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In the paper we 
onsider an isomorphi
 
lassi�
ation of the free (abelian)

paratopologi
al groups and free homogeneous spa
es. We give methods for 
onstru
-

ting examples of nonhomeomorphi
 spa
es with topologi
ally isomorphi
 free (abe-

lian) paratopologi
al groups and free homogeneous spa
es. We propose methods for


onstru
ting examples of Mp-equivalent mappings.
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1. Preliminaries. Under a paratopologi
al group we understand a pair (G, τ) 
onsi-
sting of a group G and a topology τ on G making the group operation · : G × G → G
on G 
ontinuous. If, in addition, the operation (·)−1 : G → G of taking the inverse is


ontinuous with respe
t to the topology τ , then (G, τ) is a topologi
al group.

In the paper the word �spa
e� means �topologi
al spa
e�.

De�nition 1. Let X be a subspa
e of a paratopologi
al group G with the identity e su
h
that e ∈ X. Suppose that

1. The set X generates G algebrai
ally, that is 〈X〉 = G,
2. Every 
ontinuous mapping f : X → H from X to an arbitrary paratopologi
al group

H satisfying f(e) = eH , where eH is the unit of the group H, extends to a 
ontinuous

homomorphism f∗ : G→ H.

Then G is 
alled the Graev free paratopologi
al group on (X, e) and is denoted by

FGp(X, e).

If we repla
e the word �group� by the words �abelian group� in the above de�nition

we obtain the de�nition of Graev free abelian paratopologi
al group on (X, e), whi
h we

denote by AGp(X, e).

De�nition 2. Let X be a subspa
e of a paratopologi
al group G. Suppose that
1. The set X generates G algebrai
ally, that is 〈X〉 = G,


© Pyr
h Nazar, 2005



ON ISOMORPHISMS OF FREE PARATOPOLOGICAL GROUPS... 225

2. Every 
ontinuous mapping f : X → H of X to an arbitrary paratopologi
al group

H extends to a 
ontinuous homomorphism f∗ : G→ H.

Then G is 
alled Markov free paratopologi
al group on X and is denoted by Fp(X).

If we repla
e the word �group� by the words �abelian group� in the above de�nition we

obtain the de�nition of Markov free abelian paratopologi
al group on X whi
h we denote

by Ap(X).

Proposition 1 ([14℄). Let X be a spa
e.

1. Let e be an arbitrary point of the spa
e X. Then free paratopologi
al groups

FP (X, e) and AP (X, e) exist.
2. Let e1 and e2 be arbitrary points of the spa
e X. Then the free paratopologi
al

groups FP (X, e1) and FP (X, e2) are topologi
ally isomorphi
. The free paratopologi
al

groups AP (X, e1) and AP (X, e2) are topologi
ally isomorphi
 as well.

Let X be a spa
e. Similarly to the 
ase of free topologi
al groups we 
an prove that

the group Fp(X) is topologi
ally isomorphi
 to the group FGp(X
+) and the group Ap(X)

is topologi
ally isomorphi
 to the group AGp(X
+), where X+

is the spa
e obtained from

X by adding one isolated point.

Proposition 2 ([12℄). For ea
h spa
e X the following 
laims hold.

1. The free paratopologi
al groups Fp(X) and Ap(X) exist.
2. Let G1, G2 be arbitrary Markov free paratopologi
al groups on X. Then there exists

a topologi
al isomorphism i : G1 → G2 su
h that i(x) = x for ea
h point x ∈ X.

3. Let G1, G2 be arbitrary Markov free abelian paratopologi
al groups on X. Then

there exists a topologi
al isomorphism i : G1 → G2 su
h that i(x) = x for ea
h point

x ∈ X.

In [3℄ V.K. Bel'nov have de�ned the 
ategory of homogeneous spa
es and their morphi-

sms.

De�nition 3. A triple (Y,G, h) is a homogeneous spa
e, if Y is a topologi
al spa
e and

G is a topologi
al group whi
h a
ts e�e
tively and transitively on Y by the 
ontinuous

mapping h.

De�nition 4. A morphism of two homogeneous spa
es p : (Y1, G1, h1) → (Y2, G2, h2)
is a pair p = (f, ψ), where f : Y1 → Y2 is a 
ontinuous mapping, ψ : G1 → G2 is a


ontinuous homomorphism su
h that the diagram

G1 × Y1
h1

//

ψ×f

��

Y1

f

��

G2 × Y2
h2

// Y2

is 
ommutative.

