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Âèçíà÷åíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ ïà-
ðàáîëi÷íîãî ðiâíÿííÿ ç íåâiäîìèì ìíîæíèêîì ó êîåôiöi¹íòi ïðè ïåðøié ïîõiäíié
â îáëàñòi ç âiëüíîþ ìåæåþ.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, ôóêöiÿ Ãðiíà, âiëüíà ìåæà, ïàðàáîëi÷íå
ðiâíÿííÿ.

1. Ìåòà íàøî¨ ïðàöi � äîñëiäèòè îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó
ìíîæíèêà â êîåôiöi¹íòi ïðè ïåðøié ïîõiäíié íåâiäîìî¨ ôóíêöi¨ â ïàðàáîëi÷íîìó
ðiâíÿííi äðóãîãî ïîðÿäêó çàãàëüíîãî âèãëÿäó â îáëàñòi ç íåâiäîìîþ ðóõîìîþ ÷àñ-
òèíîþ ìåæi. Çãàäàíà çàäà÷à ïî¹äíó¹ äâà òèïè çàäà÷: êîåôiöi¹íòíà îáåðíåíà çàäà÷à
òà çàäà÷à ç âiëüíîþ ìåæåþ, ïðèêëàäîì ÿêî¨ ¹ çàäà÷à Ñòåôàíà [1]. Îáåðíåíi çàäà÷i
âèçíà÷åííÿ ìîëîäøèõ êîåôiöi¹íòiâ ó ïàðàáîëi÷íîìó ðiâíÿííi äîñëiäæóâàëè ó [2, 3].
Çàäà÷à ç âiëüíîþ ìåæåþ ç iíòåãðàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ äîñëiäæåíà â [4],
à ç óìîâîþ Ñòåôàíà � â [5].

Â îáëàñòi ΩT = {(x, t) : 0 < x < h(t), 0 < t < T} , äå x = h(t) � íåâiäîìà ìåæà,
ðîçãëÿäà¹ìî ïàðàáîëi÷íå ðiâíÿííÿ ç íåâiäîìèì ìíîæíèêîì b = b(t) â êîåôiöi¹íòi
ïðè ïåðøié ïîõiäíié

ut = a(x, t)uxx + b(t)b0(x, t)ux + c(x, t)u + f(x, t), (x, t) ∈ ΩT , (1)

ïî÷àòêîâó óìîâó

u(x, 0) = ϕ(x), 0 6 x 6 h(0), (2)

êðàéîâi óìîâè

u(0, t) = µ1(t), u(h(t), t) = µ2(t), 0 6 t 6 T, (3)
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òà óìîâè ïåðåâèçíà÷åííÿ

h′(t) = −k(t)ux(h(t), t) + µ3(t), 0 6 t 6 T, (4)

h(t)∫

0

u(x, t)dx = µ4(t), 0 6 t 6 T. (5)

Ââîäÿ÷è íîâó çìiííó y =
x

h(t)
, çâîäèìî çàäà÷ó (1)-(5) äî îáåðíåíî¨ ñòîñîâíî

íåâiäîìèõ h(t), b(t), v(y, t), äå v(y, t) = u(yh(t), t), â îáëàñòi QT = {(y, t) : 0 < y < 1,
0 < t < T}

vt =
a(yh(t), t)

h2(t)
vyy +

b(t)b0(yh(t), t) + y h′(t)
h(t)

vy + c(yh(t), t) v + f(yh(t), t), (6)

äå (y, t) ∈ QT ,

v(y, 0) = ϕ(yh(0)), 0 6 y 6 1, (7)

v(0, t) = µ1(t), v(1, t) = µ2(t), 0 6 t 6 T, (8)

h′(t) = −k(t)
h(t)

vy(1, t) + µ3(t), 0 6 t 6 T, (9)

h(t)

1∫

0

v(y, t)dy = µ4(t), 0 6 t 6 T. (10)

Ïiä ðîçâ'ÿçêîì çàäà÷i (6)-(10) áóäåìî ðîçóìiòè òðiéêó ôóíêöié (h(t), b(t), v(y, t))
ç êëàñó C1[0, T ]×C[0, T ]×C2,1(QT ), h(t) > 0, t ∈ [0, T ], ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (6)
òà óìîâè (7)-(10).

1. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (6)-(10).
Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:
A1) a, b0, c, f ∈ C([0,∞)× [0, T ]), a, b0, c, f ∈ C1,0([0,H1]× [0, T ]), ϕ ∈ C[0,∞),
ϕ ∈ C2[0, h0], µi ∈ C1[0, T ], i = 1, 2, 4, µ3 ∈ C[0, T ];
A2) a(x, t) > 0, c(x, t) < 0, f(x, t) > 0, (x, t) ∈ [0,∞)× [0, T ], b0(x, t) 6= 0,
(x, t) ∈ [0,H1]× [0, T ], ϕ(x) > ϕ0 > 0, x ∈ [0,∞), ϕ′(x) > 0, x ∈ [0, h0],
µi(t) > 0, i = 1, 4, t ∈ [0, T ],

äå h0 = h(0) > 0 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
h(0)∫

0

ϕ(x)dx = µ4(0),

H1 = max
[0,T ]

µ4(t)(min {min
[0,h0]

ϕ(x), min
[0,T ]

µ1(t), min
[0,T ]

µ2(t)})−1;

