
ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.

Ñåðiÿ ìåõ.-ìàò. 2007. Âèï.67. Ñ.191-199 Ser. Me
h.-Math. 2007. Vol.67. P.191-199

ÓÄÊ 517.53

Ï�Î Ò�È×ËÅÍÍÓ ÑÒÅÏÅÍÅÂÓ ÀÑÈÌÏÒÎÒÈÊÓ

ËÎ�À�ÈÔÌÀ ÌÀÊÑÈÌÀËÜÍÎ�Î ×ËÅÍÀ ÖIËÎ�Î

�ßÄÓ ÄI�IÕËÅ

Ëþáîìèðà ËÓ�ÎÂÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1

Äîñëiäæåíî òðè÷ëåííó ñòåïåíåâó àñèìïòîòèêó ëîãàðè�ìà ìàêñèìàëüíîãî

÷ëåíà öiëîãî ðÿäó Äiðiõëå.
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àñèìïòîòèêà.

1. Íåõàé (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë (λ0 = 0), ðÿä

Äiðiõëå

∞
∑

n=0
anezλn , z = σ+it, ¹ öiëèì, à µ(σ) = max{|an| exp(σλn) : n > 0} � éîãî ìàê-

ñèìàëüíèé ÷ëåí. Ó âèïàäêó, êîëè R-ïîðÿäîê öiëîãî ðÿäó Äiðiõëå äîðiâíþ¹ íóëåâi, òî
äëÿ õàðàêòåðèñòèêè çðîñòàííÿ lnµ(σ) ââîäÿòü ëîãàðè�ìi÷íi R-ïîðÿäîê p1 i R-òèï

T1 (çà óìîâè 1 < p1 < ∞) çà �îðìóëàìè p1 = lim
σ→+∞

ln lnµ(σ)

lnσ
, T1 = lim

σ→+∞

lnµ(σ)

σp1
.

Ç îòðèìàíî¨ â [1℄ çàãàëüíî¨ òåîðåìè ïðî óìîâè íà êîå�iöi¹íòè òà ïîêàçíèêè öiëîãî

ðÿäó Äiðiõëå, çà ÿêèõ lnµ(σ) ∼ Φ(σ) (σ → +∞) äëÿ äîäàòíî¨ íåïåðåðâíî¨ îïóêëî¨ íà
(−∞, +∞) �óíêöi¨ Φ, ëåãêî îòðèìàòè, ùî lnµ(σ) ∼ T1σ

p1 (σ → +∞) òîäi i òiëüêè
òîäi, êîëè äëÿ áóäü-ÿêîãî ε > 0:

1) iñíó¹ n0 = n0(ε) òàêå, ùî ln |an| ≤ −T1(p1 − 1)(1 + ε)
(

λn

T1p1

)p1/(p1−1)

äëÿ âñiõ

n ≥ n0;

2) iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

λnk+1

λnk

→ 1

(k → ∞) i ln |ank
| ≥ −T1(p1 − 1)(1 − ε)

(

λnk

T1p1

)p1/(p1−1)

.

Äâî÷ëåííó àñèìïòîòèêó âèãëÿäó lnµ(σ) = T1σ
p1 + (τ + o(1))σp, σ → +∞, äå

0 < p < p1 i τ ∈ R\{0}, ó âèïàäêó, êîëè λn = n (òîáòî äëÿ ñòåïåíåâèõ ðÿäiâ)

âèâ÷åíî â [2℄. Öåé ðåçóëüòàò ìîæíà ïåðåíåñòè íà öiëi ðÿäè Äiðiõëå ç äîâiëüíèìè

ïîêàçíèêàìè. Ôàêòè÷íî, ÿêùî T1 > 0, τ ∈ R \ {0}, p1 > 1 i 0 < p < p1, òî äëÿ

òîãî, ùîá lnµ(σ) = T1σ
p1 + (1 + o(1))τσp, σ → +∞, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ

áóäü-ÿêîãî ε > 0:
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1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
( λn

T1p1

)p1/(p1−1)

+ (τ + ε)
( λn

T1p1

)p/(p1−1)

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −T1(p1 − 1)

( λnk

T1p1

)p1/(p1−1)

+ (τ − ε)
( λnk

T1p1

)p/(p1−1)

i λnk+1
− λnk

= o
(

λ
p1+p−2

2(p1−1)
nk

)

, k → ∞.

