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om, ol_buhrii�i.uaÄîâåäåíî �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìè ñïåöiàëüíîãî âèãëÿäó äëÿ�óíêöié ç óçàãàëüíåíèõ ïðîñòîðiâ Ñîáîë¹âà. Òàêîæ îòðèìàíî �îðìóëóóçàãàëüíåíî¨ ïîõiäíî¨ âiä êîìïîçèöi¨ äåÿêèõ �óíêöié ó ñåíñi ðîçïîäiëiâ.Êëþ÷îâi ñëîâà: óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà Ñîáîë¹âà, iíòåãðóâàííÿ÷àñòèíàìè, óçàãàëüíåíà ïîõiäíà âiä êîìïîçèöi¨ �óíêöié.1. Âñòóï. Ïðè äîâåäåííi, çîêðåìà, òåîðåìè ¹äèíîñòi ðîçâ'ÿçêó ìiøàíèõ çàäà÷äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü òðåáà âèêîðèñòîâóâàòè �îðìóëè iíòåãðóâàííÿ÷àñòèíàìè ñïåöiàëüíîãî âèãëÿäó (äèâ. [1, 
. 326℄). Öi �îðìóëè âèêîíóþòüñÿ, çîêðåìà,äëÿ �óíêöié ç äåÿêèõ ïðîñòîðiâ Ñîáîë¹âà W 1,p, p > 1. Îñòàííiì ÷àñîì ïàðàáîëi÷íiðiâíÿííÿ ïî÷àëè âèâ÷àòè â óçàãàëüíåíèõ ïðîñòîðàõ Ñîáîë¹âà W 1,p(x), äå p = p(x) �äåÿêà �óíêöiÿ. Òîìó âèíèêëà ïîòðåáà îòðèìàííÿ �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìèäëÿ �óíêöié ç òàêèõ ïðîñòîðiâ.Ìåòà íàøî¨ ïðàöi � îòðèìàòè �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìè ñïåöiàëüíîãîâèãëÿäó äëÿ �óíêöié ç óçàãàëüíåíèõ ïðîñòîðiâ Ñîáîë¹âà. Öüîìó ïðèñâÿ÷åíà ÷åòâåð-òà ÷àñòèíà ñòàòòi. Ïðè îòðèìàííi òàêèõ �îðìóë âèíèêà¹ ïîòðåáà îá÷èñëèòè ïîõiä-íó êîìïîçèöi¨ �óíêöié ñïåöiàëüíîãî âèãëÿäó, ùî íàëåæàòü W 1,p(x). Âèðiøåííþ öi¹¨ïðîáëåìè ïðèñâÿ÷åíî òðåòþ ÷àñòèíó ñòàòòi.Ó âèïàäêó p(x) ≡ 
onst ñõîæi �îðìóëè iíòåãðóâàííÿ ÷àñòèíàìè îòðèìàíî â[1, 2℄, ïîõiäíi êîìïîçèöi¨ �óíêöié çíàéäåíî â [3, 4℄.2. Äåÿêi äîïîìiæíi �àêòè ç àíàëiçó. Íåõàé Ω ∈ R
n � îáìåæåíà îáëàñòüç êóñêîâî ãëàäêîþ ìåæåþ, T > 0, Qt1,t2 = Ω × (t1, t2), äå 0 6 t1 < t2 6 T . Íîðìóáàíàõîâîãî ïðîñòîðó B ïîçíà÷èìî || · ; B||, ñïðÿæåíèé äî B ïðîñòið � B∗, à ñêàëÿðíèéäîáóòîê ìiæ B∗ òà B � 〈·, ·〉B . Äëÿ ñïðîùåííÿ çàìiñòü, íàïðèêëàä, u(·, t) ïèñàòèìåìîïðîñòî u(t).
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14 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉÓçàãàëüíåíi ïðîñòîðè Ëåáåãà áóëè ââåäåíi â [5℄. �õíi âëàñòèâîñòi äîñëiäæóâàëè,çîêðåìà, â [5℄-[8℄. Íàãàäà¹ìî äåÿêi ç íèõ. Ñïåðøó âèçíà÷èìî ïðîñòið
L∞

+ (Ω) = {v ∈ L∞(Ω) : ess inf
x∈Ω

v(x) > 1}.Äàëi äëÿ êîæíî¨ �óíêöi¨ r ∈ L∞
+ (Ω) ÷åðåç r0 òà r0 ïîçíà÷àòèìåìî òàêi ÷èñëà, ùî

r0 ≡ ess inf
x∈Ω

r(x) òà r0 ≡ ess sup
x∈Ω

r(x), à ÷åðåç r′ � òàêó �óíêöiþ, ùî 1
r(x) + 1

r′(x) = 1ìàéæå äëÿ âñiõ x ∈ Ω.Âèçíà÷èìî �óíêöiîíàë ρq(·, Ω) ðiâíiñòþ ρq(v, Ω) =
∫
Ω
|v(x)|q(x) dx, äå v � äåÿêà�óíêöiÿ. Óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà Lq(x)(Ω) íàçèâàòèìåìî ìíîæèíó òàêèõâèìiðíèõ �óíêöié v : Ω → R

1, äëÿ ÿêèõ ρq(v, Ω) < +∞. Âiäîìî, ùî �óíêöiîíàë ρqñëàáêî íàïiâíåïåðåðâíèé çíèçó íà Lq(x)(Ω) (äèâ. [5, 
. 208℄). Êðiì òîãî, Lq(x)(Ω) ¹ðå�ëåêñèâíèì áàíàõîâèì ïðîñòîðîì ç íîðìîþ
||v; Lq(x)(Ω)|| = inf{λ > 0 : ρq(v/λ, Ω) ≤ 1}.Çàçíà÷èìî òàêå: ÿêùî r(x) ≥ q(x), òî Lr(x)(Ω) →֒ Lq(x)(Ω). Ñïðÿæåíèì äî Lq(x)(Ω)¹ ïðîñòið Lq′(x)(Ω).Çàóâàæåííÿ 1. Íåõàé