A3) ϕ(0) = µ1(0), ϕ(h0) = µ2(0),
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µ′1(0) =
a(0, 0)

h2
0

ϕ′′(0) +
b(0)b0(0, 0)

h0
ϕ′(0) + c(0, 0)ϕ(0) + f(0, 0),

µ′2(0) =
a(h0, 0)

h2
0

ϕ′′(h0) +
b(0)b0(h0, 0) + h′(0)

h0
ϕ′(h0) + c(h0, 0)ϕ(h0) + f(h0, 0), äå

b(0) =
( 1∫

0

b0(yh0, 0)ϕ′(yh0)dy

)−1[
µ′4(0)− µ3(0)µ2(0) +

1
h0

(
(k(0)µ2(0)− a(h0, 0))×

×ϕ′(h0) + a(0, 0)ϕ′(0)
)

+

1∫

0

(
ax(yh0, 0)ϕ′(yh0)− h0(c(yh0, 0)ϕ(yh0) + f(yh0, 0))

)
dy

]
,

h′(0) = −k(0)
h0

ϕ′(h0) + µ3(0).

Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî T0 : 0 < T0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè
äàíèìè, ùî ðîçâ'ÿçîê çàäà÷i (6)-(10) iñíó¹ ïðè 0 6 y 6 1, 0 6 t 6 T0.

Äîâåäåííÿ. Âðàõîâóþ÷è óìîâè (2), (5) òà ïðèïóùåííÿ òåîðåìè 1, îäåðæèìî iñíó-
âàííÿ ¹äèíîãî çíà÷åííÿ h(0) = h0, ÿêå çàäîâîëüíÿ¹ ðiâíÿííÿ

h(0)∫

0

ϕ(x)dx = µ4(0).

Äîâåäåííÿ òåîðåìè 1  ðóíòó¹òüñÿ íà çàñòîñóâàííi òåîðåìè Øàóäåðà ïðî íåðóõî-
ìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Çâåäåìî çàäà÷ó (6)-(10) äî ñèñòåìè ðiâ-
íÿíü. Òèì÷àñîâî ïðèïóñòèìî, ùî ôóíêöi¨ h(t), b(t) âiäîìi. Âèêîðèñòîâóþ÷è ôóíêöiþ
Ãðiíà G1(y, t, η, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

vt =
a(yh(t), t)

h2(t)
vyy + c(yh(t), t) v,

çâîäèìî ïðÿìó çàäà÷ó (6)-(8) äî ðiâíÿííÿ

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)
b(τ)b0(ηh(τ), τ) + η h′(τ)

h(τ)
vη(η, τ)dηdτ, (11)

äå v0(y, t) âèçíà÷à¹òüñÿ ôîðìóëîþ [6]

v0(y, t) =

1∫

0

G1(y, t, η, 0) ϕ(ηh0)dη +

t∫

0

G1η(y, t, 0, τ)
a(0, τ)
h2(τ)

µ1(τ) dτ−

−
t∫

0

G1η(y, t, 1, τ)
a(h(τ), τ)

h2(τ)
µ2(τ) dτ +

t∫

0

1∫

0

G1(y, t, η, τ) f(ηh(τ), τ) dη dτ.
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Ââåäåìî ïîçíà÷åííÿ p(t) = h′(t), w(y, t) = vy(y, t). Òîäi (11) ïîäàìî ó âèãëÿäi

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)
b(τ)b0(ηh(τ), τ) + η p(τ)

h(τ)
w(η, τ)dηdτ. (12)

Âèïèøåìî çàäà÷ó äëÿ çíàõîäæåííÿ w(y, t). Ïðîäèôåðåíöiþâàâøè (6), (7) ïî y òà
âèêîðèñòàâøè (8), îäåðæèìî

wt =
a(yh(t), t)

h2(t)
wyy +

ax(yh(t), t) + b(t)b0(yh(t), t) + y h′(t)
h(t)

wy +
(

h′(t)
h(t)

+

+b(t)b0x(yh(t), t) + +c(yh(t), t)
)

w + h(t)cx(yh(t), t)v + h(t)fx(yh(t), t), (y, t) ∈ QT ,

w(y, 0) = h0ϕ
′(yh0), y ∈ [0, 1], (13)

wy(0, t) =
h2(t)
a(0, t)

[
µ′1(t)− c(0, t)µ1(t)− f(0, t)− b(t)b0(0, t)

h(t)
w(0, t)

]
, t ∈ [0, T ],

wy(1, t) =
h2(t)

a(h(t), t)

[
µ′2(t)− c(h(t), t)µ2(t)− f(h(t), t)− b(t)b0(h(t), t) + h′(t)

h(t)
w(1, t)

]
,

t ∈ [0, T ].
Çàäà÷à (13) ó âèïàäêó äîâiëüíèõ íåïåðåðâíèõ íà [0, T ] ôóíêöié h(t), h′(t), b(t)

åêâiâàëåíòíà ðiâíÿííþ

w(y, t) = h0

1∫

0

G2(y, t, η, 0) ϕ′(ηh0)dη −
t∫

0

G2(y, t, 0, τ)
[
µ′1(τ)− c(0, τ)µ1(τ)− f(0, τ)−

−b(τ)b0(0, τ)
h(τ)

w(0, τ)
]
dτ +

t∫

0

G2(y, t, 1, τ)
[
µ′2(τ)− c(h(τ), τ)µ2(τ)− f(h(τ), τ)−

−b(τ)b0(h(τ), τ) + h′(τ)
h(τ)

w(1, τ)
]
dτ +

t∫

0

1∫

0

G2(y, t, η, τ)
[
b(τ)b0(ηh(τ), τ) + ηh′(τ)

h(τ)
×

×wη(η, τ) +
(

b(τ)b0x(ηh(τ), τ) +
h′(τ)
h(τ)