Òðè÷ëåííó ñòåïåíåâó àñèìïòîòèêó

lnµ(σ) = T1σ
p1 + T2σ

p2 + (τ + o(1))σp, σ → +∞, (1)

äå p1 > 1, 0 < p < p2 < p1, T1 > 0, T2 ∈ R\{0} i τ ∈ R\{0} äîñëiäæåíî â [3℄, äå

äîâåäåíî òàêó òåîðåìó.

Òåîðåìà A. Äëÿ òîãî, ùîá lnµ(σ) ìàâ òðè÷ëåííó ñòåïåíåâó àñèìïòîòèêó (1),

íåîáõiäíî, à ó âèïàäêó, êîëè p ≥ 2p2 − p1, i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
(

λn

T1p1

)p1/(p1−1)

+ T2

(

λn

T1p1

)p2/(p1−1)

+

+(τ∗ + ε)
(

λn

T1p1

)

max{p, 2p2−p1}
p1−1

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −T1(p1 − 1)

(

λnk

T1p1

)p1/(p1−1)

+ T2

(

λnk

T1p1

)p2/(p1−1)

+

+(τ∗ − ε)
(

λnk

T1p1

)

max{p, 2p2−p1}
p1−1

i λnk+1
− λnk

= o
(

λ
p1+max{p, 2p2−p1}−2

2(p1−1)
nk

)

, ïðè k → ∞, äå

τ∗ = τI{p:p≥2p2−p1}(p) −
(T2p2)

2

2T1p1(p1 − 1)
I{p:p≤2p2−p1}(p),

à IE(p) � õàðàêòåðèñòè÷íà �óíêöiÿ ìíîæèíè E, òîáòî IE(p) = 1, êîëè p ∈ E, i

IE(p) = 0, êîëè p /∈ E .

Êîëè p < 2p2 − p1, óìîâè 1) i 2) ó òåîðåìi À íå äîñòàòíi äëÿ òîãî, ùîá lnµ(σ)

ìàâ òðè÷ëåííó ñòåïåíåâó àñèìïòîòèêó (1). ßêùî p = 2p2 − p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, à

òðåòié ÷ëåí àñèìïòîòèêè â (1) ìà¹ âèãëÿä (τ + o(1))σp = τσp + o(σs) ïðè σ → +∞,

äå s < p, òî òåîðåìó À ìîæíà óòî÷íèòè. Ïðàâèëüíîþ ¹ òàêà òåîðåìà.
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Òåîðåìà B. Íåõàé 2p2 − p1 > 0 i (3p2 − 2p1)(3p2 − 2p1 + 1) 6= 0. Äëÿ òîãî, ùîá

lnµ(σ) = T1σ
p1 + T2σ

p2 +
(T2p2)

2

2T1p1(p1 − 1)
σ2p2−p1 + o(σ3p2−2p1), σ → +∞,

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
(

λn

T1p1

)p1/(p1−1)

+ T2

(

λn

T1p1

)p2/(p1−1)

−

−
(

(3p2−2p1+1)(T2p2)
3

6(T1p1(p1−1))2 − ε
)(

λn

T1p1

)

3p2−2p1
p1−1

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −T1(p1 − 1)

(

λnk

T1p1

)p1/(p1−1)

+ T2

(

λnk

T1p1

)p2/(p1−1)

−

−
(

(3p2−2p1+1)(T2p2)
3

6(T1p1(p1−1))2 + ε
)(

λnk

T1p1

)

3p2−2p1
p1−1

;

i λnk+1
− λnk

= o
(

λ
3p2−p1−2

2(p1−1)
nk

)

, k → ∞.