One may naturally de�ne the 
omposition of morphisms and the identity morphism.

A morphism p : (Y1, G1, h1) → (Y2, G2, h2) is 
alled an isomorphism, if there exists a

morphism p′ : (Y2, G2, h2) → (Y1, G1, h1) su
h that p ◦ p′ and p′ ◦ p are the identity

morphisms.
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De�nition 5. Let (Y,G, h) be a homogeneous spa
e. We say that a subset Y0 ⊆ Y
generates (Y,G, h), if any morphism p = (f, ψ) : (Y,G, h) → (Y,G, h) is the identity

morphism provided f(Y0) = Y0 and f |Y0
is the identity mapping.

De�nition 6. A homogeneous spa
e (Y,G, h) is 
alled a free homogeneous spa
e on the

spa
e X, if the following holds:

1) X is a subspa
e of Y ;
2) X generates (Y,G, h);
3) for any homogeneous spa
e (Y1, G1, h1) and any 
ontinuous mapping f0 : X → Y1

there exists a 
ontinuous morphism p = (f, ψ) : (Y,G, h) → (Y1, G1, h1) su
h that

f |X = f0.

In [3℄ it was proved that for every topologi
al spa
e X the free homogeneous spa
e

on X exists and is unique up to the natural isomorphism.

In [8℄ Megrelishvili 
onstru
ted examples of the nonhomeomorphi
 spa
es with

isomorphi
 free homogeneous spa
es. We will denote by H(X) the free homogeneous

spa
e of a topologi
al spa
e X .

De�nition 7. Topologi
al spa
es X and Y are 
alled B-equivalent (X
B
∼ Y ) if free

homogeneous spa
es H(X) and H(Y ) are isomorphi
.

De�nition 8. Topologi
al spa
es X and Y are 
alled Mp-equivalent (X
Mp

∼ Y ) if the

Markov free paratopologi
al groups Fp(X) and Fp(Y ) are topologi
ally isomorphi
.

De�nition 9. Let X1, X2, Y1, Y2 be topologi
al spa
es. A mapping f : X1 → Y1 is


alled Mp-equivalent to a mapping g : X2 → Y2 if there exist topologi
al isomorphisms

i : Fp(X1) → Fp(X2) and j : Fp(Y1) → Fp(Y2) su
h that j◦f∗ = g∗◦i where f∗ : Fp(X1) →
→ Fp(Y1) and g

∗ : Fp(X2) → Fp(Y2) are homomorphisms extending the mappings f and

g respe
tively.

If we repla
e the words �free paratopologi
al group� by the words �free abelian

paratopologi
al group� in De�nitions 1.10 and 1.11 we obtain the de�nitions of Ap-
equivalent spa
es and Ap-equivalent mappings.

Similarly to the 
ase of free topologi
al groups, the Mp-equivalen
e of two spa
es

implies the Ap-equivalen
e (see [12, Proposition 2.8℄).

The problem of isomorphi
 
lassi�
ation of free topologi
al groups has been studied

by many authors. Important results in this dire
tion were obtained by Baars [2℄, Okunev

[9℄, [10℄ and Tka
huk [15℄. In [12℄ Pyr
h and Ravsky have 
onsidered the basi
 properties

of free paratopologi
al groups related mostly to the separation properties. In this paper

the author 
ontinues the investigation of free paratopologi
al groups, fo
using on their

isomorphi
 
lassi�
ation.

The se
ond se
tion 
ontains the methods for 
onstru
ting the examples of nonhomeo-

morphi
 spa
es with topologi
ally isomorphi
 free paratopologi
al (abelian) groups and

free homogeneous spa
es.

The third se
tion 
ontains the method for 
onstru
ting the examples ofMp-equivalent

mappings.

Some results of the paper were announ
ed in [1℄ and [11℄.

