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Îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ êâàçiëi-

íiéíîãî ç ëiíiéíîþ ãîëîâíîþ ÷àñòèíîþ åëiïòè÷íîãî ðiâíÿííÿ ïîðÿäêó 2m ïðè çà-

äàíèõ íà ìåæi îáëàñòi óçàãàëüíåíèõ �óíêöiÿõ iç ñèëüíèìè ñòåïåíåâèìè îñîáëè-

âîñòÿìè.

Êëþ÷îâi ñëîâà: ïiâëiíiéíå åëiïòè÷íå ðiâíÿííÿ, óçàãàëüíåíà �óíêöiÿ, âàãî-

âèé �óíêöiéíèé ïðîñòið, íåëiíiéíå iíòåãðîäè�åðåíöiàëüíå ðiâíÿííÿ.

Ó áàãàòüîõ ïðàöÿõ (äèâ., íàïðèêëàä, [1-13℄) äîñëiäæóþòüñÿ âëàñòèâîñòi ðîçâ'ÿç-

êiâ ïiâëiíiéíèõ åëiïòè÷íèõ ðiâíÿíü.

Ó [4℄ äëÿ q ∈ (1, qc), äå qc = n+1
n−1 , ó [5℄ äëÿ q = 2, ó [6℄ äëÿ q ∈ [qc, 2], [7℄ äëÿ q > qc

(ó òiì ÷èñëi äëÿ q > 2) äîñëiäæó¹òüñÿ ïðèðîäà êðàéîâèõ çíà÷åíü g ðîçâ'ÿçêiâ çàäà÷i

∆u = |u|q−1u, x ∈ Ω, u |∂Ω = g.

Ïðè q ∈ (1, qc) âèçíà÷åíî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i äëÿ äîâiëüíî¨ g iç ïðîñòî-
ðó îáìåæåíèõ ìið Áîðåëÿ íà ∂Ω. Ç öèõ ðåçóëüòàòiâ òàêîæ âèïëèâà¹, ùî ïðè q≥ qc
óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü-ìið ìîæå íå iñíóâàòè. Çàäà÷i ç ìiðàìè òàêîæ âèâ-

÷àëè ó [8-12℄.

Âiäîìî (äèâ. áiáëiîãð. ó [14℄), ùî ðîçâ'ÿçîê ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ íà-

áóâà¹ óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü iç ïðîñòîðó (C∞)′ òîäi i òiëüêè òîäi, êîëè âií

íàëåæèòü äî ïåâíîãî âàãîâîãî L1-ïðîñòîðó.

Ó [14-17℄ çàïðîïîíîâàíî ìåòîä äîñëiäæåííÿ êðàéîâèõ çàäà÷ äëÿ êâàçiëiíiéíèõ ç

ãîëîâíèìè ëiíiéíèìè ÷àñòèíàìè (äàëi ïiâëiíiéíèõ) åëiïòè÷íèõ i ïàðàáîëi÷íèõ ðiâ-

íÿíü ïðè çàäàíèõ íà ìåæi îáëàñòi óçàãàëüíåíèõ �óíêöiÿõ. Ç ðåçóëüòàòiâ [16℄ âèï-

ëèâà¹, çîêðåìà, ðîçâ'ÿçíiñòü çàäà÷i

∆u = |u|q, x ∈ Ω, u |∂Ω = g
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ó ïåâíîìó âàãîâîìó L1-ïðîñòîði ïðè äîâiëüíié g ∈ (C∞(S))′ òà ïðè q ∈ (0, q0), äå
q0 ∈ (0, 1) i çàëåæèòü âiä ïîðÿäêó ñèíãóëÿðíîñòi óçàãàëüíåíî¨ �óíêöi¨ g.

Òóò äîñëiäæó¹ìî ðîçâ'ÿçíiñòü íîðìàëüíî¨ êðàéîâî¨ çàäà÷i äëÿ ïiâëiíiéíîãî åëiï-

òè÷íîãî ðiâíÿííÿ ïîðÿäêó 2m < n â îáìåæåíié îáëàñòi Ω ⊂ R
n
, n ≥ 3, ó âàãîâîìó

L1-ïðîñòîði ïðè çàäàíèõ íà ìåæi îáëàñòi óçàãàëüíåíèõ �óíêöiÿõ. Ç'ÿñîâó¹ìî, â ÿêî-

ìó ñåíñi ðîçâ'ÿçîê ðiâíÿííÿ íàáóâà¹ íà ìåæi çàäàíèõ óçàãàëüíåíèõ êðàéîâèõ çíà-

÷åíü. Äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi âèêîðèñòîâó¹ìî ìåòîä çâåäåííÿ òàêî¨ óçàãàëüíåíî¨

êðàéîâî¨ çàäà÷i äî iíòåãðîäè�åðåíöiàëüíîãî ðiâíÿííÿ ó âàãîâîìó L1-ïðîñòîði.

1. Îñíîâíi ïîçíà÷åííÿ, �óíêöiîíàëüíi ïðîñòîðè. Íåõàé Ω � îáìåæåíà

îáëàñòü â R
n
ç ìåæåþ S êëàñó C∞

, ó íié çàäàíî åëiïòè÷íèé äè�åðåíöiàëüíèé âè-

ðàç A(x,D) =
∑

|α|≤2m

aα(x)Dα
ïîðÿäêó 2m < n, aα ∈ C∞(Ω), íà S çàäàíi êðàéîâi

äè�åðåíöiàëüíi âèðàçè Bj(x,D) =
∑

|α|≤mj

bjα(x)Dα
, bjα ∈ C∞(S), j = 1,m, ñèñòåìà

{Bj(x,D)}m
j=1 íîðìàëüíà i çàäîâîëüíÿ¹ óìîâó Ëîïàòèíñüêîãî äëÿ A(x,D). Íåõàé

{Tj(x,D)}m
j=1, {B̂j(x,D)}m

j=1, {T̂j(x,D)}m
j=1 � òàêi íîðìàëüíi ñèñòåìè äè�åðåíöiàëü-

íèõ âèðàçiâ âiäïîâiäíî ïîðÿäêiâ m̂j , 2m−mj −1, 2m−m̂j −1, j = 1,m (äèâ., íàïðèê-

ëàä, [18℄), ùî ïðàâèëüíà �îðìóëà �ðiíà

∫

Ω

(vAu − uA∗v)dx =

m
∑

j=1

∫

S

(T̂jvBju− B̂jvTju)dS, u, v ∈ C∞(Ω). (1)

Íåõàé ε0 � �iêñîâàíå ìàëå ÷èñëî, òàêå ùî ïðè ε ∈ (0, ε0) ïàðàëåëüíi äî ïîâåðõíi
S ïîâåðõíi Sε = {xε = x + εν(x) : x ∈ S} òàêîæ ¹ íåñêií÷åííî äè�åðåíöiéîâíèìè.

Òóò ν(x) � îðò âíóòðiøíüî¨ íîðìàëi äî ïîâåðõíi S ó òî÷öi x ∈ S.

Äëÿ äîâiëüíî¨ �iêñîâàíî¨ òî÷êè x̂ ∈ S ïîçíà÷à¹ìî ÷åðåç ̺(x, x̂) (x ∈ Ω) íåñêií-
÷åííî äè�åðåíöiéîâíó �óíêöiþ, ÿêà äîäàòíà â Ω\{x̂}, ìà¹ ïîðÿäîê |x− x̂| ó äåÿêîìó
îêîëi òî÷êè x̂, ̺(x̂, x̂) = 0, ÷åðåç ̺(x) � íåñêií÷åííî äè�åðåíöiéîâíó �óíêöiþ, ÿêà

äîäàòíà âñåðåäèíi Ω òà ìà¹ ïîðÿäîê âiäñòàíi d(x) âiä òî÷êè x ∈ Ω äî S. Òàêîæ
ââàæà¹ìî, ùî ̺(x) = 1 ïðè d(x) ≥ ε0, ̺(x, x̂) = 1 ïðè |x− x̂| ≥ ε0 äëÿ âñiõ x ∈ Ω.

