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The purpose of this paper is to establish existene and uniqueness of solution of

a nonlinear oupled system with variable oe�ients of a nonlinear equation with the

seond order time derivative and a nonlinear equation with the �rst time derivative

in a bounded domain of R
n

with smooth boundary.
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1. Problems for evolution system with the time variable derivatives of di�erent orders

is onsidered by many authors [1℄, [2℄. Spei�ally, in domains whih are bounded

by spatial variables, the mixed problems for semilinear evolution oupled system wi-

th internal damping are quite well studied in [1℄ and there are established existene,

uniqueness, and asymptoti behavior of solutions. Messaoudi [3℄ onsidered a multidi-

mensional semilinear system of thermoelastiity and showed that the energy of any weak

solution blows up in �nite time if the initial energy is negative. Clark and Lima in [4℄

studied the existene of weak solutions of the nonlinear unilateral mixed problem.

The non-linearity |v|ρv usually appears in relativisti quantum mehani (see Shi� [5℄

or Segal [6℄), and has been onsidered by various authors for hyperboli, paraboli and

ellipti equations. Lions [7℄ studied the wave equation with the same non-linearity, i.e.,

|v|ρv, in a smooth-bounded-open domain Ω of R
n
with n ∈ N and proved existene and

uniqueness of solution using Faedo-Galerkin's and ompatness' methods.

Clark at al [2℄ investigated system (2.1)-(2.2) with equal to zero and feedbak-

homogeneous onditions over a part of the boundary. They established global existene

of strong and weak solutions by Faedo-Galerkin's method using a partiular basis of the

spae H1
0 (Ω)∩H2(Ω) introdued by Medeiros & Milla Miranda in [9℄ and the exponenti-

al stability of total energy assoiated to the weak solution using Komornik-Zuazua's

method [10℄.
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In this artile we study the initial boundary value problem for nonlinear evolution

oupled system. Based in the theory developed in the papers of Clark at al [2℄ and

Lions [7℄ (Theorems 1.1, 1.2 and 1.3), we will prove that problem (2.1)-(2.4) has a unique

solution.

The outline of this artile is as follows. In Setion 2 the basi notations are laid out

and existene of solution of nonlinear evolution oupled system in bounded domain are

issued, existene and uniqueness of problem is aired in Setions 3, 4.

2. Problem formulation. Let Ω be any bounded domain in ∈ R
n
with regular in

Calderon's sense [11℄ boundary ∂Ω and let T be a positive number, QT = (0, T )×Ω, 0 <

< T < +∞, Qt1,t2 = (t1, t2)×Ω, {t1, t2} ∈ [0, T ], t1 < t2; Qτ = Q0,τ ; Ωτ = {t = τ}∩QT ;

ST = (0, T )× ∂Ω.

We will onsider the following problem in the domain QT :

utt(t, x) −

n
∑

i,j=1

(aijuxi
(t, x))xj

+

n
∑

i=1

ai(t, x)uxi
(t, x) +

n
∑

i=1

bi(t, x)θxi
+

+ α0(t, x)u(t, x) + α1(t, x)θ(t, x) + γ1(t, x)|ut|
p−2ut = f1(t, x), (2.1)

θt(t, x) −
n
∑

i,j=1

(cijθxi
(t, x))xj

−
n
∑

i=1

(ci(t, x)ut)xi
+

n
∑

i=1

di(t, x)uxi
(t, x)+

+
n
∑

i=1

ei(t, x)θxi
+ β0(t, x)u(t, x) + β1(t, x)θ(t, x) + γ2(t, x)|θ|

q−2θ = f2(t, x) (2.2)

with boundary

u(x, t) = 0, θ(x, t) = 0 on ST (2.3)

and initial

u(0, x) = u0(x), ut(0, x) = u1(x), θ(0, x) = θ0(x) on Ω (2.4)

onditions. Here p, q ∈ (2,+∞).

We will make the following assumptions onerning the oe�ients, nonhomogeneous

terms and initial data of problem (2.1)-(2.4):

(A) {aij , aijt} ∈ L∞(QT ), aij(t, x) = aji(t, x) almost everywhere in QT ;

a0|ξ|
2

6

n
∑

i,j=1

aij(t, x)ξiξj 6 a0|ξ|2

a.e. for (t, x) ∈ QT and for every ξ ∈ R
n
, a0 and a0

are positive onstants;

(C) {cij , cijt} ∈ L∞(QT ), cij(t, x) = cji(t, x) almost everywhere in QT ;

c0|ξ|
2

6

n
∑

i,j=1

cij(t, x)ξiξj 6 c0|ξ|2

a.e. for (t, x) ∈ QT and for every ξ ∈ R
n
, c0 and c0 are positive onstants;
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(D) {ai, , ait, bi, bit, ci, cit, di, dit, ei, eit} ∈ L∞(QT );

(E) α0, α0t, α1, β0, β1 ∈ L∞(QT );

(F) {f1, f2, f1t, f2t} ∈ L2(QT ), u0 ∈ H2(Ω0) ∩H
1
0 (Ω0), u1 ∈ H1

0 (Ω0) ∩ L
2(p−1)(Ω0),

θ0 ∈ H2(Ω0) ∩H
1
0 (Ω0) ∩ L

2(q−1)(Ω0);

(G) γ1, γ2 ∈ L∞(QT ); γ1(t, x) > γ̃1, γ2(t, x) > γ̃2 almost everywhere in QT , γ̃1 i γ̃2

are positive onstants.