Sq(s) =

{
sq0 , s ∈ [0, 1],

sq0

, s > 1,
S1/q(s) =

{
s1/q0

, s ∈ [0, 1],
s1/q0 , s > 1,i q ∈ L∞

+ (Ω). Â ëåìi 1 [7, 
. 168℄ ïîêàçàíî, ùî äëÿ äîâiëüíî¨ �óíêöi¨ v : Ω → Rìàòèìåìî âèêîíàííÿ íåðiâíîñòåé:1) ||v; Lq(x)(Ω)|| ≤ S1/q(ρq(v, Ω)) ïðè ρq(v, Ω) < +∞;2) ρq(v, Ω) ≤ Sq(||v; Lq(x)(Ω)||) ïðè ||v; Lq(x)(Ω)|| < +∞.Óçàãàëüíåíèì ïðîñòîðîì Ñîáîë¹âà W 1,q(x)(Ω) íàçèâàòèìåìî ìíîæèíó �óíêöié
v ∈ Lq(x)(Ω), óçàãàëüíåíi ïîõiäíi ÿêèõ iñíóþòü i ux1 , . . . , uxn

∈ Lq(x)(Ω). Àíàëîãi÷íîäî ââåäåíèõ âèçíà÷èìî ïðîñòîðè �óíêöié L∞
+ (Q0,T ), Lq(x,t)(Q0,T ), W 1,q(x,t)(Q0,T ) òà�óíêöiîíàë ρq(·, Q0,T ).Íàãàäà¹ìî, ùî (äèâ. [6, 
. 594℄) óçàãàëüíåíà íåðiâíiñòü �åëüäåðà äëÿ äâîõ �óíê-öié u ∈ Lp(x)(Ω) òà v ∈ Lp′(x)(Ω), äå p ∈ L∞

+ (Ω), ìà¹ âèãëÿä
∫

Ω

u(x)v(x)dx 6 K1||u; Lp(x)(Ω)|| ||v; Lp′(x)(Ω)||,äå K1 = 1 + 1/p0 − 1/p0 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u òà v.Íàì áóäå ïîòðiáíèé òàêèé ðåçóëüòàò.Ëåìà 1. (Óçàãàëüíåíà íåðiâíiñòü �åëüäåðà äëÿ òðüîõ �óíêöié). Íåõàé p, q ∈ L∞
+ (Ω)òàêi �óíêöi¨, ùî 1

p(x) + 1
q(x) = 
onst < 1 äëÿ x ∈ Ω, ÷èñëî k > 1 çàäàíî ðiâíiñòþ

1

p(x)
+

1

q(x)
+

1

k
= 1, x ∈ Ω. (1)



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 15ßêùî u ∈ Lp(x)(Ω), v ∈ Lq(x)(Ω), w ∈ Lk(Ω), òî uvw ∈ L1(Ω) i
∫

Ω

u(x)v(x)w(x) dx 6 K2S1/p

(∫

Ω

|u(x)|p(x) dx
)
S1/q

(∫

Ω

|v(x)|q(x) dx
)(∫

Ω

|w(x)|k dx
)1/k

,äå K2 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u, v, w.Äîâåäåííÿ. Íåõàé k′ def
= k

k−1 � ñïðÿæåíå äî k ÷èñëî. Òîäi
∫

Ω

u(x)v(x)w(x) dx 6

(∫

Ω

|u(x)v(x)|k
′

dx
) 1

k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

. (2)Çðîçóìiëî, ùî ç (1) k = p(x)q(x)
p(x)q(x)−p(x)−q(x) , à òîìó k′ = p(x)q(x)

p(x)+q(x) . Òîäi
p(x)

k′
=

p(x)(p(x) + q(x))

p(x)q(x)
=

p(x)

q(x)
+ 1 > 1. (3)Ìàþ÷è (3) òà çàóâàæåííÿ 1, ìîæíà ïðîäîâæèòè ïðàâó ÷àñòèíó íåðiâíîñòi (2). Îäåð-æèìî (∫

Ω

|u(x)v(x)|k
′

dx
) 1

k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

6

6

(
K1 · || |u|

k′

; Lp(x)/k′

(Ω)|| · || |v|k
′

; L(p(x)/k′)′(Ω)||
) 1

k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

6

6

(
C1 ·S1/(p/k′)(ρp(u; Ω)) ·S1/(p/k′)′(ρq(v; Ω))

) 1
k′

·
(∫

Ω

|w(x)|k dx
) 1

k′

= C
1
k′

1 ·D1 ·D2 ·D3,äå
D1 =

(
S1/(p/k′)(ρp(u; Ω))

) 1
k′

, D2 =
(
S1/(p/k′)′(ρq(v; Ω))

) 1
k′

, D3 =
(∫

Ω

|w(x)|k dx
) 1

k′

.Îñêiëüêè p0

k′
6

p(x)
k′

6
p0

k′
, òî

D1 =






( ∫
Ω

|u(x)|p(x) dx
) 1

p0

, ρp(u; Ω) 6 1,

( ∫
Ω

|u(x)|p(x) dx
) 1

p0
, ρp(u; Ω) > 1,

= S1/p(ρp(u; Ω)).Îñêiëüêè 1
p 6 1 − 1

k − 1
q = 1

k′
− 1

q = q−k′

k′q , òî p
k′

= q
q−k′

, ( p
k′

)′ =
q

q−k′

q

q−k′
−1 = q

k′
. Òîäi

q0

k′
6 (p(x)

k′
)′ 6

q0

k′
, òîìó

D2 =






( ∫
Ω

|v(x)|q(x) dx
) 1

q0

, ρq(u; Ω) 6 1,

( ∫
Ω

|v(x)|q(x) dx
) 1

q0
, ρq(u; Ω) > 1,

= S1/q(ρq(v; Ω)).Ëåìó äîâåäåíî. �
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+ (Ω), u, v ∈ Lr(x)(Ω), µ ∈ L∞(Ω),

I(λ) =

∫

Ω

µ(x)

r(x)
|u(x) + λv(x)|r(x)dx, λ ∈ R. (4)Ëåìà 2. Ôóíêöiÿ I : R → R ¹ äè�åðåíöiéîâíîþ â çâè÷àéíîìó ðîçóìiííi �óíêöi¹þ i

I ′(λ) =

∫

Ω

µ(x)|u(x) + λv(x)|r(x)−2(u(x) + λv(x))v(x) dx, λ ∈ R. (5)Äîâåäåííÿ. Íåõàé I � �óíêöiÿ ç (4), I ′ � �óíêöiÿ ç (5), λ ∈ R, ε ∈ R. Òîäi äëÿêîæíîãî x ∈ Ω ç òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè âèïëèâà¹ iñíóâàííÿ÷èñëà θ(x) ∈ [0, 1] òàêîãî, ùî
D =

