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The purpose of this paper is to establish existence and uniqueness of solution of
a nonlinear coupled system with variable coefficients of a nonlinear equation with the
second order time derivative and a nonlinear equation with the first time derivative
in a bounded domain of R" with smooth boundary.
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1. Problems for evolution system with the time variable derivatives of different orders
is considered by many authors [1], [2]. Specifically, in domains which are bounded
by spatial variables, the mixed problems for semilinear evolution coupled system wi-
th internal damping are quite well studied in [1] and there are established existence,
uniqueness, and asymptotic behavior of solutions. Messaoudi [3] considered a multidi-
mensional semilinear system of thermoelasticity and showed that the energy of any weak
solution blows up in finite time if the initial energy is negative. Clark and Lima in [4]
studied the existence of weak solutions of the nonlinear unilateral mixed problem.

The non-linearity |v|?v usually appears in relativistic quantum mechanic (see Schiff |5]
or Segal [6]), and has been considered by various authors for hyperbolic, parabolic and
elliptic equations. Lions [7] studied the wave equation with the same non-linearity, i.e.,
[v|Pv, in a smooth-bounded-open domain © of R” with n € N and proved existence and
uniqueness of solution using Faedo-Galerkin’s and compactness’ methods.

Clark at al [2] investigated system (2.1)-(2.2) with equal to zero and feedback-
homogeneous conditions over a part of the boundary. They established global existence
of strong and weak solutions by Faedo-Galerkin’s method using a particular basis of the
space Hg ()N H?(Q) introduced by Medeiros & Milla Miranda in [9] and the exponenti-
al stability of total energy associated to the weak solution using Komornik-Zuazua’s
method [10].
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In this article we study the initial boundary value problem for nonlinear evolution
coupled system. Based in the theory developed in the papers of Clark at al [2] and
Lions [7] (Theorems 1.1, 1.2 and 1.3), we will prove that problem (2.1)-(2.4) has a unique
solution.

The outline of this article is as follows. In Section 2 the basic notations are laid out
and existence of solution of nonlinear evolution coupled system in bounded domain are
issued, existence and uniqueness of problem is aired in Sections 3, 4.

2. Problem formulation. Let 2 be any bounded domain in € R"™ with regular in
Calderon’s sense [11] boundary 99 and let T" be a positive number, Qr = (0,7) x 2,0 <
<T < +00, Quu ot = (t1,t2) X Q, {t1,t2} € [0,T], 11 <t2; Qr = Qo,r; U = {t = 7}NQr;
St =(0,T) x 99.

We will consider the following problem in the domain Q7 :

n

uge(t, ) — Z (@ijug, (t, ) —i—Zal t, @)Uy, (t,x —l—Zb t,x)

ij=1
+ ao(t, 2)u(t, ) + a1 (t, 2)0(t, ) +'yl(t,x)|ut|p7 uy = f1(t, x), (2.1)
O:(t, x) — Z(C” i (8, 2)) chtxut +Zd (t, x)ug, (t, )+

1,j=1 =1 =1

+ ) eilt,2)0, + Bo(t, x)ult, ) + Bi(t, 2)0(t, ) + 72(t,2)[0]9720 = folt,x)  (2.2)

i=1
with boundary
u(z,t) =0, 6(z,t)=0 on Sp (2.3)
and initial
w(0,2) = up(x), we(0,2) =ui(x), 0(0,2)=0(x) on (2.4)
conditions. Here p, ¢ € (2,400).
We will make the following assumptions concerning the coefficients, nonhomogeneous
terms and initial data of problem (2.1)-(2.4):
(A) {aij,ait} € L=®(Qr), aij(t,z) = aji(t,z) almost everywhere in Qr;

n

aol¢* < Y ai(t, )& < ¢

ij=1
a.e. for (t,2) € Q7 and for every £ € R", ag and a® are positive constants;

(C) {ecj,cije} € L=(Qr), cij(t,x) = c;i(t,x) almost everywhere in Qr;

n

colé? < > et 2)6&; < LIE
inj=1

a.e. for (t,z) € Qr and for every £ € R", ¢ and c° are positive constants;
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(D) {a/’iv 5 Aty b’iv bit7 Ciy Cit, d’iv d’itv €, eit} S LOO(QT)’
(E) aan‘OtaalaﬁOvﬁl S LOO(QT)?

