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79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1

Îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ i ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó â êëàñi

òèïó Òèõîíîâà ìiøàíî¨ çàäà÷i äëÿ ðiâíÿííÿ

utt +
k∑

i,j,s,l=1

(asl
ij(z, t)uxixj

)xsxl
−

k∑

i,j=1

(aij(z, t)uxi
)xj

−

k∑

i,j=1

(bij(z, t)utxi
)xj

−

−

m∑

i,j=1

(cij(z, t)uyi
)yj

+ a0(z, t)u + b(z, ut) =

k∑

i,j=1

(fij(z, t))xixj
−

−

k∑

i=1

(fi(z, t))xi
+ f0(z, t) −

m∑

i=1

(gi(z, t))yi

â íåîáìåæåíié îáëàñòi çà ïðîñòîðîâèìè çìiííèìè.

Êëþ÷îâi ñëîâà: åâîëþöiéíå ðiâíÿííÿ, çàäà÷à â íåîáìåæåíié îáëàñòi.

Ó 1960 ð. Ñ. Ä. Åéäåëüìàí [1℄ ðîçãëÿíóâ óçàãàëüíåííÿ ïàðàáîëi÷íèõ çà Ïåòðîâñü-

êèì ñèñòåì, ââiâøè òåðìií "

−→
2b-ïàðàáîëi÷íi ñèñòåìè". Ó öèõ ñèñòåìàõ äè�åðåíöiþ-

âàííþ çà ðiçíèìè ïðîñòîðîâèìè çìiííèìè ïðèïèñóþòü ðiçíó âàãó ñòîñîâíî äè�å-

ðåíöiþâàííÿ çà çìiííîþ t. Çà öåé ÷àñ áóëî äîñòàòíüî äåòàëüíî ðîçðîáëåíî òåîðiþ

çàäà÷i Êîøi äëÿ ëiíiéíèõ ñèñòåì çàçíà÷åíîãî òèïó (äèâ. ïðàöi [2-21℄).

Çàçíà÷èìî, ùî ïàðàáîëi÷íå ðiâíÿííÿ ç äðóãîþ ïîõiäíîþ çà ÷àñîì i ÷åòâåðòè-

ìè ïîõiäíèìè çà ïðîñòîðîâèìè çìiííèìè ìîäåëþþòü ïðîöåñè �àçîâîãî ïåðåõîäó ó

â'ÿçêîïðóæíèõ ñåðåäîâèùàõ ç êàïiëÿðíiñòþ. Çîêðåìà, çàäà÷i äëÿ íåëiíiéíèõ ðiâíÿíü

òàêîãî òèïó äîñëiäæåíî â [22-25℄.

Ó öié ïðàöi ðîçãëÿíóòî åâîëþöiéíå ðiâíÿííÿ ç äðóãîþ ïîõiäíîþ çà ÷àñîì, ÷åòâåð-

òèìè ïîõiäíèìè çà îäíi¹þ ãðóïîþ ïðîñòîðîâèõ çìiííèõ i äðóãîþ ïîõiäíîþ çà äðóãîþ

ãðóïîþ ïðîñòîðîâèõ çìiííèõ. Òàêi ðiâíÿííÿ ìîæíà çàðàõóâàòè äî

−→
2b-ïàðàáîëi÷íèõ

ðiâíÿíü Åéäåëüìàíà. Äîñëiäæåíî ìiøàíó çàäà÷ó â íåîáìåæåíié îáëàñòi çà ïðîñòî-

ðîâèìè çìiííèìè.
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Íåõàé Ωx � íåîáìåæåíà îáëàñòü â ïðîñòîði R
k
ç ìåæåþ ∂Ωx ∈ C1

, Ωy � íåîáìå-

æåíà îáëàñòü â ïðîñòîði R
m

ç ìåæåþ ∂Ωy ∈ C1
, Ω = Ωx × Ωy, QT = Ω × (0, T ), äå

T <∞, Ωτ = QT ∩ {t = τ}, τ ∈ [0, T ], k +m = n, z = (x, y), x ∈ Ωx, y ∈ Ωy.

�îçãëÿíåìî îáìåæåíi îáëàñòi ΩR
x = Ωx ∩ BR

x , ΩR
y = Ωy ∩ BR

y , äå B
R
x =

{
x ∈ R

k
:

|x| < R
}
i BR

y =
{
y ∈ R

m : |y| < R
}
, ΩR = ΩR

x × ΩR
y , QR

T = ΩR × (0, T ),

ΩR
τ = QR

T ∩ {t = τ}, τ ∈ [0, T ].
Ó íåîáìåæåíié îáëàñòi QT ðîçãëÿíåìî çàäà÷ó äëÿ ðiâíÿííÿ ç äiéñíîçíà÷íèìè

êîå�iöi¹íòàìè i âiëüíèì ÷ëåíîì

A(u) ≡ utt +

k∑

i,j,s,l=1

(asl
ij(z, t)uxixj

)xsxl
−

k∑

i,j=1

(aij(z, t)uxi
)xj

−

k∑

i,j=1

(bij(z, t)utxi
)xj

−

−

m∑

i,j=1

(cij(z, t)uyi
)yj

+ a0(z, t)u+ b(z, ut) =

k∑

i,j=1

(fij(z, t))xixj
−

k∑

i=1

(fi(z, t))xi
+

+f0(z, t) −

m∑

i=1

(gi(z, t))yi
(1)

ç ïî÷àòêîâèìè óìîâàìè

u(z, 0) = u0(z), ut(z, 0) = u1(z) (2)

i êðàéîâèìè óìîâàìè

u
∣∣
∂Ω×(0,T )

= 0,
∂u

∂ν

∣∣∣∣
∂Ωx×Ωy×(0,T )

= 0, (3)

äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi ∂Ωx × Ωy × (0, T ).
Ââåäåìî ïðîñòîðè:

Lp((0, T );B) =



u :

T∫

0

||u(·, t)||pBdt <∞



 , ||u||Lp((0,T );B) =




T∫

0

||u(·, t)||pBdt




1/p

,

äå p ∈ (1,+∞), B � äåÿêèé áàíàõiâ ïðîñòið;

L
p
loc(Ω) =

{
u : ∀K − êîìïàêòíî¨ ìíîæèíè ç Ω u ∈ Lp(K)

}
;

V
1,0
0 (ΩR) =

{
u : u, uxi

∈ L2(ΩR), i ∈ {1, ..., k}, u
∣∣
∂ΩR

x

= 0

}
,

V
2,1
0 (ΩR) =

{
u : u, uxi

, uxixj
, uyl

∈ L2(ΩR), i, j ∈ {1, ..., k}, l ∈ {1, ...,m},

u
∣∣
∂ΩR = 0,

∂u

∂ν

∣∣
∂ΩR

x ×ΩR
y

= 0

}
,
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ç âiäïîâiäíèìè íîðìàìè

||u||2
V 1,0
0 (ΩR)

=

∫

ΩR

(
k∑

i=1

u2
xi

+ u2

)
dz,

||u||2
V 2,1
0 (ΩR)

=

∫

ΩR




k∑

i=1

u2
xi

+ u2 +
k∑

i,j=1

u2
xixj

+
m∑

i=1

u2
yi


 dz;

V
1,0
0,loc(Ω) =

{
u : u, uxi

∈ L2
loc(Ω), i ∈ {1, ..., k}, u|∂Ωx

= 0

}
,

V
2,1
0,loc(Ω) =

{
u : u, uxi

, uxixj
∈ L2

loc(Ω), i, j ∈ {1, ..., k}, uyl
∈ L2

loc(Ω), l ∈ {1, ...,m},

u|∂Ω = 0,
∂u

∂ν

∣∣∣∣
∂Ωx×∂Ωy

= 0

}
,

V
2,1
0 (Ω) =

{
u : u, uxi

, uxixj
, uyl

∈ L2(Ω), i, j ∈ {1, ..., k}, l ∈ {1, ...,m},

u
∣∣
∂Ω

= 0,
∂u

∂ν

∣∣
∂Ωx×Ωy

= 0

}
,

Hi,j(ΩR) =
{
u : u ∈ L2(ΩR

y ;Hi(ΩR
x )) ∩ L2(ΩR

x ;Hj(ΩR
y )), i, j ∈ N

}
,

W0(Ω
R) = V

2,1
0 (ΩR) ∩H1,2(ΩR) ∩ L2p−2(ΩR).

Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:

(A): asl
ij , a

sl
ijt, a

sl
ijtt, aij , aijt, aijtt, a0, a0t ∈ L∞(QT ), D4

xa
sl
ij(·, 0), D2

xaij(·, 0),

a0(·, 0) ∈ L∞(Ω), äå Dα
x =

∂|α|

∂xα1
1 ...∂xαk

k

, |α| = α1 + ...+ αk,

A0

k∑

i,j=1

|ξij |
2

6

k∑

i,j,s,l=i

asl
ij(z, t)ξijξsl, A0 > 0,

äëÿ ìàéæå âñiõ (z, t) ∈ QT i âñiõ ξij ∈ R òàêèõ, ùî ξij = ξji,

asl
ij(z, t) = a

ij
sl(z, t), aij(z, t) = aji(z, t) ìàéæå äëÿ âñiõ (z, t) ∈ QT ;

(B): Ôóíêöiÿ b : Ω × R → R i ¨ ¨ ïîõiäíà bξ âèìiðíi â Ω äëÿ âñiõ ξ ∈ R; b(z, ·)
íåïåðåðâíà íà R ìàéæå äëÿ âñiõ z ∈ Ω; bξ(z, ·) íåïåðåðâíà íà R\{0} ìàéæå äëÿ âñiõ

z ∈ Ω; äëÿ âñiõ ξ, ξ̃ ∈ R i ìàéæå âñiõ z ∈ Ω âèêîíóþòüñÿ òàêi íåðiâíîñòi:

(b(z, ξ) − b(z, ξ̃))(ξ − ξ̃) > b0|ξ − ξ̃|p,

äå b0 = 0 ïðè p ∈ (1, 2] i b0 > 0 ïðè p > 2,

|b(z, ξ)| 6 b0|ξ|p−1;
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bij , bijt ∈ L∞(QT ), D2
xbij(·, 0) ∈ L∞(Ω), i, j ∈ {1, ..., k},

k∑

i,j=1

bij(z, t)ξiξj > B0

k∑

i=1

|ξi|
2, B0 > 0

äëÿ âñiõ ξ ∈ R
k
i ìàéæå âñiõ (z, t) ∈ QT ;

(C): cij , cijt, cijtt ∈ L∞(QT ), D2
ycij(·, 0) ∈ L∞(Ω), äå Dβ

y =
∂|β|

∂y
β1

1 ...∂y
βm
m

,

|β| = β1 + ...+ βm,

C0

m∑

i=1

|ξi|
2

6

m∑

i,j=1

cij(z, t)ξiξj , C0 > 0

äëÿ âñiõ ξ ∈ R
m

i ìàéæå âñiõ (z, t) ∈ QT , cij(z, t) = cji(z, t), i, j ∈ {1, ...,m}.

Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ L2((0, T );V 2,1
0,loc(Ω)) òàêó, ùî ut ∈ L2((0, T );V 1,0

0,loc(Ω))∩

∩Lp((0, T );Lp
loc(Ω)), utt ∈ L2((0, T );L2

loc(Ω)) i u çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (2) i

ðiâíiñòü

∫

Qτ

[
uttv +

k∑

i,j,s,l=1

asl
ij(z, t)uxixj

vxsxl
+

k∑

i,j=1

aij(z, t)uxi
vxj

+

k∑

i,j=1

bij(z, t)utxi
vxj

+

+
m∑

i,j=1

cij(z, t)uyi
vyj

+ a0(z, t)uv + b(z, ut)v −
k∑

i,j=1

fij(z, t)vxixj
−

k∑

i=1

fi(z, t)vxi
−

−f0(z, t)v −

m∑

i=1

gi(z, t)vyi

]
dzdt = 0 (4)

äëÿ äîâiëüíèõ τ ∈ (0, T ] i �óíêöié v ∈ L2((0, T );V 2,1
0 (Ω)) ∩ Lp((0, T );Lp(Ω)), ÿêi

ìàþòü îáìåæåíèé íîñié â QT , íàçèâà¹ìî óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(3).

�îçãëÿíåìî ñïî÷àòêó çàäà÷ó â îáìåæåíié îáëàñòi QR
T äëÿ ðiâíÿííÿ

A(u) =

k∑

i,j=1

(fR
ij (z, t))xixj

−

k∑

i=1

(fR
i (z, t))xi

+ fR
0 (z, t) −

m∑

i=1

(gR
i (z, t))yi

(5)

ç ïî÷àòêîâèìè óìîâàìè

u(z, 0) = uR
0 (z), ut(z, 0) = uR

1 (z) (6)

i êðàéîâèìè óìîâàìè

u
∣∣
∂ΩR×(0,T )

= 0,
∂u

∂ν

∣∣∣∣
∂ΩR

x ×ΩR
y ×(0,T )

= 0, (7)

äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi ∂ΩR
x × ΩR

y × (0, T ).
Íàêëàäåìî íà âiëüíèé ÷ëåí óìîâó

(F): fR
ij , f

R
ijt, f

R
ijtt, f

R
i , f

R
it , g

R
l , g

R
lt , g

R
ltt, f

R
0 , f

R
0t ∈ L2(QR

T ),

(fR
ij (·, 0))xixj

, (fR
i (·, 0))xi

, (gR
l (·, 0))yl

∈ L2(ΩR), l ∈ {1, ...,m}, i, j ∈ {1, ..., k}.



252 �àëèíà ÒÎ��ÀÍ

Îçíà÷åííÿ 2. Ôóíêöiþ u∈L2((0, T );V 2,1
0 (ΩR)) òàêó, ùî ut∈L

2((0, T );V 1,0
0 (ΩR))∩

∩Lp((0, T );Lp(ΩR)), utt ∈ L2((0, T );L2(ΩR)) i u çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (6) i

ðiâíiñòü

∫

QR
τ

[
uttv +

k∑

i,j,s,l=1

asl
ij(z, t)uxixj

vxsxl
+

k∑

i,j=1

aij(z, t)uxi
vxj

+

k∑

i,j=1

bij(z, t)utxi
vxj

+

+

m∑

i,j=1

cij(z, t)uyi
vyj

+ a0(z, t)uv + b(z, ut)v −

k∑

i,j=1

fR
ij (z, t)vxixj

−

k∑

i=1

fR
i (z, t)vxi

−

−fR
0 (z, t)v −

m∑

i=1

gR
i (z, t)vyi

]
dzdt = 0 (8)

äëÿ äîâiëüíèõ τ ∈ (0, T ] i v ∈ L2((0, T );V 2,1
0 (ΩR)) ∩ Lp((0, T );Lp(ΩR)), íàçèâà¹ìî

óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (5)-(7).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C), (F ) i uR
0 ∈ V

2,1
0 (ΩR)∩

∩H4,2(ΩR), uR
1 ∈ V

1,0
0 (ΩR) ∩ L2p−2(ΩR) ∩H2,2(ΩR). Òîäi iñíó¹ óçàãàëüíåíèé ðîçâ'ÿ-

çîê çàäà÷i (5)-(7).