Òóò ïðîäîâæó¹ìî äîñëiäæåííÿ òðè÷ëåííî¨ ñòåïåíåâî¨ àñèìïòîòèêè ëîãàðè�ìà

ìàêñèìàëüíîãî ÷ëåíà öiëîãî ðÿäó Äiðiõëå ó âèïàäêó, êîëè

(3p2 − 2p1)(3p2 − 2p1 + 1) = 0.

Ïðàâèëüíi òàêi òåîðåìè.

Òåîðåìà 1. Íåõàé p1 > 2. Äëÿ òîãî, ùîá

lnµ(σ) = T1σ
p1 + T2σ

(2p1−1)/3 +
(2p1 − 1)2T 2

2

18T1p1(p1 − 1)
σ(p1−2)/3 + o(σ−(p1+4)/3), σ → +∞,

(2)

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
(

λn

T1p1

)p1/(p1−1)

+ T2

(

λn

T1p1

)(2p1−1)/(3(p1−1))

−

−

(

(p1 + 1)(p1 − 2)(T2p2)
4

216(T1p1(p1 − 1))3
− ε

)

(

λn

T1p1

)−(p1+4)/(3(p1−1))

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −T1(p1 − 1)

(

λnk

T1p1

)p1/(p1−1)

+ T2

(

λnk

T1p1

)(2p1−1)/(3(p1−1))

−

−

(

(p1 + 1)(p1 − 2)(T2p2)
4

216(T1p1(p1 − 1))3
− ε

)

(

λnk

T1p1

)−(p1+4)/(3(p1−1))

i λnk+1
− λnk

= o
(

λ
(p1−5)/(3(p1−1))
nk

)

, k → ∞.
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Òåîðåìà 2. Íåõàé (p1 − 3)(p1 − 6) 6= 0. Äëÿ òîãî, ùîá

lnµ(σ) = T1σ
p1 + T2σ

2p1/3 +
2p1T

2
2

9T1(p1 − 1)
σp1/3 + o(σ−p1/3), σ → +∞,

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −T1(p1 − 1)
(

λn

T1p1

)p1/(p1−1)

+ T2

(

λn

T1p1

)2p1/(3(p1−1))

−
4T 3

2

81T 3
1 (p1−1)3

−

−

(

2p1(p1 − 3)(p1 − 6)T 4
2

2187T 3
1 (p1 − 1)3

− ε

)

(

λn

T1p1

)−p1/(3(p1−1))

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −T1(p1 − 1)

(

λnk

T1p1

)p1/(p1−1)

+ T2

(

λnk

T1p1

)(2p1−1)/(3(p1−1))

−

−

(

2p1(p1 − 3)(p1 − 6)T 4
2

2187T 3
1 (p1 − 1)3

+ ε

)

(

λnk

T1p1

)−(p1+4)/(3(p1−1))

i λnk+1
− λnk

= o
(

λ
(p1−3)/(3(p1−1))
nk

)

, k → ∞.

Òåîðåìà 3. Äëÿ òîãî, ùîá lnµ(σ) = T1σ
6 + T2σ

4 +
4T 2

2

15T1
σ2 + o(σ−4), σ → +∞,

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −5T1

( λn

6T1

)6/5

+ T2

( λn

6T1

)4/5

−
8T 3

2

675T 2
1

+

(

16T 5
2

5(15T1)4
+ ε

)

( λn

6T1

)−4/5

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −5T1

( λnk

T1p1

)p1/(p1−1)

+ T2

( λn

6T1

)4/5

−
8T 3

2

675T 2
1

+

(

16T 5
2

5(15T1)4
− ε

)

(λnk

6T1

)−4/5

i λnk+1
− λnk

= o
(

1
)

, k → ∞.

