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Ç'ÿñîâàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ

îäíîâèìiðíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ çàãàëüíîãî âèãëÿäó ç íåâiäîìèì êîå�i-

öi¹íòîì ïðè ïîõiäíié çà ÷àñîì ó âèïàäêó êðàéîâèõ óìîâ äðóãîãî ðîäó òà íåëî-

êàëüíî¨ óìîâè ïåðåâèçíà÷åííÿ.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, ïàðàáîëi÷íå ðiâíÿííÿ, íåëîêàëüíà óìîâà

ïåðåâèçíà÷åííÿ.

1. Ôîðìóëþâàííÿ ðåçóëüòàòiâ. Äîñëiäæåííÿ îáåðíåíèõ çàäà÷ çóìîâëåíå

íåîáõiäíiñòþ ðîçâ'ÿçàííÿ ïåâíèõ ïðîáëåì ó ãåî�içèöi, ìåäèöèíi, àñòðîíîìi¨, áiî-

ëîãi¨, ñåéñìîëîãi¨ òîùî. Òèïîâèì ïðèêëàäîì îáåðíåíî¨ çàäà÷i ¹ çàäà÷à âèçíà÷åííÿ

íåâiäîìèõ êîå�iöi¹íòiâ ïàðàáîëi÷íîãî ðiâíÿííÿ � â öüîìó âèïàäêó ãîâîðÿòü ïðî êîå-

�iöi¹íòíó îáåðíåíó çàäà÷ó. Äëÿ îäíîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿíü ïîøèðåíiøîþ

¹ çàäà÷à âèçíà÷åííÿ íåâiäîìîãî êîå�iöi¹íòà ïðè äðóãié ïîõiäíié çà ïðîñòîðîâîþ

çìiííîþ. Âèïàäîê òàêîãî ðîçìiùåííÿ íåâiäîìîãî êîå�iöi¹íòà ó ïàðàáîëi÷íîìó ðiâ-

íÿííi çàãàëüíîãî âèãëÿäó ç íåëîêàëüíîþ äîäàòêîâîþ óìîâîþ äîñëiäæåíî â [1℄, äëÿ

îäíîðiäíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi ç ëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ � â [2℄.

Ñåðåä çàäà÷ ç íåâiäîìèì êîå�iöi¹íòîì, ðîçìiùåíèì ïðè ïîõiäíié çà ÷àñîì, âèäiëèìî

ïðàöþ Ïðèë¹ïêà Î.I. òà Êîñòiíà À.Á. [3℄, â ÿêié áóëî ðîçãëÿíóòî ïèòàííÿ iäåíòè�i-

êàöi¨ êîå�iöi¹íòà ρ(x) ó ðiâíÿííi

ρ(x)ut − Lu = g, x ∈ Ω ⊂ R
n, t ∈ (0, T ),

äå L � ðiâíîìiðíî åëiïòè÷íèé îïåðàòîð. Âèçíà÷åííÿ äâîõ íåâiäîìèõ êîå�iöi¹íòiâ

â îäíîðiäíîìó ðiâíÿííi òåïëîïðîâiäíîñòi äîñëiäæóâàâ Iâàí÷îâ Ì.I. [4℄. �äèíiñòü

ðîçâ'ÿçêó çàäà÷i äëÿ íåëiíiéíîãî ðiâíÿííÿ

c(u)ut = (k(u)ux)x, 0<x<1, t∈ [0, T ],

ç íåâiäîìèìè êîå�iöi¹íòàìè c(u) òà k(u) äîâiâ Ìóçèëüîâ Ì.Â. [5℄.
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Ìåòà íàøî¨ ïðàöi � äîñëiäèòè ìîæëèâiñòü îäíîçíà÷íîãî âèçíà÷åííÿ íåâiäîìîãî

êîå�iöi¹íòà c(t) ó ðiâíÿííi

c(t)ut =a(x, t)uxx + b(x, t)ux + d(x, t)u + f(x, t), 0 < x < h, 0 < t < T, (1)

ç íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ. Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó ïîëÿãà¹ ó

çâåäåííi öi¹¨ çàäà÷i äî ñèñòåìè îïåðàòîðíèõ ðiâíÿíü ñòîñîâíî íåâiäîìèõ �óíêöié i

çàñòîñóâàííi äî íå¨ òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïå-

ðàòîðà. Äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i  ðóíòó¹òüñÿ íà âèêîðèñòàííi âëàñòè-

âîñòåé iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó.