Äîâåäåííÿ. Ìåòîäîì Ôàåäî-�àëüîðêiíà ïîáóäó¹ìî íàáëèæåíèé ðîçâ'ÿçîê. Îñêiëüêè

ïðîñòið W0(Ω
R) � ñåïàðàáåëüíèé áàíàõiâ, òî â íüîìó iñíó¹ òàêà çëi÷åííà ìíîæèíà

{ϕh}, ùî áóäü-ÿêà ñêií÷åííà êiëüêiñòü åëåìåíòiâ öi¹¨ ìíîæèíè ëiíiéíî íåçàëåæíà

i çàìèêàííÿ ¨¨ ëiíiéíî¨ îáîëîíêè â W0(Ω
R) çáiãà¹òüñÿ ç öèì ïðîñòîðîì. Ìîæåìî

ïðèéíÿòè, ùî {ϕh} îðòîíîðìîâàíà â L2(ΩR).
�îçãëÿíåìî �óíêöi¨

uN (z, t) =
N∑

h=1

cNh (t)ϕh(z), N = 1, 2, ...,

äå cN1 , c
N
2 , ..., c

N
N � ðîçâ'ÿçêè âiäïîâiäíèõ çàäà÷ Êîøi

∫

ΩR

[
uN

ttϕh +

k∑

i,j,s,l=1

asl
ij(z, t)u

N
xixj

(ϕh)xsxl
+

k∑

i,j=1

aij(z, t)u
N
xi

(ϕh)xj
+ a0(z, t)u

Nϕh+

+
k∑

i,j=1

bij(z, t)u
N
txi

(ϕh)xj
+

m∑

i,j=1

cij(z, t)u
N
yi

(ϕh)yj
+ b(z, uN

t )uN
t ϕh

]
dz =

=

∫

ΩR

[ k∑

i,j=1

fR
ij (ϕh)xixj

+

k∑

i=1

fR
i (ϕh)xi

+ fR
0 ϕh +

m∑

i=1

gR
i (ϕh)yi

]
dz, t ∈ [0, T ], (9)

cNh (0) = u
R,N
0,h , cNht(0) = u

R,N
1,h , h = 1, ..., N, (10)

äå

uN
0 (z) =

N∑

h=1

u
R,N
0,h ϕh(z), ‖uR,N

0 − uR
0 ‖V 2,1

0 (ΩR)∩H4,2(ΩR) → 0,
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uN
1 (z) =

N∑

h=1

u
R,N
1,h ϕh(z), ‖uR,N

1 − uR
1 ‖V 1,0

0 (ΩR)∩L2p−2(ΩR)∩H2,2(ΩR) → 0 ïðè N → ∞.

Íà ïiäñòàâi òåîðåìè Êàðàòåîäîði [26, ñ. 54℄ iñíó¹ ðîçâ'ÿçîê çàäà÷i (9), (10), ÿêèé

ìà¹ àáñîëþòíî íåïåðåðâíó ïîõiäíó íà ïðîìiæêó [0, tm]. Ç îöiíîê, îäåðæàíèõ íèæ÷å,

âèïëèâà¹, ùî tm = T .

Äîìíîæèìî (9) íà cNht(t), ïiäñóìó¹ìî çà h âiä 1 äî N i ïðîiíòåãðó¹ìî çà t âiä 0
äî τ , äå τ ∈ (0, T ]

∫

QR
τ

[
uN

ttu
N
t +

k∑

i,j,s,l=1

asl
ij(z, t)u

N
xixj

uN
txsxl

+

k∑

i,j=1

aij(z, t)u
N
xi
uN

txj
+ a0(z, t)u

NuN
t +

+

k∑

i=1

bij(z, t)u
N
txi
uN

txj
+

m∑

i,j=1

cij(z, t)u
N
yi
uN

tyj
+ b(z, uN

t )uN
t

]
dzdt =

∫

QR
τ

[ k∑

i,j=1

fR
iju

N
txixj

+

+

k∑

i=1

fR
i u

N
txi

+ fR
0 u

N
t +

m∑

i=1

gR
i u

N
tyi

]
dzdt. (11)

Íà ïiäñòàâi óìîâ (A), (B), (C), (F ) ç îñòàííüî¨ ðiâíîñòi ëåãêî îòðèìàòè îöiíêó

||uN
t ||V 1,0

0 (QR
T

)∩Lp(QR
T

) 6 K1, ||u
N ||V 2,1

0 (QR
T

) 6 K1, (12)

äå K1 � äîäàòíà êîíñòàíòà, ÿêà íå çàëåæèòü âiä N .

Äè�åðåíöiþþ÷è çà t ðiâíiñòü (9) i âðàõîâóþ÷è óìîâè òåîðåìè (A), (B), (C), (F ),
ìîæåìî ïåðåêîíàòèñÿ â ïðàâèëüíîñòi îöiíîê

||uN
tt ||V 1,0

0 (QR
T

) 6 K2, ||uN
t ||V 2,1

0 (QR
T

)∩Lp(QR
T

) 6 K2, ||uN ||V 2,1
0 (QR

T
) 6 K2, K2 > 0. (13)

Îñêiëüêè uN
t ∈ Lp(QR

T ), òî

∫

QR
T

|b(z, uN
t )|p

′

dzdt 6 |b0|p
′

∫

QR
T

|uN
t |pdzdt 6 K3, K3 > 0.

Íà ïiäñòàâi (13) ç ïîñëiäîâíîñòi {uN} ìîæíà âèáðàòè òàêó ïiäïîñëiäîâíiñòü {uNk},
ùî

uNk

tt → utt ñëàáêî â L∞((0, T );V 1,0
0 (ΩR)),

uNk

t → ut ñëàáêî â L∞((0, T );Lp(ΩR) ∩ V 2,1
0 (ΩR)),

b(z, uNk

t ) → χ ñëàáêî â Lp′

(QR
T ) ïðè Nk → ∞. (14)

Äîâåäåìî, ùî b(z, ut) = χ. Ç îöiíêè (14) âèïëèâà¹, ùî uN
tt ∈ L2((0, T );L2(ΩR)),

uN
t ∈ L2((0, T );H1

0 (ΩR)), òîìó uN
t íàëåæèòü îáìåæåíié ìíîæèíi â H1(QR

T ). Àëå
H1(QR

T ) ⊂ L2(QR
T ) êîìïàêòíî. Íå çìåíøóþ÷è çàãàëüíîñòi, ïîçíà÷èìî ïiäïîñëiäîâ-

íiñòü uNk

t , âèáðàíó ç ïiäïîñëiäîâíîñòi uN
t òàêó, ùî uNk

t →ut ñèëüíî â L
2(QR

T ) i uNk

t →ut
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ìàéæå âñþäè â QR
T . Îñêiëüêè �óíêöiÿ b(z, ·) � íåïåðåðâíà, òî b(·, u

Nk

t ) → b(·, ut) ñëàá-

êî â Lp′

(QR
T ), àëå íà ïiäñòàâi (14) ðîáèìî âèñíîâîê, ùî

b(z, ut) = χ. (15)

Çàëèøèëîñÿ ïîêàçàòè, ùî âèêîíóþòüñÿ ïî÷àòêîâi óìîâè. Ç îöiíîê îäåðæàíèõ

ðàíiøå i ëåìè 1.2 [27, 
. 20℄ âèïëèâà¹, ùî

uNk(·, 0) → u(·, 0) ñëàáêî â L2(ΩR),

àëå uNk(·, 0) = u
R,Nk

0 (·) → uR
0 (·) â V

2,1
0 (ΩR),

òîìó u(z, 0) = uR
0 (z).

Îñêiëüêè uNk

tt → utt ñëàáêî â L
2(QR

T ), ç ëåìè 1.2 [27, 
. 20℄ âèïëèâà¹, ùî

uNk

t (z, 0) → ut(z, t)|t=0 = ut(z, 0), z ∈ ΩR,

àëå âiäîìî, ùî uNk

t (·, 0) = u
R,Nk

1 (·) → uR
1 (·) â V

1,0
0 (ΩR), òîìó ut(z, 0) = uR

1 (z). Îòîæ,

âèêîíóþòüñÿ ïî÷àòêîâi óìîâè (6). Îòæå, ðîçâ'ÿçîê iñíó¹.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C), p ∈ (1, 2], u0 ∈ V
2,1
0,loc(Ω),

u1 ∈ L2
loc(Ω), fij , fijt, fi, f0, gl, glt ∈ L2((0, T );L2

loc(Ω)), i, j ∈ {1, ..., k}, l ∈ {1, ...,m}
i íåðiâíiñòü

∫

ΩR
0


|u1(z)|

2 +

k∑

i,j=1

|u0xixj
(z)|2 +

k∑

i=1

|u0xi
(z)|2 + |u0(z)|

2 +

m∑

i=1

|u0yi
(z)|2


 dz+

+ sup
t∈[0,T ]

∫

ΩR
t




k∑

i,j=1

|fij(z, t)|
2 +

m∑

i=1

|gi(z, t)|
2


 dz+

∫

QR
T




k∑

i,j=1

|fij(z, t)|
2 +

k∑

i,j=1

|fijt(z, t)|
2+

+
k∑

i=1

|fi(z, t)|
2 +

m∑

i=1

|gi(z, t)|
2 +

m∑

i=1

|git(z, t)|
2 + |f0(z, t)|

2

]
dzdt 6 aebR2

.