I(λ + ε) − I(λ)

ε
− I ′(λ) =

∫

Ω

[ µ

rε

(
|u + (λ + ε)v|r(x) − |u + λv|r(x)

)
−

− µ|u + λv|r(x)−2(u + λv)v
]
dx =

∫

Ω

[
µ|η|r(x)−2ηv − µ|u + λv|r(x)−2(u + λv)v

]
dx,äå η = θ(u + (λ + ε)v) + (1 − θ)(u + λv) = u + λv + θεv.Äàëi âèêîðèñòà¹ìî îöiíêó

| |ξ1|
r(x)−2ξ1 − |ξ2|

r(x)−2ξ2| 6 C2(|ξ1| + |ξ2|)
r(x)−1−α(x)|ξ1 − ξ2|

α(x),äå C2 > 0 � ñòàëà, 0 6 α(x) 6 min{1, r(x) − 1}, ÿêà âèïëèâà¹ ç òåîðåìè 2.1 [9, 
. 2℄.Íåõàé α � òàêå ÷èñëî, ùî 0 < α < min{1, r0 − 1}. Òîäi
|D| 6

∫

Ω

|µ|C2(|u + λv + θεv| + |u + λv|)r(x)−1−α|θεv|α|v| dx 6

6 C3

∫

Ω

(|u| + |v|)r(x)−1−α|ε|α|v|α+1 dx,äå ñòàëà C3 çàëåæèòü âiä α, àëå íå çàëåæèòü âiä u, v, ε. Âðàõîâóþ÷è òå, ùî r(x)−1>α,
r(x) > α + 1, r(x)

α+1 > 1, âèêîðèñòà¹ìî óçàãàëüíåíó íåðiâíiñòü �åëüäåðà äëÿ äâîõ�óíêöié
|D| 6 C3|ε|

α||(|u| + |v|)r(x)−1−α; L( r(x)
α+1 )′(Ω)|| · || |v|α+1; L

r(x)
α+1 (Ω)||.Íàÿâíi òóò íîðìè ñêií÷åííi, áî u, v ∈ Lr(x)(Ω),

(α + 1)
r(x)

α + 1
= r(x),

(r(x) − 1 − α)
( r(x)

α + 1

)′

= (r(x) − 1 − α)

r(x)
α+1

r(x)
α+1 − 1

= r(x).Îòæå, |D| 6 C4|ε|
α, äå C4 � ñòàëà, ÿêà çàëåæèòü âiä λ, α, u, v, àëå íå çàëåæèòü âiä

ε. Òîìó D−→
ε→0

0 òà I ′ ¹ ïîõiäíîþ I. �Âèêîðèñòà¹ìî öþ ëåìó äëÿ äîâåäåííÿ âàæëèâèõ äëÿ íàñ �àêòiâ. Íåõàé Y �äiéñíèé áàíàõiâ ïðîñòið, Y ∗ � ñïðÿæåíèé äî Y ïðîñòið, 〈·, ·〉Y � ñêàëÿðíèé äîáóòîêìiæ Y ∗ òà Y , J : Y → R � äåÿêèé �óíêöiîíàë. Íàãàäà¹ìî êiëüêà ïîíÿòü.



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 17Îçíà÷åííÿ 1. Îïåðàòîð B : Y → Y ∗ íàçèâà¹òüñÿ äè�åðåíöiàëîì �àòî âiä �óíê-öiîíàëà J , ÿêùî äëÿ áóäü-ÿêèõ u, v ∈ Y : 〈Bu, v〉Y = d
dλJ(u + λv)|λ=0.Îçíà÷åííÿ 2. Ôóíêöiÿ J∗ : Y ∗ → R ∪ {+∞} íàçèâà¹òüñÿ ñïðÿæåíîþ îïóêëîþ�óíêöi¹þ äî J , ÿêùî

J∗(v) = sup
w∈Y

{〈v, w〉Y − J(w)} v ∈ Y ∗. (6)Íàãàäà¹ìî òàêå (äèâ. [10, 
. 264℄): ÿêùî f : X → R � îïóêëà �óíêöiÿ, äå X �òîïîëîãi÷íèé âåêòîðíèé ïðîñòið, òî òî÷êà x ¹ òî÷êîþ ìiíiìóìó f òîäi, i ëèøå òîäi,êîëè 0 ∈ ∂f(x), äå ∂f(x) � ñóáäè�åðåíöiàë �óíêöi¨ f â òî÷öi x. Êðiì òîãî (äèâ.[10, 
. 268℄), ÿêùî f � âëàñíà îïóêëà �óíêöiÿ, òî ñóáäè�åðåíöiàë ∂f(x) ñêëàäà¹òüñÿëèøå ç îäíi¹¨ òî÷êè òîäi, i ëèøå òîäi, êîëè îïåðàòîð B+f : X → X∗ ¹ ïîõiäíîþ çà�àòî âiä f â òî÷öi x, äå 〈(B+f)(x), v〉X = lim
λ→+0

f(x+λv)−f(x)
λ . Íàñëiäêîì öèõ ìiðêóâàíü¹ òàêå çàóâàæåííÿ.Çàóâàæåííÿ 2. ßêùî J : Y → R � âèïóêëèé âãîðó �óíêöiîíàë ç äè�åðåíöiàëîì�àòî B : Y → Y ∗, òî ìàêñèìóì J íà Y äîñÿãà¹òüñÿ â òî÷öi w ∈ Y òàêié, ùî Bw = 0.Äëÿ ïðèêëàäó ðîçãëÿíåìî òàêèé ïðîñòið Y òà �óíêöiîíàë J : Y = Lr(x)(Ω),

J(u)
def
=

∫

Ω

µ(x)
1

r(x)
|u(x)|r(x) dx, u ∈ Lr(x)(Ω), (7)äå r ∈ L∞

+ (Ω), µ ∈ L∞(Ω). Òîäi Y ∗ = Lr′(x)(Ω), äè�åðåíöiàë çà �àòî � öå îïåðàòîð
B : Y → Y ∗, ÿêèé ìà¹ âèãëÿä (òóò çàñòîñó¹ìî ëåìó 2)