+ c(ηh(τ), τ)
)

w(η, τ) + h(τ) cx(ηh(τ), τ)×

×v(η, τ) + h(τ)fx(ηh(τ), τ)
]
dη dτ, (14)

äå G2(y, t, η, τ) � ôóíêöiÿ Ãðiíà äðóãî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

wt =
a(yh(t), t)

h2(t)
wyy +

ax(yh(t), t)
h(t)

wy. (15)
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Iíòåãðóþ÷è ÷àñòèíàìè ó âèðàçi
t∫

0

1∫

0

G2(y, t, η, τ)
b(τ)b0(ηh(τ), τ) + ηh′(τ)

h(τ)
wη(η, τ)dηdτ ,

ïîäàìî (14) ó âèãëÿäi

w(y, t)=h0

1∫

0

G2(y, t, η, 0)ϕ′(ηh0)dη −
t∫

0

G2(y, t, 0, τ)
[
µ′1(τ)−c(0, τ)µ1(τ)−f(0, τ)

]
dτ+

+

t∫

0

G2(y, t, 1, τ)
[
µ′2(τ)−c(h(τ), τ)µ2(τ)−f(h(τ), τ)

]
dτ +

t∫

0

1∫

0

G2(y, t, η, τ)×

×(c(ηh(τ), τ) w(η, τ) + h(τ)(cx(ηh(τ), τ) v(η, τ) + fx(ηh(τ), τ)))dη dτ−

−
t∫

0

1∫

0

G2η(y, t, η, τ)
b(τ)b0(ηh(τ), τ) + ηp(τ)

h(τ)
w(η, τ)dη dτ. (16)

Ç óìîâè (9) ìàòèìåìî

p(t) = −k(t)
h(t)

w(1, t) + µ3(t). (17)

Ç óìîâè (10) îòðèìà¹ìî

h(t) =
µ4(t)

1∫
0

v(y, t)dy

. (18)

Ïðîäèôåðåíöiþâàâøè (10) ïî t i âèêîðèñòàâøè (6), îäåðæèìî

b(t) =
( 1∫

0

b0(yh(t), t)w(y, t)dy

)−1[
µ′4(t)− µ3(t)µ2(t) +

k(t)µ2(t)− a(h(t), t)
h(t)

w(1, t)+

+
a(0, t)
h(t)

w(0, t) +

1∫

0

(
ax(yh(t), t)w(y, t)− h(t)(c(yh(t), t) v(y, t) + f(yh(t), t))

)
dy

]
.

(19)

Ðîçãëÿíåìî ðiâíÿííÿ (15) ç ïî÷àòêîâîþ òà êðàéîâèìè óìîâàìè

w(y, 0) = 1, wy(0, t) = wy(1, t) = 0.

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà äðóãî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (15) ðîçâ'ÿçîê
çàäà÷i ìîæåìî ïîäàòè ó âèãëÿäi

w(y, t) =

1∫

0

G2(y, t, η, 0)dη.
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Ç iíøîãî áîêó, ðîçâ'ÿçêîì òàêî¨ çàäà÷i ¹ w(y, t) = 1. Îòæå, ìîæåìî çðîáèòè âèñíîâîê,

ùî
1∫

0

G2(y, t, η, 0)dη = 1, òà ïðî äîäàòíiñòü ïåðøîãî äîäàíêà ç (16). Îñêiëüêè â (16)

ðåøòà äîäàíêiâ ïðè t = 0 äîðiâíþ¹ íóëþ, òî iñíó¹ äåÿêå ÷èñëî t0, 0 < t0 6 T , òàêå
ùî

w(y, t) > 1
2

min
[0,1]

ϕ′(yh0)

1∫

0

G2(y, t, η, 0)d η =
M0

2
> 0, 0 6 y 6 1, 0 6 t 6 t0.

Îòæå,
1∫

0

b0(yh(t), t)w(y, t)dy 6= 0, êîëè 0 6 y 6 1, 0 6 t 6 t0.

Îòîæ, çàäà÷ó (6)-(10) çâåäåíî äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (12), (16)-(19) ç
íåâiäîìèìè h(t), p(t), b(t), v(y, t), w(y, t). ßêùî (h(t), b(t), v(y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i
(6)-(10) ó ñåíñi íàâåäåíîãî îçíà÷åííÿ, òî ôóíêöi¨ (h(t), p(t), b(t), v(y, t), w(y, t)) ¹ íå-
ïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (12), (16)-(19). Ïðàâèëüíèì ¹ i îáåðíåíå òâåðäæåííÿ:
ÿêùî (h, p, b, v, w) ∈ (C[0, T ])3 × (C(QT ))2 ¹ ðîçâ'ÿçêîì ñèñòåìè (12), (16)-(19), òî
ôóíêöi¨ (h(t), b(t), v(y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i (6)-(10).