De�nition 1. A pair of funtions (u, θ), whih u ∈ L2(0, T ;H2(Ω) ∩ H1
0 (Ω))∩

∩C(0, T ;L2(Ω)), ut ∈ L2(0, T ;H1
0(Ω)) ∩ Lp(QT ) ∩ C(0, T ;L2(Ω)), θ ∈ L2(0, T ;H2(Ω)∩

∩H1
0 (Ω))∩Lq(QT )∩C(0, T ;L2(Ω)), is said to be a generalized solution of problem (2.1)-

(2.4) if (u, θ) satis�es

∫

ΩT

utv dx−

∫

Ω0

u1(x)v dx+

∫

QT

[

−utvt +

n
∑

i,j=1

aij(t, x)uxi
vxj

+

+

n
∑

i=1

ai(t, x)uxi
v +

n
∑

i=1

bi(t, x)θxi
v + α0(t, x)uv+

+ α1(t, x)θv + γ1(t, x)|ut|
p−2utv

]

dx dt =

∫

QT

f1(t, x)v dx dt, (2.5)

∫

QT

[

θtw +
n
∑

i,j=1

cij(t, x)θxi
wxj

+
n
∑

i=1

ci(t, x)utwxi
+

n
∑

i=1

di(t, x)uxi
w+

+
n
∑

i=1

ei(t, x)θxi
w + β0(t, x)uw + β1(t, x)θw+

+ γ2(t, x)|θ|
q−2θw

]

dx dt =

∫

QT

f2(t, x)w dx dt (2.6)

for all v, w ∈ C∞(0, T ;C∞
0 (Ω)) and initial onditions u(0, x) = u0(x), θ(0, x) = θ0(x).

3. Existene of solution.

Theorem 1. Let assumptions (A) − (G) hold and {aijtt, cijtt, α1t, β0t, β1t, γ1t, γ1tt,

γ2t, γ2tt} ∈ L∞(QT ). Then problem (2.1)-(2.4) has a generalized solution (u, θ).

Remark 1. Equations (2.1) and (2.2) are given in sense of distributions.

Proof. To show the existene of generalized solution of problem (2.1)-(2.4) we will

use the Faedo-Galerkin method. We onsider (wk)k∈N a omplete sequene of linearly

independent dense everywhere in H2(Ω) ∩ H1
0 (Ω) ∩ L2(max{p,q}−1)(Ω) set of funtions

("basis") whih are orthonormal in L2(Ω). Denote Wm = [w1, w2, . . . , wm] the subspae

of H2(Ω)∩H1
0 (Ω)∩L2(max{p,q}−1)(Ω) spanned by the m �rst vetors of (wk)k∈N. Let us
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onsider sequenes

um(t, x) =
m
∑

k=1

cmk (t)vm(x), θm(t, x) =
m
∑

l=1

zm
l (t)wm(x)

for vk, wl, k, l = 1, . . . ,m belonging to Wm. The approximated system assoiated to

system (2.1)-(2.2), where cmk and zm
l are solutions to the Cauhy problem, is given by

∫

Ω

[

um
tt v

k +

n
∑

i,j=1

aij(t, x)u
m
xi
vk

xj
+

n
∑

i=1

ai(t, x)u
m
xi
vk +

n
∑

i=1

bi(t, x)θ
m
xi
vk + α0(t, x)u

mvk+

+ α1(t, x)θ
mvk + γ1(t, x)|u

m
t |p−2um

t v
k
]

dx =

∫

Ω

f1(t, x)v
k dx, (3.1)

∫

Ω

[

θm
t w

l +

n
∑

i,j=1

cij(t, x)θ
m
xi
wl

xj
+

n
∑

i=1

ci(t, x)u
m
t w

l
xi

+

n
∑

i=1

di(t, x)u
m
xi
wl+

+

n
∑

i=1

ei(t, x)θ
m
xi
wl + β0(t, x)u

mwl + β1(t, x)θ
mwl+

+ γ2(t, x)|θ
m|q−2θmwl

]

dx =

∫

Ω

f2(t, x)w
l dx, t ∈ (0, T ), (3.2)

um(0) = um
0 , u

m
t (0) = um

1 , θ
m(0) = θm

0 , 1 6 k, l 6 m, (3.3)

where vk
and wl

belong to Wm.

From (3.3) we see that um
0 , u

m
1 , θ

m
0 belong to Wm and satisfy

um
0 −→ u0 strongly in H2(Ω0) ∩H

1
0 (Ω0), (3.4)

θm
0 −→ θ0 strongly in H2(Ω0) ∩H

1
0 (Ω0) ∩ L

2(q−1)(Ω0), (3.5)

um
1 −→ u1 strongly in H1

0 (Ω0) ∩ L
2(p−1)(Ω0). (3.6)

Thus, from the onditions of the theorem we an onlude that the funtions (u, θ)

satisfy the onditions of Caratheodory Theorem [12, p.54℄. Then there exists onti-

nuously di�erentiable solution of problem (3.1)-(3.3) whih is determined in some interval

[0, tm], tm 6 T and has absolutely ontinuous derivative. This interval will be extended

to any interval (0, T ) thanks to the �rst estimate below.