2. On the method for 
onstru
ting examples of Mp-equivalent and B-
equivalent spa
es. Let X be spa
e. Denote by G(X) the subgroup of the abstra
t group
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F (X) (here F (X) is an abstra
t free group with the set of generators X) generated by

the set {xy−1 ∈ F (X)|x, y ∈ X} and H(X) = {gx ∈ F (X)|g ∈ G(X), x ∈ X}. Taking on
G(X) the dis
rete topology, we 
an 
onsider the natural mapping P : G(X)×X → H(X)
de�ned by P (g, x) = gx. The set H(X) equipped with quotient topology generated by

the mapping P is denoted by HB(X). The group G(X) a
ts on HB(X) by the 
ontinuous
mapping h, where h(g, x) = gx. The triple (HB(X), G(X), h) is a free homogeneous spa
e

on X (see [3℄). Sometimes we shall write shortly that the set H(X) is a free homogeneous

spa
e on X . Consider on F (X) the topology of the free paratopologi
al group Fp(X).
Sin
e H(X) ⊂ F (X), the set H(X) equipped with the subspa
e topology of Fp(X) is

denoted by Hp(X).
Retra
tions r1 and r2 of a topologi
al spa
e X are 
alled parallel provided r1 ◦r2 = r1

and r2 ◦ r1 = r2. By X ⊕ Y we denote the disjoint sum of topologi
al spa
es X and Y .
Let X , Y be spa
es, f : X → Y be a 
ontinuous mapping. Then we 
an 
onsru
t a

morphism of homogeneous spa
es f : H(X) → H(Y ) by the following way. The morphism

f is a pair (f∗, ψ), where

f∗(x1x
−1
2 ...x−1

2n x2n+1) = f(x1)f(x2)
−1...f(x2n)−1f(x2n+1) and

ψ(x1x
−1
2 ...x−1

2n ) = f(x1)f(x2)
−1...f(x2n)

−1
, for all x1, x2, ..., x2n+1 ∈ X .

Proposition 3. Let ri : X → Ki, i = 1, 2, be parallel retra
tions of a topologi
al spa
e

X onto its dis
rete subspa
es K1 and K2 and pi : X → X/Ki be the quotient mappings.

Then the quotient spa
es X/K1 and X/K2 are B-equivalent.

Proof. Let K1 = ⊕
s∈S

{as}, then K2 = ⊕
s∈S

{bs}, where bs = r2(as). Put Xs = r−1
1 (as) =

= r−1
2 (bs). Then X = ⊕

s∈S
Xs. Consider the mappings f1, f2 : X → H(X) de�ned by

f1(x) = bsa
−1
s x and f2(x) = asb

−1
s x if x ∈ Xs. Obviously, these mappings are 
onti-

nuous on ea
h Xs, thus they are 
ontinuous on X . Let f i : H(X) → H(X) be the

morphisms 
onstru
ted from the mappings fi as des
ribed before the proposition. It was

proved in [10℄ that (f∗

1 , ψ1) is inverse to (f∗

2 , ψ2), hen
e (f∗

1 , ψ1) is an isomorphism. Let

pi : H(X) → H(X/Ki) be the morphisms 
onstru
ted from the mappings pi as des
ri-
bed before the proposition. Similarly to [10℄ one 
an easily 
he
k that there exists an

isomorphism j : H(X/K1) → H(X/K2) su
h that j ◦ p∗1 = p∗2 ◦ f
∗

1 . Thus X/K1
B
∼ X/K2.

Lemma 1. Let X be a topologi
al spa
e. Then the natural mapping h : HB(X) → Hp(X)
is 
ontinuous.

Proof. Consider the mapping P1 : G(X)×X → Hp(X), de�ned as P1(g, a) = ga and the

quotient mapping P : G(X) ×X → HB(X) de�ned as P (g, a) = ga (see [8℄). Sin
e for

ea
h g ∈ G(X) the restri
tion P1|g×X : g ×X → Hp(X) is 
ontinuous and G(X) ×X =
= ⊕

g∈G(X)
g × X . Then we see that the mapping P1 is 
ontinuous on G(X) × X . The


ontinuity of the mapping h follows from the fa
t that the mapping P1 = h ◦ P and the

quotien
e of the mapping P .

Theorem 1. Let X, Y be topologi
al spa
es with isomorphi
 free homogeneous spa
es.

Then Markov free paratopologi
al groups of the spa
es X and Y are topologi
ally

isomorphi
.
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Proof. Let (i, ψ) : (HB(X), G(X), h1) → (HB(Y ), G(Y ), h2) be an isomorphism of

homogeneous spa
es. Denote by pX : HB(X) → Hp(X) and pY : HB(Y ) → Hp(Y ) the

natural mappings. Consider the mapping g : X → Hp(Y ) de�ned by g = pY ◦ i|X . Let us
extend the mapping g to a 
ontinuous homomorphism g∗ : Fp(X) → Fp(Y ). Sin
e G(X)
a
ts transitively on H(X), we obtain pY ◦ i = g∗ ◦ pX . Similarly, 
onsider the mapping

f = pX ◦ i−1|Y . Let us extend f to a 
ontinuous homomorphism f∗ : Fp(Y ) → Fp(X)
satisfying the property pX ◦ i−1 = f∗ ◦ pY . From the last two equalities it follows that

pX ◦ i−1 ◦ i|X = f∗ ◦ g ◦ pX , therefore f∗ ◦ g(x) = x for all x ∈ X . Thus f∗ ◦ g∗ = 1Fp(X).