Íåõàé (h, p, b, v, w) ∈ (C[0, T ])3 × (C(QT ))2 ¹ ðîçâ'ÿçêîì ñèñòåìè (12), (16)-(19).
Ïðèïóùåííÿ òåîðåìè 1 äîïîìîæóòü íàì ïðîäèôåðåíöiþâàòè ðiâíiñòü (12) ïî y òà ç
¹äèíîñòi ðîçâ'ÿçêó iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó îòðèìàòè w(y, t) =
= vy(y, t). Òîäi ðîáèìî âèñíîâîê, ùî v(y, t) ìà¹ ïîòðiáíó ãëàäêiñòü i çàäîâîëüíÿ¹
ðiâíÿííÿ

vt =
a(yh(t), t)

h2(t)
vyy +

b(t)b0(yh(t), t) + yp(t)
h(t)

vy + c(yh(t), t)v + f(yh(t), t) (20)

i óìîâè (7), (8), (10) äëÿ äîâiëüíèõ íåïåðåðâíèõ íà [0, T ] ôóíêöié b(t) i h(t). Îñêiëüêè
v ∈ C2,1(QT ) i µ4 ∈ C1[0, T ], òî h ∈ C1[0, T ]. Âðàõîâóþ÷è òå, ùî ôóíêöiÿ v(y, t) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (20), ïðîäèôåðåíöiþ¹ìî ðiâíiñòü (18) ïî t

b(t) =
( 1∫

0

b0(yh(t), t)vy(y, t)dy

)−1[
µ′4(t)−p(t)µ2(t)− a(h(t), t)

h(t)
vy(1, t)+

a(0, t)
h(t)

vy(0, t)+

+
µ4(t)
h(t)

(
p(t)−h′(t)

)
+

1∫

0

(
ax(yh(t), t)vy(y, t)−h(t)(c(yh(t), t) v(y, t)+f(yh(t), t))

)
dy

]
.

Âiäíiìàþ÷è âiä öi¹¨ ðiâíîñòi (19), îòðèìà¹ìî

(
p(t)− h′(t)

)µ4(t)
h(t)

= 0.

Çâiäñè ìàòèìåìî
p(t) = h′(t).
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Îòæå, åêâiâàëåíòíiñòü çàäà÷i (6)-(10) òà ñèñòåìè ðiâíÿíü (12), (16)-(19) ó çàçíà-
÷åíîìó ñåíñi äîâåäåíî.

Âèçíà÷èìî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (12), (16)-(19). Çãiäíî ç
ïðèíöèïîì ìàêñèìóìó [7] äëÿ ðîçâ'ÿçêó çàäà÷i (6)-(8) ìàòèìåìî

v(y, t) > min {min
[0,h0]

ϕ(x), min
[0,T ]

µ1(t), min
[0,T ]

µ2(t)} ≡ M1 > 0, (y, t) ∈ QT .

Çãiäíî ç (18) îòðèìà¹ìî

h(t) 6
max
[0,T ]

µ4(t)

M1
≡ H1 < ∞, t ∈ [0, T ].

Çíàéäåìî îöiíêó ôóíêöi¨ v(y, t) çâåðõó. Äëÿ öüîãî çíîâó âèêîðèñòà¹ìî ïðèíöèï
ìàêñèìóìó

v(y, t) 6 max {max
[0,h0]

ϕ(x), max
[0,T ]

µ1(t), max
[0,T ]

µ2(t), max
[0,H1]×[0,T ]

f(x, t)} ≡ M2 < ∞.

Çâiäñè ç âðàõóâàííÿì (18) ìà¹ìî

h(t) >
min
[0,T ]

µ4(t)

M2
≡ H0 > 0, t ∈ [0, T ].

Îòæå,

0 < M1 6 v(y, t) 6 M2 < ∞, (y, t) ∈ QT , 0 < H0 6 h(t) 6 H1 < ∞, t ∈ [0, T ].

Ïîçíà÷èìî W (t) = max
y∈[0,1]

|w(y, t)|. Òîäi ç (17), (19) ìàòèìåìî

|p(t)| 6 C1 + C2W (t), (21)

|b(t)| 6 C3 + C4W (t). (22)

Çãiäíî ç (21), (22) òà îöiíêàìè ôóíêöi¨ Ãðiíà [7] ç (16) îäåðæèìî òàêó íåðiâíiñòü:

W (t) 6 C5 + C6

t∫

0

W (τ) + W 2(τ)√
t− τ

dτ.

Ïîçíà÷èâøè W1(t) = W (t)+ 1, ïîïåðåäíþ íåðiâíiñòü ïåðåïèøåìî â òàêîìó âèãëÿäi:

W1(t) 6 C7 + C8

t∫

0

W 2
1 (τ)√
t− τ

dτ.

Ìåòîä ðîçâ'ÿçóâàííÿ îñòàííüî¨ íåðiâíîñòi ïîäàíî â [6]. Îòæå, îòðèìà¹ìî îöiíêó

W (t) 6 M3 < ∞, t ∈ [0, t1],
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äå t1, 0 < t1 6 T, âèçíà÷à¹òüñÿ ñòàëèìè C7, C8. Âèêîðèñòîâóþ÷è öå â (21), (22),
îäåðæèìî

|p(t)| 6 C9 < ∞, |b(t)| 6 C10 < ∞, t ∈ [0, t1].

Îòæå, àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (12), (16)�(19) çíàéäåíî.
Ïîäàìî ñèñòåìó (12), (16)�(19) ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (h(t), b(t), p(t), v(y, t), w(y, t)), à îïåðàòîð P âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíà-
ìè ðiâíÿíü (12), (16)�(19). Ïîçíà÷èìî N = {(h, b, p, v, w) ∈ (C[0, T0])3 ×(C(QT0

))2 :
H0 6 h(t) 6 H1, |b(t)| 6 C10, |p(t)| 6 C9, M1 6 v(y, t) 6 M2, |w(y, t)| 6 M3}, äå
T0 = min{t0, t1}. Î÷åâèäíî, ùî ìíîæèíà N çàäîâîëüíÿ¹ óìîâè òåîðåìè Øàóäåðà.