ßê ó [14, p. 2℄, ïðè s ≥ 0 òà k ≥ −m̂−1, äå m̂ = min
1≤j≤m

(m̂j), âèçíà÷à¹ìî �óíêöiéíi

ïðîñòîðè:

Zs(Ω) = {ϕ ∈ C∞(Ω) : ̺|α|−sDαϕ ∈ C(Ω) ∀α, ÿêùî s íåöiëå òà Dαϕ
ln̺

∈ C(Ω), ÿêùî

|α| = s ∈ N ∪ {0}},

Zk(Ω, x̂) = {ϕ ∈ C∞(Ω \ {x̂}) : ̺|α|−k(·, x̂)Dαϕ ∈ C(Ω) ∀α, ÿêùî k íåöiëå òà

Dαϕ
ln̺(·,x̂) ∈ C(Ω), ÿêùî |α| = k ∈ N ∪ {0}},

Zs(S, x̂) = {ϕ ∈ C∞(S): ̺|α|−s(·, x̂)Dαϕ ∈ C(S) ∀α, ÿêùî s íåöiëå òà
Dαϕ

ln̺(·,x̂) ∈ C(S), ÿêùî |α| = s ∈ N ∪ {0}},

Xs(Ω) = {ψ ∈ C∞(Ω) : A∗ψ = O(̺s(x)) ïðè d(x) → 0, B̂jψ = 0, j = 1,m},

Xk(Ω, x̂) = {ψ ∈ Zk+2m(Ω, x̂) : A∗ψ(x) = O(̺k(x, x̂)) ïðè |x− x̂| → 0,
T̂jψ ∈ Zk+mj+1(S, x̂), B̂jψ = 0, j = 1,m} (çãiäíî ç [14℄, [17℄ ïðîñòîðè Xs(Ω) òà

Xk(Ω, x̂) íåïîðîæíi),

Ms(Ω) = {v ∈ L1,loc(Ω) : ||v||s =
∫

Ω

̺s(x)|v(x)|dx < +∞},



178 �àëèíà ËÎÏÓØÀÍÑÜÊÀ

Ms,r(Ω) = {v ∈W r
1,loc(Ω) : ||v||s,r =

∫

Ω

∑

|γ|≤r

̺s+|γ|(x)|Dγv(x)|dx < +∞},

Mk,r(Ω, x̂) = {v ∈W r
1,loc(Ω) : ||v||k,r,x̂ =

∫

Ω

∑

|γ|≤r

̺k+|γ|(x, x̂)|Dγv(x)|dx < +∞},

Mk(Ω, x̂) = Mk,0(Ω, x̂), D(S) = C∞(S).
ßê ó [14, p. 2℄, êàæåìî, ùî ïîñëiäîâíiñòü ϕν → 0 ïðè ν → ∞ ó ïðîñòîði Zk(Ω, x̂)

(âiäïîâiäíî Zk(S, x̂)), ÿêùî äëÿ äîâiëüíîãî ìóëüòèiíäåêñó α ðiâíîìiðíî â Ω (S) çái-

ãà¹òüñÿ ïîñëiäîâíiñòü ̺|α|−k(·, x̂)Dαϕ ïðè k íåöiëîìó òà ïîñëiäîâíiñòü

Dαϕ
ln̺(·,x̂) ïðè

|α| = k ∈ N ∪ {0}. Çàóâàæèìî, ùî Zk(Ω, x̂) ⊂ Cl(Ω), Zk(S, x̂) ⊂ Cl(S) ïðè
k > l ∈ N ∪ {0}, à òàêîæ Zk1(Ω, x̂) ⊂ Zk2(Ω, x̂) ïðè k1 > k2 [14℄.

Îñêiëüêè ̺−kϕ ∈ C(Ω) ïðè ϕ ∈ Zk(Ω), òî ïðè òàêié ϕ òà ïðè v ∈ Mk(Ω) iñíó¹ i
ñêií÷åíèé

∫

Ω
ϕvdx =

∫

Ω
̺−kϕ̺kvdx. ÇâiäñèMk(Ω) (òà âiäïîâiäíîMk(Ω, x̂)) ¹ ïðèêëà-

äàìè ïðîñòîðiâ ðåãóëÿðíèõ óçàãàëüíåíèõ �óíêöié íà ïðîñòîðàõ Zk(Ω) (âiäïîâiäíî
Zk(Ω, x̂)).

Âèêîðèñòîâó¹ìî ïîçíà÷åííÿ:

Mk,r,C(Ω, x̂) = {u ∈Mk,r(Ω, x̂) : ||u||k,r,x̂ ≤ C} � êóëÿ â Mk,r(Ω, x̂),
V ′ = V ′(S) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ �óíêöiîíàëiâ (óçàãàëüíåíèõ �óíêöié)

íà ïðîñòîði ãëàäêèõ �óíêöié V = V (S),
< ϕ,F > � çíà÷åííÿ óçàãàëüíåíî¨ �óíêöi¨ F ∈ V ′

íà îñíîâíié �óíêöi¨ ϕ ∈ V ,
çàïèñ s(F ) ≤ s ïðè s ∈ N îçíà÷à¹, ùî ïîðÿäîê ñèíãóëÿðíîñòi óçàãàëüíåíî¨ �óíê-

öi¨ F ∈ V ′(S) íå áiëüøèé, íiæ s, òîáòî (äèâ. [19, 20℄)

< ϕ,F >=
∑

|α|≤s

∫

S

DαϕfαdS ∀ϕ ∈ V (S), (2)

äå fα ∈ L1(S) ó âèïàäêó V (S) = D(S), âiäïîâiäíî ̺k−|α|fα ∈ L1(S) ó âèïàäêó

V (S) = Zk(S, x̂), k > s äëÿ âñiõ |α| ≤ s òà k íåöiëîìó, ln ̺(·, x̂)DαF ∈ L1(S), ÿêùî
|α| = k ∈ N∪{0}; s(F ) ≤ s ïðè s ≤ 0, ÿêùî DαF ∈ L1(S) äëÿ âñiõ |α| ≤ −s ó âèïàäêó
V (S) = D(S), ̺|α|−kDαF ∈ L1(S) äëÿ âñiõ |α| ≤ −s ó âèïàäêó V (S) = Zk(S, x̂), k > s.

ßêùî F ∈ D′(S) òà s(F ) ≤ s ∈ N ∪ {0}, òî F ∈ (Cs(S))′ [20℄, òîäi, âðàõîâóþ÷è
âêëàäåííÿ Zk(S, x̂) ⊂ Cs(S) ïðè k > s, îäåðæó¹ìî F ∈ (Cs(S))′ ⊂ Z ′

k(S, x̂) ïðè

k > s òà äîâiëüíié x̂ ∈ S. Ïðè äîâiëüíié ϕ ∈ Zk(S, x̂) ìà¹ìî Dαϕ ∈ Zk−|α|(S, x̂),

ïðè fα ∈ L1(S) òà |α| ≤ s < k ìà¹ìî ̺k−|α|fα ∈ L1(S), òîäi ïðè F ∈ D′(S) ïîðÿäêó
ñèíãóëÿðíîñòi s(F ) ≤ s âèêîíó¹òüñÿ (2) òàêîæ ïðè ϕ ∈ Zk(S, x̂), à îòæå, F ∈ Z ′

k(S, x̂)
i ìà¹ â ñåíñi âiäïîâiäíîãî îçíà÷åííÿ s(F ) ≤ s.

Ìiæ òî÷êàìè S òà Sε ¹ âçà¹ìîîäíîçíà÷íà âiäïîâiäíiñòü: xε = x + εν(x) = ψε(x),
x ∈ S, òîäi x = ψ−1

ε (xε). �îìåîìîð�içìè ψ òà ψ−1
íåñêií÷åííî äè�åðåíöiéîâíi òà

îáìåæåíi ðàçîì ç óñiìà ïîõiäíèìè [18℄.