äëÿ äîâiëüíîãî R > 1, äå a, b � äåÿêi äîäàòíi ñòàëi. Òîäi iñíó¹ T0 6 T , ùî çàäà÷à

(1)-(3) ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê ó íåîáìåæåíié îáëàñòi QT0 .

Äîâåäåííÿ. �îçãëÿíåìî â îáëàñòi QR
T , äå R íàáóâà¹ çíà÷åííÿ 2h, h ∈ N (äëÿ ñïðî-

ùåííÿ çàïèñó öþ îáëàñòü ïîçíà÷èìî ÷åðåç Qh
T ) äîïîìiæíó çàäà÷ó

A(u) = Fh,h, (z, t) ∈ Qh
T ,

u|∂Ωh×(0,T ) = 0,
∂u

∂ν

∣∣∣∣
∂Ωh

x×Ωh
y×(0,T )

= 0, (16)

u(z, 0) = u
h,h
0 (z), ut(z, 0) = u

h,h
1 (z), z ∈ Ωh,
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äå ïî÷àòêîâi óìîâè ìàþòü òàêèé âèãëÿä u
h,h
0 (z) = uh

0 (z)χh(z), uh,h
1 (z) = uh

1 (z)χh(z) ç

χh(z) =

{
1 ïðè |x| < h− 1, |y| < h− 1,
0 ïðè |x| > h, |y| > h,

i 0 6 χh(z) 6 1, z ∈ R
n, χh ∈ C2(Rn), à âiëüíèé ÷ëåí

Fh,h(z, t) =

k∑

i,j=1

(fh,h
ij )xixj

−

k∑

i=1

(fh,h
i )xi

+ f
h,h
0 −

m∑

i=1

(gh,h
i )yi

,

f
h,h
ij (z, t) =

{
fh

ij(z, t), (z, t) ∈ Qh
T ,

0, (z, t) ∈ QT \Qh
T ,

f
h,h
i (z, t) =

{
fh

i (z, t), (z, t) ∈ Qh
T ,

0, (z, t) ∈ QT \Qh
T ,

f
h,h
0 (z, t) =

{
fh
0 (z, t), (z, t) ∈ Qh

T ,

0, (z, t) ∈ QT \Qh
T ,

g
h,h
i (z, t) =

{
gh

i (z, t), (z, t) ∈ Qh
T ,

0, (z, t) ∈ QT \Qh
T .

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:

fh
ij , f

h
ijt, f

h
i , f

h
0 , g

h
l , g

h
lt âèìiðíi â QT i â êîæíié îáëàñòi Qh

T çàäîâîëüíÿþòü óìîâó

(F );
uh

1 ∈ V
2,1
0,loc(Ω) ∩H2

loc(Ω), h ∈ N, uh
1 → u1 â L2

loc(Ω) ïðè h→ ∞;

uh
0 ∈ V

2,1
0,loc(Ω) ∩H4

loc(Ω), uh
0 → u0 â V

2,1
loc (Ω) ïðè h→ ∞;

fh
ij → fij â L2((0, T );L2

loc(Ω)), fh
ijt → fijt â L2((0, T );L2

loc(Ω)),

fh
i → fi â L2((0, T );L2

loc(Ω)), fh
0 → f0 â L2((0, T );L2

loc(Ω)),

gh
l → gl â L2((0, T );L2

loc(Ω)), gh
lt → glt â L2((0, T );L2

loc(Ω)) (17)

ïðè h→ ∞, i, j ∈ {1, ..., k}, l ∈ {1, ...,m}.
�îçãëÿíåìî uα, uβ

� ðîçâ'ÿçêè çàäà÷i (16) ïðè α > h + 1, β > h + 1, α, β ∈ N.

Ç ïîïåðåäíüî¨ òåîðåìè âèïëèâà¹, ùî öÿ çàäà÷à ìà¹ óçàãàëüíåíèé ðîçâ'ÿçîê â ñåíñi

îçíà÷åííÿ 2. Ïiäñòàâèìî uα, uβ
â ðiâíiñòü (8), îòðèìàíi ðiâíîñòi âiäíiìåìî i ïðèéìå-

ìî, ùî

v = u
αβ
t ϕRχ(x)ψRχ(y)e−µt,

äå uαβ = uα − uβ
,

ϕRχ(x) = (hRχ(x))γ =

(
ρ

(
|x| −R

χ

))γ

, ψRχ(y) = (ĥRχ(y))γ1 =

(
ρ

(
|y| −R

χ

))γ1

,

γ > 2, γ1 > 2, χ > 0, 0 6 ρ(ξ) 6 1, ξ ∈ R, ρ(ξ) = 1, ξ < 0, ρ(ξ) = 0, ξ > 1.
Òîäi îäåðæèìî ðiâíiñòü

∫

Ωτ

|uαβ
t |2ϕRχ(x)ψRχ(y)e−µτdz +

∫

Qτ

[
−uαβ

t u
αβ
tt ϕRχ(x)ψRχ(y)e−µt + µ|uαβ

t |2ϕRχ(x)×

×ψRχ(y)e−µt +

k∑

i,j,s,l=1

asl
ij(z, t)u

αβ
xixj

(
u

αβ
txsxl

ϕRχ(x)ψRχ(y)e−µt + u
αβ
txs

(ϕRχ(x))xl
×
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×uαβ
txl

(ϕRχ(x))xs
ψRχ(y)e−µt + u

αβ
t (ϕRχ(x))xsxl

ψRχ(y)e−µt
)

+

k∑

i,j=1

aij(z, t)u
αβ
xi

×

×
(
u

αβ
txi
ϕRχ(x)ψRχ(y)e−µt + u

αβ
t (ϕRχ(x))xj

ψRχ(y)e−µt
)

+ a0(z, t)u
αβu

αβ
t ϕRχ(x)×

×ψRχ(y)e−µt +

k∑

i,j=1

bij(z, t)u
αβ
txi

(
u

αβ
txj
ϕRχ(x)ψRχ(y)e−µt + u

αβ
t (ϕRχ(x))xj

ψRχ(y)e−µt
)
+

+

m∑

i,j=1

cij(z, t)u
αβ
yi

(
u

αβ
tyj
ϕRχ(x)ψRχ(y)e−µt + u

αβ
t ϕRχ(x)(ψRχ(y))yj

e−µt
)

+

+(b(z, uα
t ) − b(z, uβ

t ))uαβ
t ϕRχ(x)ψRχ(y)e−µt

]
dzdt =

∫

Ω0

|uα,α
1 − u

β,β
1 |2ϕRχ(x)ψRχ(y)dz+

+

∫

Qτ

[ k∑

i,j=1

(fα,α
ij − f

β,β
ij )

(
u

αβ
txixj

ϕRχ(x)ψRχ(y)e−µt + u
αβ
txi

(ϕRχ(x))xj
ψRχ(y)e−µt+

+uαβ
txj

(ϕRχ(x))xi
ψRχ(y)e−µt + u

αβ
t (ϕRχ(x))xixj

ψRχ(y)e−µt
)

+

+

k∑

i=1

(fα,α
i − f

β,β
i )

(
u

αβ
txi
ϕRχ(x)ψRχ(y)e−µt + u

αβ
t (ϕRχ(x))xi

ψRχ(y)e−µt
)

+

+(fα,α
0 − f

β,β
0 )uαβ

t ϕRχ(x)ψRχ(y)e−µt +

m∑

i=1

(gα,α
i − g

β,β
i )

(
u

αβ
tyi
ϕRχ(x)ψRχ(y)e−µt+

+uαβ
t ϕRχ(x)(ψRχ(y))yi

e−µt
)]
dzdt, τ ∈ (0, T ]. (18)

Îöiíèìî äîäàíêè öi¹¨ ðiâíîñòi. Î÷åâèäíî,

J1 := −

∫

Qτ

u
αβ
t u

αβ
tt ϕRχ(x)ψRχ(y)e−µtdzdt = −

1

2

∫

Ωτ

|uαβ
t |2ϕRχ(x)ψRχ(y)e−µτdz+

+
1

2

∫

Ω0

|uα,β
1 |2ϕRχ(x)ψRχ(y)dz +

µ

2

∫

Qτ

|uαβ
t |2ϕRχ(x)ψRχ(y)e−µtdzdt.