Òåîðåìà 4. Äëÿ òîãî, ùîá lnµ(σ) = T1σ
3 + T2σ

2 +
T 2

2

3T1
σ + o(σ−2), σ → +∞, íåîá-

õiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî n0 = n0(ε) òàêå, ùî äëÿ âñiõ n ≥ n0

ln |an| ≤ −2T1

( λn

6T1

)3/2

+ T2
λn

6T1
−

T 3
2

27T 2
1

+ ε
( λn

3T1

)−1

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −2T1

(λnk

6T1

)3/2

+ T2
λnk

6T1
−

T 3
2

27T 2
1

− ε
(λnk

3T1

)−1

i λnk+1
− λnk

= o
(

λ
−1/4
nk

)

, k → ∞.
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2. Äîïîìiæíi ðåçóëüòàòè. Íåõàé Ω(+∞) � êëàñ äîäàòíèõ íà (−∞, +∞)
�óíêöié Φ òàêèõ, ùî ïîõiäíi Φ

′

íåïåðåðâíî äè�åðåíöiéîâíi, äîäàòíi i çðîñòàþòü

äî +∞ íà (−∞, +∞). ×åðåç ϕ ïîçíà÷àòèìåìî �óíêöiþ, îáåðíåíó äî Φ
′

, i íåõàé

Ψ(σ) = σ − Φ(σ)/Φ
′

(σ) � �óíêöiÿ, àñîöiéîâàíà ç Φ çà Íüþòîíîì.

Ëåìà 1 [4-5℄. Íåõàé Φ ∈ Ω(+∞). Äëÿ òîãî, ùîá lnµ(σ, F ) 6 Φ(σ) äëÿ âñiõ σ > σ0,

íåîáõiäíî i äîñòàòíüî, ùîá ln |an| 6 −λnΨ(ϕ(λn)) äëÿ âñiõ n > n0.

Äëÿ Φ ∈ Ω(+∞) i 0 < a < b < +∞ ïðèéìåìî

G1(a, b, Φ) =
ab

b − a

∫ b

a

Φ(ϕ(t))

t2
dt, G2(a, b, Φ) = Φ

(

1

b − a

∫ b

a

ϕ(t)dt

)

.

Ëåìà 2 [5℄. Íåõàé Φ ∈ Ω(+∞) i ln |ank
| ≤ −λnk

Ψ(ϕ(λnk
)) äëÿ äåÿêî¨ çðîñòàþ÷î¨

ïîñëiäîâíîñòi (nk) íàòóðàëüíèõ ÷èñåë. Òîäi äëÿ âñiõ σ ∈ [ϕ(λnk
), ϕ(λnk+1

)] i âñiõ
k > k0 ïðàâèëüíà íåðiâíiñòü

lnµ(σ, F ) ≥ Φ(σ) − (G2(λnk
, λnk+1

, Φ) − G1(λnk
, λnk+1

, Φ)). (3)

Ëåìà 3 [5℄. Íåõàé Φ1 ∈ Ω(+∞), Φ2 ∈ Ω(+∞) i äëÿ âñiõ σ > σ0

Φ1(σ) ≤ lnµ(σ, F ) 6 Φ2(σ). (4)

Òîäi

ln |an| ≤ −λnΨ2(ϕ2(λn)), n > n0, (5)

òà iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| ≥ −λnk

Ψ1(ϕ1(λnk
)) (6)

i

G1(λnk
, λnk+1

, Φ2) > Φ1

(

1

λnk+1
− λnk

∫ λnk+1

λnk

ϕ2(t)dt

)

, (7)

äå Ψj i ϕj ïîáóäîâàíi âiäïîâiäíî äëÿ Φj .