〈Bu, v〉Y =
( d

dλ

∫

Ω

µ(x)
1

r(x)
· |u(x) + λv(x)|r(x) dx

)∣∣∣
λ=0

=

=

∫

Ω

(
µ(x)|u(x) + λv(x)|r(x)−2(u(x) + λv(x)) · v(x)

)∣∣∣
λ=0

dx =

=

∫

Ω

µ(x)|u(x)|r(x)−2u(x) · v(x) dx = 〈µ(x)|u|r(x)−2u, v〉Y , u, v ∈ Y,òîáòî
Bu = µ|u|r(x)−2u, u ∈ Y. (8)Çíàéäåìî ñïðÿæåíèé äî (7) �óíêöiîíàë. Äëÿ öüîãî íàì ïîòðiáíe çàóâàæåííÿ 2.Îòîæ, çãiäíî ç îçíà÷åííÿì 2 (äèâ. çîáðàæåííÿ (6))

J∗(v) = sup
w∈Lr(x)(Ω)

{∫

Ω

vw dx −

∫

Ω

µ(x)
1

r(x)
|w|r(x) dx

}
=

= sup
w∈Lr(x)(Ω)

{∫

Ω

(
vw − µ(x)

1

r(x)
|w|r(x)

)
dx

}
, v ∈ Lr′(x)(Ω). (9)Íåõàé v ∈ Lr′(x)(Ω) � �iêñîâàíå. Ââåäåìî ïîçíà÷åííÿ

F (w) =

∫

Ω

(
vw − µ(x)

1

r(x)
|w|r(x)

)
dx, w ∈ Lr(x)(Ω). (10)



18 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉÒîäi çãiäíî ç (9) ìàòèìåìî
J∗(v) = sup

w∈Lr(x)(Ω)

F (w). (11)Çðîçóìiëî, ùî F � âèïóêëèé âãîðó �óíêöiîíàë. Òîìó äëÿ òîãî àáè âiäøóêàòè ñóïðå-ìóì �óíêöiîíàëà F (w) (çãiäíî ç çàóâàæåííÿì 2), çíàéäåìî éîãî ïîõiäíó �àòî B1wâ òî÷öi w òà ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ. Îòæå, âèêîðèñòîâóþ÷è îçíà÷åííÿ 1, îäåðæèìîòàêå ðiâíÿííÿ íà çíàõîäæåííÿ w:
〈B1w, z〉Y =

d

ds
F (w + sz)

∣∣∣
s=0

= 0 ∀z ∈ Y. (12)Àíàëîãi÷íî ÿê (8) îòðèìà¹ìî, ùî
B1w = v − µ w|w|r(x)−2.Òîìó (12) íàáóäå âèãëÿäó

v = µ w|w|r(x)−2 ìàéæå ñêðiçü â Ω. (13)Ç (13) îäåðæèìî, ùî w = v
µ

(
|v|
µ

) 2−r(x)
r(x)−1 � òî÷êà ìàêñèìóìó F . Òîìó

J∗(v) = F
( v

µ

( |v|

µ

) 2−r(x)
r(x)−1

)
=

∫

Ω

(
v(x)

v(x)

µ(x)

( |v(x)|

µ(x)

) 2−r(x)
r(x)−1

−
µ(x)

r(x)

∣∣∣
v(x)

µ(x)

∣∣∣
r(x)

r(x)−1
)
dx.Ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îäåðæèìî

J∗(v) =

∫

Q0,T

µ(x)1−r′(x) 1

r′(x)
|v(x)|r

′(x) dxdt, v ∈ Lr′(x)(Ω). (14)3. Óçàãàëüíåíà ïîõiäíà âiä êîìïîçèöi¨ �óíêöié. Íåõàé âèêîíóþòüñÿ óìî-âè ïîïåðåäíüîãî ïiäðîçäiëó.Ëåìà 3. Íåõàé q ∈ L∞
+ (Q0,T ), θ ∈ C1(R), |θ′(t)| 6 M äëÿ âñiõ t ∈ R. ßêùî

u ∈ W 1,q(x,t)(Q0,T ), òî θ(u) ∈ W 1,q(x,t)(Q0,T ) i, êðiì òîãî,
∂

∂t
θ(u) = θ′(u)

∂u

∂t
ìàéæå âñþäè â Q0,T . (15)Àíàëîãi÷íà �îðìóëà âèêîíó¹òüñÿ i äëÿ ïîõiäíèõ çà çìiííèìè x1, . . . , xn.Äîâåäåííÿ. Îñêiëüêè u ∈ W 1,q(x,t)(Q0,T ), òî iñíó¹ òàêà ïîñëiäîâíiñòü �óíêöié

{um}m∈N ⊂ C1(Q0,T ), ùî um −→
m→∞

u â W 1,q(x,t)(Q0,T ) i um −→
m→∞

u ìàéæå âñþäè â
Q0,T . Î÷åâèäíî, ùî θ(um) ∈ C1(Q0,T ) i ìà¹ìî |θ(um) − θ(u)| 6 M |um − u|, òîìó
θ(um) çáiæíà äî θ(u) â ïðîñòîði Lq(x,t)(Q0,T ). Êðiì òîãî,

θ′(um)
∂um

∂t
− θ′(u)

∂u

∂t
= θ′(um)

(∂um

∂t
−

∂u

∂t

)
+

(
θ′(um) − θ′(u)

)∂u

∂t

def
= Am + Bm.Çðîçóìiëî, ùî Bm −→

m→∞
0 ìàéæå âñþäè â Q0,T . Òàêîæ |Bm|q(x,t) 6 (2M |ut|)

q(x,t) ∈

∈ L1(Q0,T ). Òîìó çà òåîðåìîþ Ëåáåãà Bm −→
m→∞

0 â Lq(x,t)(Q0,T ). Êðiì òîãî,
|Am|q(x,t) 6 M q(x,t)

∣∣∣
∂um

∂t
−

∂u

∂t

∣∣∣
q(x,t)

−→
m→∞

0 â ïðîñòîði L1(Q0,T ).
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m→∞

0 â ïðîñòîði Lq(x,t)(Q0,T ). Òîìó θ′(um)∂um

∂t −→
m→∞

θ′(u)∂u
∂t ñèëüíî â

Lq(x,t)(Q0,T ), çîêðåìà, θ′(u)∂u
∂t ∈ Lq(x,t)(Q0,T ).Äîâåäåìî òåïåð (15). Íåõàé ϕ ∈ D(Q0,T ). Òîäi