Ïîáóäó¹ìî ïðîäîâæåííÿ ϕ ∈ V (S) äî íåñêií÷åííî äè�åðåíöiéîâíî¨ òà �iíiòíî¨ â
Ω �óíêöi¨ (ψ∗

εϕ)(x), íàïðèêëàä, òàê: (ψ∗
εϕ)(xε) = ϕ(ψ−1

ε (xε)) = ϕ(x) äëÿ ε ∈ [0, ε0

2 ]
òà (ψ∗

εϕ)(xε) = 0 äëÿ ε > ε0. Îäíî÷àñíî âèçíà÷åíî çíà÷åííÿ ψ
∗
εϕ íà ïîâåðõíÿõ Sε.

ßêùî B̃j(x,
∂
∂x

) =
∑

|α|≤j

b̃jα(x)( ∂
∂x

)α
, j = 0, 2m− 1 � ñèñòåìà Äiðiõëå ïîðÿäêó 2m

íà S, òî ïðîäîâæóþ÷è ç S âñåðåäèíó Ω êîå�iöi¹íòè b̃jα îïåðàòîðiâ B̃j(x,
∂
∂x

), íà

Sε âèçíà÷à¹ìî B̃j(xε,
∂

∂xε
)v =

∑

|α|≤j

(ψ∗b̃jα)(xε)(
∂

∂xε
)αv(xε), v ∈ V (Ω). Òàê âèçíà÷åíi
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îïåðàòîðè B̃j(xε,
∂

∂xε
), j = 0, 2m− 1 òàêîæ óòâîðþþòü ñèñòåìó Äiðiõëå íà Sε (äèâ.

([21, ÷.111℄). Ó [22℄ íà ïðèêëàäi çàäà÷i Äiðiõëå äëÿ ñèñòåìè ðiâíÿíü äðóãîãî ïîðÿäêó

ïîêàçàíî, ùî ïðè äîñèòü ìàëèõ ε óìîâà Ëîïàòèíñüêîãî âèêîíó¹òüñÿ íà Sε, ÿêùî

âîíà âèêîíóâàëàñü íà S.

Îçíà÷åííÿ. Êàæåìî, ùî ðåãóëÿðíà âñåðåäèíi îáëàñòi Ω �óíêöiÿ u íàáóâà¹ íà S
óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü F ∈ V ′(S) (äèâ. áiáëiîãð. ó [14℄), ÿêùî iñíó¹

lim
ε→0

∫

Sε

ϕ(xε)u(xε)dS =< ϕ,F >, ϕ ∈ V (S).

Öÿ ãðàíèöÿ íå çàëåæèòü âiä òîãî, ÿê âèçíà÷åíî ïðîäîâæåííÿ ϕ ∈ V (S) äî �óíêöi¨
ç V (Sε). Ñïðàâäi, ïåðåõîäÿ÷è äî iíòåãðóâàííÿ çà S, îäåðæó¹ìî

∫

Sε

ϕ(xε)u(xε)dSε =

∫

S

ϕ(x+ εν(x))u(x + εν(x))Wε(x)dS,

äåWε(x) � ÿêîáiàí ïåðåòâîðåííÿ xε = x+εν(x), x ∈ S. Çà ëåìîþ [19, 
. 70℄ ç iñíóâàííÿ

ãðàíèöi öüîãî âèðàçó âèïëèâà¹, ùî iñíó¹ òàêîæ

lim
ε→0

∫

S

lim
ε→0

(Wε(x)ϕ(x + εν(x)))u(x + εν(x))dS = lim
ε→0

∫

S

ϕ(x)u(x + εν(x))dS =

= lim
ε→0

∫

Sε

ϕ(x)u(xε)dSε.

Çàóâàæèìî, ùî Wε → 1 ïðè ε→ 0.

×åðåç Drv ïîçíà÷à¹ìî M(r)-âèìiðíèé âåêòîð, êîìïîíåíòàìè ÿêîãî ¹ �óíêöiÿ v
òà ¨¨ ïîõiäíi äî ïîðÿäêó r ≤ 2m− 1.

Ââàæà¹ìî �óíêöiþ f(x, z) âèçíà÷åíîþ òà íåïåðåðâíîþ â Ω × R
M(R)

.

Òåîðåìà 1. Íåõàé s � äîâiëüíå öiëå íåâiä'¹ìíå ÷èñëî, f ∈ C(Ω × R
M(r))),

u ∈ C2m−1(Ω) ∩Ms(Ω) � óçàãàëüíåíèé ðîçâ'ÿçîê ðiâíÿííÿ

A(x,D)u(x) = f(x,Dru(x)), x ∈ Ω (3)

òà iñíó¹

∫

Ω

|f(x,Dru(x))|dx < +∞. (4)

Òîäi äëÿ äîâiëüíèõ êðàéîâèõ äè�åðåíöiàëüíèõ âèðàçiâ B̃j(x,D), j = 0, 2m− 1 ç

íåñêií÷åííî äè�åðåíöiéîâíèìè êîå�iöi¹íòàìè, ÿêi óòâîðþþòü ñèñòåìó Äiðiõëå,

�óíêöi¨ B̃ju íàáóâàþòü íà S óçàãàëüíåíèõ êðàéîâèõ çíà÷åíü F̃j ∈ D′(S) (F̃j ∈

∈ Z ′
k+j+1(S, x̂) äëÿ äîâiëüíèõ k > s, x̂ ∈ S) ïîðÿäêiâ ñèíãóëÿðíîñòåé s(F̃j) ≤ s+j+1

(< k + j + 1), j = 0, 2m− 1.
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Òåîðåìà 1 ¹ óçàãàëüíåííÿì òåîðåìè 1.4 iç [14℄ íà íåëiíiéíèé âèïàäîê i äîâîäèòüñÿ

ïîäiáíî. Òàê ñàìî äîâîäèòüñÿ òàêå: ÿêùî äëÿ óçàãàëüíåíîãî ðîçâ'ÿçêó u ∈ C2m−1(Ω)
ðiâíÿííÿ (3) âèêîíó¹òüñÿ óìîâà (4), ( ∂

∂ν
)tu äëÿ âñiõ t = 0, 2m− 1 íàáóâàþòü óçàãàëü-

íåíèõ êðàéîâèõ çíà÷åíü iç Z ′
k+t+1(S, x̂) (âiäïîâiäíî D

′(S)) ïîðÿäêiâ ñèíãóëÿðíîñòåé
≤ s+t+1, äå s < k, òî u ∈Mk(Ω, x̂) (âiäïîâiäíî u ∈Ms(Ω)) i íàâiòü u ∈Mk,2m−1(Ω, x̂)
(âiäïîâiäíî u ∈Ms,2m−1(Ω)).

2. Ôîðìóëþâàííÿ óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i. Íåõàé �óíêöiÿ f(x, z) âè-
çíà÷åíà òà íåïåðåðâíà â Ω × R

M(r)
, Fj ∈ Z ′

pj
(S, x̂), s(Fj) ≤ sj < pj , pj ≥ 0, j = 1,m.

�îçãëÿäà¹ìî íîðìàëüíó åëiïòè÷íó êðàéîâó çàäà÷ó

A(x,D)u = f(x,Dru), x ∈ Ω, Bj(x,D)u |S = Fj , j = 1,m (5)

çà óìîâè, ùî âiäïîâiäíà ¨é ëiíiéíà îäíîðiäíà êðàéîâà çàäà÷à îäíîçíà÷íî ðîçâ'ÿçíà.

Äàëi ââàæà¹ìî

k > k̂ = max{ max
1≤j≤m

(pj −mj − 1),−m̂− 1}, s ≥ k0 = max{0, max
1≤j≤m

(sj −mj − 1)}.

