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h. Math. 2009.Âèï. 71. Ñ. 184�190 Is. 71. P. 184�190ÓÄÊ 517.95ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI �ÎÇÂ'ßÇÊIÂ ÅÂÎËÞÖIÉÍÈÕ�IÂÍßÍÜ Ò�ÅÒÜÎ�Î ÏÎ�ßÄÊÓ ÇI ÇÌIÍÍÈÌÈÏÎÊÀÇÍÈÊÀÌÈ ÍÅËIÍIÉÍÎÑÒIÎêñàíà ÏÀÍÀÒËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: panat_ot�i.uaÇíàéäåíî ïîâåäiíêó ïðè t → +∞ ãëîáàëüíèõ (çà ÷àñîì) ðîçâ'ÿçêiâìiøàíèõ çàäà÷ äëÿ äåÿêèõ êëàñiâ íåëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü òðåòüî-ãî ïîðÿäêó.Êëþ÷îâi ñëîâà: ãiïåðáîëi÷íå ðiâíÿííÿ òðåòüîãî ïîðÿäêó, çìiííèé ïî-êàçíèê íåëiíiéíîñòi.Äè�åðåíöiàëüíå ðiâíÿííÿ òðåòüîãî ïîðÿäêó
utt = g(u,∇u, ∆u) + h∆ut, (1)äå g � äåÿêà �óíêöiÿ, h ∈ R
1, h > 0, ðîçãëÿäàëè ðàíiøå áàãàòî àâòîðiâ (äèâ. [1℄-[15℄). Çîêðåìà, ÿêùî �óíêöiÿ u âèçíà÷à¹ êîå�iöi¹íò çãóùåííÿ â'ÿçêîãî ãàçó, òî âîíàçàäîâîëüíÿ¹ ðiâíÿííÿ (1) ïðè g(u,∇u, ∆u) = c2∆u, h = 4/3ν, äå c � øâèäêiñòüïîøèðåííÿ çâóêó ó íåâ'ÿçêîìó ãàçi; ν � êiíåìàòè÷íèé êîå�iöi¹íò â'ÿçêîñòi. Çàäà÷óÊîøi äëÿ òàêîãî ðiâíÿííÿ äîñëiäæåíî â [1℄. �îçâ'ÿçîê îäåðæàíî ìåòîäîì Êîøi, àòàêîæ âèâ÷åíî éîãî õâèëüîâi âëàñòèâîñòi. Ìiøàíi çàäà÷i äëÿ ðiâíÿííÿ (1), êîëè g �íåëiíiéíà �óíêöiÿ, ðîçãëÿíóòî â [2℄-[3℄. Çíàéäåíî óìîâè iñíóâàííÿ ¹äèíîãî êëàñè÷-íîãî ðîçâ'ÿçêó i éîãî ïîâåäiíêó ïðè t → +∞. Ó [4℄-[15℄ âèâ÷àëè ïèòàííÿ iñíóâàííÿòà ¹äèíîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ âiäïîâiäíèõ çàäà÷ äëÿ ðiâíÿííÿ (1) òà äåÿêèõéîãî óçàãàëüíåíü.Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ïîâåäiíêó ïðè t → +∞ ðîçâ'ÿçêiâ äåÿêèõ óçà-ãàëüíåíü ðiâíÿííÿ (1).Íåõàé n ∈ N; Ω ⊂ R

n � îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω ∈ C1; Qτ = Ω × (0, τ);
Ωτ = Ω × {τ}; p ∈ L∞(Ω), p0 ≡ ess inf

x∈Ω
p(x) > 1, p0 ≡ ess sup

x∈Ω
p(x) < +∞ i

1/p(x) + 1/p ′(x) = 1, x ∈ Ω.
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utt −

n
∑

i,j=1

(aij(x)uxit)xj
−

n
∑

i,j=1

(bij(x)uxi
)xj

+ c1(x)ut +

+g1(x)|ut|
p(x)−2ut + g2(x)|u|p(x)−2u = 0, (2)

u|∂Ω×(0,T ) = 0, (3)
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω. (4)Íàãàäà¹ìî, ùî óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà íàçèâàþòü ìíîæèíó �óíêöié

Lp(x)(Ω) =
{

v : Ω → R
1
∣

∣ v − âèìiðíà, ρp(v, Ω) < +∞
}

,äå ρp(v, Ω) =
∫

Ω |v(x)|p(x) dx. Ó ïðàöi [16℄ äîâåäåíî, ùî Lp(x)(Ω) ¹ ñåïàðàáåëüíèì,ðå�ëåêñèâíèì i áàíàõîâèì ïðîñòîðîì, ÿêùî íà íüîìó ââåñòè íîðìó çà ïðàâèëîì
||v; Lp(x)(Ω)|| = inf{λ > 0 :