Estimate I.We will multiply equation (3.1) by the funtions cmkt(t) and equation (3.2)

by the funtions zm
l (t) respetively, summing over k and l from 1 to m respetively and
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integrating over t from 0 to τ, 0 < τ < tm. We get

∫

Qτ

[

um
ttu

m
t +

n
∑

i,j=1

aij(t, x)u
m
xi
um

txj
+

n
∑

i=1

ai(t, x)u
m
xi
um

t +

n
∑

i=1

bi(t, x)θ
m
xi
um

t +

+ α0(t, x)u
mum

t + α1(t, x)θ
mum

t + γ1(t, x)|u
m
t |p
]

dx dt =

∫

Qτ

f1u
m
t dx dt, (3.7)

∫

Qτ

[

θm
t θ

m +
n
∑

i,j=1

cij(t, x)θ
m
xi
θm

xj
+

n
∑

i=1

ci(t, x)u
m
t θ

m
xi

+
n
∑

i=1

di(t, x)u
m
xi
θm+

+
n
∑

i=1

ei(t, x)θ
m
xi
θm + β0(t, x)u

mθm + β1(t, x)θ
mθm+

+ γ2(t, x)|θ
m|q
]

dx dt =

∫

Qτ

f2θ
m dx dt. (3.8)

Let us transform and establish estimates for every term in (3.7) using assumptions of

the Theorem 1. It is easy to show that

Ia
1 =

∫

Qτ

um
ttu

m
t dx dt =

1

2

∫

Ωτ

|um
t |2 dx−

1

2

∫

Ω0

|um
1 |2 dx.

By assumption (A), we have

Ia
2 =

∫

Qτ

n
∑

i,j=1

aij(t, x)u
m
xi
um

xjt dx dt >
a0

2

∫

Ωτ

|∇um|2 dx−
a0

2

∫

Ω0

|∇um
0 |2 dx−

−
a1

2

∫

Qτ

|∇um|2 dx dt, where a1 = ess sup
QT

n
∑

i,j=1

|aijt(t, x)|
2.

From (D) we obtain

Ia
3 =

∫

Qτ

n
∑

i=1

ai(t, x)u
m
xi
um

t dx dt 6
1

2

∫

Qτ

[

νaδ
a
0 |∇u

m|2 +
1

δa
0

|um
t |2
]

dx dt,

Ia
4 =

∫

Qτ

n
∑

i=1

bi(t, x)θ
m
xi
um

t dx dt 6
1

2

∫

Qτ

[

νbδ
a
1 |∇θ

m|2 +
1

δa
1

|um
t |2
]

dx dt,

where νa = max
i

ess supQT
|ai(t, x)|

2
, νb = max

i
ess supQT

|bi(t, x)|
2
, δa

0 > 0, δa
1 > 0 � any

onstants.
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By assumption (E) we �nd

Ia
5 =

∫

Qτ

α0(t, x)u
mum

t dx dt >
1

2

∫

Qτ

(

2να0
δa
2T

2 +
1

δa
2

)

|um
t |2 dx dt+

+ να0
δa
2T

∫

Ω0

|um
0 | dx, where να0

= ess sup
QT

|α0(t, x)|
2, δa

2 > 0,

sine

∫

Qτ

u2(t, x) dx dt 6 2T

∫

Ω0

u2
0(x) dx+ 2T 2

∫

Qτ

u2
t (t, x) dx dt. (3.9)

Next

Ia
6 =

∫

Qτ

α1(t, x)θ
mum

t dx dt 6
1

2

∫

Qτ

[

να1
δa
3 |u

m
t |2 +

1

δa
3

|θm|2
]

dx dt,

where να1
= ess supQT

|α1(t, x)|
2
, δa

3 > 0.

From (F), (G) we get

Ia
7 =

∫

Qτ

γ1(t, x)|u
m
t |p dx dt > γ̃1

∫

Qτ

|um
t |p dx dt,

Ia
8 =

∫

Qτ

f1u
m
t dx dt 6

1

2

∫

Qτ

[

δa
4 |f1|

2 +
1

δa
4

|um
t |2
]

dx dt, δa
4 > 0.

Constants δa
k > 0, k = 0, . . . , 4.

Estimates of terms 1, 3− 5, 7, 8 from (3.8) an be obtained similarly to the estimates

Ia
1 , I

a
3 − Ia

5 , I
a
7 , I

a
8 . Making use of (C) we onlude that

Ic
2 =

∫

Qτ

n
∑

i,j=1

cij(t, x)θ
m
xi
θm

xj
dx dt > c0

∫

Qτ

|∇θm|2 dx dt.