(F)  {f1, fo, fis for} € LAHQ7), up € H2(Q) N HE(Qo), ur € HE(Qo) N L2P~D(Qy),
Oy € HQ(Q()) n H& (Qo) N L2(q_l)(ﬂo);

(G) 71,72 € L=(Q1); M(t,®) = A1,72(t, ) = F2 almost everywhere in Qr, 71 1 2
are positive constants.

Definition 1. A pair of functions (u,6), which v € L?(0,T;H?(Q) N H}(Q))N
NC(0,T; L*(Q)), uy € L?(0,T; HX(Q)) N LP(Qr) N C(0,T; L3 (), 0 € L*(0,T; H*(2)N
NH(Q))NLYQT)NC(0,T; L*()), is said to be a generalized solution of problem (2.1)-
(2.4) if (u,0) satisfies

/utv dx — /ul(x)v dx + / [—utvt + Z i (t, T)Ug, Ve +

Qr Q Qr =1

+ Zai(t, T)Ug, U + Zbi(t, 2)0,v + ag(t, T)uv+

i=1 i=1
+ a1 (t, x)0v + 11 (¢, :c)|ut|p_2utv} dr dt = / fi(t, z)v dx dt, (2.5)
Qr
/ {Htw + Z Cij(t, )0z, Wy, + Zci(t, T)UpWy, + Zdi(t’ ) Uy, Wt
Or ij=1 i=1 i=1

+ Z e;(t, )0, w + Bo(t, z)uw + B (¢, z)0w+
i=1
+72(t, 2)|0)*0w] d dt = / fo(t,z)w dx dt (2.6)
Qr
for all v,w € C°(0,T;C§°(2)) and initial conditions u(0,x) = ug(x), 6(0,z) = Op(z).
3. Existence of solution.

Theorem 1. Let assumptions (A) — (G) hold and {aiju, Cijie, @11, Bots Bie, Yie, Vitts
Yat, Yot} € L(Qr). Then problem (2.1)-(2.4) has a generalized solution (u,0).

Remark 1. Equations (2.1) and (2.2) are given in sense of distributions.

Proof. To show the existence of generalized solution of problem (2.1)-(2.4) we will
use the Faedo-Galerkin method. We consider (w*)ren a complete sequence of linearly
independent, dense everywhere in H?(Q) N H}(Q) N L2max{p.a}=1)(Q) set of functions
("basis") which are orthonormal in L?(Q). Denote W,,, = [wy, w2, ..., w,,] the subspace
of H?(Q) N HY(Q) N L2(maxip.at=1)(Q) spanned by the m first vectors of (w*)ren. Let us
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consider sequences

u(tx) =Y ™ (z), 0" (tz) = " (tw™(z)
k=1 =1
for v* w! k,1 = 1,...,m belonging to W,,. The approximated system associated to

system (2.1)-(2.2), where ¢ and 2]" are solutions to the Cauchy problem, is given by

n n n
/[uygvk + Z a;;(t, a:)qu];j + Zai(t, a:)ug:vk + Zbi(t’ a:)ﬁgzvk + ag(t, z)u™ vk +

Q 1,j=1 i=1 i=1

+ aq (¢, :v)@mvk + 7 (t,x)|u§”|p_2uznvk} dx = /f1 (t, :v)vk dz, (3.1)
Q

/ [egnwl + ) el + Y et w)ulwh, + Y dit, p)ulw'+
a i,j=1 i=1 i=1

+ Z e;(t, :C)@ijl + Bol(t, :C)umwl + B¢, x)@mwl—i—

i=1
+ 72 (t, 2)[0™ 720w ] do = /fg(t,x)wl dz, te€(0,T), (3.2)
Q
u™(0) = ug', ui"(0) = ui®, 07(0) = 05", 1 <k, l<m, (3.3)

where v and w' belong to W,,.

