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Äîâåäåíî âëàñòèâîñòi çëi÷åííîâèìiðíèõ ìàòðè÷íèõ ìið, ÿêi âèêîðèñòîâóþòü

ïiä ÷àñ äîñëiäæåííÿ àñèìïòîòè÷íîãî ïîâîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ âiäíîâëåí-

íÿ.

Êëþ÷îâi ñëîâà: ìàòðè÷íà ìiðà, ïåðåòâîðåííÿ Ôóð'¹.

Íåõàé Gε
ij(dx), i, j ∈ N, � ñiì'ÿ êîìïëåêñíîçíà÷íèõ ìið íà R+ òàêà, ùî

Gε
ij(dx) = 0 ïðè j > i, V ε

ij(dx) � âàðiàöiÿ ìiðè Gε
ij(dx), Vε(dx) = (V ε

ij(dx))∞i,j=1 ,

Gε(dx) = (Gε
ij(dx))∞i,j=1 .

Ïðèéìåìî mi =
∞∫

0

xGii(dx) i íåõàé ìiðè Gε
ij(dx) çàäîâîëüíÿþòü òàêi óìîâè: ãðà-

íèöÿ Gε
ij(dx) â ðîçóìiííi ñëàáêî¨ çáiæíîñòi äîðiâíþ¹ Gij(dx) ïðè ε → 0, òîáòî

Gε
ij(dx)−−→

ε→0
Gij(dx) ; (1)

Gij(dx) = 0 (i 6= j), Gii(dx) ≥ 0, Gii([0,∞)) = 1; (2)

lim
ε→0

1

ε
(I − Vε([0,∞))) = D = {dij}

∞
i,j=1, dij < ∞, i, j ∈ N; (3)

lim
ε→0

1

ε
(I − Gε([0,∞))) = C = {cij}

∞
i,j=1, cij < ∞, i, j ∈ N; (4)

sup
ε>0

∞∫

T

xV ε
ij(dx)−−−−→

T→∞
0; (5)

inf
i∈N

mi > 0, sup
i∈N

mi < ∞; (6)

inf
i∈N

∞∑

j=1

dij > 0. (7)
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Çàóâàæèìî, ùî çàâäÿêè óìîâi (5), äëÿ âñiõ i ∈ N âèêîíó¹òüñÿ 0 < mi < ∞. Àíàëî-

ãi÷íî, íåõàé ni =
∞∫

0

xVii(dx), äå Vij(dx) âàðiàöiÿ ìiðè Gij(dx), G(dx) = (Gij(dx))∞i,j=1 ,

V (dx) = (Vij(dx))∞i,j=1 , M = diag{m1, m2, ...}, N = diag{n1, n2...}.

Çàóâàæåííÿ 1. Îñêiëüêè ìiðè Gii(dx) äiéñíîçíà÷íi (äèâ. (2)), òî î÷åâèäíî, ùî

Gii(dx) = Vii(dx), òîáòî M = N .

Ïðèéìåìî

Nε =

∞∫

0

xVε(dx), Lε = N−1
ε (I − Vε([0;∞))), Qε(x) = e−xLε −

x∫

0

Vε(dy)e−(x−y)Lε .

Âëàñòèâîñòi ìàòðè÷íîçíà÷íèõ �óíêöié Qε(x) âèêîðèñòîâóþòü ïiä ÷àñ äîñëiäæåí-
íÿ àñèìïòîòè÷íîãî ïîâîäæåííÿ ðîçâ'ÿçêó ñêií÷åííîâèìiðíîãî ðiâíÿííÿ âiäíîâëåííÿ

(äèâ. [1℄, [2℄).

�îçãëÿíåìî áàíàõîâèé ïðîñòið K, åëåìåíòàìè ÿêîãî ¹ ìàòðè÷íîçíà÷íi �óíêöi¨

Q(x) = (Qij(x))∞i,j=1 ç íîðìîþ |||Q||| =
∞∫

−∞

‖Q(x)‖dx < ∞, äå ‖A‖ = sup
i∈N

∞∑
j=1

|aij | �

íîðìà ìàòðèöi A. Äëÿ Q ∈ K ïîçíà÷èìî Q̂(λ) =
∞∫

−∞

eiλxQ(x)dx, λ ∈ R.