∫

Q0,T

θ′(u)utϕ dxdt = lim
m→∞

∫

Q0,T

θ′(um)
∂um

∂t
ϕ dxdt =

= lim
m→∞

∫

Q0,T

∂

∂t

(
θ(um)

)
ϕ dxdt = − lim

m→∞

∫

Q0,T

θ(um)ϕt dxdt = −

∫

Q0,T

θ(u)ϕt dxdt.Îòæå, â ñåíñi ðîçïîäiëiâ (à ç ëåìè äþ Áóà-�åéìîíäà i â ñåíñi ðiâíîñòi ìàéæå ñêðiçü)ìàòèìåìî (15). �Çàóâàæåííÿ 3. ßêùî q(x, t) ≡ 
onst, θ çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ íà R, ïîõiäíà
θ iñíó¹ âñþäè çà âèíÿòêîì, ìîæëèâî, ñêií÷åííî¨ ìíîæèíè òî÷îê {a1, a2, . . . , ak} òà¹ îáìåæåíîþ i u ∈ W 1,q(Q0,T ), òî θ(u) ∈ W 1,q(Q0,T ) i âèêîíó¹òüñÿ �îðìóëà (15) (âñåíñi ðîçïîäiëiâ íà Q0,T ; äèâ. [3, 
. 50℄).Ââåäåìî äîïîìiæíå ïîçíà÷åííÿ. Íåõàé ñêðiçü äàëi r ∈ L∞

+ (Ω) òà
(Ru)(x) =

1

r(x) − 1
|u(x)|r(x)−2u(x), x ∈ Ω. (16)Çàóâàæåííÿ 4. Ïðàâèëî (16) çàäà¹ íåëiíiéíèé îïåðàòîð R : Lr(x)(Ω) → Lr′(x)(Ω).Çðîçóìiëî, ùî R ¹ îáìåæåíèì.Çàóâàæåííÿ 5. Íåõàé k ∈ L∞(Ω). Òîäi iñíóþòü òàêi ñòàëi M1, M2, M3 > 0, ùî äëÿâñiõ a, b ∈ R òà ìàéæå äëÿ âñiõ x ∈ Ω âèêîíóþòüñÿ îöiíêè:

||a|k(x) − |b|k(x)| 6 M1|a − b|(|a|k(x)−1 + |b|k(x)−1), äå k(x) > 1, (17)(äèâ. [9, 
. 3℄ äëÿ k ≡ 
onst),
|a ± b|k(x) 6 M2(|a|

k(x) + |b|k(x)), äå k(x) > 0, (18)(äèâ. [11, ñ. 67℄ äëÿ k ≡ 
onst),
| |a|k(x)−2a − |b|k(x)−2b| 6 C5 · (|a| + |b|)k(x)−2|a − b|, äå k(x) > 2, (19)(äèâ. [9, ñ. 3℄ äëÿ k ≡ 
onst).Ëåìà 4. Íåõàé r ∈ L∞

+ (Ω) òà r0 > 3, îïåðàòîð R âèçíà÷åíî â (16),
U1

def
= {u ∈ L2(r(x)−2)(Q0,T ) | ut ∈ L2(Q0,T )},

||u||U1 = ||u; L2(r(x)−2)(Q0,T )|| + ||ut; L
2(Q0,T )||. Òîäi äëÿ âñiõ u ∈ U1 âèêîíó¹òüñÿ(âçÿòà â ñåíñi ðîçïîäiëiâ íà Q0,T ) �îðìóëà

∂

∂t

(
Ru

)
= |u|r(x)−2∂u

∂t
. (20)Êðiì òîãî, ∂

∂t (Ru) : U1 → L1(Q0,T ).



20 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉÄîâåäåííÿ. Îñêiëüêè C1(Q0,T ) = U1, òî âiçüìåìî òàêó ïîñëiäîâíiñòü {um}m∈N ç
C1(Q0,T ), ùî um −→

m→∞
u ñèëüíî â U1. Òîäi {um}m∈N îáìåæåíà â U1, òîáòî ∃C6 > 0:

||um||U1 6 C6 ∀ m ∈ N, çâiäêè
∫

Q0,T

[
|um|2(r(x)−2) + |um

t |2
]

dxdt 6 C7 ∀ m ∈ N. (21)Îñêiëüêè äëÿ âñiõ x ∈ Ω �óíêöiÿ τ 7→ |τ |r(x)−2τ äè�åðåíöiéîâíà ïðè r0 > 3, òî
∂

∂t

(
Rum

)
= |um|r(x)−2 ∂um

∂t
(22)â êëàñè÷íîìó ðîçóìiííi ïîõiäíî¨. Ïîêàæåìî, ùî

|um|r(x)−2um
t −→

m→∞
|u|r(x)−2ut ñèëüíî â L1(Q0,T ). (23)ßê i â ëåìi 3 ìàòèìåìî

|um|r(x)−2um
t −|u|r(x)−2ut = |um|r(x)−2(um

t −ut)+(|um|r(x)−2−|u|r(x)−2)ut = Am +Bm.Çàçíà÷èìî òàêå: îñêiëüêè |um|r(x)−2, |u|r(x)−2, um
t , ut ∈ L2(Q0,T ), òî âñi äîäàíêè çîñòàííüî¨ ðiâíîñòi íàëåæàòü ïðîñòîðó L1(Q0,T ). Âèêîðèñòàâøè íåðiâíiñòü �åëüäåðàòà (21), îäåðæèìî

∫

Q0,T

|Am| dxdt 6

( ∫

Q0,T

|um|2(r(x)−2) dxdt
) 1

2

·
( ∫

Q0,T

|um
t − ut|

2 dxdt
) 1

2

6

6
√

C7||u
m
t − ut; L

2(Q0,T )|| −→
m→∞

0.Îñêiëüêè um −→
m→∞

u ñèëüíî â L2(r(x)−2)(Q0,T ), òî i ñèëüíî â L2(r0−2)(Q0,T ), òîìóìîæíà ââàæàòè, ùî um −→
m→∞

u ìàéæå ñêðiçü â Q0,T . Îòîæ, Bm −→
m→∞

0 ìàéæå ñêðiçüâ Q0,T .Âèêîðèñòàâøè (17) (â íàñ r(x) − 2 > 1, áî r(x) > 3), îäåðæèìî
|Bm| = ||um|r(x)−2 − |u|r(x)−2| · |ut| 6 M1|u

m − u| · (|um|r(x)−3 + |u|r(x)−3)|ut|.Çíàéäåìî β(x) ç óìîâè 1
2(r(x)−2) + 1

β(x) + 1
2 = 1. Ìàòèìåìî, ùî β(x) = 2(r(x)−2)

r(x)−3 =

= 2+ 2
r(x)−3 . Òîäi 2(r(x)−2), β(x), 2 > 1 i òîìó ç ïîòðiéíî¨ íåðiâíîñòi �åëüäåðà (äèâ.ëåìó 1), îöiíîê (18), (21) òà çàóâàæåííÿ 1 îòðèìà¹ìî

