X1 is antidis
rete. It easy to 
he
k that the size of the set
X/X1 does not depend on the 
hoi
e of X1. The 
ardinal of this size with antidis
retetopology is denoted as the spa
e X/T0X .Let (X,x0) and (Y, y0) be pointed spa
es su
h that X ∩ Y = ∅. The quotient spa
e
(X ⊕ Y )/{x, y} is 
alled a bouquet of pointed spa
es (X,x0) and (Y, y0) and is denotedby (X,x0) ∨ (Y, y0).Lemma 4. Let X,Y be disjoint spa
es, x1, x2 ∈ X, y1, y2 ∈ Y . Then spa
es (X,x1) ∨
(Y, y1) and (X,x2) ∨ (Y, y2) are B-equivalent.Proof. For i = 1, 2 put Ki = {xi, yi} and de�ne maps ri : X ⊕ Y → Ki su
h that
ri(X) = {xi} and ri(Y ) = {yi}. Then the maps r1 and r2 are parallel retra
tions. So by[11, Pr. 3℄ the spa
es (X,x1) ∨ (Y, y1) and (X,x2) ∨ (Y, y2) are B-equivalent.We shall write sometimes �X ∨ Y � instead of �(X,x0)∨ (Y, y0)�. We also re
all thatthe B-equivalen
e of spa
es implies their Mp-equivalen
e.Lemma 5. Let X,Y be spa
es and f : X → Y be a 
ontinuous map. Let f∗ : Fp(X) →
Fp(Y ) be the homomorphi
 extension of the map f . Then ker f∗ is the subgroup N of
Fp(X) generated by the set {g−1xy−1g : x, y ∈ X, g ∈ Fp(X), f(x) = f(y)}.Proof. It is 
lear that N ⊂ ker f∗. Now we prove the opposite in
lusion. Using resultsfrom [15℄ it is easy to prove that the group Fp(X) is algebrai
ally free over the set Xand the group Fp(Y ) is algebrai
ally free over the set Y . If w is an arbitrary element of
Fp(X) then w = xε1

1 · · ·xε1

1 where {x1, . . . , xn} ⊂ X and {ε1, . . . , εn} ⊂ {−1, 1}. Thenby easy indu
tion on n we 
an prove that if f∗(w) = e then w ∈ N .Proposition 4. Let X be a nonempty topologi
al spa
e. Then X
Mp

∼ (T0X × {1} ∨
(X/T0X) × {2}).
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h that X1 ∩ C is a singleton for ea
h 
lass C of therelation ∼T0
on X . Put Z = X1 ×{1}⊕X ×{2}. Choose an arbitrary point x0 ∈ X andput Z ′ = Z/{(x0, 1), (x0, 2)} and π : Z → Z ′ be the quotient mapping.De�ne a mapping r : X → X1 as follows. Let x ∈ X . There is a unique point

x1 ∈ X1 su
h that x1 ∼T0
x. Put r(x) = x1. The proof of Proposition 3 implies that

r−1(U) is open for ea
h open subset U of X1 so r is 
ontinuous.Let t ∈ {1, 2}. De�ne a mapping rt : Z → Z putting rt(x, s) = (r(x), t) for ea
h
x ∈ X, s ∈ {1, 2} su
h that (x, s) ∈ Z. Sin
e

r−1
t (U × {t}) = (r−1(U ∩X1) ∩X1) × {1} ∪ r−1(U ∩X1) × {2}for ea
h open set U ⊂ X1, the mapping rt is a 
ontinuous retra
tion. Sin
e rt((x0, 1)) =

= rt((x0, 2)), there exists a mapping r′t : Z ′ → Z ′ su
h that r′tπ = πrt. Sin
e π is thequotient mapping and the mapping rtπ is 
ontinuous then the mapping r′t is 
ontinuoustoo. It is easy to 
he
k that r1 and r2 are parallel retra
tions. Let t, t′ ∈ {1, 2}. Then
r′tr