From (3.3) we see that u(*, ul*, 67" belong to W, and satisfy

uf’ — ug strongly in H*(Q) N Hy (o), (3.4)
O — 6 strongly in H?(Q0) N HE () N L2~ Y(Qy), (3.5)
wr — uy strongly in HE (Qo) N L2P~Y(Qy). (3.6)

Thus, from the conditions of the theorem we can conclude that the functions (u,6)
satisfy the conditions of Caratheodory Theorem [12, p.54]. Then there exists conti-
nuously differentiable solution of problem (3.1)-(3.3) which is determined in some interval
[0,t™], t™ < T and has absolutely continuous derivative. This interval will be extended
to any interval (0,7") thanks to the first estimate below.

Estimate I. We will multiply equation (3.1) by the functions ¢} (t) and equation (3.2)
by the functions z]"(t) respectively, summing over k and ! from 1 to m respectively and
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integrating over ¢ from 0 to 7, 0 < 7 < t™. We get

/{ugu? + Z aij(t, T)ug, upy, + Zai(t, T)uy w4+ Zbi(t’ x)0 g+
ij=1 i=1 i=1
QT
+ ap(t, z)u™uy” + aq(t, )0 u + 1 (t, a:)|u;”|p} dx dt = / frultdxz dt,  (3.7)
Qr
/ (0707 + 3 it )07 07, + S et w07 + 3 dalt, )07+
o, ij=1 i=1 i=1

+ Z ei(t, )0 0™ + Bo(t, x)u™ 0™ + Br (t,2)0™ 0™+

=1
+ y2(t, 2)|0™ 9] dx dt = / f20™ dx dt. (3.8)
Q-

Let us transform and establish estimates for every term in (3.7) using assumptions of
the Theorem 1. It is easy to show that

1 1
If:/uﬁu?dmdt: §/|u;n2d:c—§/|u71"2dar.
Qr Qr Qo

By assumption (A), we have

Ig zn: (t, ) um ™, dedt > L [ Va2 d @ Va2 do

= A 2, Uy .y AT > — u r — — _
2 P a] T)u I’LL 4t 9 9 0
Q, =l Q Qo

1 n
- % / |Vu™|?* dz dt, where a* = esssup Z laije(t, )|

Qr B =1
From (D) we obtain
a = m, m 1 a m|2 1 m|2
I§ = Zai(t,x)uwut dr dt < = va 0| Vu™ |7 + —|uf* || dxdt,
— ‘ 2 a8
Q' Q-

a - m, m 1 a m 1 m
I = /Zbi(t,xwmut dz dt < 5/ [;/b51|v9 |2+E|ut |2} dz dt,
Q- ! Q-

where v, = max esssupg,. |a;(t,z)|?, v, = maxesssupg,. |bi(t,z)?, 6§ > 0, ¢ > 0 — any
K3 K3

constants.
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By assumption (E) we find

1 1
Ig = /Oéo(t,.%')umu;n dr dt > 5 / (21/(105‘21’1“2 + 5_0’) |u;n|2 dx dt+
2

T T

+ Va05§’T/ |ul'| do, where v,, = esssup |ag(t,z)[?, 65 > 0,
Qr

Qo
since
/uz(t, x) dx dt < 2T/u3(:1c) dx + 277 / u?(t, ) dx dt. (3.9)
Q- o Q-
Next
a m, m 1 al, m|2 1 m |2
1§ = | aq(t, )0} dz dt < 5 Va, 05 |u*|* + 5 07| dx dt,
where v, = esssupg,. |a1(t, )%, 65 > 0.
From (F), (G) we get
I$ = /vl(t,:v)|u,’;"|p dx dt = / |uf*|P da dt,
Qr Qr
a m 1 a 2 1 m|2 a
Ig = | fiv]*dxdt < 3 54| f1l +6—a|ut |“| dxdt, oy > 0.
4
QT QT

Constants 6¢ >0, k=0,...,4.