∫

Ω

|v/λ|p(x) dx 6 1
}

.Êðiì òîãî, [Lp(x)(Ω)]∗ = Lp ′(x)(Ω) i Lr(x)(Ω) ⊂ Lp(x)(Ω), ÿêùî r(x) > p(x) (äèâ. [16℄,ñ. 599-600).Ïðèïóñêà¹ìî, ùî âèêîíóþòüñÿ òàêi óìîâè:(A): aij ∈ L∞(Ω), aij = aji (i, j = 1, n),
a0|ξ|

2 6
n
∑

i,j=1

aij(x)ξiξj 6 a0|ξ|2 äëÿ âñiõ ξ ∈ R
n òà ìàéæå âñiõ x ∈ Ω,äå a0, a

0 > 0;(B): bij ∈ L∞(Ω) (i, j = 1, n),
b0|ξ|

2 6
n
∑

i,j=1

bij(x)ξiξj 6 b0|ξ|2 äëÿ âñiõ ξ ∈ R
n òà ìàéæå âñiõ x ∈ Ω,äå b0, b

0 > 0;(C): c1 ∈ L∞(Ω), 0 < c1,0 6 c1(x) 6 c0
1 äëÿ ìàéæå âñiõ x ∈ Ω;(G): g1, g2 ∈ L∞(Ω), gi,0 6 gi(x) 6 g0

i äëÿ ìàéæå âñiõ x ∈ Ω, äå
gi,0, g

0
i > 0 (i = 1, 2);(U): u0 ∈ L2(Ω) ∩ Lp(x)(Ω), u1 ∈ L2(Ω).Îçíà÷åííÿ 1. Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2)-(4) â îáëàñòi QT íàçèâà¹-ìî �óíêöiþ u ∈ L2(0, T ; H1

0 (Ω)) ∩ Lp(x)(QT ), ut ∈ L2(0, T ; H1
0 (Ω)) ∩ Lp(x)(QT ),

utt ∈ L2(QT ), ÿêà çàäîâîëüíÿ¹ óìîâè (4), à òàêîæ iíòåãðàëüíó ðiâíiñòü
∫

QT

[

uttv +

n
∑

i,j=1

aij(x)uxitvxj
+

n
∑

i,j=1

bij(x)uxi
vxj

+ c1(x)utv+

+g1(x)|ut|
p(x)−2utv + g2(x)|u|p(x)−2uv

]

dx dt = 0äëÿ âñiõ v ∈ L2(0, T ; H1
0 (Ω)) ∩ Lp(x)(QT ).



186 Îêñàíà ÏÀÍÀÒÎçíà÷åííÿ 2. ßêùî �óíêöiÿ u : Ω×(0,∞) → R
1 äëÿ êîæíîãî T > 0 ¹ óçàãàëüíåíèìðîçâ'ÿçêîì çàäà÷i (2)-(4) â îáëàñòi QT , òî u íàçèâàòèìåìî ãëîáàëüíèì ðîçâ'ÿçêîìçàäà÷i (2)-(4).Ïðèïóñòèìî, ùî �óíêöiÿ u � ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (2)-(4), ââåäåìî �óíê-öiîíàë

E(t) =
1

2

∫

Ωt

[

|ut|
2 +

n
∑

i,j=1

bij(x)uxi
uxj

]

dx +

∫

Ωt

g2(x)

p(x)
|u|p(x) dx, t > 0.Ç ìåòîþ ñïðîùåííÿ çàïèñiâ ïîçíà÷èìî

A1 = n max
i,j=1,n

ess sup
x∈Ω

|aij(x)|, W = min
{2a0b0

A2
1

,
2c1,0

c0
1 + 2

,
p0

p0 − 1

}

. (5)Íåõàé γ = γ(Ω) > 0 � ñòàëà ç íåðiâíîñòi Ôðiäðiõñà (äèâ. [17℄, 
. 44), òîáòî
∫

Ω

|v|2 dx 6 γ

∫

Ω

n
∑

i=1

|vxi
|2 dx ∀ v ∈ H1

0 (Ω). (6)�îâîðèòèìåìî, ùî âèêîíó¹òüñÿ óìîâà (V), ÿêùî(V): K1 ≡ 1 − c0
1γ/b0 > 0, K2 ≡ p0 − g0

1/g2,0 > 0.Äîâåäåìî òàêó òåîðåìó.Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C), (G), (U), (V). ßêùî u �ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (2)-(4), òî iñíóþòü ñòàëi C > 0, ω > 0 òàêi, ùî
E(t) 6 CE(0)e−ωt, t > 0. (7)Äîâåäåííÿ. Íåõàé u � ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (2)-(4). Òîäi äëÿ âñiõ v ∈ H1