′

t′π = r′tπrt′ = πrtrt′ = πrt = r′tπ. Sin
e the mapping π is surje
tive then r′tr′t′ = r′t sothe mappings r′1 and r′2 are parallel retra
tions too.Let i : Z ′ → Fp(Z
′) be the mapping su
h that i(z′) = r′1(z

′)z′−1r′2(z
′) for ea
h

z′ ∈ Z ′. Let us 
he
k that the mapping i is 
ontinuous. It is su�
ient to prove that itsrestri
tions onto π(X1 × {1}) and π(X × {2}) are 
ontinuous. If z ∈ X1 × {1} then
iπ(z) = r′1π(z) × π(z)−1 × r′2π(z) = πr1(z) × π(z)−1 × πr2(z) =

= π(z) × π(z)−1 × πr2(z) = πr2(z) = r′2π(z).Therefore i|π(X1 × {1}) is a 
ontinuous map. Now let z ∈ X × {2}. De�ne a mapping
j : π(X × {2}) → Fp(Z

′) putting j(z′) = z′−1r′2(z
′) for ea
h z′ ∈ π(X × {2}). Let us
he
k that the mapping j is 
ontinuous. For this purpose we prove that jπ(X × {2}) isan antidis
rete subspa
e of Fp(Z

′). It is easy to 
he
k that for ea
h point z′ ∈ π(X×{2})su
h that z′ 6= r′2(z
′) there is no open subset U of Z ′ su
h that U 
ontains exa
tly one ofthe points z′ and r′2(z′). Let z′ be an arbitrary point of π(X×{2}). Let Rz′ be a subset of

Fp(Z
′) su
h that Rz′ = z′−1{z′, r′2(z

′)} = {e, j(z′)}. Thus, by the homogeneity, for ea
hopen subset U of Fp(Z
′) we have the following di
hotomy: Rz′ ⊂ U or Rz′ ⊂ Fp(Z

′)\U .Let V be an open subset of Fp(Z
′) su
h that V ∩ jπ(X × {2}) 6= ∅. Choose a point

z′ ∈ π(X × {2}) su
h that j(z′) ∈ V . Then Rz′ ⊂ V so e ∈ V . The di
hotomy impliesthat Ru′ ⊂ V for ea
h point u′ ∈ π(X × {2}) so jπ(X × {2}) ⊂ V . Sin
e Fp(Z
′) is aparatopologi
al group and the mappings j and r′2 are 
ontinuous and i(z′) = j(z′)×r′2(z

′)for ea
h z′ ∈ π(X × {2}), the mapping i is 
ontinuous too.Denote by i∗ : Fp(Z
′) → Fp(Z

′) the 
ontinuous homomorphi
 extension of themapping i. It was proved in [9℄ that i∗ ◦ i∗ = 1Fp(Z′).Let t ∈ {1, 2}. Let Yt be the quotient spa
e Z ′/π(X1 × {t}), pt : Z ′ → Yt be thequotient mapping and p∗t : Fp(Z
′) → Fp(Yt) be the 
ontinuous homomorphi
 extensionof pt. Lemma 5 implies that ker p∗t is a smallest normal subgroup of Fp(Z

′) 
ontainingthe set {xy−1 : x, y ∈ Z ′, f(x) = f(y)} = {xy−1 : x, y ∈ π(X1 × {t})}.Let x ∈ X1. Then iπ((x, 1)) = r′2π((x, 1)) = πr2((x, 1)) = π((r(x), 2)) = π((x, 2)).So i(π(X1 × {1}) = π(X1 × {2}) and thus i∗(ker p∗1) = kerp∗2. Then Proposition 6 from[11℄ implies that the spa
es Y1 and Y2 are Mp-equivalent.



