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Â îáëàñòi ç âiëüíèìè ìåæàìè äîñëiäæåíî îáåðíåíó çàäà÷ó âèçíà÷åííÿ

ñòàðøîãî êîå�iöi¹íòà â ñèëüíî âèðîäæåíîìó ïîâíîìó ïàðàáîëi÷íîìó ðiâíÿííi.

Âèçíà÷åíî óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, ñèëüíå ñòåïåíåâå âèðîäæåííÿ, âiëüíi ìåæi,

ïàðàáîëi÷íå ðiâíÿííÿ.

Çàäà÷à, ÿêó äîñëiäæó¹ìî, ïî¹äíó¹ êîå�iöi¹íòíó îáåðíåíó çàäà÷ó ç âèðîäæåí-

íÿì òà çàäà÷ó ç âiëüíèìè ìåæàìè. Êîæåí ç öèõ òèïiâ çàäà÷ äîñëiäæóâàëè ðàíiøå.

Â [1, 2℄ â îáëàñòi ç âiäîìèìè ìåæàìè âèâ÷àëè îáåðíåíi çàäà÷i âèçíà÷åííÿ ñòàðøîãî

êîå�iöi¹íòà â ïîâíîìó ïàðàáîëi÷íîìó ðiâíÿííi â âèïàäêàõ ñëàáêîãî i ñèëüíîãî ñòå-

ïåíåâîãî âèðîäæåííÿ. Ïîäiáíó îáåðíåíó çàäà÷ó áåç âèðîäæåííÿ â îáëàñòi ç âiëüíèìè

ìåæàìè ðîçãëÿäàëè â [3℄. Âèïàäîê ñëàáêîãî âèðîäæåííÿ äëÿ ïàðàáîëi÷íîãî ðiâíÿí-

íÿ â îáëàñòi ç âiëüíîþ ìåæåþ äîñëiäæåíî â [4℄. Ìåòà íàøî¨ ïðàöi � çà äîïîìîãîþ

òåîðåìè Øàóäåðà âèçíà÷èòè óìîâè iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó îáåðíåíî¨ çàäà-

÷i âèçíà÷åííÿ êîå�iöi¹íòà ïðè ñòàðøié ïîõiäíié ó ïîâíîìó ïàðàáîëi÷íîìó ðiâíÿííi

ç ñèëüíèì ñòåïåíåâèì âèðîäæåííÿì â îáëàñòi ç âiëüíèìè ìåæàìè. Äîâåäåííÿ ¹äè-

íîñòi ðîçâ'ÿçêó çãàäàíî¨ çàäà÷i  ðóíòó¹òüñÿ íà îöiíêàõ ðîçâ'ÿçêó äåÿêîãî ðiâíÿííÿ,

ùî ìiñòèòü íåâiäîìi �óíêöi¨.

1. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíi ðåçóëüòàòè. Â îáëàñòi ΩT = {(x, t) :
h1(t) < x < h2(t), 0 < t < T }, äå x = h1(t) òà x = h2(t) � íåâiäîìi �óíêöi¨,

ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à âèçíà÷åííÿ êîå�iöi¹íòà a(t) > 0, t ∈ [0, T ] â ðiâíÿííi

ut = a(t)tβuxx + b(x, t)ux + c(x, t)u + f(x, t), (x, t) ∈ ΩT (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = ϕ(x), h1(0) 6 x 6 h2(0) (2)
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òà êðàéîâèìè óìîâàìè

u(h1(t), t) = µ1(t), u(h2(t), t) = µ2(t), 0 6 t 6 T, (3)

äå h1(0) = h10 òà β > 1 � çàäàíi ÷èñëà. Äëÿ âèçíà÷åííÿ íåâiäîìîãî êîå�iöi¹íòà òà

�óíêöié, ÿêi çàäàþòü ìåæi îáëàñòi, çàäàþòü äîäàòêîâi òàê çâàíi óìîâè ïåðåâèçíà-

÷åííÿ âèãëÿäó

a(t)tβux(h1(t), t) = µ3(t), 0 6 t 6 T, (4)

h2(t)∫

h1(t)

u(x, t)dx = µ4(t), 0 6 t 6 T, (5)

h2(t)∫

h1(t)

xu(x, t)dx = µ5(t), 0 6 t 6 T. (6)

Çàìiíîþ çìiííèõ y = x−h1(t)
h2(t)−h1(t) , t = t çàäà÷à (1)-(6) çâîäèòüñÿ äî îáåðíåíî¨

ñòîñîâíî íåâiäîìèõ (a(t), h1(t), h3(t) = h2(t) − h1(t), v(y, t) = u(yh3(t) + h1(t), t)) â

îáëàñòi çi ñòàëèìè ìåæàìè QT = {(y, t) : 0 < y < 1, 0 < t < T }:

vt =
a(t)tβ

h2
3(t)

vyy +
b(yh3(t) + h1(t), t) + h′

1(t) + yh′
3(t)

h3(t)
vy + c(yh3(t) + h1(t), t)v+

+f(yh3(t) + h1(t), t), (y, t) ∈ QT , (7)

v(y, 0) = ϕ(yh3(0) + h10), 0 6 y 6 1, (8)

v(0, t) = µ1(t), v(1, t) = µ2(t), 0 6 t 6 T, (9)

a(t)tβ

h3(t)
vy(0, t) = µ3(t), 0 6 t 6 T, (10)

h3(t)

1∫

0

v(y, t)dy = µ4(t), 0 6 t 6 T. (11)

h1(t)µ4(t) + h2
3(t)

1∫

0

yv(y, t)dy = µ5(t), 0 6 t 6 T. (12)

Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1) ϕ ∈ C1[h10, +∞), ϕ(x) > ϕ0 > 0, x ∈ [h10, +∞), µi ∈ C1[0, T ], i = 1, 2, 4, 5,
µi(t) > 0, t ∈ [0, T ], i = 1, 2, 4, b, f ∈ C2,0([h10, +∞) × [0, T ]), c ∈ C1,0([h10, +∞) ×
×[0, T ]), f(x, t) > 0, c(x, t) 6 0, (x, t) ∈ [h10, +∞) × [0, T ];

2) µ3 ∈ C[0, T ], µ3(t) > 0, t ∈ (0, T ], òà iñíó¹ ñêií÷åííà ãðàíèöÿ lim
t→+0

µ3(t)t
− β+1

2 =

= A0 > 0, −µ′
1(t) > 0, t ∈ [0, T ], |µ′

5(t)| 6 A1t
β−1

2
+γ , |µ′

4(t)| 6 A2t
β−1

2
+γ ,

t ∈ [0, T ], |b(x, t)| 6 A3t
β−1

2
+γ , |bx(x, t)| 6 A4t

β−1

2
+γ , |bxx(x, t)| 6 A5t

β−1

2
+γ , |c(x, t)| 6
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6 A6t
β−1

2
+γ , |cx(x, t)| 6 A7t

β−1

2
+γ , |f(x, t)| 6 A8t

β−1

2
+γ , |fx(x, t)| 6 A9t

β−1

2
+γ , (x, t) ∈

∈ [h10, +∞)× [0, T ], äå Ai, i = 0, 9 � äåÿêi äîäàòíi ñòàëi, γ > 0 � äîâiëüíå �iêñîâàíå

÷èñëî;

3) ϕ(h10) = µ1(0), ϕ(h2(0)) = µ2(0).

Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî T0, 0 < T0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíè-

ìè äàíèìè, ùî ðîçâ'ÿçîê (a, h1, h3, v) ∈ C[0, T0] × (C1[0, T0])
2 × C2,1(QT0

) ∩ (QT0
),

vy(0, t) ∈ C(0, T0], a(t) > 0, h3(t) > 0, t ∈ [0, T0] çàäà÷i (7)-(12) iñíó¹ i ¹äèíèé.

2. Çâåäåííÿ çàäà÷i (7)-(12) äî ñèñòåìè ðiâíÿíü. Âèçíà÷èìî ïî÷àòêîâå

çíà÷åííÿ �óíêöi¨ x = h2(t), ÿêà çàäà¹ íåâiäîìó ìåæó îáëàñòi. Çãiäíî ç óìîâàìè

(2), (5) òà ïðèïóùåííÿìè òåîðåìè iñíó¹ ¹äèíå ÷èñëî h2(0) > h10, ÿêå ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ

h2(0)∫

h10

ϕ(x)dx = µ4(0).

Òîìó íàäàëi ðiçíèöþ h30 = h2(0) − h10 ââàæàòèìåìî âiäîìîþ.

Äî ðîçâ'ÿçêó çàäà÷i (7)-(9) çàñòîñó¹ìî ïðèíöèï ìàêñèìóìó [5, ñ. 25℄. Îòðèìà¹ìî

îöiíêó çíèçó �óíêöi¨ v(y, t)

v(y, t) > M1 > 0, (y, t) ∈ QT , (13)

äå ñòàëà M1 çàëåæèòü âiä âèõiäíèõ äàíèõ çàäà÷i. Çíàéäåíà îöiíêà äà¹ çìîãó îöiíèòè

�óíêöi¨ h3(t), h1(t), âðàõîâóþ÷è ðiâíÿííÿ (11), (12)

h3(t) 6
1

M1
max
[0,T ]

µ4(t) ≡ H1 < ∞, t ∈ [0, T ], (14)

|h1(t)| 6
µ5(t)

µ4(t)
+

µ4(t)
1∫
0

v(y, t)dy

≡ H2, t ∈ [0, T ]. (15)

Âèêîðèñòîâóþ÷è çíîâó ïðèíöèï ìàêñèìóìó äëÿ ðîçâ'ÿçêó çàäà÷i (7)-(9), îäåð-

æó¹ìî

v(y, t) 6 M2 < +∞, (y, t) ∈ QT (16)

i çãiäíî ç (11)

h3(t) >
1

M2
min
[0,T ]

µ4(t) ≡ H0 > 0, t ∈ [0, T ]. (17)

Ïîçíà÷èìî q(t) = a(t)
h2
3
(t)
, p(t) = h′

1(t), r(t) = h′
3(t), ω(y, t) = vy(y, t). Ïðèïóñòèâ-

øè òèì÷àñîâî, ùî �óíêöi¨ a(t), h1(t), h3(t) � âiäîìi, ïðÿìó çàäà÷ó (7)-(9) çàìiíèìî
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åêâiâàëåíòíîþ ñèñòåìîþ iíòåãðàëüíèõ ðiâíÿíü

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)

(
b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)

h3(τ)
ω(η, τ)+

+c(ηh3(τ) + h1(τ), τ)v(η, τ)

)
dηdτ, (y, t) ∈ QT , (18)

ω(y, t) = v0y(y, t) +

t∫

0

1∫

0

G1y(y, t, η, τ)

(
b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)

h3(τ)
ω(η, τ)+

+c(ηh3(τ) + h1(τ), τ)v(η, τ)

)
dηdτ, (y, t) ∈ QT , (19)

äå ÷åðåç Gk(y, t, η, τ), k = 1, 2 ïîçíà÷åíî �óíêöi¨ �ðiíà k-¨ êðàéîâî¨ çàäà÷i äëÿ ðiâ-

íÿííÿ

vt = q(t)tβvyy + f(yh3(t) + h1(t), t). (20)

�õ âèçíà÷àþòü �îðìóëîþ

Gk(y, t, η, τ) =
1

2
√

π(θ(t) − θ(τ))

+∞∑

n=−∞

(
exp

(
− (y − η + 2n)2

4(θ(t) − θ(τ))

)
+

+(−1)k exp

(
− (y + η + 2n)2

4(θ(t) − θ(τ))

))
, k = 1, 2,

äå θ(t) =
∫ t

0
q(τ)τβdτ. �îçâ'ÿçîê ðiâíÿííÿ (20) ç óìîâàìè (8), (9) ïîçíà÷åíî ÷åðåç

v0(y, t) i âií ìà¹ âèãëÿä

v0(y, t) =

1∫

0

G1(y, t, η, 0)ϕ(ηh30 + h10)dη +

t∫

0

G1η(y, t, 0, τ) τβq(τ)µ1(τ) dτ −

−
t∫

0

G1η(y, t, 1, τ) τβq(τ)µ2(τ)dτ +

t∫

0

1∫

0

G1(y, t, η, τ) f(ηh3(τ) + h1(τ), τ)dηdτ. (21)

Ïðîäè�åðåíöiþ¹ìî ðiâíiñòü (21) ïî y. Âèêîðèñòîâóþ÷è âëàñòèâîñòi �óíêöi¨ �ðiíà

G1y = −G2η, G2τ = −τβq(τ)G2ηη òà iíòåãðóþ÷è ÷àñòèíàìè, çíàõîäèìî

ω0(y, t) = h30

1∫

0

G2(y, t, η, 0)ϕ′(ηh30 + h10)dη +

t∫

0

G2(y, t, 0, τ)(f(h1(τ), τ) − µ′
1(τ)) dτ+

+

t∫

0

G2(y, t, 1, τ)(µ′
2(τ) − f(h3(τ) + h1(τ), τ))dτ+

+

t∫

0

1∫

0

G2(y, t, η, τ)h3(τ)fx(ηh3(τ) + h1(τ), τ) dη dτ. (22)
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Ç óìîâ (10)-(12) îòðèìó¹ìî

q(t)tβω(0, t) =
µ3(t)

h3(t)
, t ∈ [0, T ], (23)

h3(t) =
µ4(t)

1∫
0

v(y, t)dy

, t ∈ [0, T ], (24)

h1(t)µ4(t) = µ5(t) − h2
3(t)

1∫

0

yv(y, t)dy, t ∈ [0, T ]. (25)

Ïðîäè�åðåíöiþ¹ìî ðiâíîñòi (11), (12). Âðàõîâóþ÷è ðiâíÿííÿ (7), óìîâè (8), (9) òà

âèêîðèñòîâóþ÷è iíòåãðóâàííÿ ÷àñòèíàìè, îäåðæó¹ìî

p(t)µ1(t) =
µ′

5(t)

h3(t)
− µ′

4(t)

(
h1(t)

h3(t)
+ 1

)
− b(h1(t), t)µ1(t) − h3(t)q(t)t

β(ω(0, t) + µ1(t)−

−µ2(t)) +

1∫

0

b(yh3(t) + h1(t), t)v(y, t)dy − h3(t)