Äîâåäåííÿ êîìïàêòíîñòi îïåðàòîðiâ, ùî óòâîðþþòü P, ïîêàæåìî íà ïðèêëàäi
îïåðàòîðà P5, äå P5 âèçíà÷à¹òüñÿ ïðàâîþ ÷àñòèíîþ (16). Çàóâàæèìî, ùî â [6] âè-
çíà÷åíî êîìïàêòíiñòü ïîäiáíèõ îïåðàòîðiâ ç ôóíêöi¹þ Ãðiíà äðóãî¨ êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.

Çàäàìî ε > 0 i ðîçãëÿíåìî ðiçíèöþ

∆1 =

∣∣∣∣∣∣

1∫

0

G2(y2, t2, η, 0)ϕ′(ηh0)dη −
1∫

0

G2(y1, t1, η, 0)ϕ′(ηh0)dη

∣∣∣∣∣∣

ç äîâiëüíèìè òî÷êàìè (yi, ti) ∈ QT0
, (y1, t1) 6= (y2, t2).

Î÷åâèäíî, ùî

∆1 6

∣∣∣∣∣∣

1∫

0

G2(y2, t2, η, 0)ϕ′(ηh0)dη −
1∫

0

G2(y1, t2, η, 0)ϕ′(ηh0)dη

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

1∫

0

G2(y1, t2, η, 0)ϕ′(ηh0)dη −
1∫

0

G2(y1, t1, η, 0)ϕ′(ηh0)dη

∣∣∣∣∣∣
= ∆1,1 + ∆1,2.

Ç âëàñòèâîñòåé òåïëîâèõ ïîòåíöiàëiâ [1] âèïëèâà¹, ùî äëÿ çàäàíîãî ε > 0 iñíó¹ òàêå
t, 0 < t 6 T0, ùî

∣∣∣∣∣∣

1∫

0

G2(y, t, η, 0)ϕ′(ηh0)dη − ϕ′(yh0)

∣∣∣∣∣∣
<

ε

5
, êîëè 0 6 t 6 t, 0 6 y 6 1. (23)

Òîìó ïðè t2 6 t ìà¹ìî

∆1,1 6

∣∣∣∣∣∣

1∫

0

G2(y2, t2, η, 0)ϕ′(ηh0)dη − ϕ′(y2h0)

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

1∫

0

G2(y1, t2, η, 0)ϕ′(ηh0)dη − ϕ′(y1h0)

∣∣∣∣∣∣
+ |ϕ′(y2h0)− ϕ′(y1h0)| .
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Ç ðiâíîìiðíî¨ íåïåðåðâíîñòi ôóíêöi¨ ϕ íà [0, h0] âèïëèâà¹ iñíóâàííÿ òàêîãî δ1 > 0,
ùî

|ϕ(y2h0)− ϕ(y1h0)| < ε

5
,

êîëè |y2 − y1| < δ1. Çâiäñè i ç (23) ìà¹ìî ∆1,1 <
3ε

5
, ÿêùî t2 6 t. ßêùî æ i t1 6 t,

òî ∆1,2 <
2ε

5
, i îòðèìó¹ìî ∆1 < ε çà óìîâè |y2 − y1| < δ i t1 òà t2 äîñèòü ìàëi

t1 6 t, t2 6 t.
Íåõàé òåïåð t2 > t, t1 > t i, äëÿ âèçíà÷åíîñòi, t2 > t1. Òîäi çãiäíî ç îöiíêàìè

ôóíêöi¨ Ãðiíà [7]

∆1,1 =

∣∣∣∣∣∣

1∫

0

ϕ′(ηh0)dη

y2∫

y1

G2y(y, t2, η, 0)dy

∣∣∣∣∣∣
6 C11|y2 − y1|√

t
max
[0,1]

|ϕ′(yh0)|.

Öå îçíà÷à¹, ùî iñíó¹ òàêå ÷èñëî δ2 > 0, ùî ∆1,1 <
ε

2
ïðè |y2 − y1| < δ2. Àíàëîãi÷íî

âèçíà÷à¹ìî iñíóâàííÿ δ3 > 0 òàêîãî, ùî ∆1,2 <
ε

2
, êîëè |t2 − t1| < δ3.

Îòæå, íåîáõiäíi íåðiâíîñòi âèçíà÷åíî ó âèïàäêó ti 6 t, i = 1, 2, i âèïàäêó ti > t,
i = 1, 2. ßêùî æ, íàïðèêëàä, t1 6 t, à t2 > t, òî ïîäàìî ∆1,2 ó âèãëÿäi

∆1,2 =

∣∣∣∣∣∣

1∫

0

G2(y1, t2, η, 0)ϕ′(ηh0)dη −
1∫

0

G2(y1, t, η, 0)ϕ′(ηh0)dη

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

1∫

0

G2(y1, t, η, 0)ϕ′(ηh0)dη −
1∫

0

G2(y1, t1, η, 0)ϕ′(ηh0)dη

∣∣∣∣∣∣
.

Äðóãèé äîäàíîê îöiíèìî, âðàõîâóþ÷è (23), à ïåðøèé � ÿê ó âèïàäêó t1 > t, t2 > t.
Îòæå, ìè äîâåëè, ùî ∆1 < ε.