From assumption (E) and inequality (3.9) we get

Ic
6 =

∫

Qτ

β0(t, x)u
mθm dx dt 6 νβ0

δc
3T

2

∫

Qτ

|um
t |2 dx dt+

+
1

2δc
3

∫

Qτ

|θm|2 dx dt+ νβ0
δc
3T

∫

Ω0

|um
0 | dx,

where δc
3 > 0, νβ0

= ess supQT
|β0(t, x)|

2
.
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Putting the estimates of all terms into (3.7)-(3.8) we obtain inequality

∫

Ωτ

[

|um|2 + |um
t |2 + a0|∇u

m|2 + |θm|2
]

dx+

+ (2c0 − νbδ
a
1 − νcδ

c
0 − νeδ

c
2)

∫

Qτ

|∇θm|2 dx dt+ γ̃1

∫

Qτ

|um
t |p dx dt+

+ γ̃2

∫

Qτ

|θm|q dx dt 6

∫

Ω0

[

(2να0
δa
2T + 2νβ0

δc
3T )|um

0 |2 + |um
1 |2+

+ a0|∇u0|
2 + |θm

0 |2
]

dx+

∫

Qτ

[

δa
4 |f1|

2 + δc
4|f2|

2
]

dx dt+

+

∫

Qτ

[

2T |um|2 +

(

να0
δa
2T

2 + νβ0
δc
3T

2 + να1
δa
3 +

3
∑

k=0

1

δa
k

+
1

δc
0

)

|um
t |2+

+
(

a1 + νaδ
a
0 + νdδ

c
1

)

|∇um|2 +

(

1

δa
3

+

4
∑

k=1

δc
k

)

|θm|2

]

dx dt, (3.10)

where δa
0 − δa

4 and δc
0 − δc

4 are any positive onstants. Now hoose onstants δa
1 , δ

c
0, δ

c
2 in

suh a way that the following ondition holds: 2c0 − νbδ
a
1 − νcδ

c
0 − νeδ

c
2 > 0.

Thus applying Gronwall's lemma from (3.10) we obtain

∫

Ωτ

[

|um|2 + |um
t |2 + |∇um|2 + |θm|2

]

dx +

∫

Qτ

|∇θm|2 dx dt+

+ γ̃1

∫

Qτ

|um
t |p dx dt+ γ̃2

∫

Qτ

|θm|q dx dt 6 C1

[

∫

Qτ

[

|f1|
2 + |f2|

2
]

dx dt+

+

∫

Ω0

[

|um
0 |2 + |um

1 |2 + |∇um
0 |2 + |θm

0 |
]

dx

]

6 C, τ ∈ (0, T ), (3.11)

where C1, C are positive onstants independent of m.

Next, in system (3.1)-(3.2) we will multiply the �rst equation (3.1) by cmktt(0), and

the seond equation (3.2) by zm
lt (0) as t = 0. Beause of the hoie of "basis" we have

∫

Ω0

|um
tt (0, x)|

2 dx 6 C2

∫

Ω0

(

a0
n
∑

i=1

|um
0xixi

|2 + νa

n
∑

i=1

|um
0xixi

|2 + νb|∇θ
m
0 |2+

+ να0
|um

0 |2 + να1
|θm

0 |2 + γ̃1|u
m
1 |2(p−1) + |f1(0, x)|

2

)

dx 6 C3, (3.12)
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∫

Ω0

|θm
t (0, x)|2 dx 6 C4

∫

Ω0

(

c0
n
∑

i=1

|θm
0xixi

|2 + µc|∇u
m
1 |2 + νd|∇u

m
0 |2 + νe|∇θ

m
0 |2+

+ νβ0
|um

0 |2 + νβ1
|θm

0 |2 + γ̃2|θ
m
0 |2(q−1) + |f2(0, x)|

2

)

dx 6 C5, (3.13)

where C2, C4 are positive onstants independent of m, and from (3.4)-(3.6) and system

(3.1)-(3.2) there are positive onstants C3, C5 independent of m suh that right-hand-

side integrals of (3.12), (3.13) are bounded.

Estimate II. Di�erentiating equations (3.1) and (3.2) with respet to t, multiplying

the �rst equations (3.1) by cmktt(t) and the seond equations (3.2) by zm
lt (t) respetively,

summing over k and l respetively, integrating over t from 0 to τ , 0 < τ < tm 6 T , we

get

∫

Qτ

[

um
tttu

m
tt +

n
∑

i,j=1

aij(t, x)u
m
txi
um

ttxj
+

n
∑

i,j=1

aijt(t, x)u
m
xi
um

ttxj
+

n
∑

i=1

ai(t, x)u
m
txi
um

tt +

+

n
∑

i=1

ait(t, x)u
m
xi
um

tt +

n
∑

i=1

bi(t, x)θ
m
txi
um

tt +

n
∑

i=1

bit(t, x)θ
m
xi
um

tt +

+ α0(t, x)u
m
t u

m
tt + α0t(t, x)u

mum
tt + α1(t, x)θ

m
t u

m
tt + α1t(t, x)θ

mum
tt +

+ (p− 1)γ1(t, x)|u
m
t |p−2(um

tt )
2 + γ1t(t, x)|u

m
t |p−1um

t u
m
tt−

− f1t(t, x)u
m
tt

]

dx dt = 0, (3.14)

∫

Qτ

[

θm
tt θ

m
t +

n
∑

i,j=1

cij(t, x)θ
m
txi
θm

txj
+

n
∑

i,j=1

cijt(t, x)θ
m
xi
θm

txj
+

n
∑

i=1

ci(t, x)u
m
tt θ

m
txi

+

+

n
∑

i=1

ci(t, x)u
m
t θ

m
txi

+

n
∑

i=1

di(t, x)u
m
txi
θm

t +

n
∑

i=1

dit(t, x)u
m
xi
θm

t +

+

n
∑

i=1

ei(t, x)θ
m
txi
θm

t +

n
∑

i=1

eit(t, x)θ
m
xi
θm

t + β0(t, x)u
m
t θ

m
t + β0t(t, x)u

mθm
t +

+ β1(t, x)|θ
m
t |2 + β1t(t, x)θ

mθm
t + (q − 1)γ2(t, x)|θ

m|q−2(θm
t )2+

+ γ2t(t, x)|θ
m|q−1θmθm

t − f2t(t, x)θ
m
t

]

dx dt = 0. (3.15)