0 (Ω)∩
∩Lp(x)(Ω) ïðàâèëüíà ðiâíiñòü

∫

Ωt

[

uttv +

n
∑

i,j=1

aij(x)uxitvxj
+

n
∑

i,j=1

bij(x)uxi
vxj

+ c1(x)utv+

+g1(x)|ut|
p(x)−2utv + g2(x)|u|p(x)−2uv

]

dx = 0, t ≥ 0. (8)Çíàéäåìî ïîõiäíó âiä E çà t òà ñêîðèñòà¹ìîñÿ ðiâíiñòþ (8) ïðè v = ut

dE

dt
=

∫

Ωt

[

uttut +

n
∑

i,j=1

bijuxi
uxjt + g2|u|

p(x)−2uut

]

dx =

= −

∫

Ωt

[ n
∑

i,j=1

aijuxituxjt + c1|ut|
2 + g1|ut|

p(x)

]

dx. (9)�îçãëÿíåìî �óíêöiîíàë
J(t) = E(t) + ε

∫

Ωt

uut dx, ε > 0, t > 0. (10)
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dJ

dt
=

dE

dt
+ ε

∫

Ωt

|ut|
2 dx + ε

∫

Ωt

uttu dx =

= −

∫

Ωt

[ n
∑

i,j=1

aijuxituxjt + c1|ut|
2 + g1|ut|

p(x)

]

dx + ε

∫

Ωt

|ut|
2 dx− (11)

−ε

∫

Ωt

[ n
∑

i,j=1

aijuxituxj
+

n
∑

i,j=1

bijuxi
uxj

+ c1utu + g1|ut|
p(x)−2utu + g2|u|

p(x)

]

dx.Îöiíèìî äîäàíêè îñòàííüî¨ ðiâíîñòi. Ó öüîìó ðàçi âèêîðèñòîâóâàòèìåìî óìîâè (A),
(B), (C), (G), îöiíêó (6), íåðiâíiñòü Þíãà ç ïàðàìåòðîì κ > 0

αβ 6 κ|α|2 +
1

4κ
|β|2,äå α, β ∈ R

1, à òàêîæ íåðiâíiñòü
n
∑

i,j=1

αijβiγj 6 αi∗j∗

n
∑

i,j=1

|βiγj | = αi∗j∗

(

n
∑

i=1

|βi|
)(

n
∑

i=1

|γi|
)

6

6 αi∗j∗

(

κ
(

n
∑

i=1

|βi|
)2

+
1

4κ

(

n
∑

i=1

|γi|
)2
)

6 nαi∗j∗

(

κ

n
∑

i=1

β2
i +

1

4κ

n
∑

i=1

γ2
i

)

,äå αij , βi, γi ∈ R
1 (i, j = 1, n), αi∗j∗ = max

i,j=1,n
|αij |, κ > 0 � äîâiëüíå ÷èñëî.Ìàòèìåìî

∣

∣

∣

∣

∣

− ε

∫

Ωt

n
∑

i,j=1

aijuxituxj
dx

∣

∣

∣

∣

∣

6 εA1

∫

Ωt

[

δ1

n
∑

i=1

|uxit|
2 +

1

4δ1

n
∑

i=1

|uxi
|2
]

dx 6

6
εA1δ1

a0

∫

Ωt

n
∑

i,j=1

aijuxituxjt dx +
εA1

4δ1b0

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx,äå δ1 > 0;
∣

∣

∣

∣

∣

− ε

∫

Ωt

c1utu dx

∣

∣

∣

∣

∣

6
εc0

1

2

∫

Ωt

[

|ut|
2 + |u|2

]

dx 6
εc0

1

2

∫

Ωt

|ut|
2 dx +

εc0
1γ

2b0

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx;

∣

∣

∣

∣

∣

− ε

∫

Ωt

g1|ut|
p(x)−2utu dx

∣

∣

∣

∣

∣

6 ε

∫

Ωt

g1|ut|
p(x)−1|u| dx 6

6
ε(p0 − 1)

p0

∫

Ωt

g1|ut|
p(x) dx +

εg0
1

g2,0

∫

Ωt

g2

p
|u|p(x) dx.Íà ïiäñòàâi îäåðæàíèõ îöiíîê, ðiâíiñòü (11) ïåðåïèøåìî ó âèãëÿäi

dJ

dt
6

(

− 1 +
εA1δ1

a0

)

∫

Ωt

n
∑

i,j=1

aijuxituxjt dx+
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+
(

− ε +
εA1

4δ1b0
+

εc0
1γ

2b0

)

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx +
(

− c1,0 + ε +
εc0

1

2

)

∫

Ωt

|ut|
2 dx+

+
(

− 1 +
ε(p0 − 1)

p0

)