Òåîðåìà 1. Íåõàé Gε
ij(dx) çàäîâîëüíÿþòü óìîâè (1)-(7). Òîäi Qε(x) ∈ K i âèêî-

íó¹òüñÿ Qε(x)−−→
ε→0

Q(x) = V ([x;∞)) çà íîðìîþ ïðîñòîðó K.

Äîâåäåííÿ. Çàâäÿêè óìîâàì (6) òà (7) σ = inf
i

∞∑
j=1

dij

mi
> 0, à òîìó ‖e−tM−1D‖≤e−tσ

.

Îñêiëüêè lim
ε→0

‖e−x1

ε
Lε‖ = ‖e−xM−1D‖, òî, âðàõîâóþ÷è ïîïåðåäíþ íåðiâíiñòü, îòðè-

ìó¹ìî, ùî ‖e−xLε‖ ≤ e−εxσ
. Äàëi

+∞∫

0




x∫

0

Vε(dy)e−(x−y)Lε



 dx =

+∞∫

0

Vε(dy)

+∞∫

y

e−(x−y)Lεdx =

=

+∞∫

0

Vε(dy)eyLε

(
e−xLεL−1

ε

∣∣∣
y

+∞

)
=

+∞∫

0

L−1
ε Vε(dy) = Vε([0, +∞))L−1

ε .

Çâiäñè i ç òîãî, ùî ‖e−xLε‖ ≤ e−εxσ
âèïëèâà¹, ùî Qε(x) ∈ K.
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Ïîçíà÷èìî V ε(y) = Vε([y;∞)). Òîäi dV ε(y) = −Vε(dy) i

Qε(x) = e−xLε +

x∫

0

dV ε(y) · e−(x−y)Lε = e−xLε + V ε(y)e−(x−y)Lε

∣∣∣
x

0
−

−

x∫

0

V ε(y)e−(x−y)LεdyLε = −V ε(0)e−xLε −

x∫

0

V ε(y)e−(x−y)LεdyLε+

+e−xLε + V ε(x) = V ε(x) + (I − V ε(0))e−xLε −

x∫

0

V ε(y)e−(x−y)LεLεdy =

= V ε(x) + NεLεe
−xLε −

x∫

0

V ε(y)e−(x−y)LεLεdy.

Ïîêàæåìî, ùî

V ε(x)−−→
ε→0

Q(x) = V ([x;∞)), (8)

∞∫

0

‖NεLεe
−xLε −

x∫

0

V ε(y)e−(x−y)LεLεdy‖dx −→
ε→0

0. (9)

Ïðè i 6= j ìà¹ìî

∞∫

0

V
ε

ij(x)dx =

∞∫

0

V ε
ij([x;∞))dx =

∞∫

0

xV ε
ij(dx) + xV ε

ij([x;∞))
∣∣∣
∞

0
=

=

c∫

0

xV ε
ij(dx) +

∞∫

c

xV ε
ij(dx) ≤ c · V ε

ij([0; c]) +

∞∫

c

xV ε
ij(dx).

Ç óìîâ (3) òà (5) âiäïîâiäíî îòðèìó¹ìî c · V ε
ij([0; c])−−→

ε→0
0 òà

∞∫
c

xV ε
ij(dx)−−−→c→∞0.

Ïðè i = j ìà¹ìî

∞∫

0

|V
ε

ii(x) − V ii(x)|dx =

c∫

0

|V
ε

ii(x) − V ii(x)|dx +

∞∫

c

|V
ε

ii(x) − V ii(x)|dx ≤

≤

c∫

0

|V
ε

ii(x) − V ii(x)|dx +

∞∫

c

V ε
ii([x;∞))dx +

∞∫

c

Vii([x;∞))dx ≤

≤

c∫

0

|V ε
ii([0, x]) − Vii([0, x])|dx + c|1 − V ε

ii([0,∞))| +

∞∫

c

xV ε
ii(dx) +

∞∫

c

xVii(dx).