Ôîðìóëþâàííÿ 1 çàäà÷i (5). Çíàéòè óçàãàëüíåíèé ðîçâ'ÿçîê u ∈ Mk,r(Ω, x̂)∩
∩C2m−1(Ω) ðiâíÿííÿ (3), ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè

lim
ε→0

∫

Sε

ϕBjudS =< ϕ,Fj > ∀ϕ ∈ Zpj
(S, x̂), j = 1,m (6)

òà iñíóþòü

lim
ε→0

∫

Sε

ϕTjudS ∀ϕ ∈ Zk+m̂j+1(S, x̂), j = 1,m. (7)

Ôîðìóëþâàííÿ 2 çàäà÷i (5). Çíàéòè �óíêöiþ u ∈ Mk,r(Ω, x̂), ÿêà çàäîâîëüíÿ¹

òîòîæíiñòü

∫

Ω

A∗ψudx =

∫

Ω

ψfdx+
m

∑

j=1

< T̂jψ, Fj > ∀ψ ∈ Xk(Ω, x̂). (8)

Çðîçóìiëî, ùî iíòåãðàë

∫

Ω ψ(x)f(x,Dru(x))dx ñêií÷åíèé äëÿ ðîçâ'ÿçêó u çàäà÷i òà

âñiõ ψ ∈ Xk(Ω, x̂) i äëÿ öüîãî äîñòàòíüî âèêîíàííÿ óìîâè (4).

Ïðè Fj ∈ D′(S), s(Fj) ≤ sj , sj ≥ 0, j = 1,m ó �îðìóëþâàííi 1 çàäà÷i ââàæà¹ìî

u ∈Ms(Ω)∩C2m−1(Ω), âèìàãà¹ìî âèêîíàííÿ óìîâ (6) äëÿ äîâiëüíî¨ ϕ ∈ D(S), óìîâè
(7) íå íàêëàäàþòüñÿ (âîíè âèêîíóþòüñÿ íà ïiäñòàâi òåîðåìè 1), à ó �îðìóëþâàííi 2

çàäà÷i âèìàãà¹ìî âèêîíàííÿ óìîâè (8) äëÿ äîâiëüíî¨ ψ ∈ Xs(Ω).

Ïîäiáíî äî [14, ëåìà 1.10℄ äîâîäèòüñÿ, ùî ïðè k > k̂ �óíêöiÿ u ∈ Mk(Ω, x̂)∩
∩C2m−1(Ω) (âiäïîâiäíî ïðè k ≥ k0) �óíêöiÿ u ∈ Mk(Ω) ∩ C2m−1(Ω)¹ ðîçâ'ÿçêîì

çàäà÷i (5) îäíî÷àñíî â îáîõ �îðìóëþâàííÿõ.

3. �îçâ'ÿçîê çàäà÷i. Ïîçíà÷à¹ìî ÷åðåç (G0(x, y), G1(x, y), . . . , Gm(x, y)) âåêòîð-
�óíêöiþ �ðiíà çàäà÷i (5), iñíóâàííÿ ÿêî¨ òà âëàñòèâîñòi âèçíà÷åíî â [23, 24℄. Çîêðåìà,

ïðàâèëüíi îöiíêè

|Dα
xD

γ
yGj(x, y)| ≤ Cαγj(1 + |x− y|mj+1−n−|α|−|γ|), j = 0,m, m0 = 2m. (9)
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Òàêîæ âèêîðèñòîâó¹ìî ïîçíà÷åííÿ

g(x) =

m
∑

j=1

< Gj(x, y), Fj(y) >, x ∈ Ω,

G̃kγ(x, y, x̂) = ̺k+|γ|(x, x̂)Dγ
xG0(x, y), x, y ∈ Ω, x̂ ∈ S,

Rγ = max
y∈Ω

∫

Ω

̺k+|γ|(x, x̂)|Dγ
xG0(x, y)|dx, |γ| ≤ r, R0 =

∑

|γ|≤r

Rγ (öi ñòàëi âèçíà÷åíî

çãiäíî ç ëåìîþ 3 [17℄).

Ëåìà 1. ßêùî Fj ∈ Z ′
pj

(S, x̂), s(Fj) ≤ sj < pj , j = 1,m, k > k̂, òî g ∈ Mk,r(Ω, x̂).

ßêùî Fj ∈ D′(S), s(Fj) ≤ sj , j = 1,m, k > k0 + n− 1, òî g ∈Mk,r(Ω).

Äîâåäåííÿ. Çà ëåìîþ 2 [17℄ iñíóþòü òàêi íàòóðàëüíi ÷èñëàNj < pj+
n−1

2 , òàêi �óíêöi¨

fj ∈ L2(S), ùî

Dγg(x) = 〈Dγ
xGj(x, y), Fj(y)〉 =

∫

S

(1 − ∆S)
Nj

2
y Dγ

xGj(x, y)fj(y)dS, x ∈ Ω, j = 1,m,

äå ∆S� îïåðàòîð Ëàïëàñà-Áåëüòðàìi íà S. �îçãëÿíåìî iíòåãðàëè

Ij,γ(x̂) =
∫

S

( ∫

Ω

̺k+|γ|(x, x̂)|(1 − ∆S)
Nj
2

y Dγ
xGj(x, y)|dx

)

|fj(y)|dS.

Âèêîðèñòîâóþ÷è ëåìó 3 iç [17℄, îäåðæó¹ìî îöiíêó

∫

Ω
̺k+|γ|(x, x̂)|(1−∆S)

Nj
2

y Dγ
xGj(x, y)|dx ≤ cj(1+̺mj+1+k−Nj (y, x̂)), äå cj = const > 0;

̺mj+1+k−Nj (y, x̂) ∈ L2(S) ïðè k > Nj − 1 − mj + 1−n
2 , ùî âèêîíó¹òüñÿ ïðè

k > pj −mj − 1, à îòæå, ïðè k > k̂. Òîäi
I2
j,γ(x̂) ≤ cj

∫

S

[1 + ̺mj+1+k−Nj (y, x̂)]2dS ·
∫

S

|fj(y)|
2dS < +∞, j = 1,m, |γ| ≤ r.

Çà òåîðåìîþ Ôóáiíi ïðè k > k̂ îäåðæó¹ìî iñíóâàííÿ òàêî¨ äîäàòíî¨ ñòàëî¨ C′
1, ùî

||g||k,r,x̂ =
m
∑

j=1

∑

|γ|≤r

∫

Ω

̺k+|γ|(x, x̂)| < Dγ
xGj(x, y), Fj(y) > |dS ≤

m
∑

j=1

∑

|γ|≤r

|Ij,γ(x̂)| ≤ C′
1.

Çà òåîðåìîþ ïðî ñòðóêòóðó �iíiòíî¨ óçàãàëüíåíî¨ �óíêöi¨ iç D′(S) [19℄ ìà¹ìî

|Dγg(x)| = | < Dγ
xGj(x, y), Fj(y) > | ≤

m
∑

j=1

C̃j,γ max
y∈S,|α|≤sj

|Dγ
xD

α
yGj(x, y)|.

Íà ïiäñòàâi îöiíîê (9) ||g||k,r ≤
m
∑

j=1

C̃j

∫

Ω

̺k+mj+1−n−|α|(x)dx < +∞ ïðè

k > n− 1 + k0.

Ïðè k > k̂ ó ïðîñòîði Mkr(Ω, x̂) ðîçãëÿäà¹ìî iíòåãðîäè�åðåíöiàëüíå ðiâíÿííÿ

u(x) −

∫

Ω

G0(x, y)f(y,Dru(y))dy = g(x), x ∈ Ω. (10)

Çðîçóìiëî, ùî äëÿ ðîçâ'ÿçêó u ðiâíÿííÿ (10) òàêîæ

∫

Ω
G0(·, y)f(y,Dru(y))dy ∈

∈Mk(Ω, x̂).
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Ëåìà 2. ßêùî u � ðîçâ'ÿçîê ðiâíÿííÿ (10) ó Mk(Ω, x̂) òà âèêîíó¹òüñÿ (4), òî u ¹

ðîçâ'ÿçêîì çàäà÷i (5) ó �îðìóëþâàííi 2.