Íà ïiäñòàâi óìîâè (A)

J2 :=

∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)u

αβ
xixj

utxsxl
ϕRχ(x)ψRχ(y)e−µtdzdt >

A0

2

∫

Ωτ

k∑

i,j=1

|uαβ
xixj

|2ϕRχ(x)×

×ψRχ(y)e−µτdx−
A0 + 1

2

∫

Ω0

k∑

i,j=1

|uαβ
xixj

|2ϕRχ(x)ψRχ(y)dx −
A1 + 1 − µA0

2
×
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×

∫

Qτ

k∑

i,j=1

|uαβ
xixj

|2ϕRχ(x)ψRχ(y)e−µtdxdt;

J3 :=

∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)u

αβ
xixj

u
αβ
t (ϕRχ(x))xsxl

ψRχ(y)e−µtdzdt >

> −
d

2

∫

Qτ

[
A2k

2

χ2
|uαβ

t |2[hRχ(x)]γ−2 +
1

χ2

k∑

i,j=1

|uαβ
xixj

|2[hRχ(x)]γ−2

]
ψRχ(y)e−µtdzdt,

äå |(hRχ)xixj
(x)| 6

d
χ2 ;

J4 :=

∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)u

αβ
xixj

u
αβ
txs

(ϕRχ(x))xl
ψRχ(y)e−µtdzdt >

> −
d

2

∫

Qτ

[
A2kδ

k∑

i=1

|uαβ
txi

|2ϕRχ(x) +
1

χ2δ

k∑

i,j=1

|uαβ
xixj

|2[hRχ(x)]γ−2

]
ψRχ(y)e−µtdzdt,

äå |(hRχ)xi
(x)| 6

d
χ , δ > 0.

Iíòåãðàë

∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)u

αβ
xixj

u
αβ
txl

(ϕRχ(x))xs
ψRχ(y)e−µtdzdt

îöiíþ¹òüñÿ àíàëîãi÷íî.

Äàëi

J5 :=

∫

Qτ

k∑

i,j=1

aij(z, t)u
αβ
xi
u

αβ
txj
ϕRχ(x)ψRχ(y)e−µtdzdt >

> −
1

2

∫

Qτ

[
A3δ

k∑

i=1

|uαβ
txi

|2 +
1

δ

k∑

i=1

|uαβ
xi

|2
]
ϕRχ(x)ψRχ(y)e−µtdzdt;

J6 :=

∫

Qτ

k∑

i,j=1

aij(z, t)u
αβ
xi
u

αβ
t (ϕRχ(x))xj

ψRχ(y)e−µtdzdt >

> −
d

2

∫

Qτ

[
A3k

χ2
|uαβ

t |2[hRχ(x)]γ−2 +

k∑

i=1

|uαβ
xi

|2ϕRχ(x)

]
ψRχ(y)e−µtdzdt;

J7 :=

∫

Qτ

a0(z, t)u
αβu

αβ
t ϕRχ(x)ψRχ(y)e−µtdzdt >

> −
A4

2

∫

Qτ

[
|uαβ |2 + |uαβ

t |2
]
ϕRχ(x)ψRχ(y)e−µtdzdt.
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Ç óìîâè (B) ìà¹ìî

J8 :=

∫

Qτ

k∑

i,j=1

bij(z, t)u
αβ
txi
u

αβ
txj
ϕRχ(x)ψRχ(y)e−µtdzdt >

> B0

∫

Qτ

k∑

i=1

|uαβ
txi

|2ϕRχ(x)ψRχ(y)e−µtdzdt;

J9 :=

∫

Qτ

k∑

i,j=1

bij(z, t)u
αβ
txi
u

αβ
t (ϕRχ(x))xj

ψRχ(y)e−µtdzdt >

> −
d

2

∫

Qτ

[
δ

k∑

i=1

|uαβ
txi

|2ϕRχ(x) +
B1k

δχ2
|uαβ

t |2[hRχ(x)]γ−2

]
ψRχ(y)e−µt;

J10 :=

∫

Qτ

(b(z, uα
t ) − b(z, uβ

t ))uαβ
t ϕRχ(x)ψRχ(y)e−µtdzdt > 0.

Ç óìîâè (C) îäåðæèìî

J11 :=

∫

Qτ

m∑

i,j=1

cij(z, t)u
αβ
yi
u

αβ
tyj
ϕRχ(x)ψRχ(y)e−µtdzdt >

C0

2

∫

Ωτ

m∑

i=1

|uαβ
yi

|2ϕRχ(x)ψRχ(y)×

×e−µτdz−
C0

2

∫

Ω0

m∑

i=1

|uαβ
yi

|2ϕRχ(x)ψRχ(y)dz+
µC0−C1

2

∫

Qτ

m∑

i=1

|uαβ
yi

|2ϕRχ(x)ψRχ(y)e−µtdzdt;

J12 :=

∫

Qτ

m∑

i,j=1

cij(z, t)u
αβ
yi
u

αβ
t ϕRχ(x)(ψRχ(y))yj

e−µtdzdt >

> −
d

2

∫

Qτ

[
1

χ2

m∑

i=1

|uαβ
yi

|2[ĥRχ(y)]γ1−2 + C2m|uαβ
t |2ψRχ(y)

]
ϕRχ(x)e−µtdzdt,

|(hRχ)yi
(y)| 6

h

χ
.

Êðiì òîãî,

J13 :=

∫

Qτ

k∑

i,j=1

(fα,α
ij − f

β,β
ij )uαβ

txixj
ϕRχ(x)ψRχ(y)e−µtdzdt 6

6
1

2δ

∫

Ωτ

k∑

i,j=1

|fα,β
ij |2ϕRχ(x)ψRχ(y)e−µτdz +

δ

2

∫

Ωτ

k∑

i,j=1

|uαβ
xixj

|2ϕRχ(x)ψRχ(y)e−µτdz+
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+
1

2

∫

Ω0

k∑

i,j=1

|fα,β
ij |2ϕRχ(x)ψRχ(y)dz +

1

2

∫

Ω0

k∑

i,j=1

|uαβ
xixj

|2ϕRχ(x)ψRχ(y)dz+

+
1

2

∫

Qτ

k∑

i,j=1

(µ
δ
|fα,β

ij |2 + |fα,β
ijt |2

)
ϕRχ(x)ψRχ(y)e−µtdzdt+

(δµ+ 1)

2

∫

Qτ

k∑

i,j=1

|uαβ
xixj

|2×

×ϕRχ(x)ψRχ(y)e−µtdzdt,

äå f
α,β
ij = f

α,α
ij − f

β,β
ij ;

J14 :=

∫

Qτ

k∑

i,j=1

(fα,α
ij − f

β,β
ij )uαβ

txi
(ϕRχ(x))xj

ψRχ(y)e−µtdzdt 6
d

2δ

∫

Qτ

k∑

i,j=1

|fα,β
ij |2×

ϕRχ(x)ψRχ(y)e−µtdzdt+
dδ

2χ2

∫

Qτ

k∑

i=1

|uαβ
txi

|2[hRχ(x)]γ−2ψRχ(y)e−µtdzdt;

J15 :=

∫

Qτ

k∑

i,j=1

(fα,α
ij − f

β,β
ij )uαβ

t (ϕRχ(x))xixj
ψRχ(y)e−µtdzdt 6

6
d

2χ2

∫

Qτ

k∑

i,j=1

|fα,β
ij |2ϕRχ(x)ψRχ(y)e−µtdzdt+

dk2

χ2

∫

Qτ

|uαβ
t |2[hRχ(x)]γ−4ψRχ(y)e−µtdzdt;