Estimates of terms 1,3 — 5,7, 8 from (3.8) can be obtained similarly to the estimates
17, 1§ — Ig, 12, I§. Making use of (C) we conclude that

I5 = / > it 2)07 07 da dt > co / |VO™|? da dt.
QT 17‘]:1 QT
From assumption (E) and inequality (3.9) we get

IS = /ﬁo(t,x)umHm dr dt < vg,05T> / |u|? da dt+
Q- Qr

1
+ 256/|9m|2 dx dt+V505§T/|u6"|d:c,
BQT Qo

where 65 > 0, vg, = esssupg,. |Bo(t, z)[*.
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Putting the estimates of all terms into (3.7)-(3.8) we obtain inequality

/ (™2 + [uf" |? + ao| V™ 2 + 67 %] da+
Q-

+ (2c0 — VpOT — V05 — veds) / VO™ |? da dt + 7, / |ug* P da dt+

+ Yo / |69 dx dt < /[(QVQO(;ST + 203, 85T) [ul"|* + |ui* >+

Qr Qo

+a0|w0|2+|95”|2} d:c+/[5g|f1|2+5g|fz|2} da di+

Qr
o/

Qr

4
1
+ (a' + vab§ + vads) [Vu™|* + <5—a + Zé,‘;) |9m|2] dx dt, (3.10)
3 k=1

3
1 1
2T |u™* + (vaoéSTQ + V05T + van 05 + ) 5o + §> fug” P+
k=0 k 0

where 6§ — 0 and d§ — d§ are any positive constants. Now choose constants 0f, &5, 05 in
such a way that the following condition holds: 2cy — v,0f — V.05 — ved§ > 0.

Thus applying Gronwall’s lemma from (3.10) we obtain

/[|um|2+|u;n|2+|vum|2+|9m|2] d:v+/|V6’m|2dx dt+
Q. ol

/ A2+ 1fol?] der dit

-

+%/Iu’?lp dxdt+:yz/|9m|qd:cdt<(}1
T QT

+/[|u6”|2+|u’1”|2+|Vu6”|2+|96”H de| <C, 7€(0,T), (3.11)

Qo

where C7, C are positive constants independent of m.

Next, in system (3.1)-(3.2) we will multiply the first equation (3.1) by ¢}%,(0), and
the second equation (3.2) by 2];*(0) as t = 0. Because of the choice of "basis" we have

n n
/ 22 (0, 2)? d < Gy / <a°z o 12 4 v S 2+ 1| VO 2+
Qo

Q0 i=1 i=1

+ Voo U ? + Voo |05 + A [u2P~1 + |f1<o,x>l2> dr < Cs, (3.12)
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/|9;”(O, z)|? dx < Cy / <co Z |t9£’)’j“wi|2 + e VUl )? 4 va| Vuld |2 + ve | VO >+
& i—1

+ Vg [ul|? + v, 105 + 2|29 + |f2(0,x)|2> dz < Cs, (3.13)

where Cy, C4 are positive constants independent of m, and from (3.4)-(3.6) and system
(3.1)-(3.2) there are positive constants Cs, C5 independent of m such that right-hand-
side integrals of (3.12), (3.13) are bounded.

Estimate II. Differentiating equations (3.1) and (3.2) with respect to ¢, multiplying
the first equations (3.1) by ¢}, (t) and the second equations (3.2) by z;'(t) respectively,
summing over k and [ respectively, integrating over ¢t from O to 7, 0 <7 <t™ < T, we
get

/lutttutt + Z aij(t, ‘T)utzluttz + Z aiji(t x)uzluttz + Zaz (t, x)uy, uiy+

Q- 1,5=1 1,5=1 i=1

n n
+ Zait(t,x)u;’zuﬁ + Zbi(t,x)gm upy + Zb” (t, 2)0 gy +
i= i=1

i=1
+ aolt, 2)ui upy + ao(t, 2)uugy + aq(t, )07 uy + o (t, 2)0™uly +

+ (0 = V() Ju P72 () + yae (b ) g [P~ g ugy —
— fu(t, x)uﬁ] dx dt =0, (3.14)