Äîâåäåííÿ. ßêùî u � ðîçâ'ÿçîê ðiâíÿííÿ (10) â Mk(Ω, x̂), òî

̺k(x, x̂)[u(x) −
∫

Ω

G0(x, y)f(y,Dru(y))dy −
m
∑

j=1

< Gj(x, y), Fj(y) >] = 0 ∀x ∈ Ω.

Îñêiëüêè A∗ψ(x) = O(̺k(x, x̂)) ïðè x→ x̂ äëÿ ψ ∈ Xk(Ω, x̂), òî iñíó¹

∫

Ω

A∗ψ(x)u(x)dx =

∫

Ω

A∗ψ(x)





∫

Ω

G0(x, y)f(y,Dru(y))dy



 dx+

+

∫

Ω

A∗ψ(x)

m
∑

j=1

〈Gj(x, y), Fj(y)〉dx, ψ ∈ Xk(Ω, x̂), j = 1,m. (11)

Çãiäíî ç ëåìîþ 6 iç [17℄, ïðè k > k̂ òà ïðè ψ ∈ Xk(Ω, x̂) ïðàâèëüíi òîòîæíîñòi
∫

Ω

A∗ψ(x)G0(x, y)dx = ψ(y), y ∈ Ω,
∫

Ω

A∗ψ(x)Gj(x, y)dx = T̂jψ(y), y ∈ S, j = 1,m.

Òîäi

∫

Ω

(
∫

Ω

A∗ψ(x)G0(x, y)dx)f(y,Dru(y))dy =
∫

Ω

ψ(y)f(y,Dru(y))dy, à çà òåîðåìîþ Ôó-

áiíi òàêîæ

∫

Ω

A∗ψ(x)(
∫

Ω

G0(x, y)f(y,Dru(y))dy)dx =
∫

Ω

ψ(y)f(y,Dru(y))dy.

Çà àíàëîãîì òåîðåìè Ôóáiíi [20℄

∫

Ω

A∗ψ(x) < Gj(x, y), Fj(y) > dx =<
∫

Ω

A∗ψ(x)Gj(x, y)dx, Fj(y) >=< T̂jψ(y), Fj(y) >,

j = 1,m. Òîìó ç (3) îäåðæó¹ìî (8).

Ëåìà 3. Ïðè k > max{−m̂− 1, r + 1 − 2m} äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå

δ = δ(ε) > 0, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi ω ⊂ Ω, ìiðà ÿêî¨ m(ω) < δ, òà äëÿ âñiõ

y ∈ Ω, x̂ ∈ S âèêîíó¹òüñÿ

∑

|γ|≤r

∫

ω

|G̃kγ(x, y, x̂)|dx < ε.

Äîâåäåííÿ. Ëåìà äîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 3 iç [17℄. Íåõàé x̂ ∈ S. �îç-
äiëÿþ÷è îñîáëèâîñòi �óíêöi¨ G̃kγ(x, y, x̂) òà âèêîðèñòîâóþ÷è îöiíêè (9), ïðè y ∈ Ω,
|y − x̂| < d < 1 ìàòèìåìî

I1γ(y, d) =
∫

ω∩{x∈Ω:|x−x̂|<d}

|G̃kγ(x, y, x̂)|dx ≤
∫

ω∩{x∈Ω:|x−x̂|< 1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx+

+
∫

ω∩{x∈Ω:|x−y|<1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx+
∫

ω∩{x∈Ω:|x−x̂|> 1
2 |y−x̂|,|x−y|>1

2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx≤

≤ ãmax{|y − x̂|k+2m, |y − x̂|2m−|γ|, |y − x̂|k+n} < ãd,
äå ã � äîäàòíà ñòàëà. Òîäi I1(y, d) =

∑

|γ|≤r

I1γ(y, d) < ad, a = const > 0. Çà çàäàíèì

ε > 0, âèáðàâøè d0 <
ε
3a
, ïðè y ∈ Ω, |y − x̂| < d0 ìàòèìåìî I1k(y, d0) <

ε
3 .

Ïðè y ∈ Ω, |y − x̂| < d0 ïîäiáíî çíàõîäèìî

I2γ(y, d0) =
∫

ω∩{x∈Ω:|x−x̂|>d0}=ω1

|G̃kγ(x, y, x̂)|dx =
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=
∫

ω1∩{x∈Ω:|x−y|<1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx +
∫

ω1∩{x∈Ω:|x−y|>1
2 |y−x̂|}

|G̃kγ(x, y, x̂)|dx ≤

≤ b̃d0(1 + d−n
0 m(ω)).

Çâiäñè I2(y, d0) =
∑

|γ|≤r

I2γ(y, d) < bd0 + bd1−n
0 m(ω) ïðè âñiõ y ∈ Ω, |y − x̂| < d0,

b̃, b � äîäàòíi ñòàëi.

Çà çàäàíèì ε > 0, âèáðàâøè d0 < min{ ε
3a
, ε

3b
} òà m(ω) < δ =

εdn−1
0

3b
, îäåðæó¹ìî

∑

|γ|≤r

∫

ω

|G̃kγ(x, y, x̂)|dx = I1(y, d0) + I2(y, d0) < ε ïðè âñiõ y ∈ Ω, |y − x̂| < d0.

Ïðè y ∈ Ω, |y − x̂| ≥ d0 ðîçãëÿíåìî Jγ(y, d0) = J1γ(y, d0) + J2γ(y, d0) =

=
∫

ω∩{x∈Ω:|x−y|<1
2 d0}

|G̃kγ(x, y, x̂)|dx+
∫

ω∩{x∈Ω:|x−y|>1
2d0}

|G̃kγ(x, y, x̂)|dx.

Âðàõîâóþ÷è îöiíêè (9), à òàêîæ, ùî ̺k(x, x̂) ≤ cdk
0 ïðè k < 0 òà ̺k(x, x̂) ≤ 1 ïðè

k ≥ 0 (c = c(k) � äîäàòíà ñòàëà), ìàòèìåìî

J1γ(y, d0) ≤ Cγ

∫

ω∩{x∈Ω:|x−y|<1
2d0}

[1 + |x− y|2m−n−|γ|]dx · cd
k+|γ|
0 ≤

≤ c̃1d
k+|γ|+n
0 + c̃2d

k+2m
0 < c1d0

ïðè k + |γ| < 0, äå Cγ = Cγαj ïðè |α| = j = 0, c1 = c̃1 + c̃2, c̃1, c̃2 � äîäàòíi ñòàëi,

J1γ(y, d0) ≤ Cγ

∫

ω∩{x∈Ω:|x−y|<1
2d0}

[1 + |x − y|2m−n−|γ|]dx ≤ c̃′1d
n
0 + c̃′2d

2m−|γ|
0 < c′1d0

ïðè k + |γ| ≥ 0, äå c′1 = c̃′1 + c̃′2, c̃
′
1, c̃

′
2 � äîäàòíi ñòàëi;

J2γ(y, d0) ≤ 2Cγ(d0

2 )2m−n−|γ| · {
∫

ω∩{x∈Ω:|x−y|>1
2d0,|x−x̂|< 1

2d0}

̺k+|γ|(x, x̂)dx+

+c(k + |γ|)d
k+|γ|
0 m(ω)} ≤ c̃2d

2m−n−|γ|
0 [d

k+n+|γ|
0 + d

k+|γ|
0 m(ω)] =

= c̃2d
k+2m
0 + c̃2d

k+2m−n
0 m(ω) < c̃2d0 + c̃2d

1−n
0 m(ω)

ïðè k + |γ| < 0,
J2γ(y, d0) ≤ 2Cγc(k + |γ|)(d0

2 )2m−n−|γ|m(ω) ≤ c̃′2d
1−n
0 m(ω)

ïðè k + |γ| ≥ 0, c̃2, c̃
′
2 � äîäàòíi ñòàëi.