J16 :=

∫

Qτ

k∑

i=1

(fα,α
i − f

β,β
i )uαβ

txi
ϕRχ(x)ψRχ(y)e−µtdzdt 6

6
1

2δ

∫

Qτ

k∑

i=1

|fα,β
i |2ϕRχ(x)ψRχ(y)e−µtdzdt+

δ

2

∫

Qτ

k∑

i=1

|uαβ
txi

|2ϕRχ(x)ψRχ(y)e−µtdzdt;

J17 :=

∫

Qτ

k∑

i=1

(fα,α
i − f

β,β
i )uαβ

t (ϕRχ(x))xi
ψRχ(y)e−µtdzdt 6

6
d

2

∫

Qτ

k∑

i=1

|fα,β
i |2ϕRχ(x)ψRχ(y)e−µtdzdt+

d

2χ2

∫

Qτ

|uαβ
t |2[hRχ(x)]γ−2ψRχ(y)e−µtdzdt;

J18 :=

∫

Qτ

(fα,α
0 − f

β,β
0 )uαβ

t ϕRχ(x)ψRχ(y)e−µtdzdt 6

6
1

2

∫

Qτ

|fα,β
0 |2ϕRχ(x)ψRχ(y)e−µtdzdt+

1

2

∫

Qτ

|uαβ
t |2ϕRχ(x)ψRχ(y)e−µtdzdt;
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J19 :=

∫

Qτ

m∑

i=1

(gα,α
i − g

β,β
i )uαβ

tyi
ϕRχ(x)ψRχ(y)e−µtdzdt 6

6
1

2δ

∫

Ωτ

m∑

i=1

|gα,β
i |2ϕRχ(x)ψRχ(y)e−µτdz +

δ

2

∫

Ωτ

m∑

i=1

|uαβ
yi

|2ϕRχ(x)ψRχ(y)e−µτdz+

+
1

2

∫

Ω0

m∑

i=1

|gα,β
i |2ϕRχ(x)ψRχ(y)dz +

1

2

∫

Ω0

m∑

i=1

|uαβ
0yi

|2ϕRχ(x)ψRχ(y)dz+

+
1

2

∫

Qτ

m∑

i=1

(µ|gα,β
i |2+|gα,β

it |2)ϕRχ(x)ψRχ(y)e−µtdzdt+

∫

Qτ

m∑

i=1

|uαβ
yi

|2ϕRχ(x)ψRχ(y)e−µtdzdt;

J20 :=

∫

Qτ

m∑

i=1

(gα,α
i − g

β,β
i )uαβ

t ϕRχ(x)(ψRχ(y))yi
e−µtdzdt 6

6
d

2

∫

Qτ

m∑

i=1

|gα,β
i |2ϕRχ(x)ψRχ(y)e−µtdzdt+

d

2χ2

∫

Qτ

|uαβ
t |2ϕRχ(x)[ĥRχ(y)]γ−2e−µtdzdt.

Ïîäiáíî ÿê â ëåìi [28℄ ëåãêî äîâåñòè îöiíêó

∫

Qτ

k∑

i=1

|uxi
|2ϕRχ(x)ψRχ(y)e−µtdzdt 6 δ1

∫

Qτ

k∑

i,j=1

u2
xixj

ϕRχ(x)ψRχ(y)e−µtdzdt+

+
k

δ1

∫

Qτ

u2ϕRχ(x)ψRχ(y)e−µtdzdt+
d2k

χ2

∫

Qτ

u2[hRχ(x)]γ−2ψRχ(y)e−µtdzdt, δ1 > 0.

Ïðèéìåìî δ1 = 1. Êðiì òîãî,

∫

Qτ

|u(z, t)|2ϕRχ(x)ψRχ(y)e−µtdzdt 6 T 2

∫

Qτ

u2
tϕRχ(x)ψRχ(y)e−µtdzdt+

+2T

∫

Ω0

u2
0ϕRχ(x)ψRχ(y)dz.

Àíàëîãi÷íî îòðèìó¹ìî òàêó îöiíêó:

∫

Qτ

k∑

i=1

|uαβ
xi

|2ϕRχ(x)ψRχ(y)e−µtdzdt 6

∫

Qτ

k∑

i,j=1

|uαβ
xixj

|2ϕRχ(x)ψRχ(y)e−µtdzdt+

+kT 2

∫

Qτ

|uαβ
t |2ϕRχ(x)ψRχ(y)e−µtdzdt+

d2kT 2

χ2

∫

Qτ

|uαβ
t |2[hRχ(x)]γ−2ψRχe

−µtdzdt+

+2kT

∫

Ω0

|uαβ
0 |2ϕRχ(x)ψRχ(y)dz +

2kd2T

χ2

∫

Ω0

|uαβ
0 |2[hRχ(x)]γ−2ψRχ(y)dz.



ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÅÂÎËÞÖIÉÍÎ�Î �IÂÍßÍÍß ÒÈÏÓ ÅÉÄÅËÜÌÀÍÀ... 261

Âèêîðèñòîâóþ÷è îäåðæàíi îöiíêè, ç (18) ìà¹ìî

∫

Ωτ

[
|uαβ

t |2 + (A0 − δ)
k∑

i,j=1

|uαβ
xixj

|2 + (C0 − δ)
m∑

i=1

|uαβ
yi

|2
]
ϕRχ(x)ψRχ(y)e−µτdz+

+

∫

Qτ

[
|uαβ

t |2
(
µ−A4 −A4τ

2 −
kτ2

δ
− dkτ2 − dmC2 − 1

)
+

+
k∑

i,j=1

|uαβ
xixj

|2
(
µA0 −A1 −

1

δ
− d− µδ − 1

)
+

m∑

i=1

|uαβ
yi

|2 (µC0 − C1 − 2)+

+
k∑

i=1

|uαβ
txi

|2
(

2B0 − 2dkA2δ −A3δ − dδ − δ −
2dδ

χ2

)]
ϕRχ(x)ψRχ(y)e−µtdzdt 6

6

∫

Ω0

[(
2TA4 +

2kT

δ
+ 2kTd

)
|uαβ

0 |2+|uαβ
1 |2+

k∑

i,j=1

|uαβ
0xixj

|2(A0+1)+

m∑

i=1

|uαβ
0yi

|2(C0+1)

]
×

×ϕRχ(x)ψRχ(y)dz +

∫

Ω0

(
2d2kT

χ2δ
+

2d3kT

χ2

)
|uαβ

0 |2[hRχ(x)]γ−2ψRχ(y)dz+

+

∫

Qτ

[ k∑

i,j=1

|uαβ
xixj

|2[hRχ(x)]γ−2ψRχ(y)

(
2d

δχ2
+

d

χ2

)
+

m∑

i=1

|uαβ
yi

|2[ĥRχ(y)]γ−2ϕRχ(x)
d

χ2
+

+|uαβ
t |2

(
d2kτ2

χ2δ
+
d3kτ2

χ2
+
A1k

2d

χ2
+
B1kd

δχ2
+
dA3k

χ2

)
[hRχ(x)]γ−2ψRχ(y)+

+|uαβ
t |2[ĥRχ(y)]γ−2ϕRχ(x)

d

χ2

]
e−µtdzdt+

∫

Ω0

[ k∑

i,j=1

|fαβ
ij |2 +

m∑

i=1

|gαβ
i |2

]
ϕRχ(x)ψRχ(y)dz+

+

∫

Ωτ

[
1

δ

k∑

i,j=1

|fαβ
ij |2 +

m∑

i=1

|gαβ
i |2

]
ϕRχ(x)ψRχ(y)e−µτdz+

+

∫

Qτ

[
µ

δ

k∑

i,j=1

|fαβ
ij |2 +

k∑

i,j=1

|fαβ
ijt |

2 +
2d

δ

k∑

i,j=1

|fαβ
ij |2 +

d

χ2

k∑

i,j=1

|fαβ
ij |2 +

1

δ

k∑

i=1

|fαβ
i |2+

+d
k∑

i=1

|fαβ
i |2 + |fαβ

0 |2 + d

m∑

i=1

|gαβ
i |2 + µ

m∑

i=1

|gαβ
i |2 +

m∑

i=1

|gαβ
it |2

]
ϕRχ(x)ψRχ(y)e−µtdzdt.