∫

Q0,T

|Bm| dxdt 6 K2M1 · S1/(2(r−2))

( ∫

Q0,T

|um − u|2(r(x)−2) dxdt
)
×

× S1/β

( ∫

Q0,T

(|um|r(x)−3 + |u|r(x)−3)β dxdt
)( ∫

Q0,T

|ut|
2 dxdt

) 1
2

6

6 C8 S1/(2r−4)(S2r−4(||u
m − u; L2(r(x)−2)(Q0,T )||)) ×

× S1/β

( ∫

Q0,T

(|um|2(r(x)−2) + |u|2(r(x)−2)) dxdt
)
· ||ut; L

2(Q0,T )|| 6

6 C9 S1/(2r−4)(S2r−4(||u
m − u; L2(r(x)−2)(Q0,T )||)) −→

m→∞
0.



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 21Òîìó (23) âèêîíó¹òüñÿ. Ùîá çàâåðøèòè äîâåäåííÿ öi¹¨ ëåìè, òðåáà âèçíà÷èòè çáiæ-íiñòü
Rum −→

m→∞
Ru â L1(Q0,T ). (24)Âèêîðèñòîâóþ÷è (19), ìàòèìåìî

∫

Q0,T

|Rum −Ru| dxdt =

∫

Q0,T

1

r(x) − 1
· | |um|r(x)−2um − |u|r(x)−2u|dxdt 6

6 C10

∫

Q0,T

|um − u| · (|um| + |u|)r(x)−2 dxdt 6

6 C11

∫

Q0,T

|um − u| · (|um|r(x)−2 + |u|r(x)−2) dxdt = Im
1 + Im

2 ,äå
Im
1 = C11 ·

∫

Q0,T

|um|r(x)−2|um − u| dxdt, Im
2 = C11 ·

∫

Q0,T

|u|r(x)−2|um − u| dxdt.Äàëi îöiíèìî Im
1 òà Im

2 , âèêîðèñòîâóþ÷è íåðiâíiñòü �åëüäåðà.
Im
1 = C11 ·

∫

Q0,T

|um|r(x)−2|um − u| dxdt 6 C11 ·
( ∫

Q0,T

|um|2(r(x)−2) dxdt
) 1

2

×

×
( ∫

Q0,T

|um − u|2 dxdt
) 1

2

6 C12 · ||u
m − u; L2(Q0,T )||. (25)Îñêiëüêè r(x) > 3, òî 2(r(x) − 2) > 2. Òîìó

∃C13 > 0 : ||um − u; L2(Q0,T )|| 6 C13 ||u
m − u; L2(r(x)−2)(Q0,T )||. (26)Çàñòîñó¹ìî (26) äî (25), îäåðæèìî

0 6 Im
1 6 C14 · ||u

m − u; L2(r(x)−2)(Q0,T )|| −→
m→∞

0.Îòæå, Im
1 −→

m→∞
0. Àíàëîãi÷íî îäåðæèìî, ùî Im

2 −→
m→∞

0. Òîìó âèêîíó¹òüñÿ (24).Íåõàé ϕ ∈ D(Q0,T ). Òîäi ç (22), (23) òà (24)
∫

Q0,T

|u|r(x)−2utϕ dxdt = lim
m→∞

∫

Q0,T

|um|r(x)−2um
t ϕ dxdt =

= lim
m→∞

∫

Q0,T

∂

∂t

(
Rum

)
ϕ dxdt = − lim

m→∞

∫

Q0,T

Rum ϕt dxdt = −

∫

Q0,T

Ru ϕt dxdt.Îòîæ, â ñåíñi ðîçïîäiëiâ (à ç ëåìè äþ Áóà-�åéìîíäà i â ñåíñi ðiâíîñòi ìàéæå ñêðiçü)ìàòèìåìî (20). �Çàóâàæåííÿ 6. ([4, 
. 66℄) ßêùî r(x) ≡ 
onst, r ∈ [2, 3),
U2 = {u ∈ L∞(0, T ; L2(Ω)) | ut ∈ L∞(0, T ; L2(Ω))},

||u||U2 = ||u; L∞(0, T ; L2(Ω))||+||ut; L
∞(0, T ; L2(Ω))||, òî �îðìóëà (20) ç ëåìè 4 òàêîæâèêîíó¹òüñÿ.



22 Òàðàñ ÁÎÊÀËÎ, Îëåã ÁÓ��IÉ4. Iíòåãðóâàííÿ ÷àñòèíàìè êîìïîçèöi¨ �óíêöié.Äëÿ çðó÷íîñòi íàñòóïíèéâiäîìèé �àêò ìè íàâåäåìî ç äîâåäåííÿì.Ëåìà 5. (ëåìà [1, 
. 376-377℄). ßêùî Y � äiéñíèé áàíàõiâ ïðîñòið, J : Y → R �îïóêëèé äè�åðåíöiéîâíèé çà �àòî �óíêöiîíàë ç äè�åðåíöiàëîì �àòî B : Y → Y ∗,�óíêöiÿ J∗ : Y ∗ → R ∪ {+∞} âèçíà÷åíà â (6), òî
J∗(Bu) = 〈Bu, u〉Y − J(u) ∀ u ∈ Y, (27)

J∗(Bu2) − J∗(Bu1) > 〈Bu2 − Bu1, u1〉Y ∀ u1, u2 ∈ Y, (28)

J∗(Bu2) − J∗(Bu1) 6 〈Bu2 − Bu1, u2〉Y ∀ u1, u2 ∈ Y. (29)Äîâåäåííÿ. 1. Äîâåäåìî (27). Ç îçíà÷åííÿ B âèïëèâà¹, ùî
J(w) − J(u) > 〈Bu, w − u〉Y ∀ u, w ∈ Y, (30)òîìó 〈Bu, w〉Y − J(w) 6 〈Bu, u〉Y − J(u). Òîäi ç (6)