Ïðèïóñòèìî òåïåð, ùî

Φ(σ) = T1σ
p1 + T2σ

p2 + τσp + δσs (σ ≥ σ0), (8)

äå T1 > 0, p1 > 1, 0 < p < p2 < p1, s ≤ p, T2 ∈ R\{0}, τ ∈ R\{0} i δ ∈ R\{0}, à

W (x) = T1(p1 − 1)

(

x

T1p1

)

p1
p1−1

− T2

(

x

T1p1

)

p2
p1−1

.

Òîäi ïðàâèëüíi äâi ëåìè.

Ëåìà 4 [3℄. Íåõàé �óíêöiÿ Φ ∈ Ω(+∞) çàäîâîëüíÿ¹ óìîâó (8). Òîäi ïðè x → +∞
ïðàâèëüíi òàêi àñèìïòîòè÷íi ðiâíîñòi:
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1) ÿêùî p = 2p2 − p1, s = 4p2 − 3p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 + 1 = 0 i

δ 6=
(p1 + 1)(p1 − 2)(T2p2)

4

216(T1p1(p1 − 1))3
, òî

xΨ(ϕ(x)) = W (x) +

(

(p1 + 1)(p1 − 2)(T2p2)
4

216(T1p1(p1 − 1))3
− δ + o(1)

)(

x

T1p1

)

4p2−3p1
p1−1

;

2) ÿêùî p = 2p2 − p1, s = 4p2 − 3p1, 3p2 − 2p1 = 0, (p1 − 3)(p1 − 6) 6= 0,

τ =
(T2p2)

2

2T1p1(p1 − 1)
i δ 6=

(p1 − 3)(p1 − 6)(T2p2)
4

216(T1p1(p1 − 1))3
, òî

xΨ(ϕ(x)) = W (x) +
(T2p2)

3

6(T1p1(p1 − 1))2
+

+

(

(p1 − 3)(p1 − 6)(T2p2)
4

216(T1p1(p1 − 1))3
− δ + o(1)

)(

x

T1p1

)

4p2−3p1
p1−1

;

3) ÿêùî p = 2p2 − p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 = 0, p1 = 6, s = −4 = 5p2 − 4p1

i δ 6= −
(2T2)

5

10(15T1))4
, òî

xΨ(ϕ(x)) = 5T1

(

x

6T1

)6/5

− T2

(

x

6T1

)4/5

+ 5T1

(

2T2

15T1

)3

−

−

(

(2T2)
5

10(15T1)4
+ δ + o(1)

)(

x

6T1

)−4/5

;

4) ÿêùî p = 2p2−p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2−2p1 = 0, p1 = 3 i s = −2 = 5p2−4p1,

òî

xΨ(ϕ(x)) = 2T1

(

x

3T1

)3/2

− T2
x

3T1
+ T1

(

T2

3T1

)3

− (δ + o(1))

(

x

3T1

)−1

.

Ëåìà 5 [3℄. Íåõàé �óíêöiÿ Φ ∈ Ω(+∞) çàäîâîëüíÿ¹ óìîâó (8). ßêùî θk → 0
(k → ∞), òî

G2(tk, tk(1 + θk), Φ) − G1(tk, tk(1 + θk), Φ) =
T1p1θ2

k

8(p1−1)

(

tk

T1p1

)

p1
p1−1

+

+O

(

θ3
kt

p1
p1−1

k

)

+ O

(

θ2
kt

p2
p1−1

k

)

+ g(tk, θk),

äå ïðè k → ∞ ïðàâèëüíi òàêi àñèìïòîòè÷íi ðiâíîñòi:
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1) ÿêùî p = 2p2 − p1, s = 4p2 − 3p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 + 1 = 0 i

δ 6=
(p1 + 1)(p1 − 2)(T2p2)

4

216(T1p1(p1 − 1))3
, òî g(tk, θk) = o

(

t
4p2−3p1

p1−1

k

)

;

2) ÿêùî p = 2p2 − p1, s = 4p2 − 3p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 = 0,

(p1 − 3)(p1 − 6) 6= 0 i δ 6=
(p1 − 3)(p1 − 6)(T2p2)