Â îáëàñòi QT = (0, h)×(0, T ) ðîçãëÿäà¹ìî ðiâíÿííÿ (1) ç íåâiäîìèì êîå�iöi¹íòîì

c(t) > 0, ïî÷àòêîâîþ óìîâîþ

u(x, 0)=ϕ(x), x ∈ [0, h], (2)

êðàéîâèìè óìîâàìè

ux(0, t) = µ1(t), ux(h, t) = µ2(t), t ∈ [0, T ], (3)

òà óìîâîþ ïåðåâèçíà÷åííÿ âèãëÿäó

ν1(t)u(0, t) + ν2(t)u(h, t) = µ3(t), t ∈ [0, T ]. (4)

Òåîðåìà 1. Ïðè âèêîíàííi óìîâ

(A1) ϕ∈C2([0, h]), µi∈C1([0, T ]), i=1, 3, νi∈C1([0, T ]), i=1, 2, a, b, d, f ∈C1,0(QT ),

(A2) ϕ′′(x)>0, ϕ(x)>0, x∈ [0, h], µ1(t)60, µ2(t)>0, t∈ [0, T ], f(x, t)>0,
a(x, t)>0, (x, t)∈QT , ν1(t)+ν2(t)>0, ν1(t)>0, ν2(t)>0, ν′

1(t)60, ν′

2(t)60,
d(0, t)µ3(t)+ν1(t)b(0, t)µ1(t)+ν2(t)b(h, t)µ2(t)+ν1(t)f(0, t)+ν2(t)f(h, t)>0,
d(h, t)−d(0, t) >0, µ′

3(t)>0, t∈ [0, T ],

(A3) ϕ′(0)=µ1(0), ϕ′(h)=µ2(0), ν1(0)ϕ(0)+ν2(0)ϕ(h)=µ3(0),

ìîæíà çàçíà÷èòè òàêå ÷èñëî t0, 0<t0 6T , ùî ðîçâ'ÿçîê (c, u) ∈ C([0, t0])×C2,1(Qt0)
çàäà÷i (1)-(4) iñíó¹.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A2), (A3) i

(A4) ϕ∈H2+γ([0, h]), µi∈H1+γ/2([0, T ]), i=1, 3, νi∈H1+γ/2([0, T ]), i=1, 2,
a, b, d, f ∈H1,γ/2(QT ),

Òîäi ðîçâ'ÿçîê (c, u) çàäà÷i (1)-(4) íàëåæèòü êëàñó Hγ/2([0, t0])×H2+γ,1+γ/2(Qt0).

Òåîðåìà 3. ßêùî

a, b, d∈Hγ,0(QT ),

ϕ(x)>0, x∈ [0, h], µ′

3(t)>0, ν′

1(t)60, ν′

2(t)60, µ1(t)60, µ2(t)>0, t ∈ [0, T ],

f(x, t)>0, (x, t) ∈ QT ,

òî ðîçâ'ÿçîê (c, u)∈Hγ/2([0, T ])× H2+γ,1+γ/2(QT ) çàäà÷i (1)-(4) ¹äèíèé.
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2. Äîâåäåííÿ òåîðåìè 1.

Çà�iêñó¹ìî äîâiëüíó òî÷êó y ∈ [0, h] i ïîäàìî ðiâíÿííÿ (1) ó òàêîìó âèãëÿäi

c(t)ut =a(y, t)uxx + (a(x, t) − a(y, t))uxx + b(x, t)ux + d(x, t)u + f(x, t). (5)

Ïðè âiäîìié �óíêöi¨ c(t) çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i (5), (2), (3) çâîäèòüñÿ äî

iíòåãðî-äè�åðåíöiàëüíîãî ðiâíÿííÿ

u(x, t)=

h∫

0

ϕ(ξ)G2(x, t, ξ, 0; y) dξ−
t∫

0

a(y, τ)µ1(τ)

c(τ)
G2(x, t, 0, τ ; y) dτ +

t∫

0

a(y, τ)µ2(τ)

c(τ)
×

× G2(x, t, h, τ ; y)dτ +

t∫

0

h∫

0

f(ξ, τ)

c(τ)
G2(x, t, ξ, τ ; y)dξ dτ+

t∫

0

h∫

0

G2(x, t, ξ, τ ; y)

c(τ)

(
(a(ξ, τ)−

−a(y, τ))uξξ+b(ξ, τ)uξ+d(ξ, τ)u)dξ dτ, (6)

äå

G2(x, t, ξ, τ ; y)=
1

2
√

π(θ(t, y)−θ(τ, y))

+∞∑

n=−∞

(
exp
(
− (x−ξ+2nh)2

4(θ(t, y)−θ(τ, y))

)
+

+ exp
(
− (x+ξ+2nh)2

4(θ(t, y)−θ(τ, y))

))
, θ(t, y) =

t∫

0

a(y, τ)

c(τ)
dτ.

Ââåäåìî ïîçíà÷åííÿ v(x, t)=ux(x, t), w(x, t)=uxx(x, t). Äè�åðåíöiþþ÷è (6) äâi÷i ïî

x ç âðàõóâàííÿì ðiâíîñòi

G2xx(x, t, ξ, τ ; y)=− c(τ)

a(y, τ)
G2τ (x, t, ξ, τ ; y),

iíòåãðóþ÷è ÷àñòèíàìè, âðàõóâàâøè óìîâè (A3) i ïðèéíÿâøè y = x, îòðèìà¹ìî

w(x, t)=

h∫

0

ϕ′′(ξ)G2(x, t, ξ, 0; x) dξ−
t∫

0

µ′

1(τ)G2(x, t, 0, τ ; x) dτ +

t∫

0

µ′

2(τ)G2(x, t, h, τ ; x)dτ+

+

t∫

0

dτ

c(τ)

h∫

0

(
a(ξ, τ)−a(x, τ))w(ξ, τ)G2ξξ (x, t, ξ, τ ; x)dξ−

t∫

0

dτ

c(τ)

h∫

0

(
fξ(ξ, τ)+dξ(ξ, τ)u+

+(d(ξ, τ)+bξ(ξ, τ))v+b(ξ, τ)w
)
G2ξ(x, t, ξ, τ ; x)dξ≡

5∑

k=1

Ik(x, t). (7)