1∫

0

(1 − y)
(
(bx(yh3(t) + h1(t), t)−

−c(yh3(t) + h1(t), t))v(y, t) − f(yh3(t) + h1(t), t)
)
dy, t ∈ [0, T ], (26)

p(t)(µ2(t) − µ1(t)) + r(t)µ2(t) = µ′
4(t) − h3(t)q(t)t

β(ω(1, t) − ω(0, t)) + b(h1(t), t)µ1(t)−

−b(h3(t) + h1(t), t)µ2(t) + h3(t)

1∫

0

(
(bx(yh3(t) + h1(t), t) − c(yh3(t) + h1(t), t))v(y, t)−

−f(yh3(t) + h1(t), t)
)
dy, t ∈ [0, T ]. (27)

Îòæå, çàäà÷ó (7)-(12) çâåäåíî äî ñèñòåìè ðiâíÿíü (18), (19), (23)-(27). Çàäà÷à (7)-

(12) òà çãàäàíà ñèñòåìà åêâiâàëåíòíi â òàêîìó ñåíñi: ÿêùî (a(t), h1(t), h3(t), v(y, t)) ¹

ðîçâ'ÿçêîì çàäà÷i (7)-(12), òî q(t) = a(t)
h2
3
(t)
, h1(t), h3(t), p(t) = h′

1(t), r(t) = h′
3(t), v(y, t),

ω(y, t) = vy(y, t)) � íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè (18), (19), (23)-(27), i íàâïàêè,

ÿêùî (q(t), h1(t), h3(t), p(t), r(t), v(y, t), ω(y, t)) � íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè (18),

(19), (23)-(27), òî a ∈ C[0, T ], h1, h3 ∈ C1[0, T ], v ∈ C2,1(QT )∩C(QT ), vy(0, t) ∈ C(0, T ]
¹ ðîçâ'ÿçêîì çàäà÷i (7)-(12).

Ñïðàâäi, íåõàé (q(t), h1(t), h3(t), p(t), r(t), v(y, t), ω(y, t)) � íåïåðåðâíèé ðîçâ'ÿçîê

ñèñòåìè ðiâíÿíü (18), (19), (23)-(27). Ïðèïóùåííÿ òåîðåìè äàþòü çìîãó ïðîäè�åðåí-

öiþâàòè ðiâíiñòü (18) ïî y. Ïîðiâíþþ÷è ïðàâi ÷àñòèíè îòðèìàíî¨ ðiâíîñòi i ðiâíîñòi

(19), îäåðæó¹ìî ω(y, t) = vy(y, t), (y, t) ∈ QT . Êðiì òîãî, vy(0, ·) ∈ C(0, T ]. Ïiäñòàâ-
ëÿþ÷è â (18) çàìiñòü ω(y, t) �óíêöiþ vy(y, t), ìàòèìåìî, ùî v ∈ C2,1(QT ) ∩ C(QT ),
çàäîâîëüíÿ¹ ðiâíÿííÿ

vt = q(t)tβvyy +
b(yh3(t) + h1(t), t) + p(t) + yr(t)

h3(t)
vy + c(yh3(t) + h1(t), t)v +

+f(yh3(t) + h1(t), t) (28)
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òà óìîâè (8), (9).

Ïðîäè�åðåíöiþ¹ìî ðiâíîñòi (24), (25), âèêîðèñòîâóþ÷è ðiâíÿííÿ (28) òà óìîâè

(8), (9)

h′
1(t)µ4(t)

h3(t)
− h′

3(t)

(
µ4(t)

h3(t)
− 2

1∫

0

yv(y, t)dy

)
+ p(t)

(
µ1(t) −

µ4(t)

h3(t)

)
+ r(t)

(
µ4(t)

h3(t)
−

−2

1∫

0

yv(y, t)dy

)
=

µ′
5(t)

h3(t)
− µ′

4(t)

(
h1(t)

h3(t)
+ 1

)
− b(h1(t), t)µ1(t) − h3(t)q(t)t

β(ω(0, t)+

+µ1(t) − µ2(t)) +

1∫

0

b(yh3(t) + h1(t), t)v(y, t)dy − h3(t)

1∫

0

(1 − y)
(
(bx(yh3(t) + h1(t), t)−

−c(yh3(t) + h1(t), t))v(y, t) − f(yh3(t) + h1(t), t)
)
, t ∈ [0, T ], (29)

h′
3(t)µ4(t)

h3(t)
+ p(t)(µ2(t) − µ1(t)) + r(t)

(
µ2(t) −

µ4(t)

h3(t)

)
= µ′

4(t) − h3(t)q(t)t
β(ω(1, t)−

−ω(0, t)) + b(h1(t), t)µ1(t) − b(h3(t) + h1(t), t)µ2(t) + h3(t)

1∫

0

(
(bx(yh3(t) + h1(t), t)−

−c(yh3(t) + h1(t), t))v(y, t) − f(yh3(t) + h1(t), t)
)
dy, t ∈ [0, T ]. (30)

Çâiäñè, âðàõîâóþ÷è ïðèïóùåííÿ òåîðåìè, ðîáèìî âèñíîâîê, ùî h1, h3∈C1[0, T ]. Âiä-
íiìåìî âiä (30) ðiâíiñòü (27). Âðàõîâóþ÷è, ùî ω(y, t) = vy(y, t), îòðèìó¹ìî

µ4(t)

h3(t)
(r(t) − h′

3(t)) = 0,

çâiäêè, âèêîðèñòîâóþ÷è óìîâè òåîðåìè, ìà¹ìî r(t) = h′
3(t). Âiäíÿâøè òåïåð âiä (29)

ðiâíiñòü (26), çíàõîäèìî p(t) = h′
1(t). Ïiäñòàâëÿþ÷è â (28) çàìiñòü r(t), p(t) çíàéäåíi

çíà÷åííÿ, à çàìiñòü q(t) � äðiá a(t)
h2
3
(t)
, ïðèõîäèìî äî ðiâíÿííÿ (7). Ïiñëÿ öüîãî óìîâè

(23)-(25) åêâiâàëåíòíi âiäïîâiäíî (10)-(12), ùî é çàâåðøó¹ äîâåäåííÿ åêâiâàëåíòíîñòi.

3. Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (7)-(12). Äîâåäåìî, ùî iñíó¹

ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (18), (19), (23)-(27). Äëÿ öüîãî âèêîðèñòà¹ìî òåîðåìó

Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Çíàéäåìî àïðiîðíi

îöiíêè ðîçâ'ÿçêiâ ñèñòåìè. Ç åêâiâàëåíòíîñòi çàäà÷i (7)-(12) òà ñèñòåìè ðiâíÿíü (18),

(19), (23)-(27) âèïëèâà¹, ùî äëÿ �óíêöié h1(t), h3(t), v(y, t) ïðàâèëüíi îöiíêè (13)-

(17). Òîìó çàëèøèëîñü îöiíèòè �óíêöi¨ p(t), r(t), q(t), ω(y, t). Âèçíà÷èìî ïîâåäiíêó

�óíêöi¨ ω(y, t) ïðè t → +0. Ïîçíà÷èìî W (t) = max
y∈[0,1]

|ω(y, t)|, h3min(t) = min
06τ6t

h3(τ),

h3max(t) = max
06τ6t

h3(τ), qmin(t) = min
06τ6t

q(τ), qmax(t) = max
06τ6t

q(τ). Âðàõîâóþ÷è ðiâ-

íiñòü

1∫

0

G2(y, t, η, τ)dη = 1, (31)
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îäåðæó¹ìî, ùî ïåðøèé i ÷åòâåðòèé iíòåãðàëè ç (22) îáìåæåíi ñòàëèìè, ÿêi çàëåæàòü