Similarly, we 
an 
he
k that g∗ ◦ f∗ = 1Fp(Y ), therefore g
∗
is a topologi
al isomorphism.

In [6℄ free (abelian) topologi
al groups on fun
tionally Hausdor� spa
es were 
onsi-

dered.

De�nition 10. [6℄ Markov free topologi
al group on a spa
e X is a pair 
onsisting of

a topologi
al group FM (X) and a 
ontinuous fun
tion ηX : X → FM (X) su
h that any


ontinuous fun
tion from X to a topologi
al group G �lifts� to a unique 
ontinuous group

homomorphism f : FM (X) → G su
h that f ◦ ηX = f .

In the 
lassi
 de�nitions of the free obje
ts the mapping ηX is an embedding, in the

above de�nition ηX need not to be an embedding.

If X is a Ty
hono� spa
e then the mapping ηX is a 
losed embedding and FM (X) is
free topologi
al group of X in the sense of [7℄.

If we 
hange the word �group� to the words �abelian group� in the above de�nition

we obtain the de�nition of Markov free abelian topologi
al group on X whi
h we denote

by AM (X).

The next propositions follows from [12, proposition 2.2℄.

Proposition 4. Let X and Y be fun
tionally Hausdor� spa
es with topologi
ally isomor-

phi
 free paratopologi
al groups. Then the groups FM (X) and FM (Y ) on spa
es X and

Y are topologi
ally isomorphi
.

Proposition 5. Let X and Y be fun
tionally Hausdor� spa
es with topologi
ally isomor-

phi
 free abelian paratopologi
al groups. Then the groups AM (X) and AM (Y ) on spa
es

X and Y are topologi
ally isomorphi
.

The following proposition provides a method for 
onstru
ting examples of nonhomeo-

morphi
 spa
es with topologi
ally isomorphi
 free (abelian) paratopologi
al groups.

Proposition 6. Let Xk, Yk be topologi
al spa
es and pk : Xk → Yk, k = 1, 2, be quotient
mappings and p∗k : Fp(Xk) → Fp(Yk) be the homomorphi
 extensions of the mappings pk.
If there exists a topologi
al isomorphism i : Fp(X1) → Fp(X2) su
h that i(kerp∗1) = ker p∗2
then the mappings p1 and p2 are Mp-equivalent.

Proof. Suppose that su
h the mapping i exists. Let us de�ne a mapping j : Fp(Y1) →
→ Fp(Y2) by putting j(a) = p∗2 ◦ i(p∗1)

−1(a) for ea
h a ∈ Fp(Y1). One 
an easy 
he
k

that j is well de�ned and is a topologi
al isomorphism su
h that j ◦ p∗1 = p∗2 ◦ i. By [12,

Proposition 2.10℄, the homomorphism p∗1 is open. The 
omposition p∗2 ◦ i is 
ontinuous,
thus the mapping j is 
ontinuous. The 
ontinuity of j−1


an be 
he
ked similarly.
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Proposition 7. Let ri : X → Ki i = 1, 2, be parallel retra
tions of the topologi
al spa
e
X onto its subspa
es K1 and K2 su
h that Fp(K1) and Fp(K2) are topologi
al groups and

pi : X → X/Ki be quotient mappings. Then p1
Mp

∼ p2. In parti
ular, X/K1
Mp

∼ X/K2.

Proof. Sin
e Fp(Ki) are topologi
al groups, then the mappings r1(x)
−1 : X → Fp(K1),

r2(x)
−1 : X → Fp(K2) are 
ontinuous. Sin
e Ki are retra
ts of X , the embeddings

Ki →֒ X extend to embeddings ti : Fp(Ki) →֒ Fp(X) [12℄, so the mappings

t1 ◦ r1(x)
−1 : X → Fp(X), t2 ◦ r2(x)

−1 : X → Fp(X)

are 
ontinuous. Let us de�ne the mapping j : X → Fp(X) by putting

j(x) = r1(x)
−1xr2(x)

−1
. The mappings x 7−→ ri(x)

−1
are 
ontinuous be
ause Fp(Ki)

are topologi
al groups, thus the mapping j is 
ontinuous. Denote by J : Fp(X) → Fp(X)
the homomorphi
 extension of the mapping j. It was proved in [10℄ that J ◦ J = 1Fp(X).