Çíàéäåìî ðiâíÿííÿ ñòîñîâíî íåâiäîìî¨ �óíêöi¨ c(t). Äëÿ öüîãî ïðîäè�åðåíöiþ¹ìî
óìîâó ïåðåâèçíà÷åííÿ ïî t i âèêîðèñòà¹ìî ðiâíÿííÿ (1) äëÿ çíàõîäæåííÿ ut(0, t),
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ut(h, t). Îòðèìà¹ìî

ν′

1(t)u(0, t)+ν′

2(t)u(h, t)+
ν1(t)

c(t)
(a(0, t)w(0, t)+b(0, t)µ1(t)+d(0, t)u(0, t)+f(0, t))+

+
ν2(t)

c(t)
(a(h, t)w(h, t)+b(h, t)µ2(t)+d(h, t)u(h, t)+f(h, t))=µ′

3(t).

Çâiäñè ïðèõîäèìî äî òàêîãî ðiâíÿííÿ ñòîñîâíî c(t)

c(t)=
(
ν1(t)a(0, t)w(0, t)+ν2(t)a(h, t)w(h, t)+ν1(t)d(0, t)u(0, t)+ ν2(t)d(h, t)u(h, t)+

+ν1(t)b(0, t)µ1(t)+ν2(t)b(h, t)µ2(t)+ν1(t)f(0, t)+ν2(t)f(h, t)
)(

µ′

3(t)−ν′

1(t)u(0, t)−
−ν′

2(t)u(h, t)
)−1

àáî, âèêîðèñòîâóþ÷è óìîâó ïåðåâèçíà÷åííÿ (4),

c(t)=
(
ν1(t)a(0, t)w(0, t)+ν2(t)a(h, t)w(h, t)+ν2(t)u(h, t)(d(h, t)−d(0, t))+d(0, t)µ3(t)+

+ν1(t)b(0, t)µ1(t)+ν2(t)b(h, t)µ2(t)+ν1(t)f(0, t)+ν2(t)f(h, t)
)(

µ′

3(t)−ν′

1(t)u(0, t)−
−ν′

2(t)u(h, t)
)−1

. (8)

Ç î÷åâèäíèõ ðiâíîñòåé

u(x, t)=u(0, t)+

x∫

0

v(x, t)dx, u(x, t)=u(h, t)−
h∫

x

v(x, t)dx

ìà¹ìî

u(x, t)=
1

ν1(t)+ν2(t)

(
µ3(t)+ν1(t)

x∫

0

v(x, t)dx−ν2(t)

h∫

x

v(x, t)dx
)
, (9)

îñêiëüêè

v(x, t)=v(0, t)+

x∫

0

w(x, t)dx=µ1(t)+

x∫

0

w(x, t)dx, (10)

òî çàäà÷à (1)-(4) çâîäèòüñÿ äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (7), (8) ùîäî íåâiäîìèõ

c òà w.

Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4)  ðóíòó¹òüñÿ íà âèêîðèñòàííi òåîðå-

ìè Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà, òîìó òðåáà âèçíà-

÷èòè àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (7), (8).

Âèçíà÷èìî ñïî÷àòêó îöiíêó c(t) çíèçó. Ç óìîâ (A2) ìà¹ìî

ν1(t)a(0, t)I1(0, t)+ν2(t)a(h, t)I1(h, t)>

>(ν1(t)a(0, t)+ν2(t)a(h, t))min
[0,h]

ϕ′′(x)>C1 >0. (11)
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Îñêiëüêè ó âèðàçi ν1(t)a(0, t)w(0, t) + ν2(t)a(h, t)w(h, t) âñi äîäàíêè, êðiì äîäàíêà

ν1(t)a(0, t)I1(0, t)+ν2(t)a(h, t)I1(h, t), ïðÿìóþòü äî íóëÿ ïðè t → 0, òî iñíó¹ òàêèé

ïðîìiæîê [0, T0], 0 < T0 6 T , íà ÿêîìó áóäå âèêîíóâàòèñü íåðiâíiñòü

ν1(t)a(0, t)I1(0, t)+ν2(t)a(h, t)I1(h, t)>−
5∑

k=2

(ν1(t)a(0, t)Ik(0, t)+ν2(t)a(h, t)Ik(h, t)),

(12)

çâiäêè ν1(t)a(0, t)w(0, t)+ν2(t)a(h, t)w(h, t) > 0. Çãiäíî ç ïðèïóùåííÿìè (A2) ìà¹ìî

u(x, t)>0. Ç ðiâíîñòi (9) ïðèõîäèìî äî îöiíêè

|u(x, t)|6 C2+C3V (t), (13)