Îòæå, Jγ(y, d0) ≤ C1d0 + C2d
1−n
0 m(ω), äîäàòíi ñòàëi C1, C2 âèðàæàþòüñÿ ÷åðåç

ñòàëi c1, c
′
1, c̃2, c̃

′
2, à òîäi

J(y, d0) =
∑

|γ|≤r

Jγ(y, d0) < C(r)d0 + C(r)d1−n
0 m(ω), C(r) �äîäàòíà ñòàëà.

Çà çàäàíèì ε > 0, âèáðàâøè d0<min{ ε
3a
, ε

3b
, ε

2C(r)} òàm(ω) < δ = min{ ε
3b
, ε

2C(r)}d
n−1
0 ,

ìàòèìåìî ïîïåðåäíþ îöiíêó I(y, d0) < ε ïðè |y − x̂| < d0, à òàêîæ J(y, d0) < ε ïðè
|y − x̂| > d0.

Òåîðåìà 2. Íåõàé k > max{k̂, r + 1 − 2m}, �óíêöiÿ f çàäîâîëüíÿ¹ óìîâè:

1) iñíó¹ òàêà äîäàòíà ñòàëà C0, ùî äëÿ äîâiëüíèõ ñòàëî¨ C > C0,

v ∈Mk,r,C(Ω, x̂)

2R0

∫

Ω

|f(y,Drv(y))|dy < C; (12)

2) iñíó¹ äîäàòíà íåïåðåðâíà �óíêöiÿ h, h(0+) = 0, òàêà ùî

∫

Ω

|f(y,Drv1(y)) − f(y,Drv2(y))|dy ≤ h(||v1 − v2||k,r,x̂) ∀v1, v2 ∈Mk,r,C(Ω, x̂). (13)
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Òîäi iñíó¹ ðîçâ'ÿçîê u ∈ Mk,r(Ω, x̂) ðiâíÿííÿ (10) òà çàäà÷i (5) ó �îðìóëþâàííi 2,

ÿêèé çàäîâîëüíÿ¹ óìîâó (4).

Äîâåäåííÿ. Âèêîðèñòà¹ìî òåîðåìó Øàóäåðà [25, ñ.291℄. Ââåäåìî îïåðàòîð

H : (Hv)(x) =

∫

Ω

G0(x, y)f(y,Drv(y))dy + g(x), x ∈ Ω, v ∈Mk,r(Ω, x̂).

Ìà¹ìî ||Hv||k,r,x̂ =
∫

Ω

∑

|γ|≤r

̺k+|γ|(x, x̂)|Dγ
( ∫

Ω

G0(x, y)f(y,Drv(y))dy + g(x)
)

|dx.

Îñêiëüêè

∫

Ω
̺k+|γ|(x, x̂)|Dγ

xG0(x, y)|dx ≤ Rγ , òî ç óìîâè (12) çà òåîðåìîþ Ôóáiíi

îäåðæó¹ìî

||Hv||k,r,x̂ ≤ R0

∫

Ω

|f(y,Drv(y))|dy + ||g||k,r,x̂ ≤ C
2 + ||g||k,r,x̂, v ∈Mk,r(Ω, x̂).

Çà ëåìîþ 1 ïðè k > k̂ iñíó¹ òàêà äîäàòíà ñòàëà C1, ùî ||g||k,r,x̂ = C1. Âèáèðàþ÷è

C > max(C0, 2C1), îäåðæó¹ìî ||Hv||k,r,x̂ ≤ C
2 +C1 < C äëÿ âñiõ v ∈Mk,r,C(Ω, x̂), òàê

ùî ïðè òàêèõ C

H : Mk,r,C(Ω, x̂) →Mk,r,C(Ω, x̂). (14)

Äîâåäåìî, ùî îïåðàòîð H öiëêîì íåïåðåðâíèé íà Mk,r,C(Ω, x̂).

Äëÿ äîâiëüíèõ v1, v2 ∈Mk,r,C(Ω, x̂) ðîçãëÿíåìî

||Hv1 −Hv2||k,r,x̂ =
∑

|γ|≤r

∫

Ω

̺k+|γ|(x, x̂)|(DγHv1)(x) − (DγHv2)(x)|dx =

=
∑

|γ|≤r

∫

Ω

̺k+|γ|(x, x̂)|

∫

Ω

Dγ
xG0(x, y)[f(y,Drv1(y)) − f(y,Drv2(y))]dy|dx. (15)

Îñêiëüêè

∑

|γ|≤r

∫

Ω

̺k+|γ|(x, x̂)|Dγ
xG0(x, y)|dx ≤ R0 ïðè y ∈ Ω, òî çà óìîâîþ (13) òà

òåîðåìîþ Ôóáiíi îäåðæó¹ìî iñíóâàííÿ òàêî¨ äîäàòíî¨ ñòàëî¨ K1, ùî

||Hv1 − Hv2||k,r,x̂ ≤ K1h(||v1 − v2||k,r,x̂), à òîäi H � íåïåðåðâíå âiäîáðàæåííÿ

M̃k,r,C(Ω, x̂) â ñåáå.

Çà òåîðåìîþ �iññà [25, 
.242℄ äëÿ êîìïàêòíîñòi H íà Mk,r,C(Ω, x̂) íåîáõiäíî i

äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè:

a) iñíó¹ òàêà äîäàòíà ñòàëà C̃ > 0, ùî ||Hv||k,r,x̂ ≤ C̃ äëÿ âñiõ v ∈ M̃k,r,C(Ω, x̂);

á) äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå δ = δ(ε) > 0, ùî äëÿ äîâiëüíèõ v ∈ M̃k,r,C(Ω, x̂),
z ∈ R

n
, |z| < δ ||(Hv)(x + z) − (Hv)(x)||k,r,x̂ < ε.

Ïåðøå òâåðäæåííÿ äîâåëè ðàíiøå. Äîâåäåìî âèêîíàííÿ äðóãîãî. Ââàæà¹ìî ̺(x+
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z, x̂) = 0 òà G0(x+z, y) = 0, ÿêùî x+z /∈ Ω. Ïðè z ∈ R
n
, v ∈Mk,r,C(Ω, x̂) ðîçãëÿíåìî

||(Hv)(x + z) − (Hv)(x)||k,r,x̂ =

=
∑

|γ|≤r

∫

Ω

|̺k+|γ|(x+ z, x̂)(DγHv)(x+ z) − ̺k+|γ|(x, x̂)(DγHv)(x)|dx ≤

≤
∑

|γ|≤r

∫

Ω

|̺k+|γ|(x+ z, x̂)Dγ
xg(x+ z) − ̺k+|γ|(x, x̂)Dγ

xg(x)|dx+

+
∑

|γ|≤r

∫

Ω





∫

Ω

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)||f(y,Drv(y))|dy



 dx =J1(z) + J2(z,Drv).

Îñêiëüêè g ∈ Mk,r(Ω, x̂) (çà ëåìîþ 1), à îòæå, ̺k+|γ|(·, x̂)Dγg ∈ L1(Ω) ïðè âñiõ

x̂ ∈ S, |γ| ≤ r, òî çà òåîðåìîþ ïðî íåïåðåðâíiñòü ó öiëîìó �óíêöié iç L1(Ω) [25℄

ìà¹ìî: äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå δ′ = δ′(ε) > 0, ùî äëÿ âñiõ z ∈ R
n
, |z| < δ′,

J1(z) = ||g(x+ z) − g(x)||k,r,x̂ <
ε
6 .

×åðåç Ωη ïîçíà÷à¹ìî ïiäîáëàñòü Ω, îáìåæåíó ïîâåðõíåþ Sη. Àëå dist(Ωη, S) = η,
òîìó çà ëåìîþ 3 äëÿ äîâiëüíîãî ε > 0 iñíóþòü òàêi ÷èñëà δ0 = δ0(ε), η0 = η0(δ0) > 0,
ùî m(Ω \ Ωη0) < δ0 òà

I21(y) =
∫

Ω\Ωη0

∑

|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0

3C
ε äëÿ âñiõ y ∈ Ω.