/ [9;’;9;” + ) et )0 0+ Y et )00+ cilt, m)ul oy +
=1

o i.j=1 i.§=1

n n n
+ Z ci(t, w)ui" 0, + Z di(t, x)ug, 07" + Z dit(t, z)uy. 07"+
i=1

i=1 i=1

+ Z ei(t,x)07, 07" + Z eit(t, )0, 07" + Bo(t, v)ui" 0" + Bos (t, x)u™ 0"+
i=1 i=1

+ B1(t, 2)|07 2 + Bre(t, 2)0™ 07" + (g — D)yt 2) 0™ 2(07")+

+ Yor (t, ) [0™ 1700 — for(t, 2)0 | da dt = 0. (3.15)
Now, we are going to make transform on the all terms of equations (3.14) -(3.15) using

assumptions (A)— (G) and conditions of Theorem 1. Owing to the fact that (3.11), (3.12)
estimates of terms 2,4 — 11,14 for equation (3.14) can be obtained similarly to the
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estimates from equation (3.7). Estimates of other terms of system (3.14) are

a m m 1 m 1 m
Ji = /utttutt dx dt = B / |utt|2 dx — ) / |ty (0,$)|2 dx,
Qr Q, Qo

" 1
Jg :/ Z aijt(t,x)u;’zuﬁmj dx dt > 5/ [V;|Vu71”|2_|_al|Vu6”H do—
Q, W=t Qo
1 m|2 1 2¢a m|2 1 m|2
—a [ |Vu'|* de dt — 3 a“og|Vuy'|® + 5—a|Vu |“] dx dt,
5

n n
vl = esssup Z laijt(0,2)|%, a® = esssup Z laijee(t, )2, 68 >0,

0 ij=1 T =1

I =(p—1) / () P2 (ufp)? da dt >
QT

_A(p-1) d Pz 2
> e el m| 3 m
ZMN 7 / Kdt (|Ut |72 uy )) dzx dt,

1
v
iy = /”ylt(t,x)|u?|p_2u;”u;? dx dt > % / |uf*|P dx — %/|u’1”|p dx—
. Q, Q0
m

1
;1 /|u,’§"|p dx dt, ’/'171 = esssup |y14(0, z)|?, u,lh = esssup |y (¢, )%
Qr

Qo QT

In view of the fact that (3.11) and (3.13), estimates of terms 4 — 13,16 from (3.15) can
be obtained similarly to the estimates from equality (3.8). In fact, we can easily see that
estimates of other terms from equality (3.15)

1 1
JE = /9;7;9;" dx dt = 5/|9§”|2da:— §/I91”(0,fzr)l2 dz,
Qr Qr Qo

n

J§ = / > it )6y 00 dr dt > e / |V % du dt,
Q. W=t Q-
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n

1 1
J :/ 37 cipelt, )07 05 dudt > %/|wm|2 dx — %/|V06”|2da: dt—
Q- Qo

ij=1

-

2
- % / |VO™|? dx dt, v} = esssup Z |cize (0, 2)|2,
Q- g1

n n
¢! = esssup Z lcije(t, )2, ¢ = esssup Z |cijee (t, )|

T ij=1 T ig=1

Also observe that

Jig=(a—-1) /’72(t,$)|9m|q_2(9§”)2 dx dt >
QT
- 4g-1) d (a2 N\
2'72(]72/ E('e |z 0 ) dx dt,
Qr
1 Z

Jis = /”ygt(t,x)|9m|q729m9;n dx dt > £/|9m|q dr — ﬂ/|t96n|q dx—

Qr 1 Q 1 Qo

Qo QT

1
1
B [lomrdede, v, = esssup b (0.0 1, = esssup o ()

Putting the above estimations into (3.14)-(3.15), we obtain inequality

2 2
[ + aolvur P+ 22+ Ao+ jo o+ 22 7] o
p
Q-
+ (2c0 — Updg — Ve0s — pe0g — V) / |VO™ 2 do dt+
QT

. 8<p—1>/ d iz
e — m m dx dt
+n 2 dt (|“t|2 Ut) T dt+

T

~1 d - ?