Íåõàé R = R0, R0 + χ = R1, µ = µ0 + µ1, äå R0 = 2h
, R1 = 2h−1

, χ = 2h
, h ∈ N,

µ1 = max

{
A4(1 + T 2) + dkT 2 + dmC2 + 1 +

kT 2

δ
;

(A1 + 1)δ + 1

δ(A0 + δ)
;

C1 + 2

C0

}
,
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2B0 − (2dkA2 +A3 + d+ 2d
χ2 + 1)δ 6 B0. Òîäi ç îñòàííüî¨ íåðiâíîñòi îäåðæèìî

∫

Ω
R0
τ

[
|uαβ

t |2 +

k∑

i,j=1

|uαβ
xixj

|2 +

m∑

i=1

|uαβ
yi

|2
]
e−µ0τdz +

∫

Q
R0
τ

[
µ0|u

αβ
t |2 + µ0

k∑

i,j=1

|uαβ
xixj

|2+

+

k∑

i=1

|uαβ
txi

|2 + µ0

m∑

i=1

|uαβ
yi

|2
]
e−µ0tdzdt 6

M1

(R1 −R0)2

∫

Q
R1
τ

[ k∑

i,j=1

|uαβ
xixj

|2 + |uαβ
t |2+

+

m∑

i=1

|uαβ
yi

|2
]
e−µ0tdzdt+M2µ0, (19)

M1 > 0, M2 � êîíñòàíòà, ÿêà îáìåæó¹ iíòåãðàëè âiä ïî÷àòêîâèõ �óíêöié i âiëüíîãî

÷ëåíà. Ç óìîâè (17) âèïëèâà¹, ùî M2 ìîæåìî çðîáèòè ÿê çàâãîäíî ìàëîþ.

Îòæå, âèêîíó¹òüñÿ i òàêà íåðiâíiñòü:

∫

Q
R0
τ

[
|uh+3,h+2

t |2 +

k∑

i,j=1

|uh+3,h+2
xixj

|2 +

m∑

i=1

|uh+3,h+2
yi

|2
]
e−µ0tdzdt 6

6
M1

µ0χ2

∫

Q
R1
τ

[
|uh+3,h+2

t |2 +

k∑

i,j=1

|uh+3,h+2
xixj

|2 +

m∑

i=1

|uh+3,h+2
yi

|2
]
e−µ0tdzdt+M2.

Ïîäiëèìî âiäðiçîê [R0, R0 + χ] íà q ÷àñòèí, äå q = λ22h, λ2M122h

µ0
6 e−1, λ ∈ N.

Îäåðæèìî

∫

Q
R0
τ

[
|uh+3,h+2

t |2 +

k∑

i,j=1

|uh+3,h+2
xixj

|2 +

m∑

i=1

|uh+3,h+2
yi

|2
]
dzdt 6 e−q+µ0τ×

×

∫

Q
R1
τ

[
|uh+3,h+2

t |2 +

k∑

i,j=1

|uh+3,h+2
xixj

|2 +

m∑

i=1

|uh+3,h+2
yi

|2
]
dzdt+M2

q−1∑

i=0

e−i+µ0τ . (20)

Îöiíèìî åëåìåíòè ïîñëiäîâíîñòi {uh}. Âðàõîâóþ÷è îçíà÷åííÿ óçàãàëüíåíîãî

ðîçâ'ÿçêó, äëÿ uh
îäåðæèìî íåðiâíiñòü

∫

Q
R0
τ

[
|uh

t |
2 +

k∑

i,j=1

|uh
xixj

|2 +

m∑

i=1

|uh
yi
|2 +

k∑

i=1

|uh
txi

|2
]
dzdt 6

6 M3

( ∫

Ω
R0
0


|uh,h

1 (z)|2 +

k∑

i,j=1

|uh,h
0xixj

(z)|2 +

k∑

i=1

|uh,h
0xi

(z)|2 + |uh,h
0 (z)|2+

+

m∑

i=1

|uh,h
0yi

(z)|2

]
dz +

∫

Ω
R0
τ




k∑

i,j=1

|fh,h
ij |2 +

m∑

i=1

|gh,h
i |2



 dz +

∫

Ω
R0
0




k∑

i,j=1

|fh,h
ij |2+
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+

m∑

i=1

|gh,h
i |2

]
dz +

∫

Q
R0
τ




k∑

i,j=1

|fh,h
ij |2 +

k∑

i,j=1

|fh,h
ijt |2 +

k∑

i=1

|fh,h
i |2 +

m∑

i=1

|gh,h
i |2+

+
m∑

i=1

|gh,h
it |2 + |fh,h

0 |2

]
dzdt

)
.

Îòæå, íà ïiäñòàâi óìîâè òåîðåìè ç îñòàííüî¨ íåðiâíîñòi ìà¹ìî îöiíêó

∫

Q
R(h)
τ

[
|uh

t |
2 +

k∑

i,j=1

|uh
xixj

|2 +
m∑

i=1

|uh
yi
|2
]
dzdt 6 M4e

b(R(h))2 , (21)

äå M4 � äîäàòíà êîíñòàíòà, ÿêà íå çàëåæèòü âiä h, h ∈ N. Ç íåðiâíîñòi |uh+3,h+2|2 6

6 2(|uh+3|2 + |uh+2|2) i ç (21) âèïëèâà¹

∫

Q
R(h+1)
τ

[
|uh+3,h+2

t |2 +
k∑

i,j=1

|uh+3,h+2
xixj

|2 +
m∑

i=1

|uh+3,h+2
yi

|2
]
dzdt 6 4M4e

b(R(h+4))2 .

Ç (20) îäåðæèìî

∫

Q
R(h)
τ

[
|uh+3,h+2

t |2 +
k∑

i,j=1

|uh+3,h+2
xixj

|2 +
m∑

i=1

|uh+3,h+2
yi

|2
]
dzdt 6 M5e

−q+µ0τ+b(R(s+4))2+

+
eM2

e− 1
eµ0τ+b(R(s+4))2 ,

äå

q−1∑
i=0

e−i 6
∞∑

i=0

e−i =
e

e− 1
i eµ0τ 6 eµ0τ+b(R(s+4))2

.

Âðàõîâóþ÷è çáiæíiñòü ïîñëiäîâíîñòåé fh
ij , f

h
ijt, f

h
i , f

h
0 , g

h
l , g

h
lt, äå i, j ∈ {1, ..., k},

l ∈ {1, ...,m}, ìîæåìî âèáðàòè òàêå h1 > h0, ùî äëÿ âñiõ h > h1 áóäå âèêîíóâàòèñÿ

íåðiâíiñòü M2 < e−q
. Ç îñòàííüî¨ íåðiâíîñòi îäåðæèìî

∫

Q
R(h)
τ

[
|uh+3,h+2

t |2 +

k∑

i,j=1

|uh+3,h+2
xixj

|2 +

m∑

i=1

|uh+3,h+2
yi

|2
]
dzdt 6 M6e

−q+µ0τ+b(R(s+4))2 ,

(22)

äå M6 � äîäàòíà êîíñòàíòà, ÿêà íå çàëåæèòü âiä h.

Âiçüìåìî λ = 28([b] + 1). Àëå λ2M122h

µ0
6 e−1

, λ ∈ N, òîìó µ0 = b12
2h
, äå

b1 = eM12
16([b] + 1). Îñêiëüêè

−q + µ0τ + b(R(h+ 4))2 = −λ22h + b12
2hτ + b22h+8 = 22h

(
−([b] + 1)28 + b1τ + 28b

)
=

= −22h
(
(1 + [b] − b)28 − b1τ

)
6 −22h

(
(1 − {b})28 − λτ0

)
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äëÿ âñiõ τ ∈ [0, τ0], äå τ0 = (1−{b})28−β0

b1
, (1 − {b})28 > β0 > 0, òîäi ç (22) âèïëèâà¹

îöiíêà

∫

Q
R(h)
τ

[
|uh+3,h+2

t |2 +
k∑

i,j=1

|uh+3,h+2
xixj

|2 +
m∑

i=1

|uh+3,h+2
yi

|2
]
dzdt 6 M6e

−β02
2h

, τ ∈ [0, τ0].