âiä âèõiäíèõ äàíèõ çàäà÷i (7)-(12)

∣∣∣∣

1∫

0

G2(y, t, η, 0)ϕ′(ηh0)dη

∣∣∣∣ 6 C1,

∣∣∣∣

1∫

0

t∫

0

G2(y, t, η, τ)h(τ)fη(ηh(τ), τ)dηdτ

∣∣∣∣ 6 C2. (32)

Äëÿ îöiíêè äâîõ iíøèõ äîäàíêiâ âèêîðèñòà¹ìî òàêó îöiíêó �óíêöi¨ �ðiíà

G2(y, t, η, τ) 6 C3 +
C4√

θ(t) − θ(τ)
. (33)

Îòðèìà¹ìî

|ω0(y, t) | 6 C5 + C6

t∫

0

dτ√
θ(t) − θ(τ)

. (34)

Âðàõîâóþ÷è íåðiâíiñòü

1∫

0

|G1y(y, t, η, τ) | dη 6
C7√

θ(t) − θ(τ)
(35)

òà ïðèïóùåííÿ òåîðåìè, ç ðiâíÿííÿ (19) çíàõîäèìî

W (t) 6 C5 + C6

t∫

0

dτ√
θ(t) − θ(τ)

+ C8

t∫

0

τ
β−1

2
+γ

√
θ(t) − θ(τ)

dτ +

+C9

t∫

0

τ
β−1

2
+γ + | p(τ)| + | r(τ)|√

θ(t) − θ(τ)
W (τ)dτ, (y, t) ∈ QT . (36)

Ôóíêöi¨ p(t), r(t) îöiíèìî, âèêîðèñòîâóþ÷è (26), (27). Âðàõîâóþ÷è óìîâè òåîðåìè,

ìà¹ìî

| p(t) | 6 C10t
β−1

2
+γ + C11q(t)t

β + C12q(t)t
βW (t), t ∈ [0, T ], (37)

| r(t) | 6 C13t
β−1

2
+γ + C14q(t)t

β + C15q(t)t
βW (t), t ∈ [0, T ]. (38)

�îçãëÿíåìî iíòåãðàë

t∫

0

dτ√
θ(t) − θ(τ)

6
C16√
qmin(t)

t∫

0

dτ√
tβ+1 − τβ+1

6
C17

t
β−1

2

√
qmin(t)

. (39)

Ïiäñòàâëÿþ÷è (37)�(39) ó (36), îäåðæèìî

W (t) 6 C5 +
C18

t
β−1

2

√
qmin(t)

+
C19t

γ

√
qmin(t)

+
C20

t
β

2

√
qmin(t)

t∫

0

τ
β−1

2
+γW (τ)√
t − τ

dτ +

+
C21qmax(t)

t
β

2

√
qmin(t)

t∫

0

τβW (τ)√
t − τ

dτ +
C22qmax(t)

t
β

2

√
qmin(t)

t∫

0

τβW 2(τ)√
t − τ

dτ, (40)
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çâiäêè ðîáèìî âèñíîâîê, ùî ω(y, t) ïîâîäèòü ñåáå ÿê
C23

t
β−1

2

ïðè t → +0.

Äëÿ òîãî, ùîá îöiíèòè q(t) çâåðõó, îöiíèìî ω(0, t) çíèçó, âðàõîâóþ÷è (19), (22).

Îñêiëüêè G2(0, t, 1, τ) 6 C24, òî, âðàõîâóþ÷è (32), (35), çíàõîäèìî

ω(0, t) >

t∫

0

G2(0, t, 0, τ)(f(p1(τ), τ) − µ′
1(τ))dτ − C25 − C26

t∫

0

τ
β−1

2
+γ

√
θ(t) − θ(τ)

dτ−

−C27

t∫

0

τ
β−1

2
+γ + | p(τ)| + | r(t)|√

θ(t) − θ(τ)
W (τ)dτ, t ∈ (0, T ]. (41)

Îöiíèìî ïåðøèé iíòåãðàë ç îñòàííüî¨ íåðiâíîñòi, âèêîðèñòîâóþ÷è çîáðàæåííÿ

�óíêöi¨ �ðiíà

t∫

0

G2(0, t, 0, τ)(f(h1(τ), τ) − µ′
1(τ))dτ =

1√
π

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)
dτ+

+
2√
π

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)

∞∑

n=1

exp

(
− n2

θ(t) − θ(τ)

)
dτ >

1√
π

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)
dτ.

Âèêîðèñòîâóþ÷è íåðiâíîñòi (37), (38) òà ïîâåäiíêó �óíêöi¨ ω(y, t) ïðè t → +0, ðîáè-
ìî âèñíîâîê, ùî îñîáëèâîñòi äâîõ iíøèõ iíòåãðàëiâ ç (41) ¹ ìåíøèìè çà îñîáëèâiñòü

ïåðøîãî. Òîìó äëÿ äîâiëüíîãî �iêñîâàíîãî r: 0 < r < 1 iñíó¹ òàêå ÷èñëî t1:
0 < t1 6 T , ùî

C25 + C26

t∫

0

τ
β−1

2
+γ

√
θ(t) − θ(τ)

dτ + C27

t∫

0

τ
β−1

2
+γ + | p(τ)| + | r(τ)|√

θ(t) − θ(τ)
W (τ)dτ 6

6
r√
π

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)
dτ, t ∈ [0, t1].

Òîäi ç (41) îòðèìó¹ìî

ω(0, t) >
1 − r√

π

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)
dτ, t ∈ (0, t1]. (42)
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Ïiäñòàâèâøè (42) â (23), îäåðæèìî

q(t) 6
µ3(t)

1 − r√
π

tβh3(t)

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)
dτ

6

6

√
πµ3(t)

√
qmax(t)

(1 − r)
√

1 + β tβh3min(t)

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

tβ+1 − τβ+1
dτ

, t ∈ [0, t1]. (43)

Ââåäåìî ïîçíà÷åííÿ

K(t) ≡
√

πµ3(t)

√
1 + β tβ

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

tβ+1 − τβ+1
dτ

. (44)

Çãiäíî ç óìîâàìè òåîðåìè K(t) íåïåðåðâíà òà äîäàòíà íà (0, T ]. Âèêîðèñòîâóþ÷è
òåîðåìó ïðî ñåðåäí¹ òà çàìiíó çìiííèõ z = τ/t, äîâåäåìî iñíóâàííÿ ãðàíèöi

lim
t→+0

K(t) = lim
t→+0

√
πµ3(t)

√
1 + βtβ(f(h1(t̃), t̃) − µ′

1(t̃))

t∫

0

dτ√
t1+β − τ1+β

=

=

√
π

1 + β

A0

(f(h10, 0) − µ′
1(0))I1

> 0,

äå t̃ ∈ [0, T ], I1 =

1∫

0

dz√
1 − zβ+1

.