J∗(Bu) = sup
w∈Y

{〈Bu, w〉Y − J(w)}.Îá'¹äíóþ÷è öå ç ïîïåðåäíüîþ íåðiâíiñòþ, îäåðæó¹ìî, ùî ñóïðåìóì äîñÿãà¹òüñÿ âòî÷öi w = u.2. Äîâåäåìî (28) òà (29). Âçÿâøè â (30) u = u2, w = u1, îäåðæèìî
J(u1) − J(u2) > 〈Bu2, u1 − u2〉Y = 〈Bu2, u1〉Y − 〈Bu2, u2〉Y ∀ u1, u2 ∈ Y.Îòîæ, J(u1)−〈Bu1, u1〉Y −J(u2)+ 〈Bu2, u2〉Y > 〈Bu2, u1〉Y −〈Bu1, u1〉Y , òîìó ç (27)

−J∗(Bu1) + J∗(Bu2) > 〈Bu2 − Bu1, u1〉Y ∀ u1, u2 ∈ Y.Òîáòî (28) äîâåäåíî. Òåïåð ïîìiíÿ¹ìî â (28) u1 i u2 ìiñöÿìè
J∗(Bu1) − J∗(Bu2) > 〈Bu1 − Bu2, u2〉Y ,äîìíîæèìî íà (−1)

−J∗(Bu1) + J∗(Bu2) 6 〈Bu2 − Bu1, u2〉Yi îäåðæèìî (29). ��îçãëÿíåìî íàø ÷àñòêîâèé âèïàäîê, êîëè Y = Lr(x)(Ω), äå r ∈ L∞
+ (Ω), J çàäàíîâ (7), B ïîðàõîâàíî â (8), à J∗ � â (14). Íåõàé µ(x) = 1

r(x)−1 , x ∈ Ω, òîäi
J∗(Bv) = J∗(Ru) =

∫

Ω

( 1

r(x) − 1

)1−r′(x) 1

r′(x)

∣∣∣
1

r(x) − 1
|u|r(x)−2u

∣∣∣
r′(x)

dx =

=

∫

Ω

1

(r(x) − 1)r′(x)
|u|(r(x)−1)r′(x) dx =

∫

Ω

1

r(x)
|u|r(x) dxi òîìó íåðiâíiñòü (28) íàáóäå âèãëÿäó

∫

Ω

1

r(x)
|u2|

r(x) dx −

∫

Ω

1

r(x)
|u1|

r(x) dx >

>

∫

Ω

1

r(x) − 1
(|u2|

r(x)−2u2 − |u1|
r(x)−2u1)u1 dx (31)



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 23äëÿ âñiõ u1, u2 ∈ Lr(x)(Ω). Àíàëîãi÷íî íåðiâíiñòü (29) íàáóäå âèãëÿäó
∫

Ω

1

r(x)
|u2|

r(x) dx −

∫

Ω

1

r(x)
|u1|

r(x) dx 6

6

∫

Ω

1

r(x) − 1
(|u2|

r(x)−2u2 − |u1|
r(x)−2u1)u2 dx (32)äëÿ âñiõ u1, u2 ∈ Lr(x)(Ω).Òåîðåìà 1. ßêùî r(x) ∈ L∞

+ (Ω), u ∈ Lr(x)(Q0,T ), (|u|r(x)−2u)t ∈ Lr′(x)(Q0,T ), òîäëÿ âñiõ τ, s ∈ [0, T ]
τ∫

s

dt

∫

Ω

u
∂

∂t
(R(u)) dx =

∫

Ω

1

r(x)
|u(τ)|r dx −

∫

Ω

1

r(x)
|u(s)|r dx. (33)Äîâåäåííÿ. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè òåîðåìè. Îñêiëüêè u ∈ Lr(x)(Q0,T ),òî |u|r(x)−2u ∈ Lr′(x)(Q0,T ). Êðiì òîãî, (|u|r(x)−2u)t ∈ Lr′(x)(Q0,T ). Ç òåîðåìè 1 [12,
. 311℄ âèïëèâà¹, ùî Lr′(x)(Q0,T ) ⊂ L

r0
r0−1 (0, T ; Lr′(x)(Ω)). Òîäi ç ëåìè [13, ñ. 20℄

|u|r(x)−2u ∈ C([0, T ]; Lr′(x)(Ω)). Òîìó iñíó¹ C15 > 0 òàêà, ùî äëÿ âñiõ t ∈ [0, T ]
∫

Ω

|u(t)|r(x) dx =

∫

Ω

||u(t)|r(x)−2u(t)|r
′(x) dx 6 C15. (34)Çà�iêñó¹ìî íàøi τ, s ∈ [0, T ].I. Îñêiëüêè |u|r(x)−2u ∈ C([0, T ]; Lr′(x)(Ω)), òî �óíêöiÿ ũ òàêà, ùî

|ũ(t)|r(x)−2ũ(t) =





|u(τ)|r(x)−2u(τ), t ∈ [τ, T + 1],
|u(t)|r(x)−2u(t), t ∈ [s, τ ],

|u(s)|r(x)−2u(s), t ∈ [−1, s],¹ òàêà, ùî |ũ|r(x)−2ũ ∈ C([−1, T + 1]; Lr′(x)(Ω)). Êðiì òîãî, ũ ∈ Lr(x)(Q−1,T+1),
(|ũ|r(x)−2ũ)t ∈ Lr′(x)(−1, T + 1; Lr′(x)(Ω)) (áî ïîõiäíà � öå íóëü, àáî òàêà æ ïîõiäíàâiä u).II. Ïðèéìåìî â (32) u2(x) = ũ(x, t), u1(x) = ũ(x, t − h), (x, t) ∈ Qs,τ . Ìàòèìåìî

∫

Ω

1

r(x)
|ũ(t)|r(x) dx −

∫

Ω

1

r(x)
|ũ(t − h)|r(x) dx 6

6

∫

Ω

1

r(x) − 1

(
|ũ(t)|r(x)−2ũ(t) − |ũ(t − h)|r(x)−2ũ(t − h)

)
ũ(t) dx,äå t ∈ (s, τ), h ∈ (0, 1). Çiíòåãðó¹ìî îñòàííþ íåðiâíiñòü çà t ∈ (s1, τ1) ⊂