(23)

Íà ïiäñòàâi (23) äëÿ äîâiëüíîãî N ∈ N îäåðæèìî

||uh+1,h+N ||
V 2,1
0 (Q

Rh
τ0

)
6

N−1∑

i=1

||uh+1,h+i+1||
V 2,1
0 (Q

Rh
τ0

)
6

N−1∑

i=1

||uh+1,h+i+1||
V 2,1
0 (Q

Rh+i−1
τ0

)
6

6 M6e
−β02

2h
∞∑

i=1

e−β02
2(i−1)

= M7e
−β02

2h

.

Íåõàé ε > 0 � äîâiëüíå �iêñîâàíå ÿê çàâãîäíî ìàëå ÷èñëî,R0 � äîâiëüíå �iêñîâàíå

äîäàòíå ÷èñëî. Òîäi çãiäíî ç îñòàííüîþ îöiíêîþ iñíó¹ òàêå h2 ∈ N, ùî äëÿ âñiõ h > h2

i N íàòóðàëüíèõ

||uh+1,h+N ||
V 2,1
0 (Q

Rh
τ0

)
6 ε,

òîáòî ïîñëiäîâíiñòü {uh} �óíäàìåíòàëüíà â ïðîñòîði V
2,1
0 (QR0

τ0
).

Îòæå, ç (19) âèïëèâà¹ �óíäàìåíòàëüíiñòü {uh} ó ïðîñòîði L2((0, τ0);V
2,1
0 (ΩR0))

i �óíäàìåíòàëüíiñòü {uh
t } ó ïðîñòîði L2((0, τ0);V

1,0
0 (ΩR0)). Òîìó {uh} ñèëüíî çái-

ãà¹òüñÿ äî �óíêöi¨ u, uh
t ñèëüíî çáiãà¹òüñÿ äî �óíêöi¨ ut ó âiäïîâiäíèõ ïðîñòîðàõ

ïðè h→ ∞. Îñêiëüêè êîæíà �óíêöiÿ uh
çàäîâîëüíÿ¹ ðiâíiñòü

∫

Qτ

[
uh

ttv +

k∑

i,j,s,l=1

asl
ij(z, t)u

h
xixj

vxsxl
+

k∑

i,j=1

aij(z, t)u
h
xi
vxj

+

k∑

i,j=1

bij(z, t)u
h
txi
vxj

+

+

m∑

i,j=1

cij(z, t)u
h
yi
vyj

+ a0(z, t)u
hv + b(z, uh

t )v −

k∑

i,j=1

fh
ij(z, t)vxixj

−

k∑

i=1

fh
i (z, t)vxi

−

−fh
0 (z, t)v −

m∑

i=1

gh
i (z, t)vyi

]
dzdt = 0 (24)

äëÿ äîâiëüíî¨ v ∈ L2((0, τ0);V
2,1
0 (ΩRh)) ∩ Lp((0, τ0);L

p(ΩRh)), supp v ⊂ QRh
τ0

i âè-

êîíó¹òüñÿ (17), òî ïåðåéøîâøè â (24) äî ãðàíèöi ïðè h → ∞, îäåðæèìî ðiâíiñòü

ç îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(3) â íåîáìåæåíié îáëàñòi. Îòæå,

òåîðåìà äîâåäåíà.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (C) i u0 ∈ V
2,1
0,loc(Ω), u1 ∈ L2

loc(Ω),

fij , fijt, fi, f0, gl, glt ∈ L2
loc(Ω), i, j ∈ {1, ..., k}, l ∈ {1, ...,m}. Òîäi â êëàñi �óíêöié,

ÿêi çàäîâîëüíÿþòü îöiíêó

∫

QR
T

[
|ut|

2 +

k∑

i,j=1

|uxixj
|2 +

m∑

i=1

|uyi
|2
]
e−µtdzdt 6 aebR2

(25)
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äëÿ äîâiëüíîãî R > 1, äå a, b � äîäàòíi ñòàëi, çàäà÷à (1)-(3) íå ìîæå ìàòè áiëüøå

îäíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ äâà óçàãàëüíåíi ðîçâ'ÿçêè u1
i u2

çàäà÷i (1)-(3),

ÿêi çàäîâîëüíÿþòü (25). Ïîçíà÷èìî u1,2 = u1−u2
. Òîäi àíàëîãi÷íî ÿê ïðè äîâåäåííi

òåîðåìè 2 äëÿ äîâiëüíîãî τ ∈ [0, T ] âèïëèâà¹ îöiíêà

∫

Q
R0
τ

[
|u1,2

t |2 +

k∑

i,j=1

|u1,2
xixj

|2 +

m∑

i=1

|u1,2
yi

|2
]
dzdt 6 e−q+µ0τ× (26)

×

∫

Q
R1
τ

[
|u1,2

t |2 +
k∑

i,j=1

|u1,2
xixj

|2 +
m∑

i=1

|u1,2
yi

|2
]
dzdt. (27)

Çàçíà÷èìî, ùî q, R0, R1, µ0, λ òàêi ñàìi ÿê ó òåîðåìi 2. Òîìó ç (27) ìà¹ìî

∫

Q
R0
τ

[
|u1,2

t |2 +

k∑

i,j=1

|u1,2
xixj

|2 +

m∑

i=1

|u1,2
yi

|2
]
dzdt 6 M8e

−22h+8(1−{b})−22hb1τ0). (28)

Âèáðàâøè τ0 <
28(1−{b})

b1
, ç (28) îäåðæèìî

∫

Q
R0
τ0

[
|u1,2

t |2 +

k∑

i,j=1

|u1,2
xixj

|2 +

m∑

i=1

|u1,2
yi

|2
]
dzdt 6 M8e

−β02
2h

, äå β0 > 0.

Íåõàé R0 � äîâiëüíå �iêñîâàíå äîäàòíå ÷èñëî, ε � ÿê çàâãîäíî ìàëå ÷èñëî. Òîäi

iñíó¹ òàêå h3 ∈ N, ùî äëÿ âñiõ h > h3

∫

Q
R0
τ0

[
|u1,2

t |2 +
k∑

i,j=1

|u1,2
xixj

|2 +
m∑

i=1

|u1,2
yi

|2
]
dzdt 6 ε.

Çâiäñè u1(z, t) = u2(z, t) ìàéæå âñþäè â QR0
τ0
. Âðàõîâóþ÷è äîâiëüíiñòü R0, ìà¹ìî ¹äè-

íiñòü ðîçâ'ÿçêó â îáëàñòi Qτ0 . Òîäi, ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ äëÿ ñêií÷åííî-

ãî ÷èñëà ìíîæèí âèãëÿäó Ω ∩ (τ0, 2τ0), ...,Ω ∩ (pτ0, T ), äå pτ0 < T 6 (p+ 1)τ0, p ∈ N,

äîâîäèìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó â îáëàñòi QT .
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MIXED PROBLEM FOR EIDELMAN TYPE EVOLUTION

EQUATION IN THE UNBOUNDED REGION

Halyna TORHAN

Ivan Franko National University of L'viv,

79000, L'viv, Universytets'ka Str., 1

The 
onditions of existen
e and singularity of the generalized solution in the


lass of the Tykhonov type mixed many-dimensional problem for the equation

utt +
k∑

i,j,s,l=1

(asl
ij(z, t)uxixj

)xsxl
−

k∑

i,j=1

(aij(z, t)uxi
)xj

−

k∑

i,j=1

(bij(z, t)utxi
)xj

−

−

m∑

i,j=1

(cij(z, t)uyi
)yj

+ a0(z, t)u + b(z, ut) =
k∑

i,j=1

(fij(z, t))xixj
−

−

k∑

i=1

(fi(z, t))xi
+ f0(z, t) −

m∑

i=1

(gi(z, t))yi

in the unbounded region have been obtained.

Key words: evolution equation, problem in the unbounded region.

Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 01.02.2007

Ïðèéíÿòà äî äðóêó 24.10.2007