Ðîçãëÿíåìî ðiçíèöþ

∆2 =

∣∣∣∣∣∣

t2∫

0

G2(y2, t2, 0, τ)µ̃1(τ)dτ −
t1∫

0

G2(y1, t1, 0, τ)µ̃1(τ)dτ

∣∣∣∣∣∣
,

äå µ̃1(t) = µ′1(t)− c(0, t)µ1(t)− f(0, t).
Î÷åâèäíî, ùî

∆2 6

∣∣∣∣∣∣

t2∫

0

G2(y2, t2, 0, τ)µ̃1(τ)dτ −
t2∫

0

G2(y1, t2, 0, τ)µ̃1(τ)dτ

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

t2∫

0

G2(y1, t2, 0, τ)µ̃1(τ)dτ −
t1∫

0

G2(y1, t1, 0, τ)µ̃1(τ)dτ

∣∣∣∣∣∣
= ∆2,1 + ∆2,2.
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Îöiíèìî ïåðøèé äîäàíîê, çðîáèâøè çàìiíó çìiííèõ t2 − τ = σ

∆2,1 6 C12

t2∫

0

|G2(y2, t2, 0, t2 − σ)−G2(y1, t2, 0, t2 − σ)| dσ.

Çãiäíî ç îöiíêàìè ôóíêöi¨ Ãðiíà [7], äëÿ çàäàíîãî ε > 0 ìîæíà çàçíà÷èòè t > 0, ùî

t∫

0

|G2(y, t2, 0, τ)|dτ <
ε

6C12
, y ∈ [0, 1]. (24)

ßêùî t2 6 t, òî ç (24) ìà¹ìî ∆2,1 <
ε

3
. ßêùî æ t2 > t, òî, ðîçáèâàþ÷è iíòåãðàë íà

ñóìó äâîõ iíòåãðàëiâ i çàñòîñîâóþ÷è (24), îòðèìó¹ìî

∆2,1 6 ε

3
+ C12

t2∫

t

|G2(y2, t2, 0, t2 − σ)−G2(y1, t2, 0, t2 − σ)| dσ 6

6 ε

3
+ C12

t2∫

t

y2∫

y1

|G2y(y, t2, 0, t2 − σ)|dy dσ.

Çâiäñè, âèêîðèñòîâóþ÷è îöiíêè ôóíêöi¨ Ãðiíà [7], ìà¹ìî

∆2,1 6 ε

3
+ C13|y2 − y1|.

Âèáèðàþ÷è δ4 <
ε

6C13
, âèçíà÷à¹ìî îöiíêó ∆2,1 <

ε

2
, êîëè |y2 − y1| < δ4.

Ââàæàþ÷è äëÿ âèçíà÷åíîñòi t2 > t1, îöiíèìî äðóãèé äîäàíîê

∆2,2 6
∣∣∣∣

t2∫

t1

G2(y1, t2, 0, τ)µ̃1(τ)dτ

∣∣∣∣ +
∣∣∣∣

t1∫

0

(G2(y1, t2, 0, τ)−G2(y1, t1, 0, τ))µ̃1(τ)dτ

∣∣∣∣ =

= ∆2,2,1 + ∆2,2,2.

Îöiíèìî ∆2,2,1, ïðîâiâøè çàìiíó çìiííèõ t2 − τ = σ

∆2,2,1 6 C12

t2−t1∫

0

|G2(y1, t2, 0, t2 − σ)|dσ.

Âðàõîâóþ÷è (24), ðîáèìî âèñíîâîê ïðî iñíóâàííÿ òàêîãî δ5 > 0, ùî ∆2,2,1 <
ε

6
ïðè

|t2 − t1| < δ5.

Äëÿ îöiíêè ∆2,2,2 çðîáèìî çàìiíó çìiííèõ t1 − τ = σ

∆2,2,2 6 C12

t1∫

0

|G2(y1, t2, 0, t1 − σ)−G2(y1, t1, 0, t1 − σ)|dσ.



ÂÈÇÍÀ×ÅÍÍß ÍÅÂIÄÎÌÎÃÎ ÌÍÎÆÍÈÊÀ... 243

Âðàõîâóþ÷è (24), äîõîäèìî âèñíîâêó ïðî iñíóâàííÿ òàêîãî t > 0, ùî ∆2,2,2 < ε
6 ïðè

t1 6 t. Ó âèïàäêó t1 > t ìà¹ìî

∆2,2,2 6 ε

3
+ C12

t1∫

t

∣∣∣∣
t2∫

t1

G2t(y1, t, 0, t1 − σ)dt

∣∣∣∣ dσ.

Çâiäñè âèïëèâà¹ iñíóâàííÿ òàêîãî δ6 > 0, ùî ïðè |t2 − t1| < δ6 ìàòèìåìî ∆2,2,2 < ε
6 .

Îòæå, ∆2 < ε.
Íàâåäåíi ìiðêóâàííÿ âèêîðèñòîâóþòü äëÿ îöiíîê

∆3 =

∣∣∣∣∣∣

t2∫

0

G2(y2, t2, 1, τ)µ̃2(τ)dτ −
t1∫

0

G2(y1, t1, 1, τ)µ̃2(τ)dτ

∣∣∣∣∣∣
,

∆4 =

∣∣∣∣∣∣

t2∫

0

1∫

0

G2(y2, t2, η, τ)f(η, τ)dη dτ −
t1∫

0

1∫

0

G2(y1, t1, η, τ)f(η, τ)dη dτ

∣∣∣∣∣∣
.