“":YQM/ <a (|9m|92—29m)> dx dt < Cg+

b [ ol + S50l ful] dodet [ (0.0 + 0 Va4 v, S3lur -+
Q-r Qo
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1
—l—al|VuEn|2 +

l

-

1
s gl

+ (8 + 2up, + Va, 05) |07 +

where Cg, § >0, 67 >0, 0¢ >0(k=6,...,10

2v.
%l%”lp + 1670, ) + v, 165> +

2M’Y2

2!
=2 |g51|7) dat
q

1
(5“ + Voo 0§ + 60) |uiy 1>+ (a 25‘31 + 2t + Valy + Vd5§)|Vu;”|2—|—

2 1
= I o+ (o0 € e VO

|9m|q] dz dt, (3.16)

), 07 >0, (I=4,...,10), § >0, 6> 0

and constants vg,, Vg, is, He dependent on functions (1, d;, , b, cir respectively and

defined as

v, = esssup |G (t, z)|%,

Qr

1o = maxesssup e (¢, @) 2,
K2

Qr

fip = max esssup |bie (t, x)]2,

Qr

b = max ess sup die(, )
v Qr

Choose any positive constants dg, dg, o, d§ in such a way that the following condition

hold: (2¢g — vp0g — VeOE — 11c0§ —

ved%) > 0. From (3.12), (3.13), conditions of Theorem 1,

Gronwall’s lemma and from (3.16) implies that

[+ 196 4 e + V6™ + jo? + 67 ] ot

Qr

d
+/|V9§”|2d:vdt+/( (|ut|
Qr

-

(it

-

2
)) da di+

2
em)) dedt < Cp, 7€ (0,T), (3.17)

where C; is a positive constant independent of m.

We still can obtain from (3.11), (3.17) the following subsequences u™

as the original sequences):

u™ —u k-weak in
Uyt — Uy x-weak in
upy — U x-weak in
0" — 0 x-weak in
07" — 0, k-weak in
[l P20 — 4y weakly in
|9m|q_26‘m — 1y weakly in

,0™ (still denoted

L>=(0,T; H*(Q) N H (Q)),

L>=(0,T; H3()) and weakly in L?(Qr),
L>®(0,T; L*(2),

L>(0,T; Hy(Q)) and weakly in LY(Qr),
L>=(0,T; L)),

L/ e=Y(Qr),

LY@=D(Qr). (3.18)
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By Lions’ compactness theorem (cf. Lions [7, p.70, theorem 5.1])

uyt — uy strongly in L*(Qr) and a.e. in Qr,
0m — 6 strongly in L*(Qr) and a.e. in Qr (3.19)

as m — oo. From (3.18), (3.19) and Lions’ lemma 1.3 (cf. Lions [7, p.25, lemma 1.3])
Y1 = |ue|P"?uy and g = [0]P726.

Remark 2. Moreover,

%(|u§”|%2u;”) bounded in L2(Qr),
)

= (|9m|-"5—29m) bounded in L%(Qr).

To complete the proof of the Theorem 1, we shall show that the pair of functions (u,#)
is a generalized solution of problem (2.1)-(2.4). From (3.1), (3.2) we obtain the following
system of equations

n
/u?vmo dx—/ui”(gc)vmo dac—i—/[—u%”vl”“ + E aij (t, 2)ug, v+
Qr Qo Qr hj=1
n

+ Zai(t, T)ug o™ + Zbi(t, )0 0™ + ag(t, w)u ™0+ (3.20)
i=1 i=1

+ ay(t, z)0™v™° + (1, a:)|u;”|p72u;”vm“} dx dt = / f1(t, z)v™0 dx dt,

Qr
/ [Hmwmo + Z cij(t, x)0g wy'* + Zci(t,x)u;”w;’zo + Zdi(t, T)uy w0+
Or ij=1 i=1 i=1
+ Z ei(t, )0 w™ + Bo(t, x)u™w™" + By (t, 2)0™ w4 (3.21)
i=1
+ Y2 (t, 2)|0™ |90 w™ ] da dt = / fo(t, z)w™ dx dt, v™,w™ € Wy, .
Qr