200 Nazar PYRCHLet f1 : Z → X be a mapping su
h that f1(x, 1) = x0 for ea
h x ∈ X1 and
f1(x, 2) = x for ea
h x ∈ X . Using this mapping we 
an 
onstru
t a homeomorphismfrom Y1 to X .Let q1 : X → X/X1 be the quotient mapping, f̃2 : Z → X1 × {1} ⊕ (X/X1) × {2}be a mapping su
h that f̃1(x1, 1) = (x1, 1) for ea
h x ∈ X1 and f̃2(x, 2) = (q1(x), 2) forea
h x ∈ X . Let

Y ′

2 = X1 × {1} ⊕ (X/X1) × {2}/{(x0, 1), (q1(x0), 2)}and q : X1 × {1} ⊕ (X/X1) × {2} → Y ′

2 be the quotient mapping. Let f2 = qf̃2. Usingthis mapping we 
an 
onstru
t a homeomorphism from Y2 to Y ′

2 .Sin
e the spa
e X1 is homeomorphi
 to the spa
e T0X and the spa
e X/X1 ishomeomorphi
 to the spa
e X/T0X , we obtain that the spa
e Y ′

2 isMp-equivalent to thespa
e T0X × {1} ∨ (X/T0X) × {2}. Thus
X

Mp

∼ Y1
Mp

∼ Y2
Mp

∼ Y ′

2

Mp

∼ T0X × {1} ∨ (X/T0X) × {2}.LetX be a pseudometrizable spa
e, and d be a pseudometri
 generating the topologyof X . Then one 
an easily 
he
k that T0X is a metrizable spa
e.Corollary 8. Ea
h pseudometrizable spa
e is Mp-equivalent to the bouquet of metrizableand antidis
rete spa
es.Proposition 5. Let X1 and X2 be spa
es with topologi
ally isomorphi
 Graev freeparatopologi
al groups, Y1 and Y2 be spa
es with topologi
ally isomorphi
 Markov freeparatopologi
al groups. If Xi ∩ Yi = ∅ for i ∈ {1, 2} then Graev free paratopologi
algroups on spa
es X1 ⊕ Y1 and X2 ⊕ Y2 are topologi
ally isomorphi
.Proof. Let i : FGp(X1) → FGp(X2) be an isomorphism of the Graev free paratopolo-gi
al groups with distinguished points ai ∈ Xi, i = 1, 2, j : Fp(Y1) → Fp(Y2) be anisomorphism of the Markov free paratopologi
al groups.Let t ∈ {1, 2}. Let iXt : Xt → Xt ⊕ Yt and iY t : Yt → Xt ⊕ Yt be the identityembeddings, and i∗Xt : FGp(Xt) → FGp(Xt⊕Yt, at) and i∗Y t : Fp(Yt) → FGp(Xt⊕Yt, at)be their extensions to the 
ontinuous homomorphisms of paratopologi
al groups.Consider the mapping k : X1⊕Y1→FGp(X2⊕Y2) de�ned as k(z)= i∗X2i(z) if z∈X1and k(z) = i∗Y 2j(z), if z ∈ Y1. Similarly to [4, Pr. 8.8℄ one 
an 
he
k that the extensionof the mapping k to the 
ontinuous homomorphism k∗ : FGp(X1 ⊕Y1) → FGp(X2 ⊕Y2)is a topologi
al isomorphism of the Graev free paratopologi
al groups FG(X1 ⊕ Y1) and
FG(X2 ⊕ Y2) with the distinguished points ai ∈ Xi ⊕ Yi.Proposition 6. Let X1 and X2 be spa
es with topologi
ally isomorphi
 Graev free abelianparatopologi
al groups, Y1 and Y2 spa
es with topologi
ally isomorphi
 Markov free abelianparatopologi
al groups. If Xi∩Yi = ∅ for i ∈ {1, 2} then Graev free abelian paratopologi
algroups on spa
es X1 ⊕ Y1 and X2 ⊕ Y2 are topologi
ally isomorphi
.Proof. The proof is similar to the proof of the previous proposition.Corollary 9. Let X1 and X2 be nonempty topologi
al spa
es with topologi
ally isomor-phi
 Markov free paratopologi
al groups, Y be a nonempty topologi
al spa
e su
h that
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Y ∩ (X1 ∪ X2) = ∅. Then Markov free paratopologi
al groups on spa
es X1 ∨ Y and
X2 ∨ Y are topologi
ally isomorphi
.Proof. By Proposition 5 we have that Graev free paratopologi
al groups on the spa
es
X1 ⊕ Y and X2 ⊕ Y are topologi
ally isomorphi
. Similarly to [3, �5℄ one 
an 
he
k thatGraev free paratopologi
al groups on the spa
es Xi ⊕ Y and (Xi ∨ Y )+ are topologi-
ally isomorphi
. Sin
e Graev free paratopologi
al group on the spa
e X+ is naturallyisomorphi
 to the Markov free paratopologi
al group on the spa
e X ,