Îòæå, êîìïàêòíiñòü îïåðàòîðà P äîâåäåíî.
Òîäi çà òåîðåìîþ Øàóäåðà iñíó¹ ðîçâ'ÿçîê (h(t), b(t), p(t), v(y, t), w(y, t)) ñèñòåìè

ðiâíÿíü (12), (16)-(19) ç êëàñó (C[0, T0])3 × (C(QT0
))2, à îòæå, i ðîçâ'ÿçîê çàäà÷i

(6)-(10) (h(t), b(t), v(y, t)) ç êëàñó C1[0, T0]× C[0, T0]× C2,1(QT0
).

Òåîðåìó 1 äîâåäåíî.

2. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (6)-(10).
Òåîðåìà 2. Ó âèïàäêó âèêîíàííÿ óìîâ
B1) a ∈ C2,0([0,H1]× [0, T ]), b0, c, f ∈ C1,0([0,H1]× [0, T ]), ϕ ∈ C[0,∞);
B2) a(x, t) > 0, (x, t) ∈ [0,∞)×[0, T ], b0(x, t) 6= 0, (x, t) ∈ [0,H1]×[0, T ], ϕ(x)>ϕ0 >0,
x ∈ [0,∞), ϕ′(x) > 0, x ∈ [0, h0], µ4(t) > 0, t ∈ [0, T ]
ìîæíà çàçíà÷èòè òàêå ÷èñëî t0 : 0 < t0 6 T , ùî ðîçâ'ÿçîê çàäà÷i (6)-(10) ¹äèíèé
ïðè 0 6 y 6 1, 0 6 t 6 t0.

Äîâåäåííÿ. Íåõàé (hi(t), bi(t), vi(y, t)), i = 1, 2, � äâà ðîçâ'ÿçêè çàäà÷i (6)-(10).
Ïîçíà÷èìî

bi(t)
hi(t)

= qi(t),
h′i(t)
hi(t)

= si(t), i = 1, 2,

q(t) = q1(t)− q2(t), s(t) = s1(t)− s2(t) v(y, t) = v1(y, t)− v2(y, t).

Ôóíêöi¨ q(t), s(t), v(y, t) çàäîâîëüíÿþòü óìîâè

vt =
a(yh1(t), t)

h2
1(t)

vyy + (q1(t)b0(yh1(t), t) + ys1(t))vy + c(yh1(t), t)v+

+
(

a(yh1(t), t)
h2

1(t)
− a(yh2(t), t)

h2
2(t)

)
v2yy + (q1(t)b0(yh1(t), t)− q2(t)b0(yh2(t), t) + ys(t))v2y

+(c(yh1(t), t)− c(yh2(t), t))v2 + f(yh1(t), t)− f(yh2(t), t), (y, t) ∈ QT , (25)
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v(y, 0) = 0, 0 6 y 6 1, (26)

v(0, t) = v(1, t) = 0, 0 6 t 6 T, (27)

h′(t) = −k(t)
(

v1y(1, t)
h1(t)

− v2y(1, t)
h2(t)

)
, 0 6 t 6 T, (28)

1∫

0

v(y, t)dy = µ4(t)
(

1
h1(t)

− 1
h2(t)

)
, 0 6 t 6 T. (29)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗1(y, t, η, τ) äëÿ ðiâíÿííÿ

vt =
a(yh1(t), t)

h2
1(t)

vyy + (q1(t)b0(yh1(t), t) + ys1(t))vy + c(yh1(t), t)v

ç âðàõóâàííÿì óìîâ (26), (27) ôóíêöiþ v(y, t) ïîäàìî â òàêîìó âèãëÿäi

v(y, t) =

t∫

0

1∫

0

G∗1(y, t, η, τ)
[(

a(ηh1(τ), τ)
h2

1(τ)
− a(ηh2(τ), τ)

h2
2(τ)

)
v2ηη(η, τ)+

+(q1(τ)b0(ηh1(τ), τ)− q2(τ)b0(ηh2(τ), τ) + ηs(τ))v2η(η, τ)+

+(c(ηh1(τ), τ)− c(ηh2(τ), τ))v2(η, τ) + f(ηh1(τ), τ)− f(ηh2(τ), τ)
]
dηdτ. (30)

Îñêiëüêè (hi(t), bi(t), vi(y, t)), i = 1, 2, � ðîçâ'ÿçêè çàäà÷i (6)-(10), òî äëÿ hi(t), bi(t),
i = 1, 2, ñïðàâäæóþòüñÿ ðiâíîñòi, àíàëîãi÷íi (17), (19)

h′i(t)
hi(t)

= − k(t)
h2

i (t)
viy(1, t) +

µ3(t)
hi(t)

, (31)

bi(t)
hi(t)

=
(

hi(t)

1∫

0

b0(yhi(t), t)viy(y, t)dy

)−1[
µ′4(t)− µ3(t)µ2(t) +

a(0, t)
hi(t)

viy(0, t)+

+
k(t)µ2(t)− a(hi(t), t)

hi(t)
viy(1, t) +

1∫

0

(
ax(yhi(t), t)viy(y, t)− hi(t)(c(yhi(t), t)×

×vi(y, t) + f(yhi(t), t))
)

dy

]
, i = 1, 2. (32)

Ç óìîâ òåîðåìè ìîæåìî çðîáèìî âèñíîâîê ïðî iñíóâàííÿ äåÿêîãî ÷èñëà t0, 0<t0 6T ,
òàêîãî ùî

viy > M0

2
> 0, 0 6 y 6 1, 0 6 t 6 t0, i = 1, 2.
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Òîäi
1∫

0

b0(yhi(t), t)viy(y, t)dy 6= 0, 0 6 y 6 1, 0 6 t 6 t0, i = 1, 2.