Now, we are going to make transform on the all terms of equations (3.14) -(3.15) using

assumptions (A)−(G) and onditions of Theorem 1. Owing to the fat that (3.11), (3.12)

estimates of terms 2, 4 − 11, 14 for equation (3.14) an be obtained similarly to the
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estimates from equation (3.7). Estimates of other terms of system (3.14) are

Ja
1 =

∫

Qτ

um
tttu

m
tt dx dt =

1

2

∫

Ωτ

|um
tt |

2 dx−
1

2

∫

Ω0

|um
tt (0, x)|

2 dx,

Ja
3 =

∫

Qτ

n
∑

i,j=1

aijt(t, x)u
m
xi
um

ttxj
dx dt >

1

2

∫

Ω0

[

ν1
a |∇u

m
1 |2 + a1|∇um

0 |
]

dx−

− a1

∫

Qτ

|∇um
t |2 dx dt−

1

2

∫

Qτ

[

a2δa
5 |∇u

m
t |2 +

1

δa
5

|∇um|2
]

dx dt,

ν1
a = ess sup

Ω0

n
∑

i,j=1

|aijt(0, x)|
2, a2 = ess sup

QT

n
∑

i,j=1

|aijtt(t, x)|
2, δa

5 > 0,

Ja
12 = (p− 1)

∫

Qτ

γ1(t, x)|u
m
t |p−2(um

tt )
2 dx dt >

> γ̃1
4(p− 1)

p2

∫

Qτ

[

(

d

dt

(

|um
t |

p−2

2 um
t

)

)2
]

dx dt,

Ja
13 =

∫

Qτ

γ1t(t, x)|u
m
t |p−2um

t u
m
tt dx dt >

µγ1

p

∫

Ωτ

|um
t |p dx−

ν1
γ1

p

∫

Ω0

|um
1 |p dx−

−
µ1

γ1

p

∫

Qτ

|um
t |p dx dt, ν1

γ1
= ess sup

Ω0

|γ1t(0, x)|
2, µ1

γ1
= ess sup

QT

|γ1tt(t, x)|
2.

In view of the fat that (3.11) and (3.13), estimates of terms 4− 13, 16 from (3.15) an

be obtained similarly to the estimates from equality (3.8). In fat, we an easily see that

estimates of other terms from equality (3.15)

Jc
1 =

∫

Qτ

θm
tt θ

m
t dx dt =

1

2

∫

Ωτ

|θm
t |2 dx−

1

2

∫

Ω0

|θm
t (0, x)|2 dx,

Jc
2 =

∫

Qτ

n
∑

i,j=1

cij(t, x)θ
m
txi
θm

txj
dx dt > c0

∫

Qτ

|∇θm
t |2 dx dt,
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Jc
3 =

∫

Qτ

n
∑

i,j=1

cijt(t, x)θ
m
xi
θm

txj
dx dt >

c1

2

∫

Ωτ

|∇θm|2 dx −
ν1

c

2

∫

Ω0

|∇θm
0 |2 dx dt−

−
c2

2

∫

Qτ

|∇θm|2 dx dt, ν1
c = ess sup

Ω0

n
∑

i,j=1

|cijt(0, x)|
2,

c1 = ess sup
QT

n
∑

i,j=1

|cijt(t, x)|
2, c2 = ess sup

QT

n
∑

i,j=1

|cijtt(t, x)|
2.

Also observe that

Jc
14 = (q − 1)

∫

Qτ

γ2(t, x)|θ
m|q−2(θm

t )2 dx dt >

> γ̃2
4(q − 1)

q2

∫

Qτ

[

(

d

dt

(

|θm|
q−2

2 θm
)

)2
]

dx dt,

Jc
15 =

∫

Qτ

γ2t(t, x)|θ
m|q−2θmθm

t dx dt >
µγ2

q

∫

Ωτ

|θm|q dx−
ν1

γ2

q

∫

Ω0

|θm
0 |q dx−

−
µ1

γ2

q

∫

Qτ

|θm|q dx dt, ν1
γ2

= ess sup
Ω0

|γ2t(0, x)|
2, µ1

γ2
= ess sup

QT

|γ2tt(t, x)|
2.

Putting the above estimations into (3.14)-(3.15), we obtain inequality

∫

Ωτ

[

|um
tt |

2 + a0|∇u
m
t |2 +

2µγ1

p
|um

t |p + c1|∇θm|2 + |θm
t |2 +

2µγ2

q
|θm|q

]

dx+

+ (2c0 − νbδ
a
6 − νcδ

c
5 − µcδ

c
6 − νeδ

c
7)

∫

Qτ

|∇θm
t |2 dx dt+

+ γ̃1
8(p− 1)

p2

∫

Qτ

(

d

dt

(

|um
t |

p−2

2 um
t

)

)2

dx dt+

+ γ̃2
8(q − 1)

q2

∫

Qτ

(

d

dt

(

|θm|
q−2

2 θm
)