Denote by pi : X → X/Ki the quotient mappings and by p∗i : Fp(X) → Fp(X/Ki) their
homomorphi
 extensions. It was proved in [10℄ that J(K1) = K2, therefore J(ker p∗1) =
= kerp∗2. And now the proof follows from Proposition 6.

Let us 
hara
terize the spa
es for whi
h their free (abelian) paratopologi
al group is

a topologi
al group.

Proposition 8. The following 
onditions are equivalent for a topologi
al spa
e X:

i) the paratopologi
al group Fp(X) is the disjoint sum ⊕
s∈S

Zs of its antidis
rete

subspa
es Zs,
i') the paratopologi
al group Ap(X) is the disjoint sum ⊕

s∈S
As of its antidis
rete

subspa
es As,
ii) the paratopologi
al group Fp(X) is a topologi
al group,

ii') the paratopologi
al group Ap(X) is a topologi
al group,

iii) the topologi
al spa
e X is the disjoint sum ⊕
s∈S

Xs of its antidis
rete subspa
es Xs.

Proof. The impli
ations (i =⇒ ii) and (i′ =⇒ ii′) follows from the fa
t that ea
h lo
ally


ompa
t paratopologi
al group is a topologi
al group (see [13℄).

(ii =⇒ iii),(ii′ =⇒ iii) Let U be an open subset of the spa
e X . If the assumption

(ii) holds then [12, theorem 2.4℄ implies that U is a 
losed subset of X . If the assumption

(ii′) holds then similarly to [12, theorem 2.4℄ we 
an prove that U is a 
losed subset

of X . Therefore, ea
h open subset of X is 
lopen. De�ne the relation �∼� on X by the

following. Let x, y ∈ X . We put x ∼ y if and only if there is no open subset of the

spa
e X 
ontaining exa
tly one of the points x and y. Let T0X be the quotient spa
e

of X determined by the relation �∼� and q : X → T0X be the quotient mapping. Let U
be a 
losed subspa
e of T0X . Then q−1(U) is 
losed and hen
e open subset in X . By

the quotien
e of q we see that the set U is open in T0X . Let a, b ∈ T0X be an arbitrary

distin
t points. Then there exists an open subset V of T0X 
ontaining exa
tly one of these

points. The set X \ V is also open and 
ontains the other point. Thus the topologi
al

spa
e T0X is a T2 spa
e. So every point is 
losed, and hen
e is open in T0X , that is the

topologi
al spa
e T0X is dis
rete. Hen
e X is a disjoint sum of its antidis
rete subspa
es.

(iii =⇒ i),(iii =⇒ i′) Consider the quotient mapping q : X → Y , where the image of

ea
h Xs is a singleton. The topologi
al spa
e Y is dis
rete, therefore ker q∗ is a 
lopen
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antidis
rete subgroup of the paratopologi
al group Fp(X), that is Fp(X) is the disjoint
sum ⊕

s∈S
Zs of its antidis
rete subspa
es Zs.

Example 1. [5℄ LetX = C×N, where C is a 
onvergent sequen
e with the limit point c0,
N is a 
ountable dis
rete spa
e, a ∈ C \{c0}. Then the sets K1 = {c0}×N, K2 = {a}×N

are dis
rete parallel retra
ts of the topologi
al spa
e X . The quotient spa
e X/K1 is

homeomorphi
 to the Fr�e
het fan, and the quotient spa
e X/K2 is homeomorphi
 to X .

Thus, lo
al 
ompa
tness, metrizability, the �rst and se
ond axioms of 
ountability,

�

Ce
h


ompleteness are not preserved by the relation of Mp-equivalen
e. The quotient mappi-

ng p1 : X → X/K1 is not open, and has no right inverse, while the quotient mapping

p2 : X → X/K2 is open and has a right inverse.

LetX , Y be topologi
al spa
es. A mapping f : X → Y is 
alled a lo
al homeomorphism

if for ea
h x ∈ X there exists an open neighborhood U(x) su
h that the restri
tion f |U(x)

is a homeomorphism from U(x) onto an open subspa
e of Y .