Âðàõîâóþ÷è (44), ç (43) ìàòèìåìî

q(t) 6
K(t)

(1 − r)h3min(t)

√
qmax(t), àáî qmax(t) 6

K2
max(t)

(1 − r)2h2
3min(t)

, (45)

äå Kmax(t) = max
06τ6t

K(τ). Îñòàòî÷íî îòðèìó¹ìî

q(t) 6 B1, äå B1 =
K2

max(T )

(1 − r)2h2
3min(T )

, t ∈ [0, t1]. (46)

Îöiíèìî ω(0, t) çâåðõó. Çãiäíî ç (19), (22) ìà¹ìî

ω(0, t) 6 C28 +
1√
π

t∫

0

f(h1(τ), τ) − µ′
1(τ)√

θ(t) − θ(τ)
dτ + C29

t∫

0

τ
β−1

2
+γ

√
θ(t) − θ(τ)

dτ+
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+C30

t∫

0

τ
β−1

2
+γ + | p(τ)| + | r(τ)|√

θ(t) − θ(τ)
W (τ)dτ.

Ïiäñòàâèìî îñòàííþ íåðiâíiñòü â (23). Âèêîðèñòîâóþ÷è (37)-(38), (46), îäåðæèìî

q(t) >
K(t)

√
qmin(t)

h3max(t)

(
C31t

β−1

2 +1+C32t
β−1

2
+γ+C33t

β−1

2

t∫

0

τ
β−1

2
+γW (τ)√

tβ+1 − τβ+1
dτ+C34t

β−1

2 ×

×
t∫

0

τβW (τ)√
tβ+1 − τβ+1

dτ + C35t
β−1

2

t∫

0

τβW 2(τ)√
tβ+1 − τβ+1

dτ

)−1

>
K(t)

√
qmin(t)

(1 + r)h3max(t)
, (47)

t ∈ [0, t2], äå ÷èñëî t2 : 0 < t2 6 T òàêå, ùî ïðàâèëüíà íåðiâíiñòü

C31t
β−1

2 + C32t
β−1

2
+γ + C33t

β−1

2

t∫

0

τ
β−1

2
+γW (τ)√

tβ+1 − τβ+1
dτ + C34t

β−1

2

t∫

0

τβW (τ)√
tβ+1 − τβ+1

dτ+

+C35t
β−1

2

t∫

0

τβW 2(τ)√
tβ+1 − τβ+1

dτ 6 C31t
β−1

2 + C32t
β−1

2
+γ + C36t

γ + C37t
β+1

2 + C38t 6 r,

ïðè t ∈ [0, t2]. Òîäi

qmin(t) >
K2

min(t)

(1 + r)2h2
3max(t)

, àáî q(t) > B0, t ∈ [0, t2], (48)

äå Kmin(t) = min
06τ6t

K(τ), B0 =
K2

min(T )

(1 + r)2h2
3max(T )

> 0.

Âðàõîâóþ÷è (46), (48), ç (40) çíàõîäèìî

W (t) 6 C5 +
C39

t
β−1

2

+ C40t
γ +

C41

t
β

2

t∫

0

(τ
β−1

2
+γ + τβ)W (τ)√

t − τ
dτ +

C42

t
β

2

t∫

0

τβW 2(τ)√
t − τ

dτ. (49)

Äîìíîæèìî îáèäâi ÷àñòèíè íåðiâíîñòi (49) íà t
β−1

2
i ïðèéìåìî W1(t) = W (t)t

β−1

2
.

Îòðèìà¹ìî

W1(t) = C43t
β−1

2 + C44 + C45t
− 1

2

t∫

0

(τγ + τ
β+1

2 )W1(τ)√
t − τ

dτ + C46t
− 1

2

t∫

0

τW 2
1 (τ)√

t − τ
dτ. (50)

Íåõàé γ 6 1. Òîäi ç (50) ìàòèìåìî

W1(t) = C47 + C48t
− 1

2

t∫

0

τγ(W1(τ) + 1)2√
t − τ

dτ,
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àáî, ïîçíà÷èâøè W2(t) = W1(t) + 1,

W2(t) 6 C49 +
C48√

t

t∫

0

τγW 2
2 (τ)√

t − τ
dτ. (51)

Ïiäíåñåìî îáèäâi ÷àñòèíè (51) äî êâàäðàòà, âèêîðèñòîâóþ÷è íåðiâíîñòi Êîøi òà

Êîøi � Áóíÿêîâñüêîãî

W 2
2 (t) 6 2C2

49 + 2C2
48t

γ+ 1
2

t∫

0

τγ−1W 4
2 (τ)√

t − τ
dτ.

Â îñòàííié íåðiâíîñòi çìiíèìî t íà σ i, äîìíîæèâøè íà

1√
t−σ

, ïðîiíòåãðó¹ìî ¨¨ ïî σ

âiä 0 äî t
t∫

0

W 2
2 (σ)√
t − σ

dσ 6 C50

√
t + C51t

γ+ 1
2

t∫

0

τγ−1W 4
2 (τ)dτ.

Âèêîðèñòîâóþ÷è îñòàííþ íåðiâíiñòü â (51), îäåðæèìî

W2(t) 6 C52 + C53

t∫

0

W 4
2 (τ)

τ1−γ
dτ. (52)

Ïîçíà÷èìî

χ(t) = C52 + C53

t∫

0

W 4
2 (τ)

τ1−γ
dτ. (53)

Òîäi ç (52) îòðèìà¹ìî W2(t) 6 χ(t). Ïðîäè�åðåíöiþâàâøè (53) i âèêîðèñòàâøè

îñòàííþ íåðiâíiñòü, çíàõîäèìî

χ′(t) 6
C53

t1−γ
χ4(t),

çâiäêè

χ(t) 6
C52

3
√

γ
3
√

γ − 3C3
52C53tγ

.

Âèáèðàþ÷è ÷èñëî t3, 0 < t3 6 T òàê, ùîá γ − 3C3
52C53t

γ
3 > 0, ìàòèìåìî χ(t) 6 M3,

àáî W2(t) 6 M3, t ∈ [0, t3]. Ó âèïàäêó γ > 1 íåðiâíiñòü (50) çâîäèòüñÿ äî âèãëÿäó

W2(t) 6 C54 + C55

t∫

0

W 2
2 (τ)√
t − τ

dτ,

çâiäêè, çàñòîñîâóþ÷è òi ñàìi ìiðêóâàííÿ, ùî é ïðè ðîçâ'ÿçàííi (51), çíàõîäèìî

W2(t) 6 M4, t ∈ [0, t4], äå ÷èñëî t4, 0 < t4 6 T âèçíà÷à¹òüñÿ ñòàëèìè C54, C55.