×åðåç ωz
ïîçíà÷èìî çñóâ ìíîæèíè ω íà âåêòîð z. Îñêiëüêè m(ωz) = m(ω), òî

I ′21(y, z) =

∫

Ω\Ωη0

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂)|dx =

=

∫

(Ω\Ωη0)−z

∑

|γ|≤r

|G̃kγ(x, y, x̂)|dx <
R0

3C
ε äëÿ âñiõ y ∈ Ω, z ∈ R

n.

�îçãëÿíåìî ïðè z ∈ R
n
, v ∈Mk,r,C(Ω, x̂)

∫

Ω

(
∫

Ω

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy =

=
∫

Ω

(
∫

Ω\Ωη0

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy+

+
∫

Ω

(
∫

Ωη0

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy =

= J̃21(z,Drv) + J̃22(z,Drv).
Çãiäíî ç âèáîðîì ÷èñåë δ0, η0 òà óìîâîþ (12),

J̃21(z,Drv) ≤
∫

Ω

(I21(y) + I ′21(y, z))|f(y,Drv(y))|dy < 2 · R0

3C
ε
∫

Ω

|f(y,Drv(y))|dy <
ε
3 .

Çíàéäåìî îöiíêó J̃22(z,Drv). Çàïèøåìî
J̃22(z,Drv) =

∫

Ω\Ω η0
4

(
∫

Ωη0

∑

|γ|≤r

|G̃kγ(x + z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy+

+
∫

Ω η0
4

(
∫

Ωη0

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy =
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= J̃221(z,Drv) + J̃222(z,Drv).

Äëÿ âñiõ y ∈ Ω \ Ω η0
4
, x ∈ Ωη0 , |z| <

η0

2 ìà¹ìî x + z ∈ Ω 1
2η0

, |x − y| ≥ 3η0

4 ,

|x + z − y| ≥ |x − y| − |z| ≥ 3η0

4 − |z| > η0

4 . Òîìó çà ðiâíîìiðíîþ íåïåðåðâíiñòþ

�óíêöié G̃kγ(x, y, x̂) íà çàìêíåíié ìíîæèíi V : x ∈ Ω η0
2
, y ∈ Ω \ Ω η0

4
, x̂ ∈ S äëÿ

äîâiëüíîãî ε > 0 iñíó¹ òàêå δ1 = δ1(ε) <
η0

4 , ùî äëÿ äîâiëüíèõ x ∈ Ωη0 , y ∈ Ω \ Ω η0
4
,

z ∈ R
n
, |z| < δ1

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)| < R0

Cm(Ω)ε.

Çâiäñè òà ç óìîâè (12)

J̃221(z,Drv) =
∫

Ω\Ω η0
4

(
∫

Ωη0

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx)|f(y,Drv(y))|dy <

<
R0m(Ωη0)

Cm(Ω) ε
∫

Ω\Ω η0
4

|f(y,Drv(y))|dy <
R0

C
ε

∫

Ω\Ω η0
4

|f(y,Drv(y))|dy.

Âèáåðåìî η1 < min{ η0

4 , (
δ0

σn
)

1
n }, äå σn � ïëîùà ïîâåðõíi îäèíè÷íî¨ ñ�åðè â R

n
.

Ïðè y ∈ Ω η0
4

ìíîæèíè ωη1(y) = {ξ ∈ Ω : |ξ − y| < η1} çíàõîäÿòüñÿ âñåðåäèíi Ω.

Îñêiëüêè m(ωη1) = σnη
n
1 < δ0, òî çà ëåìîþ 3 äëÿ âñiõ y ∈ Ω η0

4

I22(y) =
∫

ωη1(y)

∑

|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0ε
3C

,

à ïðè |z| < δ2 < min{δ0, δ1,
η1

2 } òàêîæ

I ′22(y, z) =
∫

ωη1 (y)

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂)|dx =
∫

ω−z
η1

(y)

∑

|γ|≤r

|G̃kγ(x, y, x̂)|dx < R0ε
3C

.

Ïðè y ∈ Ω η0
4
, x ∈ Ωη0 \ ωη1(y), òà |z| < δ2 ìà¹ìî x+ z ∈ Ω 7

8η0
⊂ Ω η0

2
, |x− y| ≥ η1,

|x+ z− y| ≥ |x− y|− |z| ≥ η1 − δ2 >
η1

2 . Òîìó çà ðiâíîìiðíîþ íåïåðåðâíiñòþ �óíêöié

G̃kγ(x, y, x̂) íà çàìêíåíié ìíîæèíi V1 : y ∈ Ω η0
4
, x ∈ Ω η0

2
\ ωη1(y) äëÿ äîâiëüíîãî

ε > 0 iñíó¹ òàêå δ3 = δ3(ε) < δ2, ùî äëÿ äîâiëüíèõ y ∈ Ω η0
4
, x ∈ Ωη0 \ ωη1(y), |z| < δ3

∑

|γ|≤r

|G̃kγ(x + z, y, x̂) − G̃kγ(x, y, x̂)| < R0

3Cm(Ω)ε,

çâiäêè I23(y, z) =
∫

Ωη0

∑

|γ|≤r

|G̃kγ(x+ z, y, x̂) − G̃kγ(x, y, x̂)|dx < R0ε
3C

.

Âðàõîâóþ÷è (12), ïðè |z| < δ3 îäåðæó¹ìî

J̃222(z,Drv) <
∫

Ω η0
2

(I22(z)+I
′
22(y, z)+I23(z))|f(y,Drv(y))|dy <

R0ε
C

∫

Ω η0
2

|f(y,Drv(y))|dy.

Òîäi J̃22(z,Drv) ≤
R0ε
C

(
∫

Ω\Ω η0
2

|f |dy+
∫

Ω η0
2

|f |dy) = R0ε
C

∫

Ω

|f |dy < ε
2 , òîìó ïðè |z| < δ3

J̃21(z,Drv) + J̃22(z,Drv) <
ε
3 + ε

2 = 5ε
6 .

Çà òåîðåìîþ Ôóáiíi òàêîæ J2(z,Drv) <
5ε
6 . Îòîæ, äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå

δ = min[δ′, δ3], ùî äëÿ âñiõ z ∈ R
n
, |z| < δ òà äëÿ äîâiëüíî¨ v ∈Mk,r,C(Ω, x̂)

||(Hv)(x+ z) − (Hv)(x)||k,r,x̂ ≤ J1(z) + J2(z,Drv) <
ε

6
+

5ε

6
= ε.

Çà òåîðåìîþ Øàóäåðà îäåðæó¹ìî òâåðäæåííÿ òåîðåìè.
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Çàóâàæåííÿ 1. Óìîâè òåîðåìè 2, çîêðåìà, âèêîíóþòüñÿ äëÿ �óíêöi¨

|f(y, z)| ≤

r
∑

s=0

As

∑

|γ|=s

|zγ |
qs , y ∈ Ω, z ∈ R

M(r), (16)

|f(y, z1) − f(y, z2)| ≤

r
∑

s=0

As

∑

|γ|=s

|z1
γ − z2

γ |
qs , y ∈ Ω, z1, z2 ∈ R

M(r)
(17)

ïðè As = const ≥ 0, 0 < qs <
n

n+k+s
, s = 0, r.