Example 2. Let Ci = {xi, yi}, τi = {{∅}, {xi}, {xi, yi}} for i = 1, 2. Denote by X the

disjoint sum of the topologi
al spa
es (C1, τ1) and (C2, τ2). The subsets K1 = {x1, x2}
and K2 = {y1, y2} are dis
rete parallel retra
ts of X , so the quotient mappings p1 : X →
→ X/K1 and p2 : X → X/K2 areMp-equivalent. The mapping p1 is open not 
losed, lo
al

homeomorphism. The mapping p2 is 
losed not open and it is not a lo
al homeomorphism.

A topologi
al spa
e X is 
alled resolvable (respe
tively ω-resolvable) if X 
an be

partitioned into two (respe
tively 
ountably many) dense subsets.

Example 3. Let X = [0, 1] ∪ [2, 3] ∪ {4} be a subspa
e of the reals with the natural

topology. Then the subspa
es K1 = {1, 4} and K2 = {1, 2} are dis
rete parallel retra
ts

of X . Then X/K1 = I ⊕ I, X/K2 = I ⊕ {x}, where I is the 
losed unit interval. Thus

I ⊕ I
Mp

∼ I ⊕ {x}. The spa
e I ⊕ I is ω-resolvable, while I ⊕ {x} is not resolvable. Hen
e

resolvability and ω-resolvability are not preserved by the relation of Mp-equivalen
e.

3. On the method for 
onstru
ting examples of Mp-equivalent mappings.

Proposition 9. Let X be a Ty
hono� spa
e and ri : X → K, i = 1, 2, its retra
tions

onto the same retra
t K su
h that Fp(K) is a topologi
al group. Then r1
Mp

∼ r2.

Proof. Obviously r1 ◦ r2 = r2 and r2 ◦ r1 = r1.
Consider the mappings h(x), g(x) : X → Fp(X) de�ned by the formulas

h(x) = xr1(x)
−1r2(x), g(x) = xr2(x)

−1r1(x).
Sin
e Fp(K) is topologi
al group, the mappings r1(x)

−1 : X → Fp(K), r2(x)
−1 : X →

→ Fp(K) are 
ontinuous. Sin
e K is a retra
t of X , the embedding K →֒ X extends

to an embedding t : Fp(K) →֒ Fp(X) [12℄, so the mappings t ◦ r1(x)−1 : X → Fp(X),
t◦ r2(x)−1 : X → Fp(X) are 
ontinuous. Thus the mappings h and g are also 
ontinuous.
Let h∗, g∗ : Fp(X) → Fp(X) be a homomorphi
 extensions of the mappings h and g. If
x ∈ X then

h∗ ◦ g(x) = [xr2(x)
−1r1(x)] × r1[xr2(x)

−1r1(x)]
−1 × r2[xr2(x)

−1r1(x)] =

= x× r2(x)
−1 × r1(x) × r1(r1(x))

−1 × r1(r2(x)) × r1(x)
−1 × r2(x)×

×r2(r2(x))
−1 × r2(r1(x)) = x
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So, h∗ ◦ g∗ = 1Fp(X). Similarly one 
an 
he
k that g∗ ◦ h∗ = 1Fp(X). Hen
e, h
∗
is a

topologi
al isomorphism. Moreover,

r2(g(x)) = r2(x) × r2(r2(x))
−1 × r2(r1(x)) = r2(x) × r2(x)

−1 × r1(x) = r1(x)
r1(h(x)) = r1(x) × r1(r1(x))

−1 × r1(r2(x)) = r1(x) × r1(x)
−1 × r2(x) = r2(x)

From these fa
ts we 
on
lude that r1
Mp

∼ r2.

Let X and Y be spa
es. A map f : X → Y is 
alled monotone (respe
tively easy,

zero-dimensional) if any f−1(y) is 
onne
ted (respe
tively hereditary dis
onne
ted, zero-

dimensional) for ea
h point y ∈ Y [4, p. 526, 538℄.

Example 4. Let X be the spa
e of reals. Consider on X the following topology: the set

(−∞, 0] is equipped with the standart topology and [0,+∞) is an antidis
rete subset of

X . Then the mappings f, g de�ned as f(x) = |x| and g(x) = x+ = (x+f(x))/2 for x ∈ R

are retra
tions from R onto R
+ = [0,∞). So, by Proposition 9 we obtain that f

Mp

∼ g.
The mapping f is not monotone, easy, zero-dimensional, the mapping g is monotone, not

easy, not zero-dimensional.
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