4

216(T1p1(p1 − 1))3
, òî g(tk, θk) = o

(

t
4p2−3p1

p1−1

k

)

;

3) ÿêùî p = 2p2 − p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 = 0, p1 = 6, s = −4 = 5p2 − 4p1

i δ 6= −
(2T2)

5

10(15T1))4
, òî g(tk, θk) = o

(

t
−4/5
k

)

;

4) ÿêùî p = 2p2−p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2−2p1 = 0, p1 = 3 i s = −2 = 5p2−4p1,

òî g(tk, θk) = o
(

t−1
k

)

;

Íàì òðåáà òàêîæ òàêó ëåìó.

Ëåìà 6 [3℄. Íåõàé Φ1(σ) = T1σ
p1 + T2σ

p2 + τσp − δσs (σ ≥ σ0), Φ2(σ) = T1σ
p1+

+T2σ
p2 + τσp + δσs (σ ≥ σ0), äå δ > 0 i s ≤ p. Ïðèïóñòèìî, ùî tk+1 = (1 + θk)tk i

G1(tk, tk+1, Φ2) ≥ Φ1(κ(tk, tk+1, Φ2)). Òîäi θk → 0 (k → ∞) i

θ2
k ≤

16(p1 − 1)

T1p1
(δ + o(1))

(

tk
T1p1

)

s−p1
p1−1

+ g∗(tk, θk),

äå ïðè k → ∞ ïðàâèëüíi òàêi àñèìïòîòè÷íi ðiâíîñòi:

1) ÿêùî p = 2p2 − p1, s = 4p2 − 3p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 + 1 = 0 i

δ 6= ±
(p1 + 1)(p1 − 2)(T2p2)

4

216(T1p1(p1 − 1))3
, òî g∗(tk, θk) = o

(

t
4(p2−p1)

p1−1

k

)

;

2) ÿêùî p = 2p2 − p1, s = 4p2 − 3p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 = 0,

(p1−3)(p1−6) 6= 0 i δ 6= ±
(p1 − 3)(p1 − 6)(T2p2)

4

216(T1p1(p1 − 1))3
, òî g∗(tk, θk) = o

(

t
4(p2−p1)

p1−1

k

)

;

3) ÿêùî p = 2p2 − p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2 − 2p1 = 0, p1 = 6, s = −4 = 5p2 − 4p1

i δ 6= ±
(2T2)

5

10(15T1)4
, òî g∗(tk, θk) = o

(

t−2
k

)

;

4) ÿêùî p = 2p2−p1, τ =
(T2p2)

2

2T1p1(p1 − 1)
, 3p2−2p1 = 0, p1 = 3 i s = −2 = 5p2−4p1,

òî g∗(tk, θk) = o
(

t
−5/2
k

)

.
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3. Äîâåäåííÿ òåîðåì. Ç îãëÿäó íà ïîäiáíiñòü, ðîçãëÿíåìî òiëüêè äîâåäåí-

íÿ òåîðåìè 1. Íåõàé 0 < δ < (p1+1)(p1−2)(T2p2)4

216(T1p1(p1−1))3 . Òîäi ç (2) äëÿ âñiõ σ ≥ σ0(δ)

ìà¹ìî (4) ç Φ1(σ) = T1σ
p1 + T2σ

(2p1−1)/3 +
(2p1−1)2T 2

2

18T1p1(p1−1)σ
(p1−2)/3 − δσ−(p1+4)/3

i

Φ2(σ) = T1σ
p1 + T2σ

(2p1−1)/3 +
(2p1−1)2T 2

2

18T1p1(p1−1)σ
(p1−2)/3 + δσ−(p1+4)/3. Òîìó çà ëåìîþ 3

ïðàâèëüíi íåðiâíîñòi (5) � (7). Àëå çà òâåðäæåííÿì 1) ëåìè 4

λnΨ2(ϕ2(λn)) = T1(p1 − 1)
(

λn

T1p1

)p1/(p1−1)