Îòæå,

|ω(y, t)| 6
M5

t
β−1

2

, (y, t) ∈ [0, 1] × (0, t5], (54)
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äå M5 = max{M3, M4}, t5 = min{t3, t4}. Ïiäñòàâëÿþ÷è (46), (54) â (37), (38), îäåð-

æèìî

| p(t)| 6 M6t
β−1

2
+γ , | r(t)| 6 M7t

β−1

2
+γ , t ∈ [0, t5]. (55)

Çàóâàæèìî, ùî çãiäíî ç (42) i (48)

ω(0, t) >
M8

t
β−1

2

, t ∈ (0, t5]. (56)

Îòæå, çíàéäåíî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (18), (19), (23)-(27). Ââåäåìî íîâó

�óíêöiþ ω̃(y, t) = ω(y, t)t
β−1

2
i ïîäàìî ñèñòåìó (18), (19), (23)-(27) ó âèãëÿäi

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)

(
c(ηh3(τ) + h1(τ), τ)v(η, τ) +

+
b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)

h3(τ)

ω̃(η, τ)

τ
β−1

2

)
dηdτ, (y, t) ∈ Qt0

, (57)

ω̃(y, t) = ω0(y, t)t
β−1

2 + t
β−1

2

t∫

0

1∫

0

G1y(y, t, η, τ)

(
c(ηh3(τ) + h1(τ), τ)v(η, τ)+

+
b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)

h3(τ)

ω̃(η, τ)

τ
β−1

2

)
dηdτ, (y, t) ∈ Qt0

, (58)

q(t) =
µ3(t)

t
β+1

2 ω̃(0, t)h3(t)
, t ∈ [0, t0], (59)

h3(t) =
µ4(t)

1∫
0

v(y, t)dy

, t ∈ [0, t0], (60)
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h1(t) =

(
µ5(t) − h2

3(t)

1∫

0

yv(y, t)dy

)
µ−1

4 (t), t ∈ [0, t0], (61)

p(t) =

(
µ′

5(t)

h3(t)
− µ′

4(t)

(
h1(t)

h3(t)
+ 1

)
− b(h1(t), t)µ1(t) − h3(t)q(t)(ω̃(0, t)t

β+1

2 + tβ(µ1(t)−

−µ2(t))) +

1∫

0

b(yh3(t) + h1(t), t)v(y, t)dy − h3(t)

1∫

0

(1 − y)
(
(bx(yh3(t) + h1(t), t)−

−c(yh3(t) + h1(t), t))v(y, t) − f(yh3(t) + h1(t), t)
)
dy

)
µ−1

1 (t), t ∈ [0, t0], (62)

r(t) =

(
µ′

4(t) − p(t)(µ2(t) − µ1(t)) − h3(t)q(t)t
β+1

2 (ω̃(1, t) − ω̃(0, t)) + b(h1(t), t)µ1(t)−

−b(h3(t) + h1(t), t)µ2(t) + h3(t)

1∫

0

(
(bx(yh3(t) + h1(t), t) − c(yh3(t) + h1(t), t))v(y, t)−

−f(yh3(t) + h1(t), t)
)
dy

)
µ−1

2 (t), t ∈ [0, t0], (63)

äå v0(y, t), ω0(y, t) âèçíà÷àþòüñÿ �îðìóëàìè (21), (22), à t0 = min{ti, i = 1, 5}. Ñèñ-
òåìó (57)-(63) ïîäàìî ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

w = Pw,

äå w = (q, h1, h3, p, r, v, ω̃), à îïåðàòîð P âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü

(57)-(63). ×åðåç N ïîçíà÷èìî ìíîæèíó N = {(q, h1, h3, p, r, v, ω̃) ∈ (C[0, t0])
3×

×(C(Qt0
))2 : B0 6 q(t) 6 B1, |h1(t)| 6 H2, H0 6 h3(t) 6 H1, |p(t)| 6 M6t

β−1

2
+γ

,

|r(t)| 6 M7t
β−1

2
+γ

, M1 6 v(y, t) 6 M2, |ω̃(y, t)| 6 M5, ω̃(0, t) > M8 > 0}. Çãàäàíi
îöiíêè äàþòü ïðàâî ñòâåðäæóâàòè, ùî ìíîæèíà N � çàìêíåíà é îïóêëà, à îïåðàòîð

P ïåðåâîäèòü ¨¨ â ñåáå. Òå, ùî îïåðàòîð P öiëêîì íåïåðåðâíèé, äîâîäèòüñÿ ÿê â

[2℄, [6℄. Òîäi çãiäíî ç òåîðåìîþ Øàóäåðà iñíó¹ ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (18), (19),

(23)-(27), à îòæå, i ðîçâ'ÿçîê çàäà÷i (7)-(12) ïðè (y, t) ∈ [0, 1] × [0, t0].

4. Äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (7)-(12). Íà ïiäñòàâi åêâiâàëåí-

òíîñòi çàäà÷i (7)-(12) òà ñèñòåìè ðiâíÿíü (18), (19), (23)-(27), äîâåäåìî ¹äèíiñòü

ðîçâ'ÿçêó çãàäàíî¨ ñèñòåìè. Ïðèïóñòèìî, ùî iñíó¹ äâà ðîçâ'ÿçêè (qi(t), h1i(t), h3i(t),
pi(t), ri(t), vi(y, t), ωi(y, t)), i = 1, 2, ñèñòåìè ðiâíÿíü (18), (19), (23)-(27). Ïîçíà÷èìî

q(t) = q1(t) − q2(t), h1(t) = h11(t) − h12(t), h3(t) = h31(t) − h32(t), p(t) = p1(t) − p2(t),
r(t) = r1(t) − r2(t), v(y, t) = v1(y, t) − v2(y, t),
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ω(y, t) = ω1(y, t) − ω2(y, t). Çàçíà÷åíi ðiçíèöi çàäîâîëüíÿþòü òàêó ñèñòåìó ðiâíÿíü

v(y, t) = v∗0(y, t) +

t∫

0

1∫

0

(G
(1)
1 (y, t, η, τ) − G

(2)
1 (y, t, η, τ))

(
c(ηh31(τ) + h11(τ), τ)v1(η, τ)+

+
b(ηh31(τ) + h11(τ), τ) + p1(τ) + ηr1(τ)

h31(τ)
ω1(η, τ)

)
dηdτ +

t∫

0

1∫

0

G
(2)
1 (y, t, η, τ)×

×
((

p(τ)

h31(τ)
+

ηr(τ)

h31(τ)
+

b(ηh31(τ) + h11(τ), τ) − b(ηh32(τ) + h12(τ), τ)

h31(τ)

)
ω1(η, τ)−

− h3(τ)

h31(τ)h32(τ)
b(ηh32(τ)+h12(τ), τ)ω1(η, τ) +

b(ηh32(τ) + h12(τ), τ) + p2(τ) + ηr2(τ)

h32(τ)
×

×ω(η, τ) + (c(ηh31(τ) + h11(τ), τ) − c(ηh32(τ) + h12(τ), τ))v1(η, τ)+

+c(ηh32(τ) + h12(τ), τ)v(η, τ)

)
dηdτ, (y, t) ∈ QT , (64)

ω(y, t) = ω∗
0(y, t) +

t∫

0

1∫

0

(G
(1)
1y (y, t, η, τ) − G

(2)
1y (y, t, η, τ))

(
c(ηh31(τ) + h11(τ), τ)×

×v1(η, τ) +
b(ηh31(τ) + h11(τ), τ) + p1(τ) + ηr1(τ)

h31(τ)
ω1(η, τ)

)
dηdτ+

+

t∫

0

1∫

0

G
(2)
1y (y, t, η, τ)

((
ηr(τ)

h31(τ)
+

b(ηh31(τ) + h11(τ), τ) − b(ηh32(τ) + h12(τ), τ)

h31(τ)
+

+
p(τ)

h31(τ)