Fp(X1 ∨ Y ) ≃ FGp((X1 ∨ Y )+) ≃ FGp(X1 ⊕ Y ) ≃

≃ FGp(X2 ⊕ Y ) ≃ FGp((X2 ∨ Y )+) ≃ Fp(X2 ∨ Y ).Corollary 10. Let X1 and X2 be nonempty topologi
al spa
es with topologi
allyisomorphi
 Markov free abelian paratopologi
al groups, Y be a nonempty topologi
alspa
e su
h that Y ∩ (X1 ∪X2) = ∅. Then Markov free abelian paratopologi
al groups onspa
es X1 ∨ Y and X2 ∨ Y are topologi
ally isomorphi
.Proof. The proof is similar to the proof of the previous 
orollary.Theorem 5. Topologi
al spa
es X and Y are Ap-equivalent if and only if T0X
Ap

∼ T0Yand X/T0X = Y/T0Y .Proof. Without loss of the generality it su�
es to 
onsider only the 
ase X 6= ∅ and
Y 6= ∅.Su�
ien
y. Sin
e Ap(T0X) ≃ Ap(T0Y ) and X/T0X = Y/T0Y , Corollary 10 impliesthat Ap(T0X × {1} ∨ (X/T0X) × {2}) ≃ Ap(T0Y × {1} ∨ (Y/T0Y ) × {2}). Sin
e the
Mp-equivalen
e of two spa
es implies the Ap-equivalen
e,

Ap(X) ≃ Ap(T0X × {1} ∨ (X/T0X) × {2})and Ap(Y ) ≃ Ap(T0Y × {1} ∨ (Y/T0Y ) × {2}) by proposition 4. Thus
X

Ap

∼ T0X × {1} ∨ (X/T0X) × {2}
Ap

∼ T0Y × {1} ∨ (Y/T0Y ) × {2}
Ap

∼ Y.Ne
essity. Let X and Y be Ap-equivalent. Then Corollary 3 implies that T0X
Ap

∼
T0Y . Theorem 3 implies that the quotient mappings tX : X → T0X and tY : Y → T0Y be
Ap-equivalent. Sin
e ker t∗X is an algebrai
ally free abelian group on the set of generatorswith 
ardinality X/T0X , X/T0X = 1 + rankker t∗X = 1 + rankker t∗Y = Y/T0Y .Theorem 6. Topologi
al spa
es X and Y are Mp-equivalent if and only if T0X

Mp

∼ T0Yand X/T0X = Y/T0Y .Proof. The proof of the ne
essity is similar to the abelian 
ase. Let us prove the su�
ien
y.Let X and Y be Mp-equivalent. Then Corollary 1 implies that T0X
Mp

∼ T0Y . Sin
e thespa
es X and Y are Ap-equivalent, Theorem 5 implies that X/T0X = Y/T0Y .1. Bel'nov V. K. On the dimension of the topologi
ally homogenous spa
es and freehomogeneous spa
es / Bel'nov V. K. //Dokl. A
ad. Nauk SSSR. � 1978. � V. 238,�4. � P. 781�784.
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ations. � 1990. � V. 36. � P. 157�171.9. Okunev O. G. M-equivalen
e of produ
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