Ç (31), (32) ìàòèìåìî

s(t) = −k(t)
(

v1y(1, t)
(

1
h2

1(t)
− 1

h2
2(t)

)
+

1
h2

2(t)

(
v1y(1, t)− v2y(1, t)

))
+

+µ3(t)
(

1
h1(t)

− 1
h2(t)

)
, (33)

q(t) =

[ 1∫

0

(b0(yh1(t), t)vy(y, t)+(b0(yh1(t), t)−b0(yh2(t), t))v2y(y, t))dy

(
h1(t)×

×
1∫

0

b0(yh1(t), t)v1y(y, t)dy

1∫

0

b0(yh2(t), t)v2y(y, t)dy

)−1

+
(

1
h1(t)

− 1
h2(t)

)
×

×
( 1∫

0

b0(yh2(t), t)v2y(y, t)dy

)−1][
µ′4(t)−µ3(t)µ2(t)+

k(t)µ2(t)− a(h2(t), t)
h2(t)

v2y(1, t)+

+
a(0, t)
h2(t)

v2y(0, t)+

1∫

0

(
ax(yh2(t), t)v2y(y, t)−h2(t)(c(yh2(t), t) v2(y, t)+f(yh2(t), t))

)
dy

]
+

+
(

h1(t)

1∫

0

b0(yh1(t), t)v1y(y, t)dy

)−1[
k(t)µ2(t)− a(h1(t), t)

h1(t)
vy(1, t) +

a(0, t)
h1(t)

vy(0, t)−

−a(h1(t), t)− a(h2(t), t)
h1(t)

v2y(1, t)+
(

1
h1(t)

− 1
h2(t)

)(
(k(t)µ2(t)−a(h2(t), t))v2y(1, t)+

+a(0, t)v2y(0, t)
)

+

1∫

0

(
ax(yh1(t), t)vy(y, t)+(ax(yh1(t), t)−ax(yh2(t), t))v2y(y, t)−

−h1(t)c(yh1(t), t) v(y, t)−(h1(t)(c(yh1(t), t)−c(yh2(t), t))+h(t)c(yh2(t), t))v2(y, t)−

−h1(t)(f(yh1(t), t)− f(yh2(t), t)) + h(t)f(yh2(t), t)
)

dy

]
. (34)

Âèêîðèñòà¹ìî òàêå ïåðåòâîðåííÿ:

f(yh1(t), t)− f(yh2(t), t) = y(h1(t)−h2(t))

1∫

0

fx(y(h2(t) + σ(h1(t)−h2(t))), t)dσ. (35)
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Ïåðåòâîðåííÿ (35) ìîæåìî âèêîðèñòàòè äëÿ ðiçíèöü a(yh1(t), t) − a(yh2(t), t),
ax(yh1(t), t)− ax(yh2(t), t), c(yh1(t), t)− c(yh2(t), t), b0(yh1(t), t)− b0(yh2(t), t). Âèðà-
çèìî hi(t) ÷åðåç si(t)

hi(t) = hi(0) exp




t∫

0

si(τ)dτ


 , i = 1, 2,

äå h1(0) = h2(0) = h0.
Òîäi

1
h1(t)

− 1
h2(t)

=
1
h0


exp


−

t∫

0

s1(τ)dτ


− exp


−

t∫

0

s2(τ)dτ





 .

Âèêîðèñòàâøè

ex − ey = (x− y)

1∫

0

ey+τ(x−y)dτ,

îòðèìà¹ìî

1
h1(t)

− 1
h2(t)

= − 1
h0

t∫

0

s(τ)dτ

1∫

0

exp


−

t∫

0

(σs(τ) + s2(τ))dτ


 dσ. (36)

Àíàëîãi÷íî

1
h2

1(t)
− 1

h2
2(t)

= − 2
h2

0

t∫

0

s(τ)dτ

1∫

0

exp


−2

t∫

0

(σs(τ) + s2(τ))dτ


 dσ. (37)

Âèêîðèñòàâøè (35)�(37) i ïiäñòàâèâøè (30) â (33), (34), îäåðæèìî ñèñòåìó îäíî-
ðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó ñòîñîâíî íåâiäîìèõ s(t), q(t).
Ç ¹äèíîñòi ðîçâ'ÿçêiâ òàêèõ ñèñòåì âèïëèâà¹, ùî s(t) = 0, q(t) = 0, t ∈ [0, t0].
Çâiäñè îòðèìà¹ìî s1(t) = s2(t), q1(t) = q2(t), t ∈ [0, t0], à îòæå, h1(t) = h2(t),
b1(t) = b2(t), t ∈ [0, t0]. Âèêîðèñòîâóþ÷è öå â çàäà÷i (25)�(27), çíàõîäèìî, ùî
v1(y, t) = v2(y, t), (y, t) ∈ Qt0 , ùî çàâåðøó¹ äîâåäåííÿ òåîðåìè 2.
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DETERMINATION OF UNKNOWN MULTIPLIER IN THE
COEFFICIENT AT THE FIRST DERIVATIVE IN A

PARABOLIC EQUATION IN A FREE BOUNDARY DOMAIN

Halyna SNITKO
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

National Academy of Sciences of Ukraine,
79060, Lviv, Naukova Str., 3b

We established conditions of existence and uniqueness of the solution to the
inverse problem for a parabolic equation with unknown multiplier in the coe�cient
at the �rst derivative in a domain with free boundary.

Key words: inverse problem, Green's function, free boundary, parabolic equa-
tion.
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