Ñïðàâäi, âèêîðèñòîâóþ÷è íåðiâíiñòü �åëüäåðà, äëÿ äîâiëüíî¨ v ∈ Mk,r,C(Ω, x̂)
îäåðæó¹ìî

∫

Ω

|f(y,Drv(y))|dy ≤
r
∑

s=0
As

∑

|γ|=s

∫

Ω

|Dγv(y)|qsdy =

=
r

∑

s=0
As

∑

|γ|=s

∫

Ω

̺−(k+s)qs (y, x̂)[̺k+s(y, x̂)|Dγv(y)|]qsdy ≤

≤
r

∑

s=0
As

∑

|γ|=s

(
∫

Ω

̺−
(k+s)qs
1−qs (y, x̂)dy)1−qs · (

∫

Ω

̺k+s(y, x̂)|Dγv(y)|dy)qs ≤
r

∑

s=0
Ãs||v||

qs

k,r,

äå Ãs = C(s)As(
∫

Ω ̺
− (k+s)qs

1−qs (y, x̂)dy)1−qs
, C(s) � äîäàòíà ñòàëà (êiëüêiñòü ìóëüòèií-

äåêñiâ γ ç äîâæèíîþ s), âèçíà÷åíi ïðè 0 < qs <
n

n+k+s
, s = 0, r.

Òîäi ïðè v ∈Mk,r,C(Ω, x̂) ìàòèìåìî
∫

Ω

|f(y,Drv(y))|dy ≤
r

∑

s=0
ÃsC

qs
.

Çà âëàñòèâîñòÿìè ñòåïåíåâî¨ �óíêöi¨ atq, q ∈ (0, 1) äëÿ äîâiëüíîãî ÷èñëà Ãs iñíó¹

òàêå ÷èñëî Cs0 > 0, ùî äëÿ âñiõ C > Cs0 âèêîíó¹òüñÿ 2R0ÃsC
qs < C

r+1 , òîäi ïðè âñiõ

C > max
0≤s≤r

Cs0 = C0 ìàòèìåìî 2R0

r
∑

s=0
ÃsC

qs < C. Îòæå, âèêîíó¹òüñÿ (12).

Òàê ñàìî ïîêàçó¹ìî, ùî äëÿ äîâiëüíèõ v1, v2 ∈Mk,r,C(Ω, x̂)
∫

Ω

|f(y,Drv1(y)) − f(y,Drv2(y))|dy ≤
r
∑

s=0
As

∑

|γ|=s

∫

Ω

|Dγv1(y) −Dγv2(y)|
qsdy =

=
r
∑

s=0
As

∑

|γ|=s

∫

Ω

̺−(k+s)qs(y, x̂)[̺k+s(y, x̂)|Dγv1(y) −Dγv2(y)|]
qsdy ≤

≤
r

∑

s=0
As

∑

|γ|=s

(
∫

Ω

̺−
(k+s)qs
1−qs (y, x̂)dy)1−qs · (

∫

Ω

̺k+s(y, x̂)|Dγv1(y) −Dγv2(y)|dy)
qs ≤

≤
r

∑

s=0
Ãs||v1 − v2||

qs

k,r.

Ôóíêöiÿ h(t) =
r

∑

s=0
Ãst

qs
çàäîâîëüíÿ¹ óìîâè òåîðåìè.

Çàóâàæåííÿ 2. Ïîäiáíî äîâîäèìî, ùî ïðè Fj ∈ D′(S), s(Fj) ≤ sj, sj ≥ 0, j = 1,m,
k > k0 + n− 1 òà âèêîíàííi óìîâ, ÿê ó òåîðåìi 2, àëå ç çàìiíîþ ïðîñòîðó Mk,r(Ω, x̂)
íà Mk,r(Ω), çàäà÷à (4) ó �îðìóëþâàííi 2 ìà¹ ðîçâ'ÿçîê u ∈ Mk,r(Ω). Çîêðåìà, òàêi
óìîâè âèêîíóþòüñÿ äëÿ �óíêöi¨ f , ÿêà çàäîâîëüíÿ¹ (16) òà (17) ïðè qs < 1

k+s+1 ,

s = 1, r.
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Ïðèêëàä 1. �îçãëÿíåìî óçàãàëüíåíó çàäà÷ó Äiðiõëå (Fj ∈ Z ′
pj

(S, x̂), j = 1, 2)

∆2u =

∣

∣

∣

∣

∂2u

∂x2
1

∣

∣

∣

∣

q

, u|S = F1,
∂u

∂ν

∣

∣

∣

∣

S

= F2. (18)

Ïåðåâiðèìî âèêîíàííÿ óìîâ òåîðåìè 2 ïðè q ∈ (0, 1): r = 2, m̂ = 2, ïðè k > max(p1−1,
p2 − 2,−1) âèêîíóþòüñÿ óìîâè ëåì 1, 3; ïðè 0 < q < n

n+k+2 ïðàâà ÷àñòèíà ðiâíÿííÿ

çàäîâîëüíÿ¹ óìîâè (16) òà (17), òîìó çãiäíî ç çàóâàæåííÿì 2 âîíà çàäîâîëüíÿ¹ óìîâè

òåîðåìè 2.

Çà òåîðåìîþ 2 ïðè

max{p1 − 1, p2 − 2,−1} < k <
n

q
− n− 2, (19)

à îòæå, ïðè 0 < q < n
n+1 , 0 ≤ p1 < n

q
− n − 1, 0 ≤ p2 < n

q
− n iñíó¹ ðîçâ'ÿçîê

u ∈ Mk,2(Ω, x̂) çàäà÷i (18), äå k çàäîâîëüíÿ¹ óìîâó (19). Áà÷èìî, ùî ÷èñëà p1 òà p2

ìîæóòü íàáóâàòè äîäàòíèõ çíà÷åíü, äîñèòü âåëèêèõ ïðè ìàëèõ çíà÷åííÿõ q. Çîêðå-
ìà, u ∈ L1(Ω) ïðè p1 < 1, p2 < 2.

Òåîðåìà 3. Íåõàé k > k̂,
∫

Ω |f(y, v(y))dy < +∞ äëÿ âñiõ v ∈ Mk(Ω, x̂) òà iñíó¹

òàêà ñòàëà K ∈ (0, 1), ùî äëÿ äîâiëüíèõ v1, v2 ∈Mk(Ω, x̂)

2 max
y∈Ω

∫

Ω

̺k(x, x̂)|G0(x, y)|dx ·

∫

Ω

|f(y, v1(y)) − f(y, v2(y))|dy ≤ K||v1 − v2||k.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈Mk(Ω, x̂) iíòåãðîäè�åðåíöiàëüíîãî ðiâíÿííÿ (10) òà
çàäà÷i (5) ó �îðìóëþâàííi 2.

Òâåðäæåííÿ òåîðåìè 3 îäåðæó¹ìî íà ïiäñòàâi ïðèíöèïó ñòèñêóþ÷èõ âiäîáðà-

æåíü.

Çàóâàæåííÿ 3. ßê ó [16℄, äîâîäèòüñÿ òàêå: ÿêùî âèêîíóþòüñÿ óìîâè òåîðåìè 2 òà

äëÿ äîâiëüíî¨ ïiäîáëàñòi Ω′
îáëàñòi Ω, ðîçìiùåíî¨ ñòðîãî âñåðåäèíi Ω, äîâiëüíèõ

s ≤ r, x ∈ Ω′
äëÿ ðîçâ'ÿçêó u ∈Mk,r(Ω, x̂) çàäà÷i (5)

∫

Ω′

|x− y|2m−n−s|f(y,Dru(y))|dy < +∞, (20)

òî u ∈ C2m−1(Ω); ÿêùî, êðiì òîãî, r ≤ 2m − 2 òà �óíêöiÿ f(x, z) ìà¹ íåïåðåðâíi

ïîõiäíi ïåðøîãî ïîðÿäêó çà âñiìà àðãóìåíòàìè x ∈ Ω, z ∈ R
M(r)

, òî u ∈ C2m(Ω).

Ôóíêöiÿ f , ÿêà çàäîâîëüíÿ¹ óìîâè (16) òà (17), ïðè 0 < qs < min{ n
k+n+s

, 2m−s
n

},

s = 0, r òàêîæ çàäîâîëüíÿ¹ (20).
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