)2

dx dt 6 C6+

+

∫

Qτ

[

δa
10|f1t|

2 + δc
10|f2t|

2
]

dx dt+

∫

Ω0

(

|um
tt (0, x)|

2 + a0|∇um
1 |2 + να0

δa
8 |u

m
1 |2+
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+ a1|∇um
0 |2 +

2ν1
γ1

p
|um

1 |p + |θm
t (0, x)|2 + ν1

β1
|θm

0 |2 +
2ν1

γ2

q
|θm

0 |q
)

dx+

+

∫

Qτ

[

(

δa + να0
δa
8 +

1

δc
4

)

|um
tt |

2 + (a2δa
3 + 2a1 + νaδ

a
4 + νdδ

c
6)|∇u

m
t |2+

+ (νβ0
δc
9 +

1

δc
5

)|um
t |2 +

2µ1
γ1

p
|um

t |p + +(µbδ
a
7 + c2 + µcδ

c
8)|∇θ

m|2+

+ (δc + 2νβ1
+ να1

δa
9 ) |θm

t |2 +
2µ1

γ2

q
|θm|q

]

dx dt, (3.16)

where C6, δ
a
3 > 0, δa

4 > 0, δa
k > 0 (k = 6, . . . , 10), δc

l > 0, (l = 4, . . . , 10), δa > 0, δc > 0

and onstants νβ1
, νd, µb, µc dependent on funtions β1, di, , bit, cit respetively and

de�ned as

νβ1
= ess sup

QT

|β1(t, x)|
2, µb = max

i
ess sup

QT

|bit(t, x)|
2,

µc = max
i

ess sup
QT

|cit(t, x)|
2, µd = max

i
ess sup

QT

|dit(t, x)|
2.

Choose any positive onstants δa
6 , δ

c
5, δ

c
6, δ

c
8 in suh a way that the following ondition

hold: (2c0− νbδ
a
6 − νcδ

c
5 −µcδ

c
6− νeδ

c
7) > 0. From (3.12), (3.13), onditions of Theorem 1,

Gronwall's lemma and from (3.16) implies that

∫

Ωτ

[

|um
tt |

2 + |∇um
t |2 + |um

t |p + |∇θm|2 + |θm
t |2 + |θm|q

]

dx+

+

∫

Qτ

|∇θm
t |2 dx dt+

∫

Qτ

(

d

dt

(

|um
t |

p−2

2 um
t

)

)2

dx dt+

+

∫

Qτ

(

d

dt

(

|θm|
q−2

2 θm
)

)2

dx dt 6 C7, τ ∈ (0, T ), (3.17)

where C7 is a positive onstant independent of m.

We still an obtain from (3.11), (3.17) the following subsequenes um, θm
(still denoted

as the original sequenes):

um → u ∗-weak in L∞(0, T ;H2(Ω) ∩H1
0 (Ω)),

um
t → ut ∗-weak in L∞(0, T ;H1

0 (Ω)) and weakly in Lp(QT ),

um
tt → utt ∗-weak in L∞(0, T ;L2(Ω)),

θm → θ ∗-weak in L∞(0, T ;H1
0 (Ω)) and weakly in Lq(QT ),

θm
t → θt ∗-weak in L∞(0, T ;L2(Ω)),

|um
t |p−2um

t → ψ1 weakly in Lp/(p−1)(QT ),

|θm|q−2θm → ψ2 weakly in Lq/(q−1)(QT ). (3.18)
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By Lions' ompatness theorem (f. Lions [7, p.70, theorem 5.1℄)

um
t → ut strongly in L2(QT ) and a.e. in QT ,

θm → θ strongly in L2(QT ) and a.e. in QT (3.19)

as m → ∞. From (3.18), (3.19) and Lions' lemma 1.3 (f. Lions [7, p.25, lemma 1.3℄)

ψ1 ≡ |ut|
p−2ut and ψ2 ≡ |θ|p−2θ.

Remark 2. Moreover,

∂

∂t

(

|um
t |

p−2

2 um
t

)

bounded in L2(QT ),

∂

∂t

(

|θm|
q−2

2 θm
)

bounded in L2(QT ).

To omplete the proof of the Theorem 1, we shall show that the pair of funtions (u, θ)

is a generalized solution of problem (2.1)-(2.4). From (3.1), (3.2) we obtain the following

system of equations

∫

ΩT

um
t v

m0 dx−

∫

Ω0

um
1 (x)vm0 dx+

∫

QT

[

−um
t v

m0

t +

n
∑

i,j=1

aij(t, x)u
m
xi
vm0

xj
+

+

n
∑

i=1

ai(t, x)u
m
xi
vm0 +

n
∑

i=1

bi(t, x)θ
m
xi
vm0 + α0(t, x)u

mvm0+ (3.20)

+ α1(t, x)θ
mvm0 + γ1(t, x)|u

m
t |p−2um

t v
m0

]

dx dt =

∫

QT

f1(t, x)v
m0 dx dt,

∫

QT

[

θmwm0 +
n
∑

i,j=1

cij(t, x)θ
m
xi
wm0

xj
+

n
∑

i=1

ci(t, x)u
m
t w

m0

xi
+

n
∑

i=1

di(t, x)u
m
xi
wm0+

+

n
∑

i=1

ei(t, x)θ
m
xi
wm0 + β0(t, x)u

mwm0 + β1(t, x)θ
mwm0+ (3.21)

+ γ2(t, x)|θ
m|q−2θmwm0

]

dx dt =

∫

QT

f2(t, x)w
m0 dx dt, vm0 , wm0 ∈ Wm0

.