Since v™0, w™ is a "basis" HE () N H2(Q) N L2max{r.ah)=1(Q) by denseness it follows
that the last two equations are true for all v™0, w™ € W,,. Taking limits in (3.20)-
(3.21) as m — oo, using the fact that Hg(Q) N H?(Q) N L2max{r.ah)=1(Q) is dense in
HY(Q) N L2max{p.a)=1(Q) we obtain that (u,) satisfy (2.1), (2.2). By Lemma 1.2 [7,
p-20] {u,u;} € C(0,T;L*(Q)), whenever {u,u;,uys} € L*(Qr). Also by Lemma 1.2 |7,
p.20] 0 € C(0,T; L?*(9)), whenever {0,0,} € L*(Qr).

It is easy to show, that the initial conditions hold. Using (3.18) and Lemma 1.2
[7, p-20] we see that u™(0,2) — u(0,z), 6™(0,2) — 6(0,z) weakly in L?(2). As a
result of the fact that u™(0,z2) = uf'® — wp in H?(Qy) N HE(Qp) and 65F — 6y in
H?(Q0) N H(Q0) N L2@=D(Qy) implyies the first and the third terms of (2.4).
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Next, due to (3.18) [uffw™ dz — [wuyw™ dz xweakly in L*>°(0,T), consequently
) )
(cf. lemma 1.2, [7, ¢.20] with X =R) we have

/u;”(O,gc)w’C dx — /utwlC dx

Qo Q

= /u,g(O,gc)w’C dx,

t=0

and, inasmuch as fQo u(0,z)w® do — [, uiw® dz, because uf" — wy in Hj(Q0)N
NL2P=1)(Qy), we obtain

/u,g(O,:zc)w]C dx = /ulwk dx for any k € N.

Qo Q0

This implies the second term of (2.4).
Hence, (u, 0) is a generalized solution of problem (2.1)-(2.4). The proof of the Theorem
is complete.

Remark 3. First and third parts of (2.3) follows from belonging w and 6 to
L>(0,T; Hy(Q))-

Corollary 1. (smoothness of solution). Suppose that conditions of Theorem 1 are
fulﬁlled MOT@OU@T, {aijzka Cij:rka aimkv b’izkv Cimka ) d’izkv eizkv O‘Ozkv O‘lmkv BOI;C?
Blmka 711k3 ’YQIk}eLOO(QT)a k::lv"'an and

2n

n—2’

D,q < n > 2; p,q is an arbitrary when n =1,2. (3.22)
Under these assumptions, the generalized solution of problem (2.1)-(2.4) is the solution
almost everywhere on Qr.

Proof. In similar a way to Theorem 1 we will use the Faedo-Galerkin method with
choosing a special "basis". Let w* are eigenfunctions of Dirichlet problem for operator
—A:

—Awk = ¥, w* =0 on 09.

Suppose that the boundary of € is sufficiently smooth in such way that w* € H?(Q), w* €
H}(Q) and w? € L2max{p.a}=1) egpecially 9Q C C?. Choose u, ,ul, 07" € [w', ..., w™]
in such a way, that uZ* — ug strongly in H?(Qo) N Hg (), 05 — 6 strongly in H?(Q0)N
NH(Q0) N L2~y — uy strongly in H (Q) N L2~

Therefore by chosen "basis", in system (2.5)-(2.6), which is local soluble in some
interval [0,¢™], we will multiply the first equation by the function —Au}"(¢,z) and the
second equation by the function —A#™(t, z), integrating over ¢ from 0 to 7, 0 < 7 <
< t™ < T. Taking into account (3.22) it follow that H?(Q) N HE(Q) N L2(maxip.ai=1) jg
dense in Hg(£2), hence this operation is true.
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In the same manner as Theorem 1 and using Gronwall’s lemma, we conclude that

/[|vu 2 1 [ A" + a0l Vg ? + [VO™?] dx+/|A6’m|d:vdt+
Q- Q-

+”y1/za )

o m m oo™
+72/axi,z o™ (929 )8—dacdt Cs, (3.23)
- i=1

where Cs is a positive constant independent of m.