)
ω1(η, τ) − h3(τ)

h31(τ)h32(τ)
b(ηh32(τ) + h12(τ), τ)ω1(η, τ)+

+
b(ηh32(τ) + h12(τ), τ) + p2(τ) + ηr2(τ)

h32(τ)
ω(η, τ) + (c(ηh31(τ) + h11(τ), τ)−

−c(ηh32(τ) + h12(τ), τ))v1(η, τ) + c(ηh32(τ) + h12(τ), τ)v(η, τ)

)
dηdτ, (y, t)∈QT , (65)

q(t) = −h3(t)q1(t)

h32(t)
− tβq1(t)q2(t)h31(t)

µ3(t)
ω(0, t), t ∈ [0, T ], (66)

h3(t) =
h31(t)h32(t)

µ4(t)

1∫

0

v(y, t)dy, t ∈ [0, T ], (67)

h1(t)µ4(t) = h3(t)(h31(t) + h32(t))

1∫

0

yv1(y, t)dy + h2
32(t)

1∫

0

yv(y, t)dy, t ∈ [0, T ], (68)
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p(t)µ1(t) = − µ′
5(t)h3(t)

h31(t)h32(t)
− µ′

4(t)

(
h1(t)

h31(t)
+

h12(t)h3(t)

h31(t)h32(t)

)
− tβ

(
(h3(t)q1(t)+

+h32(t)q(t))ω1(0, t) + h32(t)q2(t)ω(0, t) + (h3(t)q1(t) + h32(t)q(t))(µ1(t) − µ2(t))
)
−

−(b(h11(t), t) − b(h12(t), t))µ1(t) +

1∫

0

(
(b(yh31(t) + h11(t), t) − b(yh32(t) + h12(t), t))×

×v1(y, t) + v(y, t)b(yh32(t) + h12(t), t)
)
dy − h3(t)

1∫

0

(1 − y)
(
(bx(yh31(t) + h11(t), t)−

−c(yh31(t) + h11(t), t))v1(y, t) − f(yh31(t) + h11(t), t)
)
dy − h32(t)

1∫

0

(1 − y)×

×
((

(bx(yh31(t) + h11(t), t) − bx(yh32(t) + h12(t), t)) − (c(yh31(t) + h11(t), t)−

−c(yh32(t) + h12(t), t))
)
v1(y, t) + (bx(yh32(t) + h12(t), t) − c(yh32(t) + h12(t), t))×

×v(y, t) − (f(yh31(t) + h11(t), t) − f(yh32(t) + h12(t), t))

)
dy, t ∈ [0, T ], (69)

p(t)(µ2(t) − µ1(t)) + r(t)µ2(t) = −(h3(t)q1(t) + h32(t)q(t))t
β(ω1(1, t) − ω1(0, t))−

−h32(t)q2(t)t
β(ω(1, t) − ω(0, t)) + (b(h11(t), t) − b(h12(t), t))µ1(t)−

−(b(h31(t) + h11(t), t) − b(h32(t) + h12(t), t))µ2(t) + h3(t)

1∫

0

(
(bx(yh31(t) + h11(t), t)−

−c(yh31(t) + h11(t), t))v1(y, t) − f(yh31(t) + h11(t), t)
)
dy + h32(t)

1∫

0

(
v1(y, t)×

×
(
(bx(yh31(t) + h11(t), t) − bx(yh32(t) + h12(t), t)) − (c(yh31(t) + h11(t), t)−

−c(yh32(t) + h12(t), t))
)

+ (bx(yh32(t) + h12(t), t) − c(yh32(t) + h12(t), t))v(y, t)−

−(f(yh31(t) + h11(t), t) − f(yh32(t) + h12(t), t))

)
dy, t ∈ [0, T ], (70)

äå v∗0(y, t) = v01(y, t)−v02(y, t), ω∗
0(y, t) = ω01(y, t)−ω02(y, t), v0i(y, t), ω0i(y, t), i = 1, 2,

âèçíà÷àþòüñÿ ðiâíîñòÿìè (21), (22), G
(j)
i (y, t, η, τ), i, j = 1, 2, � �óíêöi¨ �ðiíà i-¨

êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

vjt = qj(t)t
βvjyy + f(yh3j(t) + h1j(t), t).
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Ïðèïóùåííÿ òåîðåìè çàáåçïå÷óþòü ïðàâèëüíiñòü ðiâíîñòi

b(yh31(t) + h11(t), t) − b(yh32(t) + h12(t), t) = (y(h31(t) − h32(t)) + (h11(t) − h12(t)))×

×
1∫

0

bx(y(h32(t) + σ(h31(t) − h32(t)) + h12(t) + σ(h11(t) − h12(t))), t)dσ, (71)

ùî ïðàâèëüíà äëÿ �óíêöié bx(yh3(t)+h1(t), t), c(yh3(t)+h1(t), t), f(yh3(t)+h1(t), t).
Îöiíèìî �óíêöiþ q(t), âèêîðèñòîâóþ÷è ðiâíÿííÿ (66). Ïîçíà÷èìî V (t) =

= max
y∈[0,1]

|v(y, t)|, W (t)= max
y∈[0,1]

|ω(y, t)|; q̃max(t)= max
06τ6t

| q(τ)|, h̃3max(t)= max
06τ6t

|h3(τ)|.
Îñêiëüêè qi(t), i = 1, 2 ðîçâ'ÿçêè ñèñòåìè (18), (19), (23)-(27), òî äëÿ íèõ ñïðàâ-

äæóþòüñÿ îöiíêè (45). Òîäi ç (66) îòðèìó¹ìî

q̃max(t) 6
tβK4

max(t)h32max(t)

(1 − r)4h2
31min(t)h2

32min(t)µ3(t)
|ω(0, t)| + C56h̃3max(t). (72)

Ñïî÷àòêó îöiíèìî âåëè÷èíè |v(y, t)|, |ω(y, t)|, |p(t)|, |r(t)|, |h1(t)|, âiä ÿêèõ çàëåæàòü

îöiíêè |ω(0, t)| òà h3max(t). �îçãëÿíåìî äåÿêi ç äîäàíêiâ, ÿêi âõîäÿòü äî v∗0(y, t),
ω∗

0(y, t). Âèêîðèñòîâóþ÷è ïðèïóùåííÿ òåîðåìè òà îöiíêè (31), (33), çíàõîäèìî

|Q1| =

∣∣∣∣

t∫

0

1∫

0

(G
(1)
1 (y, t, η, τ) − G

(2)
1 (y, t, η, τ))f(ηh31(τ) + h11(τ), τ)dηdτ

∣∣∣∣ 6

6 C57t
β+1

2
+γ q̃max(t), (73)

|Q2| =

∣∣∣∣

t∫

0

1∫

0

(G
(2)
1 (y, t, 0, τ)(f(ηh31(τ) + h11(τ), τ) − f(ηh32(τ) + h12(τ), τ))dηdτ

∣∣∣∣ 6

6 C58t
β+1

2
+γ(h̃3max(t) + |h1(t)|),

|R1| =

∣∣∣∣

t∫

0

(G
(2)
2 (y, t, 0, τ)(f(h11(τ), τ) − f(h12(τ), τ))dτ

∣∣∣∣ 6 C59t
γ |h1(t)|,

|R2| =

∣∣∣∣

t∫

0

(G
(2)
2 (y, t, 0, τ)(f(h31(τ) + h11(τ), τ) − f(h32(τ) + h12(τ), τ))dτ

∣∣∣∣ 6

6 C60t
γ(h̃3max(t) + |h1(t)|),

|R3| =

∣∣∣∣

t∫

0

1∫

0

(G
(2)
2 (y, t, η, τ)h32(τ)(fx(ηh31(τ)+h11(τ), τ)−fx(ηh32(τ)+h12(τ), τ))dηdτ

∣∣∣∣6

6 C61t(h̃3max(t) + |h1(t)|).
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Âñi iíøi äîäàíêè îöiíþþòü ÿê â [2℄. Ó ðåçóëüòàòi îòðèìà¹ìî

|v∗0(y, t)| 6 C62q̃max(t) + C63t
β+1

2
+γ(h̃3max(t) + |h1(t)|), t ∈ [0, T ], (74)

|ω∗
0(y, t)| 6

C64q̃max(t)

t
β−1

2

+ C65t
γ(h̃3max(t) + |h1(t)|), t ∈ (0, T ]. (75)

Äëÿ îöiíêè h3(t) ïiäñòàâèìî (64) â (67).