Sine vm0 , wm0
is a "basis" H1

0 (Ω) ∩H2(Ω) ∩ L2(max{p,q})−1(Ω), by denseness it follows

that the last two equations are true for all vm0 , wm0 ∈ Wm0
. Taking limits in (3.20)-

(3.21) as m → ∞, using the fat that H1
0 (Ω) ∩ H2(Ω) ∩ L2(max{p,q})−1(Ω) is dense in

H1
0 (Ω) ∩ L2(max{p,q})−1(Ω), we obtain that (u, θ) satisfy (2.1), (2.2). By Lemma 1.2 [7,

p.20℄ {u, ut} ∈ C(0, T ;L2(Ω)), whenever {u, ut, utt} ∈ L2(QT ). Also by Lemma 1.2 [7,

p.20℄ θ ∈ C(0, T ;L2(Ω)), whenever {θ, θt} ∈ L2(QT ).

It is easy to show, that the initial onditions hold. Using (3.18) and Lemma 1.2

[7, p.20℄ we see that um(0, x) → u(0, x), θm(0, x) → θ(0, x) weakly in L2(Ω). As a

result of the fat that um(0, x) = um
0 → u0 in H2(Ω0) ∩ H1

0 (Ω0) and θm
0 → θ0 in

H2(Ω0) ∩H
1
0 (Ω0) ∩ L

2(q−1)(Ω0) implyies the �rst and the third terms of (2.4).
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Next, due to (3.18)

∫

Ω

um
ttw

m dx →
∫

Ω

uttw
m dx ∗-weakly in L∞(0, T ), onsequently

(f. lemma 1.2, [7, ñ.20℄ with X = R) we have

∫

Ω0

um
t (0, x)wk dx→





∫

Ω

utw
k dx





∣

∣

∣

∣

∣

t=0

=

∫

Ω

ut(0, x)w
k dx,

and, inasmuh as

∫

Ω0

um
t (0, x)wk dx →

∫

Ω
u1w

k dx, beause um
1 → u1 in H1

0 (Ω0)∩

∩L2(p−1)(Ω0), we obtain

∫

Ω0

ut(0, x)w
k dx =

∫

Ω0

u1w
k dx for any k ∈ N.

This implies the seond term of (2.4).

Hene, (u, θ) is a generalized solution of problem (2.1)-(2.4). The proof of the Theorem

is omplete.

Remark 3. First and third parts of (2.3) follows from belonging u and θ to

L∞(0, T ;H1
0(Ω)).

Corollary 1. (smoothness of solution). Suppose that onditions of Theorem 1 are

ful�lled. Moreover, {aijxk
, cijxk

, aixk
, bixk

, cixk
, , dixk

, eixk
, α0xk

, α1xk
, β0xk

,

β1xk
, γ1xk

, γ2xk
} ∈ L∞(QT ), k = 1, . . . , n and

p, q 6
2n

n− 2
, n > 2; p, q is an arbitrary when n = 1, 2. (3.22)

Under these assumptions, the generalized solution of problem (2.1)-(2.4) is the solution

almost everywhere on QT .

Proof. In similar a way to Theorem 1 we will use the Faedo-Galerkin method with

hoosing a speial "basis". Let wk
are eigenfuntions of Dirihlet problem for operator

−∆:

−∆wk = λwk, wk = 0 on ∂Ω.

Suppose that the boundary of Ω is su�iently smooth in suh way that wk ∈ H2(Ω), wk ∈

H1
0 (Ω) and wk ∈ L2(max{p,q}−1)

, espeially ∂Ω ⊂ C2
. Choose um

0 , , u
m
1 , θ

m
0 ∈ [w1, . . . , wm]

in suh a way, that um
0 → u0 strongly in H

2(Ω0)∩H
1
0 (Ω0), θ

m
0 → θ0 strongly in H

2(Ω0)∩

∩H1
0 (Ω0) ∩ L

2(q−1), um
1 → u1 strongly in H1

0 (Ω0) ∩ L
2(p−1)

.

Therefore by hosen "basis", in system (2.5)-(2.6), whih is loal soluble in some

interval [0, tm], we will multiply the �rst equation by the funtion −∆um
t (t, x) and the

seond equation by the funtion −∆θm(t, x), integrating over t from 0 to τ , 0 < τ <

< tm 6 T . Taking into aount (3.22) it follow that H2(Ω) ∩H1
0 (Ω) ∩ L2(max{p,q}−1)

is

dense in H1
0 (Ω), hene this operation is true.
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In the same manner as Theorem 1 and using Gronwall's lemma, we onlude that

∫

Ωτ

[

|∇um
t |2 + |∆um|2 + α0|∇ut|

2 + |∇θm|2
]

dx+

∫

Qτ

|∆θm| dx dt+

+ γ̃1

∫

Qτ

n
∑

i=1

∂

∂xi

(

|um
t |p−2um

t

) ∂um
t

∂xi
dx dt+

+ γ̃2

∫

Qτ

∂

∂xi

n
∑

i=1

(

|θm|q−2θm
) ∂θm

∂xi
dx dt 6 C8, (3.23)

where C8 is a positive onstant independent of m.