Ëåãêî áà÷èòè, ùî çàâäÿêè óìîâi (5), iíòåãðàëè

∞∫
c

xV ε
ii(dx) i

∞∫
c

xVii(dx) ðiâíîìiðíî

âiäíîñíî ε çáiãàþòüñÿ äî 0, à c|1−V ε
ii([0,∞))|−−→

ε→0
0 i |V ε

ii([0, x])−Vii([0, x])|−−→
ε→0

0 çàâäÿêè
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(4) òà (1) âiäïîâiäíî. Çâiäñè âèïëèâà¹ óìîâà (8). Ïðèéìåìî

V
c

ε(y) =

{
V ε(y), y ≤ c,

0, y > c,
R

c

ε(y) =

{
0, y ≤ c,

V ε(y), y > c.

Ëåãêî áà÷èòè, ùî V ε(y) = V
c

ε(y) + R
c

ε(y), à îòæå,

∞∫

0

|NεLεe
−xLε −

x∫

0

V ε(y)e−(x−y)LεLεdy|dx ≤

≤

∞∫

0

|NεLεe
−xLε −

x∫

0

V
c

ε(y)e−(x−y)LεLεdy|dx +

∞∫

0

|

x∫

0

R
c

ε(y)e−(x−y)LεLεdy|dx ≤

≤

c∫

0

|NεLεe
−xLε −

x∫

0

V
c

ε(y)e−(x−y)LεLεdy|dx +

∞∫

c

|NεLεe
−xLε−

−

x∫

0

V
c

ε(y)e−(x−y)LεLεdy|dx +

∞∫

c

|V ε(y)|dy

∞∫

0

|e−xLεLε|dx.

Àëå

∞∫

0

‖e−xLεLε‖dx =
∞∫

0

‖e−
x
ε

Lε 1
ε
Lε‖dx ≤ ‖ 1

ε
Lε‖

∞∫

0

e−σxdx = 1
σ
· ‖ 1

ε
Lε‖−−→ε→0

‖M−1D‖
σ

,

à iíòåãðàë

∞∫
c

|V ε(y)|dy ìîæíà çðîáèòè ÿê çàâãîäíî ìàëèì çà äîïîìîãîþ âèáîðó ÷èñëà

c. Òîìó
∞∫
c

|V ε(y)|dy
∞∫

0

|e−xLεLε|dx → 0 ïðè ε → 0.

Äàëi

∞∫

c

|NεLεe
−xLε −

x∫

0

V
c

ε(y)e−(x−y)LεLεdy|dx ≤ |Nε −

c∫

0

V ε(y)eyLεdy|

∞∫

c

|e−xLεLε|dx ≤

≤ |Nε −

c∫

0

V ε(y)dy|

∞∫

c

|e−xLεLε|dx

i, àíàëîãi÷íî,

c∫

0

|NεLεe
−xLε −

x∫

0

V
c

ε(y)e−(x−y)LεLεdy|dx ≤ |Nε −

c∫

0

V ε(y)eyLεdy|

c∫

0

|e−xLεLε|dx ≤

≤ |Nε −

c∫

0

V ε(y)dy|

c∫

0

|e−xLεLε|dx.

Îñêiëüêè

∞∫

0

V (y)dy = N i |Nε−
c∫

0

V ε(y)dy|−−→
ε→0

|N−
c∫

0

V (y)dy|, òî çà ðàõóíîê âèáîðó

c îòðèìó¹ìî (9). Òåîðåìó 1 äîâåäåíî.
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Ïðè äîâåäåííi íàñòóïíî¨ òåîðåìè áóäåìî âèêîðèñòîâóâàòè ëåìó, ÿêó ïîäà¹ìî áåç

äîâåäåííÿ, îñêiëüêè ¨¨ äîâåäåííÿ àíàëîãi÷íå äî ñêií÷åííîâèìiðíîãî âèïàäêó (äèâ.