From transformations, we have

m/Za |Ut|p2m) /i(

71/Z< (lur |z )>d:cdt,

_ D = mia—2 s 00™ o a=2 00
vg/a—xiZ(w 729 )8—Iidxdt —172/Z<9 |2 )d:vdt

o) =1

)ddt

n

w!Z(

-

)> dz dt. (3.24)

Comparing (3.23) and (3.24), it follows that

/ [|Vu;”|2 + | Au™ 2 + ag| Vg |* + |V9m|2] dzr + / |AO™| dx dt+
Q- QT

479—171/2( (u |22 ))d:vdt—i—

+ 4( Q/Zn:( |9m|—9m)) da dt < Cs. (3.25)

Q. =1
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From last inequality, we obtain that

(U;n)meN is bounded in L*°(0, T} H&(Q)),
(um)meN is bounded in LOO(O’ j“7 H2(Q))’
(0" )mer is bounded in L(0,T; H*(2) N HJ(%),

< 0 (|u;n|%2u;n)> is bounded in L2(Q) (i=1,...,n),

6$i meN
(i (|9m|%9m)) is bounded in L3(Q) (i=1,...,n), (3.26)
8Ii meN

The second result in (3.26) follows from the statement: A¢ > C||¢[| g2 (), where
¢ € H(Q), Ag € L?(Q2), and true for a regular boundary 9.

Hence, from Theorem 1 and (3.26) the generalized solution of problem (2.1)-(2.4) is
the solution almost everywhere on Qr

Remark 4. In view of (3.26) and Remark 2. we have |u|?=2)/2u, € HY(Qr),
16]9=2/26 € HY(Qr).

4. Uniqueness of solution.

Theorem 2. Suppose that conditions (A)—(E), (G) hold. Then the generalized solution
of initial-boundary value problem (2.1) — (2.4) is unique.

Proof. If (u*,0%), (u?,0?) are solutions of (2.1)-(2.4), then the pair of functions
(u,0) = (u! —u?, 0! — 6?) satisfies

n n
/ |ug|* da + / [—|ut|2 + Z i (b, T)Ue, Uie; + Zai(t,x)uziut—i—
G Or i,j=1 i=1

n

+ Zbi(t, )0z, up + ao(t, x)uwy + oq (¢, 2)0u+

=1
(o) [(uf =2 = [u?P~2ud) (uf — )] | dodt =0, (4.1)
/|9|2 dz + / 0P+ S ey (1 )asba, + 3 erlt )b
G Or i,j=1 i=1
+ idi(t, x)ug, 0+ i ei(t,x)0.,0 + Bo(t, x)ub+
=1 i=1
+ Bi(t, 2)[0]° + 2 (t, z) [|017720" — |6%|7726%(0" — 6*)]] dx dt = 0. (4.2)

Using the estimates from Theorem 1, it is easy to find estimates of terms 1-6 for the first
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equation and terms 1-7 for the second equation. Moreover, from monotonicity, we get

[ ) [t 2t = jadpu)(u — )] do e >0,
QT

/72(15,@) [[6Y9-20" — [627-26%(0" — 02)] da dt > 0.
QT

Thus, from (4.1), (4.2) in similar way to (3.11) we obtain estimate

/[|u|2+|ut|+|Vu|+|9|2] dx+/|Vt9|2d:cdt+
Q- Q-
+71/|Ut|pd$dt+%/|9|qdmdt<0
Q- o

for any 7 € (0,7).
Finally, according to Gronwall’s inequality it follows that u = 0, § = 0 on 7. Hence,
Theorem 2 is established.
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