− T2

(

λn

T1p1

)p2/(p1−1)

+

+
(

(p1+1)(p1−2)(T2p2)
4

216(T1p1(p1−1))3 − δ + o(1)
)(

λn

T1p1

)

4p2−3p1
p1−1

, n → ∞,

λnk
Ψ1(ϕ1(λnk

)) = T1(p1 − 1)
(

λnk

T1p1

)p1/(p1−1)

− T2

(

λnk

T1p1

)p2/(p1−1)

+

+
(

(p1+1)(p1−2)(T2p2)
4

216(T1p1(p1−1))3 − δ + o(1)
)(

λn

T1p1

)

4p2−3p1
p1−1

, k → ∞,

à çà òâåðäæåííÿì 1) ëåìè 6 ç íåðiâíîñòi (7) âèïëèâà¹, ùî

(

λnk+1
−λnk

λnk

)2

≤ 16(p1−1)
T1p1

(δ+

+o(1))
(

λnk

T1p1

)

4p2−4p1
p1−1

, k → ∞. Òîìó, çàâäÿêè äîâiëüíîñòi δ, ç öèõ ñïiââiäíîøåíü

âèïëèâà¹ íåîáõiäíiñòü óìîâ 1) i 2) ó òåîðåìi 1. Ùîäî äîñòàòíîñòi, òî ç óìîâè 1) çà

ëåìîþ 1 i òâåðäæåííÿì 1) ëåìè 4 îòðèìó¹ìî àñèìïòîòè÷íó íåðiâíiñòü

lnµ(σ) ≤T1σ
p1 +T2σ

(2p1−1)/3 +
(2p1 − 1)2T 2

2

18T1p1(p1 − 1)
σ(p1−2)/3 +o(σ−(p1+4)/3), σ → +∞. (9)

Äàëi, çà ëåìîþ 2 i òâåðäæåííÿì 1) ëåìè 5 ç óìîâè 2) òåîðåìè 1 äëÿ âñiõ

σ ∈ [ϕ1(λnk
), ϕ1(λnk+1

)] i âñiõ k ≥ k0 ìà¹ìî

lnµ(σ) ≥ Φ1(σ) −
T1p1θ2

k

8(p1−1)

(

λnk

T1p1

)

p1
p1−1

+ O

(

θ3
kλ

p1
p1−1
nk

)

+ O

(

θ2
kλ

p2
p1−1
nk

)

+

+o

(

λ
4p2−3p1

p1−1
nk

)

= Φ1(σ) + o

(

λ
4p2−3p1

p1−1
nk

)

, k → ∞, (10)

áî θk = o(λ
4p2−4p1
2(p1−1)

nk
), k → ∞. Îñêiëüêè ϕ1(λnk

)≤σ≤ϕ1(λnk+1
), òî λnk

≤Φ′
1(σ)≤λnk+1

i ç (10) ìà¹ìî lnµ(σ) ≥ Φ1(σ) + o
(

Φ′
1(σ)

4p2−3p1
p1−1

)

= Φ1(σ) + o(σ4p2−3p1), σ → +∞,

çâiäêè, çàâäÿêè äîâiëüíîñòi δ, îòðèìó¹ìî àñèìïòîòè÷íó íåðiâíiñòü

lnµ(σ) ≥ T1σ
p1 + T2σ

(2p1−1)/3 +
(2p1 − 1)2T 2

2

18T1p1(p1 − 1)
σ(p1−2)/3 + o(σ−(p1+4)/3), σ → +∞.

(11)

Ç (9) i (11) âèïëèâà¹ (2). Òåîðåìó 1 äîâåäåíî.

�åøòà òåîðåì äîâîäèòüñÿ ïîäiáíî, âèêîðèñòîâóþ÷è ïóíêòè 2)-4) äîïîìiæíèõ ðå-

çóëüòàòiâ âiäïîâiäíî.
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