[3℄)

Ëåìà 1. Íåõàé ïîñëiäîâíiñòü {Qn}
∞
n=1 ⊂ K çáiãà¹òüñÿ çà íîðìîþ ||| · ||| äî Q ∈ K

i ïðè λ ∈ [a; b] iñíó¹ Q̂(λ)−1
. Òîäi çíàéäåòüñÿ ïîñëiäîâíiñòü {Fn}

∞
n=1 ⊂ K òàêà, ùî

äëÿ âñiõ äîñòàòíüî âåëèêèõ n

Q̂n(λ)−1 = F̂n(λ) ïðè λ ∈ [a; b], |||Fn − F |||−−−→n→∞0, Q̂(λ)−1 = F̂ (λ) ïðè λ ∈ [a; b].

Ïðèéìåìî Ψε(λ) =
∞∫

0

eiλxVε(dx), Ψ(λ) =
∞∫

0

eiλxG(dx) =
∞∫

0

eiλxV (dx).

Òåîðåìà 2. Íåõàé Gε
ij(dx) çàäîâîëüíÿþòü óìîâè (1)-(7). ßêùî äëÿ êîæíîãî λ ∈ R

ìàòðèöÿ (Ψ(λ) − I) îáîðîòíà, òî äëÿ âñiõ −∞ < a < b < ∞ i äîñòàòíüî ìàëèõ

ε > 0 çíàéäóòüñÿ �óíêöi¨ F ∈ K, Fε ∈ K òàêi, ùî äëÿ λ ∈ [a, b] âèêîíó¹òüñÿ

F̂−1
ε (λ) = (I − Ψε(λ))(Lε − iλI)−1,

F̂−1(λ) =
i

λ
(I − Ψ(λ)),

Fε(x) →
ε→0

F (x)

çà íîðìîþ ïðîñòîðó K.

Çàóâàæåííÿ 2. Óìîâà îáîðîòíîñòi ìàòðèöi (Ψ(λ)−I) ¹ àíàëîãîì óìîâè íåðåøiò÷àñ-

òîñòi ìið Gii(dx) ó âèïàäêó ñêií÷åííîâèìiðíèõ ìàòðèöü.

Äîâåäåííÿ. Âðàõîâóþ÷è òâåðäæåííÿ ëåìè 1 òà òåîðåìè 1 äëÿ äîâåäåííÿ öi¹¨ òåîðå-

ìè òðåáà ïîêàçàòè, ùî ïåðåòâîðåííÿ Ôóð'¹ ìàòðèöi Q(x) = V ([x;∞)) îáîðîòíå òà

çíàéòè ÿâíèé âèãëÿä ìàòðèöü Q̂(λ) i Q̂ε(λ).

Ìà¹ìî Q̂(λ) =
∞∫

0

eiλxV ([x,∞))dx =
∞∫

0

eiλxG([x,∞))dx =
∞∫

0

G(dy)
y∫

0

eiλxdx =

=
∞∫

0

G(dy) eiλx−1
iλ

= 1
iλ

(Ψ(λ) − I). Çâiäñè îòðèìó¹ìî, ùî ìàòðèöÿ Q̂(λ) ìà¹ îáåðíåíó.

Äàëi

Q̂ε(λ) =

∞∫

0

eiλxe−xLεdx −

∞∫

0

eiλx(

x∫

0

Vε(dy)e−(x−y)Lε)dx =

= (Lε − iλI)−1 − Ψε(λ)(Lε − iλI)−1 = (I − Ψε(λ))(Lε − iλI)−1.

Òåîðåìó 2 äîâåäåíî.
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Here is proved properties of 
ountable matrix measures whi
h 
an be used in

investigating asymptoti
 behavior of the solution of the renewal equation.
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