äå V (t)= max
x∈[0,h]

|v(x, t)|. Òîäi

c(t) >
C4

C5 + C6V (t)
> 0. (14)

Çàïèøåìî çàäà÷ó ñòîñîâíî �óíêöi¨ v(x, t). Ïðîäè�åðåíöiþâàâøè (1) i (2) ïî x, â

îáëàñòi QT îòðèìà¹ìî ðiâíÿííÿ

c(t)vt =a(x, t)vxx+(ax(x, t)+b(x, t))vx+(bx(x, t)+d(x, t))v+dx(x, t)u+fx(x, t) (15)

ç óìîâàìè

v(x, 0)=ϕ′(x), x∈ [0, h], v(0, t)=µ1(t), v(h, t)=µ2(t), t∈ [0, T ]. (16)

�îçâ'ÿçîê öi¹¨ çàäà÷i ïîäàìî ó âèãëÿäi

v(x, t)=v0(x, t)+

t∫

0

dτ

c(τ)

h∫

0

(
(bξ(ξ, τ)+d(ξ, τ))v(ξ, τ)+dξ(ξ, τ)u(ξ, τ)

)
G̃1(x, t, ξ, τ)dξ. (17)

Òóò G̃1 � �óíêöiÿ �ðiíà äëÿ ðiâíÿííÿ

c(t)vt =a(x, t)vxx+(ax(x, t)+b(x, t))vx (18)

ç îäíîðiäíèìè óìîâàìè ïåðøîãî ðîäó, à v0 çàäîâîëüíÿ¹ ðiâíÿííÿ

c(t)v0t =a(x, t)v0xx+(ax(x, t)+b(x, t))v0x+(bx(x, t)+d(x, t))v0+fx(x, t)

é óìîâè (16). Çãiäíî ç ïðèíöèïîì ìàêñèìóìó [8, . 20℄ ìà¹ìî |v0(x, t)| 6 C7 < ∞.

�îçâ'ÿçêîì çàäà÷i äëÿ ðiâíÿííÿ (18) ç óìîâàìè

v(x, 0) = 1, v(0, t) = 1, v0(h, t) = 1

áóäå

1 =

h∫

0

G̃1(x, t, ξ, 0) dξ+

t∫

0

a(0, τ)

c(τ)
G̃1ξ(x, t, 0, τ) dτ−

t∫

0

a(h, τ)

c(τ)
G̃1ξ(x, t, h, τ)dτ.
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Çãiäíî ç âëàñòèâîñòÿìè �óíêöi¨ G̃1 êîæåí ÷ëåí ó ïðàâié ÷àñòèíi öi¹¨ ðiâíîñòi ¹ íå-

âiä'¹ìíîþ �óíêöi¹þ, òîìó âèêîíó¹òüñÿ îöiíêà

h∫
0

G̃1(x, t, ξ, τ)dξ 6 1. Òîäi, ïðîäîâ-

æóþ÷è ç (17), îòðèìà¹ìî

V (t) 6 C7+C8

t∫

0

V (τ)

c(τ)
dτ.

Çà íåðiâíiñòþ �ðîíóîëëà-Áåëìàíà [10, . 188℄,

V (t) 6 C7 exp C8θ0(t), (19)

äå θ0(t)=

t∫

0

dτ

c(τ)
. Âðàõîâóþ÷è (14), ïðèõîäèìî äî íåðiâíîñòi

c(t)>
C4

C5 + C9 exp C8θ0(t)
, t ∈ [0, T0]. (20)

Ïîäàìî (20) ó âèãëÿäi

1

c(t)(C5 + C9 exp C8θ0(t))
6C10.

Ñêîðèñòà¹ìîñÿ ìåòîäîì äîâåäåííÿ íåðiâíîñòi Áiõàði [10℄. Ïðèéìåìî â öié íåðiâíîñòi

t = τ i ïðîiíòåãðó¹ìî âiä 0 äî t. Îòðèìà¹ìî

t∫

0

dτ

c(τ)(C5 + C9 expC8θ0(τ))
6C10t.

Çðîáèâøè çàìiíó θ0(τ) = σ, ïðèéäåìî äî íåðiâíîñòi

θ0(t)∫

0

dσ

C5 + C9 expC8σ
6C10t. (21)

ßêùî ðîçãëÿíóòè �óíêöiþ

r(s) =

s∫

0

dσ

C5 + C9 exp C8σ
=

1

C5C8
ln

(C5 + C9) exp C8s

C5 + C9 expC8s
=

1

C5C8
ln

C5 + C9

C5 exp(−C8s) + C9
,

òî (21) ìîæíà ïîäàòè ó âèãëÿäi

r(θ0(t)) 6 C10t. (22)
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Ïîçíà÷èìî R0 = sup
[0,∞)

r(s). Î÷åâèäíî, ùî r(s)−ìîíîòîííî çðîñòàþ÷à íåïåðåðâíà íà

[0,∞), òîìó iñíó¹ îáåðíåíà ìîíîòîííî çðîñòàþ÷à íåïåðåðâíà �óíêöiÿ r−1(σ), âèçíà-
÷åíà íà ïðîìiæêó [0, R0). Òîäi ç (22) ìà¹ìî

θ0(t) 6 r−1(C10t) 6 C11, t ∈ [0, T1],

äå ÷èñëî T1, 0 < T1 6 T, çàäîâîëüíÿ¹ íåðiâíiñòü

C10T1 < R0.