∫

Ωt

g1|ut|
p(x) dx + ε

( g0
1

g2,0
− p0

)

∫

Ωt

g2

p
|u|p(x) dx,äå δ1 > 0.Âçÿâøè δ1 =

A1

2b0
òà âðàõóâàâøè óìîâó (V), îäåðæèìî íåðiâíiñòü

dJ

dt
6 −

(

1 −
εA2

1

2a0b0

)

∫

Ωt

n
∑

i,j=1

aijuxituxjt dx −
K1ε

2

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx − c1,0

(

1−

−
ε(2 + c0

1)

2c1,0

)
∫

Ωt

|ut|
2 dx −

(

1 −
ε(p0 − 1)

p0

)
∫

Ωt

g1|ut|
p(x) dx − K2ε

∫

Ωt

g2

p
|u|p(x) dx, (12)äå K1 > 0, K2 > 0 âèçíà÷åíi â (V).ßêùî

0 < ε < W,äå W âçÿòî ç (5), òî ïðàâèëüíi îöiíêè 1 −
εA2

1

2a0b0
> 0, 1 −

ε(2+c0

1
)

2c1,0
> 0, 1 − ε(p0

−1)
p0 > 0.Íà ïiäñòàâi öüîãî íåðiâíiñòü (12) ïåðåïèøåìî ó âèãëÿäi

dJ

dt
6 −

K1ε

2

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx − K3

∫

Ωt

|ut|
2 dx − K2ε

∫

Ωt

g2

p
|u|p(x) dx,äå K3 ≡ c1,0(1 −

ε(2+c0

1
)

2c1,0
) > 0. Çâiäñè ìàòèìåìî íåðiâíiñòü

dJ

dt
6 −K4(ε)E(t), (13)äå K4(ε) = min{K1ε, 2K3, K2ε}.Îäåðæèìî ùå îäíó îöiíêó. Ç ðiâíîñòi (10) òà íåðiâíîñòi (6) îòðèìó¹ìî, ùî

J(t) 6 E(t) +
ε

2

∫

Ωt

[

|u|2 + |ut|
2

]

dx 6 E(t) +
ε

2

∫

Ωt

|ut|
2 dx +

εγ

2b0

∫

Ωt

n
∑

i,j=1

bijuxi
uxj

dx 6

6

∫

Ωt

[

1

2

(

1 +
εγ

b0

) n
∑

i,j=1

bijuxi
uxj

+
1

2
(1 + ε)|ut|

2 +
g2

p
|u|p(x)

]

dx 6 A(ε)E(t), (14)äå A(ε) = max{1 + εγ/b0, 1 + ε}.Ïîäiáíèìè ìiðêóâàííÿìè äëÿ 0 < ε < min{1, b0/γ} îäåðæèìî îöiíêó
J(t) > E(t) −

ε

2

∫

Ωt

[

|u|2 + |ut|
2

]

dx >

∫

Ωt

[

1

2

(

1 −
εγ

b0

) n
∑

i,j=1

bijuxi
uxj

+

+
1

2
(1 − ε)|ut|

2 +
g2

p
|u|p(x)

]

dx > N(ε)E(t),äå N(ε) = min{1 − εγ/b0, 1 − ε}.
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{

W, 1, b0/γ
}

).Òîäi äëÿ òàêîãî ε > 0, íà ïiäñòàâi (14), ç (13) ìàòèìåìî, ùî dJ
dt

6 −K4(ε)
A(ε) J(t). Çâiäñè

J(t) 6 J(0) e−ωt, äå ω = K4(ε)/A(ε). Îñêiëüêè J(0) 6 A(ε)E(0) i J(t) > N(ε)E(t), òî
E(t) 6

J(t)

N(ε)
6

J(0)

N(ε)
e−ωt 6

A(ε)

N(ε)
E(0) e−ωt,òîáòî (7) âèêîíó¹òüñÿ ç C = A(ε)/N(ε). Òåîðåìó äîâåäåíî. �1. Âîéò Ñ.Ñ. �àñïðîñòðàíåíèå íà÷àëüíûõ óïëîòíåíèé â âÿçêîì ãàçå / Âîéò Ñ.Ñ. //Ó÷.çàï. Ì�Ó. Ìåõàíèêà. � 1954. � Âûï. 172, � 5. � Ñ. 125-142.2. James M. Greenberg On the existen
e, uniqueness, and stability of solutions of the equation

σ′(ux)utt+ +λuxtx = ρ0utt / James M. Greenberg, Ri
hard C. Ma
 Camy and Vi
tor J.Mizel. // Journal of Mathemati
s and Me
hani
s. � 1968. � Vol. 17, �7. � P. 707-728.3. Constantine M. Dafermos. The mixed initial-boundary value problem for the equations ofnonlinear one-dimensional vis
oelasti
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