(
s− 1

2 , τ + 1
2

)

τ1∫

s1

dt

∫

Ω

1

r(x)
|ũ(t)|r dx −

τ1∫

s1

dt

∫

Ω

1

r(x)
|ũ(t − h)|r(x) dx 6

6

∫

Qs1,τ1

1

r(x) − 1

(
|ũ(t)|r(x)−2ũ(t) − |ũ(t − h)|r(x)−2ũ(t − h)

)
ũ(t) dxdt. (35)
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τ1∫

s1

z(t − h)dt =

τ1−h∫

s1−h

z(y)dy =

s1∫

s1−h

z(y)dy +

τ1∫

s1

z(y)dy −

τ1∫

τ1−h

z(y)dy,òî ç (35) îäåðæèìî (îäèí iíòåãðàë ñêîðîòèòüñÿ)
τ1∫

τ1−h

dt

∫

Ω

1

r(x)
|ũ(t)|r(x) dx −

s1∫

s1−h

dt

∫

Ω

1

r(x)
|ũ(t)|r(x) dx 6

6

∫

Qs1,τ1

1

r(x) − 1

(
|ũ(t)|r(x)−2ũ(t) − |ũ(t − h)|r(x)−2ũ(t − h)

)
ũ(t) dxdt.Ïîäiëèìî öþ ðiâíiñòü íà h > 0 i ñïðÿìó¹ìî h → +0. Âèêîðèñòîâóþ÷è òåîðåìó Ëåáåãàïðî âëàñòèâîñòi iíòåãðàëiâ òà îçíà÷åííÿ ïîõiäíî¨, ìàòèìåìî

∫

Ω

1

r(x)
|ũ(τ1)|

r(x) dx −

∫

Ω

1

r(x)
|ũ(s1)|

r(x) dx 6

∫

Qs1,τ1

∂

∂t

(
R(ũ)(t)

)
ũ(t) dxdt, (36)äëÿ ìàéæå âñiõ s1, τ1 ∈

(
s − 1

2 , τ + 1
2

).III. Îñêiëüêè ∂
∂t (R(ũ(t))) = 0 äëÿ t /∈ [s, τ ],

|ũ(s1)|
r(x)−2ũ(s1) ≡ |ũ(s)|r(x)−2ũ(s) äëÿ s1 ∈ [−1, s],

|ũ(τ1)|
r(x)−2ũ(τ1) ≡ |ũ(τ)|r(x)−2ũ(τ) äëÿ τ1 ∈ [τ, T + 1],òî ç �îðìóëè (36) îäåðæèìî, ùî

∫

Ω

1

r(x)
|ũ(τ)|r(x) dx −

∫

Ω

1

r(x)
|ũ(s)|r(x) dx 6

∫

Qs,τ

∂

∂t

(
R(ũ(t))

)
ũ(t) dxdt (37)äëÿ íàøèõ s, τ .IV. Âèêîíàâøè ïóíêòè II äëÿ III, àëå ç âèêîðèñòàííÿì (31) äëÿ u1(x, t) =

= u(x, t), u2(x, t) = u(x, t + h), îäåðæèìî
∫

Ω

1

r(x)
|ũ(τ)|r(x) dx −

∫

Ω

1

r(x)
|ũ(s)|r(x) dx >

∫

Qs,τ

∂

∂t

(
R(ũ)(t)

)
ũ(t) dxdt.Îá'¹äíàâøè öå ç (37) òà âðàõóâàâøè, ùî ũ(t) = u(t) ïðè t ∈ [s, τ ], îòðèìà¹ìî �îðìóëó(33). Òåîðåìó äîâåäåíî. �Íàñëiäîê 1. Âðàõîâóþ÷è ëåìó 4 òà ïîïåðåäíþ òåîðåìó, ìîæíà ñòâåðäæóâàòèòàêå: ÿêùî u ∈ L2(r(x)−2)(Q0,T ) ïðè r(x) > 3, ut ∈ L2(Q0,T ), òî

∫

Qs,τ

∂

∂t

(
Ru

)
u dxdt =

∫

Qs,τ

|u|r(x)−2u ut dxdt =

=

∫

Ω

1

r(x)
|u(τ)|r(x) dx −

∫

Ω

1

r(x)
|u(s)|r(x) dxäëÿ âñiõ τ, s ∈ [0, T ], s < τ .



ÄÅßÊI ÔÎ�ÌÓËÈ IÍÒÅ��ÓÂÀÍÍß ×ÀÑÒÈÍÀÌÈ ... 25Íàãàäà¹ìî ùå äâi ñõîæi �îðìóëè, àëå ó âèïàäêó r(x) ≡ 
onst.Çàóâàæåííÿ 7. ([1, 
. 326℄). Íåõàé Ω ⊂ R
n � äîâiëüíà âiäêðèòà ìíîæèíà, r ≡ 
onst,

T > 0, W
def
= W k,p

0 (Ω) ∩ Lr(Ω), 1 < r 6 p, k > 1. Ïðèïóñòèìî u ∈ Lp(0, T ; W ) òà
|u|r−2u, ∂

∂t

(
|u|r−2u

)
∈ Lp′

(0, T ; W ′). Òîäi ∀ s, τ ∈ [0, T ], s < τ

∫

Qs,τ

∂

∂t

( 1

r − 1
|u|r−2u

)
u dxdt =

1

r

∫

Ω

|u(τ)|r dx −
1

r

∫

Ω

|u(s)|r dx.Çàóâàæåííÿ 8. ([2, 
. 315℄). Íåõàé Ω ⊂ R
n � îáìåæåíà îáëàñòü ç ãëàäêîþ ìåæåþ,

V
def
= {v ∈ W 1,r(Ω) : v|∂Ω = 0}. ßêùî u ∈ Lr(0, T ; V ), |u|r−2u ∈ L∞(0, T ; L1(Ω))òà (|u|r−2u)t ∈ Lr′

(0, T ; V ′), òî |u|r ∈ L∞(0, T ; L1(Ω)) i äëÿ ìàéæå âñiõ t ∈ (s, τ),
s, τ ∈ [0, T ], s < τ âèêîíó¹òüñÿ �îðìóëà

∫

Qs,τ

∂

∂t

( 1

r − 1
|u|r−2u

)
u dxdt =

1

r

∫

Ω

|u(τ)|r dx −
1

r

∫

Ω
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