Âèêîðèñòîâóþ÷è îöiíêó θ0(t) â (20), (19), âèçíà÷à¹ìî

c(t)>A0 > 0, V (t) 6 C12, t ∈ [0, T1]. (23)

Çâiäñè

|u(x, t)|6 C13, (x, t)∈QT1
. (24)

Çíàéäåìî îöiíêó c(t) çâåðõó. Ââåäåìî ïîçíà÷åííÿ W (t)= max
x∈[0,h]

|w(x, t)|. Îñêiëüêè
çà óìîâàìè (A2)

µ′

3(t)−ν′

1(t)u(0, t)−ν′

2(t)u(h, t)>min
[0,T ]

µ′

3(t),

òî ç (8) îòðèìà¹ìî

c(t)6C14 + C15W (t), t ∈ [0, T ]. (25)

Îöiíèìî W (t). Ç âiäîìèõ ñïiââiäíîøåíü [9, . 12℄

h∫

0

G2(x, t, ξ, 0; x) dξ=1, G2(x, t, ξ, τ ; x)6C16+
C17√

θ(t, x)−θ(τ, x)
(26)

ìà¹ìî

∣∣∣∣∣

3∑

k=1

Ik(x, t)

∣∣∣∣∣6C18+C19

t∫

0

dτ√
θ(t, x)−θ(τ, x)

.

Îñêiëüêè

t∫

0

a(x, τ)dτ

c(τ)
√

θ(t, x)−θ(τ, x)
= 2
√

θ(t, x),

òî, âðàõîâóþ÷è (25) i îöiíêó θ0(t) çâåðõó, îäåðæèìî

∣∣∣∣∣

3∑

k=1

Ik(x, t)

∣∣∣∣∣6C18+C20

√
θ(t, x) +C21

t∫

0

W (τ)

c(τ)
√

θ(t, x)−θ(τ, x)
dτ 6C22+

+C21

t∫

0

W (τ)

c(τ)
√

θ(t, x)−θ(τ, x)
dτ.
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Âèêîðèñòà¹ìî íåðiâíiñòü

zp exp(−qz2) 6 Cp,q < ∞, ∀z ∈ [0,∞), p > 0, q > 0, (27)

äëÿ îöiíêè |G2ξ(x, t, ξ, τ ; x)|:

|G2ξ(x, t, ξ, τ ; x)|6 1

4
√

π(θ(t, x)−θ(τ, x))3

+∞∑

n=−∞

(
|x−ξ+2nh|×

×exp
(
− (x−ξ+2nh)2

4(θ(t, x)−θ(τ, x))

)
+|x+ξ+2nh| exp

(
− (x+ξ+2nh)2

4(θ(t, x)−θ(τ, x))

))
6

C23

θ(t, x)−θ(τ, x)
×

×
+∞∑

n=−∞

(
exp
(
− (x−ξ+2nh)2

8(θ(t, x)−θ(τ, x))

)
+exp

(
− (x+ξ+2nh)2

8(θ(t, x)−θ(τ, x))

))
.

Îñêiëüêè

1√
θ(t, x)−θ(τ, x)

+∞∑

n=−∞

h∫

0

(
exp
( −(x−ξ+2nh)2

8(θ(t, x)−θ(τ, x))

)
+exp

( −(x+ξ+2nh)2

8(θ(t, x)−θ(τ, x))

))
dξ6C24,

òî

∣∣∣∣∣∣
−

t∫

0

dτ

c(τ)

h∫

0

fξ(ξ, τ)G2ξ(x, t, ξ, τ ; x)dξ

∣∣∣∣∣∣
6C25

t∫

0

dτ

c(τ)
√

θ(t, x)−θ(τ, x)
6C26.

Òîäi, âðàõîâóþ÷è (24), (23) òà âèçíà÷åíó îöiíêó |G2ξ(x, t, ξ, τ ; x)|, îòðèìà¹ìî

|I5(x, t)|6 C27

√
θ(t, x)+C28

t∫

0

W (τ)dτ

c(τ)
√

θ(t, x)−θ(τ, x)
6C29+C28

t∫

0

W (τ)dτ

c(τ)
√

θ(t, x)−θ(τ, x)
.