From transformations, we have

γ̃1

∫

Qτ

n
∑

i=1

∂

∂xi

(

|um
t |p−2um

t

) ∂um
t

∂xi
dx dt > (p− 1)γ̃1

∫

Qτ

n
∑

i=1

(

|um
t |

p−2

2

∂um
t

∂xi

)

dx dt =

=
4(p− 1)

p2
γ̃1

∫

Qτ

n
∑

i=1

(

∂

∂xi
(|um

t |
p−2

2 um
t )

)

dx dt,

γ̃2

∫

Qτ

∂

∂xi

n
∑

i=1

(

|θm|q−2θm
) ∂θm

∂xi
dx dt > (p− 1)γ̃2

∫

Qτ

n
∑

i=1

(

|θm|
q−2

2

∂θm

∂xi

)

dx dt =

=
4(q − 1)

q2
γ̃2

∫

Qτ

n
∑

i=1

(

∂

∂xi
(|θm|

q−2

2 θm)

)

dx dt. (3.24)

Comparing (3.23) and (3.24), it follows that

∫

Ωτ

[

|∇um
t |2 + |∆um|2 + α0|∇ut|

2 + |∇θm|2
]

dx+

∫

Qτ

|∆θm| dx dt+

+
4(p− 1)

p2
γ̃1

∫

Qτ

n
∑

i=1

(

∂

∂xi
(|um

t |
p−2

2 um
t )

)

dx dt+

+
4(q − 1)

q2
γ̃2

∫

Qτ

n
∑

i=1

(

∂

∂xi
(|θm|

q−2

2 θm)

)

dx dt 6 C8. (3.25)
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From last inequality, we obtain that

(um
t )m∈N is bounded in L∞(0, T ;H1

0(Ω)),

(um)m∈N is bounded in L∞(0, T ;H2(Ω)),

(θm)m∈N is bounded in L∞(0, T ;H2(Ω) ∩H1
0 (Ω)),

(

∂

∂xi

(

|um
t |

p−2

2 um
t

)

)

m∈N

is bounded in L2(Ω) ( i = 1, . . . , n),

(

∂

∂xi

(

|θm|
q−2

2 θm
)

)

m∈N

is bounded in L2(Ω) ( i = 1, . . . , n), (3.26)

The seond result in (3.26) follows from the statement: ∆φ > C‖φ‖H2(Ω), where

φ ∈ H1
0 (Ω), ∆φ ∈ L2(Ω), and true for a regular boundary ∂Ω.

Hene, from Theorem 1 and (3.26) the generalized solution of problem (2.1)-(2.4) is

the solution almost everywhere on QT

Remark 4. In view of (3.26) and Remark 2. we have |ut|
(p−2)/2ut ∈ H1(QT ),

|θ|(q−2)/2θ ∈ H1(QT ).

4. Uniqueness of solution.

Theorem 2. Suppose that onditions (A)−(E), (G) hold. Then the generalized solution

of initial-boundary value problem (2.1) − (2.4) is unique.

Proof. If (u1, θ1), (u2, θ2) are solutions of (2.1)-(2.4), then the pair of funtions

(u, θ) = (u1 − u2, θ1 − θ2) satis�es

∫

ΩT

|ut|
2 dx+

∫

QT

[

−|ut|
2 +

n
∑

i,j=1

aij(t, x)uxi
utxj

+

n
∑

i=1

ai(t, x)uxi
ut+

+

n
∑

i=1

bi(t, x)θxi
ut + α0(t, x)uut + α1(t, x)θut+

+ γ1(t, x)
[

(|u1
t |

p−2u1
t − |u2

t |
p−2u2

t )(u
1
t − u2

t )
]

]

dx dt = 0, (4.1)

∫

ΩT

|θ|2 dx+

∫

QT

[

−|θ|2 +
n
∑

i,j=1

cij(t, x)θxi
θxj

+
n
∑

i=1

ci(t, x)utθxi
+

+

n
∑

i=1

di(t, x)uxi
θ +

n
∑

i=1

ei(t, x)θxi
θ + β0(t, x)uθ+

+ β1(t, x)|θ|
2 + γ2(t, x)

[

|θ1|q−2θ1 − |θ2|q−2θ2(θ1 − θ2)
]]

dx dt = 0. (4.2)

Using the estimates from Theorem 1, it is easy to �nd estimates of terms 1-6 for the �rst
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equation and terms 1-7 for the seond equation. Moreover, from monotoniity, we get

∫

Qτ

γ1(t, x)
[

(|u1
t |

p−2u1
t − |u2

t |
p−2u2

t )(u
1
t − u2

t )
]

dx dt > 0,

∫

Qτ

γ2(t, x)
[

|θ1|q−2θ1 − |θ2|q−2θ2(θ1 − θ2)
]

dx dt > 0.

Thus, from (4.1), (4.2) in similar way to (3.11) we obtain estimate

∫

Ωτ

[

|u|2 + |ut| + |∇u| + |θ|2
]

dx+

∫

Qτ

|∇θ|2 dx dt+

+ γ̃1

∫

Qτ

|ut|
p dx dt+ γ̃2

∫

Qτ

|θ|q dx dt 6 0

for any τ ∈ (0, T ).

Finally, aording to Gronwall's inequality it follows that u = 0, θ = 0 on QT . Hene,

Theorem 2 is established.
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