Äëÿ îöiíêè iíòåãðàëà I4(x, t) îá÷èñëèìî G2ξξ(x, t, ξ, τ ; x)

G2ξξ(x, t, ξ, τ ; x)=− 1

4
√

π(θ(t, x)−θ(τ, x))3

∞∑

n=−∞

(
exp

(
− (x−ξ+2nh)2

4(θ(t, x)−θ(τ, x))

)
+

+exp

(
− (x+ξ+2nh)2

4(θ(t, x)−θ(τ, x))

))
+

1

8
√

π(θ(t, x) − θ(τ, x))5

∞∑

n=−∞

(
(x−ξ+2nh)2×

× exp

(
− (x−ξ+2nh)2

4(θ(t, x)−θ(τ, x))

)
+(x+ξ+2nh)2 exp

(
− (x+ξ+2nh)2

4(θ(t, x)−θ(τ, x))

))
. (28)

Îñêiëüêè |x−ξ|6 |x−ξ+ 2nh| i |x−ξ|6 |x+ξ+ 2nh| ïðè n > 1, òî, âèêîðèñòîâóþ÷è
íåðiâíiñòü (27), îäåðæó¹ìî

∣∣∣∣∣∣

h∫

0

(a(ξ, τ)−a(x, τ))w(ξ, τ)G2ξξ (x, t, ξ, τ ; x)dξ

∣∣∣∣∣∣
6

C30W (τ)√
θ(t, x) − θ(τ, x)

.
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Çâiäè

|I4(x, t)|6C30

t∫

0

W (τ)

c(τ)
√

θ(t, x)−θ(τ, x)
dτ.

Îòæå, âðàõîâóþ÷è âñi âèçíà÷åíi îöiíêè, îòðèìà¹ìî

|w(x, t)|6C31 +C32

t∫

0

W (τ)

c(τ)
√

θ(t, x)−θ(τ, x)
dτ,

çâiäêè ïðèõîäèìî äî íåðiâíîñòi

W (t)6C31+C33

t∫

0

W (τ)

c(τ)
√

θ0(t)−θ0(τ)
dτ.

Âèêîðèñòàâøè ëåìó 2.2.1 [9, ñ.22℄ òà îöiíêó θ0(t) çâåðõó, îäåðæó¹ìî

W (t)6C31exp(C33θ0(t)) 6 C34, t ∈ [0, T1]. (29)

Çâiäñè

c(t)6A1 < ∞, t ∈ [0, T1]. (30)

Ïðè âiäîìèõ îöiíêàõ c(t) i w(x, t) ñïðàâäæó¹òüñÿ íåðiâíiñòü

∣∣∣∣∣−
5∑

k=2

(ν1(t)a(0, t)Ik(0, t)+ν2(t)a(h, t)Ik(h, t))

∣∣∣∣∣6C35

√
t+C36t,

òîäi ç (11) i (12) ìà¹ìî òàêå îáìåæåííÿ íà T0

C35

√
T0+C36T0 6C1.

Âèáåðåìî t0 = min{T0, T1}. Òîäi îöiíêè (23), (29), (30) âèêîíóþòüñÿ íà ïðîìiæêó

[0, t0]. Ó âèçíà÷åíèõ îöiíêàõ Ci(i = 1, 36), A0, A1 � âiäîìi âåëè÷èíè.

�îçãëÿíåìî ñèñòåìó ðiâíÿíü (8), (7) ÿê îïåðàòîðíå ðiâíÿííÿ

ω = Pω,

äå ω=(c, w), P=(P1, P2), à îïåðàòîðè P1, P2 âèçíà÷àþòüñÿ ðiâíÿííÿìè (8), (7), âiäïî-

âiäíî. Íåõàé N = {(c, w) ∈ C[0, t0]×C(Qt0) : 0 < A0 6 c(t) 6 A1, |w(x, t)| 6 C34}.
Âíàñëiäîê àïðiîðíèõ îöiíîê (23), (29), (30) îïåðàòîð P ïåðåâîäèòü ìíîæèíó N â

ñåáå. Êîìïàêòíiñòü îïåðàòîðà âèãëÿäó P äîâåäåíî â [9, . 27℄. Çàñòîñîâóþ÷è òåîðåìó

Øàóäåðà äî îïåðàòîðà P , îòðèìó¹ìî iñíóâàííÿ íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåìè ðiâ-

íÿíü (8), (7), à îòæå, é iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4).
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3. Äîâåäåííÿ òåîðåìè 2. Â óìîâàõ òåîðåìè 1 ìà¹ìî iñíóâàííÿ ðîçâ'ÿçêó

(c, u) ∈ C([0, t0])×C2,1(Qt0) çàäà÷i (1)-(4). Äîâåäåìî, ùî ïðè çðîáëåíèõ ïðèïóùåííÿõ

(c, u) íàëåæàòèìå äî êëàñó Hγ/2([0, t0])×H2+γ,1+γ/2(Qt0).
Ïðè âiäîìèõ u i v ðiâíÿííÿ (7) ìîæíà ðîçãëÿäàòè ÿê iíòåãðàëüíå ñòîñîâíî �óíê-

öi¨ w ç ÿäðîì

K(x, t, ξ, τ)=
a(ξ, τ)−a(x, τ)

c(τ)
G2ξξ(x, t, ξ, τ ; x)− b(ξ, τ)

c(τ)
G2ξ(x, t, ξ, τ ; x)=

=K1(x, t, ξ, τ)+K2(x, t, ξ, τ)

i âiëüíèì ÷ëåíîì

f̃(x, t)=

3∑

k=1

Ik(x, t)−
t∫

0

dτ

c(τ)

h∫

0

(
fξ(ξ, τ)+dξ(ξ, τ)u+(d(ξ, τ)+bξ(ξ, τ))v

)
G2ξ(x, t, ξ, τ ; x)dξ,

äå Ik � ðàíiøå ââåäåíi ïîçíà÷åííÿ. Òîäi (7) ïåðåïèøåìî ó âèãëÿäi

w(x, t)= f̃ (x, t)+

t∫

0

h∫

0

K(x, t, ξ, τ)w(ξ, τ)dξdτ.

�îçâ'ÿçîê öüîãî iíòåãðàëüíîãî ðiâíÿííÿ øóêà¹ìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü

w0(x, t) = f̃(x, t), wk(x, t) = f̃(x, t) +

k∑

i=1

t∫

0

h∫

0

Ki(x, t, ξ, τ)f̃ (ξ, τ)dξdτ, k = 1, 2, ...

K1(x, t, ξ, τ)= K(x, t, ξ, τ), Ki+1(x, t, ξ, τ)=

t∫

τ

h∫

0

K(x, t, η, σ)Ki(η, σ, ξ, τ)dη dσ, i=1, 2, ..

Çãiäíî ç îöiíêàìè òåïëîâèõ ïîòåíöiàëiâ [8, ñ. 318℄ ìà¹ìî, ùî f̃ ∈Hγ,γ/2(Qt0).
Ìîæíà ñòâåðäæóâàòè, ùî äëÿ ÿäðà K âèêîíó¹òüñÿ ëåìà.

Ëåìà 1. Äëÿ x, ξ ∈ [0, h], τ, t ∈ [0, T ] òà ∀β, 0 < β < γ, ïðàâèëüíà íåðiâíiñòü

|K1(x, t, ξ, τ)−K1(y, t, ξ, τ)|6 C1|x−y|β
c(τ)(θ0(t)−θ0(τ))(3−α)/2

×

×
∞∑

n=−∞

(
exp

(
− λ̃(x−ξ+2nh)2

θ0(t)−θ0(τ)

)
+exp

(
− λ̃(y−ξ+2nh)2

θ0(t)−θ0(τ)

))
,

äå λ̃ � äîâiëüíà äîäàòíà ñòàëà, à α=γ−β.

Äîâåäåííÿ öi¹¨ ëåìè ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 7 [11, . 29-31℄.

Îöiíèìî, âðàõîâóþ÷è âèçíà÷åíó îöiíêó G2ξ òà îöiíêè θ(t), íàñòóïíó ðiçíèöþ

∆= |K2(x, t, ξ, τ)−K2(y, t, ξ, τ)|6 C2

c(τ)(θ0(t)−θ0(τ))

+∞∑

n=−∞

(
exp
(
− (x−ξ+2nh)2

8a1(θ0(t)−θ0(τ))

)
+

+ exp
(
− (y−ξ+2nh)2

8a1(θ0(t)−θ0(τ))

)
.
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Îòæå,

∆6
C3|x−y|γ

c(τ)(θ0(t)−θ0(τ))1+γ/2

+∞∑

n=−∞

(
exp
( −(x−ξ+2nh)2

8a1(θ0(t)−θ0(τ))

)
+exp

( −(y−ξ+2nh)2

8a1(θ0(t)−θ0(τ))

))
.

Òîäi, âðàõîâóþ÷è ëåìó, ìà¹ìî

|K(x, t, ξ, τ)−K(y, t, ξ, τ)|6 C4|x−y|γ
c(τ)(θ0(t)−θ0(τ))γ/2

+∞∑

n=−∞

(
exp
(
− (x−ξ+2nh)2

8a1(θ0(t)−θ0(τ))

)
+

+ exp
(
− (y−ξ+2nh)2

8a1(θ0(t)−θ0(τ))

))
,

çâiäêè

|w1(x, t)−w1(y, t)|6C5|x−y|γ
t∫

0

dτ

c(τ)(θ0(t)−θ0(τ))
γ−1

2

=C6|x−y|γθ0(t)
3−γ

2 6C7|x−y|γ ,

òîáòî w1 ∈ Hγ,γ/2(Qt0). Àíàëîãi÷íî äîâîäèòüñÿ, ùî wk ∈ Hγ,γ/2(Qt0), k = 2, 3, ..

Îñêiëüêè iíòåãðàëüíi îïåðàòîðè òèïó Âîëüòåððà íå ìàþòü âëàñíèõ çíà÷åíü, òî ïîñëi-

äîâíiñòü wk ðiâíîìiðíî çáiãà¹òüñÿ äî w. Çâiäñè ìà¹ìî, ùî w∈Hγ,γ/2(Qt0) ÿê ãðàíèöÿ

ïîñëiäîâíîñòi �óíêöié ç êëàñó �åëüäåðà. Òîäi ç (8) ìàòèìåìî c ∈ Hγ/2([0, t0]), à ç

(10), (9) � u ∈ H2+γ,1+γ/2(Qt0). Òóò Ci, i = 1, 7, � äîâiëüíi äîäàòíi ñòàëi. Òåîðåìó

äîâåäåíî.

4. Äîâåäåííÿ òåîðåìè 3. Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè (c1, u1) i

(c2, u2) çàäà÷i (1)-(4) ç êëàñó Hγ/2([0, T ])×H2+γ,1+γ/2(QT ). Íåõàé c(t)=c1(t)−c2(t),
u(x, t) = u1(x, t) − u2(x, t). Óòâîðèìî çàäà÷ó äëÿ (c, u):

c1(t)ut = a(x, t)uxx + b(x, t)ux + d(x, t)u − c(t)u2t, (x, t) ∈ QT , (31)

u(x, 0) = 0, x ∈ [0, h], (32)

ux(0, t) = ux(h, t) = 0, t ∈ [0, T ], (33)

ν1(t)u(0, t)+ν2(t)u(h, t)=0, t ∈ [0, T ]. (34)

Çà äîïîìîãîþ �óíêöi¨ �ðiíà G̃2 çàïèøåìî ðîçâ'ÿçîê çàäà÷i (31) − (33)

u(x, t) = −
t∫

0

h∫

0

G̃2(x, t, ξ, τ)
c(τ)u2τ (ξ, τ)

c1(τ)
dξdτ. (35)

Ïðîäè�åðåíöiþâàâøè óìîâó (34) ïî t i âèêîðèñòàâøè ðiâíÿííÿ (31) äëÿ çíà-

õîäæåííÿ ut(0, t), ut(h, t), îòðèìà¹ìî

c(t)(ν1(t)u2t(0, t)+ν2(t)u2t(h, t))−(c1(t)ν
′

1(t)+ν1(t)d(0, t)) u(0, t)−(c1(t)ν
′

2(t)+

+ν2(t)d(h, t))u(h, t)− ν1(t)a(0, t)uxx(0, t)−ν2(t)a(h, t)uxx(h, t)=0. (36)
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Ç òîãî, ùî (c2(t), u2(t))� ðîçâ'ÿçîê çàäà÷i (1)-(4), îäåðæó¹ìî

ν1(t)u2t(0, t)+ν2(t)u2t(h, t)=µ′

3(t)−ν′

1(t)u2(0, t)−ν′

2(t)u2(h, t).

Òîäi (36) ìîæåìî ïåðåïèñàòè ó âèãëÿäi

c(t)(µ′

3(t)−ν′

1(t)u2(0, t)−ν′

2(t)u2(h, t))−(c1(t)ν
′

1(t)+ν1(t)d(0, t))u(0, t)−(c1(t)ν
′

2(t)+

+ν2(t)d(h, t))u(h, t)− ν1(t)a(0, t)uxx(0, t)−ν2(t)a(h, t)uxx(h, t)=0

àáî

c(t)(µ′

3(t)−ν′

1(t)u2(0, t)−ν′

2(t)u2(h, t))+

t∫

0

c(τ)K(t, τ)dτ =0, (37)

äå

K(t, τ)=
1

c1(τ)

h∫

0

(
ν1(t)a(0, t)G̃2xx(0, t, ξ, τ)+ν2(t)a(h, t)G̃2xx(h, t, ξ, τ)+(c1(t)ν

′

1(t)+

+ν1(t)d(0, t))G̃2(0, t, ξ, τ)+(c1(t)ν
′

2(t)+ν2(t)d(h, t))G̃2(h, t, ξ, τ)

)
u2τ (ξ, τ)dξ.

Ç ïðèïóùåíü òåîðåìè îòðèìà¹ìî, ùî µ′

3(t) − ν′

1(t)u2(0, t) − ν′

2(t)u2(h, t) > 0, à öå

îçíà÷à¹, ùî (37) � îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî ðîäó. Òîäi ç

òîãî, ùî u2 ∈ H2+γ,1+γ/2(QT ) òà ç âëàñòèâîñòåé îá'¹ìíèõ òåïëîâèõ ïîòåíöiàëiâ [8,

. 318℄ âèïëèâà¹, ùî ÿäðî K(t, τ) ðiâíÿííÿ (37) ìà¹ iíòåãðîâíó îñîáëèâiñòü

|K(t, τ)| 6
C1

(t − τ)1−γ/2
.

Òóò C1 � äåÿêà äîäàòíà ñòàëà. Îñêiëüêè ðiâíÿííÿ (37) ìà¹ ¹äèíèé ðîçâ'ÿçîê

c(t) ≡ 0 íà [0, T ], òî, ïîâåðòàþ÷èñü äî çàäà÷i (31)-(33), îòðèìà¹ìî u(x, t) ≡ 0. Òîáòî,
c1(t) = c2(t) i u1(x, t) = u2(x, t), ùî i äîâîäèòü ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i.
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ON INVERSE PROBLEM FOR PARABOLIC EQUATION

WITH UNKNOWN COEFFICIENT AT THE DERIVATIVE

WITH RESPECT TO TIME VARIABLE
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We establish onditions for existene and uniqueness of solution of the inverse

problem for one-dimentional paraboli equation of general type with unknown oe�-

ient at the derivative with respet to time variable and nonloal overdetermination

ondition.
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