�îçãëÿíåìî äîäàíîê S1 =
∫ 1

0 dy
∫ 1

0 (G
(1)
1 (y, t, η, 0) − G

(2)
1 (y, t, η, 0))ϕ(ηh30 + h10)dη.

Çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ òà âèêîðèñòàâøè ðiâíiñòü

1∫

0

G1(y, t, η, 0)dη = 1 −
t∫

0

G1η(y, t, 0, τ)τβq(τ)dτ +

t∫

0

G1η(y, t, 1, τ)τβq(τ)dτ,

îäåðæèìî

S1 =

1∫

0

ϕ(ηh30 + h10)

(
−

t∫

0

(
G

(1)
1y (η, t, 0, τ) − G

(2)
1y (η, t, 0, τ)

)
τβq1(τ)dτ−

−
t∫

0

G
(2)
1y (η, t, 0, τ)τβq(τ)dτ +

t∫

0

(
G

(1)
1y (η, t, 1, τ) − G

(2)
1y (η, t, 1, τ)

)
τβq1(τ)dτ+

+

t∫

0

G
(2)
1y (η, t, 1, τ)τβq(τ)dτ

)
dη =

4∑

i=1

S1,i.

Îñêiëüêè G1y(η, t, y, τ) = −G2η(η, t, y, τ), òî äëÿ S1,1 ìà¹ìî

S1,1 =

t∫

0

τβq1(τ)dτ

1∫

0

(
G

(1)
2η (η, t, 0, τ) − G

(2)
2η (η, t, 0, τ)

)
ϕ(ηh30 + h10)dη =

=

t∫

0

τβq1(τ)

(
(G

(1)
2 (1, t, 0, τ)−G

(2)
2 (1, t, 0, τ))ϕ(h30+h10)−(G

(1)
2 (0, t, 0, τ)−G

(2)
2 (0, t, 0, τ))×

×ϕ(h10) − h30

1∫

0

(G
(1)
2 (η, t, 0, τ) − G

(2)
2 (η, t, 0, τ))ϕ′(ηh30 + h10)dη

)
dτ,

çâiäêè çíàõîäèìî |S1,1| 6 C66t
β+1

2 q̃max(t). Îöiíþþ÷è âñi iíøi äîäàíêè ïîäiáíî, ç (67)

îòðèìó¹ìî

h̃3max(t) 6 C67t
γ q̃max(t) + C68t

γ+1(h̃3max(t) + |h1(t)|) +
C69

t
β−1

2

(|p(t)| + |r(t)|) +

+C70t
β+1

2
+γW (t) + C71t

β+1

2
+γV (t). (76)
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Ç ðiâíîñòåé (68)-(70) çíàõîäèìî

|h1(t)| 6 C72h̃3max(t) + C73V (t), (77)

|p(t)| 6 C74t
β−1

2
+γ q̃max(t) + C75t

γ(|p(t)| + |r(t)|) + C76t
β−1

2
+γV (t) + C77t

βW (t), (78)

|r(t)| 6 C78t
β−1

2
+γ q̃max(t) + C79t

γ(|p(t)| + |r(t)|) + C80t
β−1

2
+γV (t) + C81t

βW (t). (79)

Âðàõîâóþ÷è (74), (75), iç (64), (65) îäåðæó¹ìî

V (t) 6 C82q̃max(t) + C83t
γ(h̃3max(t) + |h1(t)|)+

+C84

t∫

0

(
τ

β−1

2
+γ(V (τ) + W (τ)) +

|p(τ)| + |r(τ)|
τ

β−1

2

)
dτ, t ∈ [0, T ], (80)

W (t) 6
C85q̃max(t)

t
β−1

2

+
C86(h̃3max(t) + |h1(t)|)

t
β−1

2

+

+
C87

t
β
2

t∫

0

τ
β−1

2
+γV (τ) + τ

β−1

2
+γW (τ) +

|p(τ)| + |r(τ)|
τ

β−1

2√
t − τ

dτ, t ∈ (0, T ]. (81)

�îçâ'ÿçóþ÷è ñèñòåìó íåðiâíîñòåé (76)-(81), çíàõîäèìî

V (t) 6 C88q̃max(t), t ∈ [0, t4], W (t) 6
C89

t
β−1

2

q̃max(t), t ∈ (0, t6], (82)

|p(t)| 6 C90t
β−1

2
+γ q̃max(t), |r(t)| 6 C91t

β−1

2
+γ q̃max(t), t ∈ [0, t6], (83)

|h1(t)| 6 C92q̃max(t), h̃3max(t) 6 C93tq̃max(t), t ∈ [0, t6], (84)

äå ÷èñëî t6, 0 < t6 6 T çàëåæèòü âiä ñòàëèõ çãàäàíî¨ ñèñòåìè.

Îöiíèìî òî÷íiøå îäèí ç äîäàíêiâ, ÿêèé âõîäèòü äî ω(0, t), à ñàìå:

R4 =

t∫

0

|G(1)
2 (0, t, 0, τ) − G

(2)
2 (0, t, 0, τ)|(f(h1(τ), τ) − µ′

1(τ))dτ =

=
1√
π

t∫

0

∣∣∣∣
1√

θ1(t) − θ1(τ)
− 1√

θ2(t) − θ2(τ)

∣∣∣∣(f(h1(τ), τ) − µ′
1(τ))dτ+

+
2√
π

t∫

0

∣∣∣∣
f(h1(τ), τ) − µ′

1(τ)√
θ1(t) − θ1(τ)

×
∞∑

n=1

exp

(
− n2

θ1(t) − θ1(τ)

)
− f(h1(τ), τ) − µ′

1(τ)√
θ2(t) − θ2(τ)

×

×
∞∑

n=1

exp

(
− n2

θ2(t) − θ2(τ)

)∣∣∣∣dτ =

2∑

i=1

R4,i.
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Äîäàíîê R4,2 ïîäàìî ó âèãëÿäi

R4,2 =
2√
π

t∫

0

(f(h1(τ), τ) − µ′
1(τ))

∣∣∣∣

θ1(t)−θ1(τ)∫

θ2(t)−θ2(τ)

d

dz

(
1√
z

∞∑

n=1

exp

(
−n2

z

))
dz

∣∣∣∣dτ,

çâiäêè, âðàõîâóþ÷è îáìåæåíiñòü ïiäiíòåãðàëüíîãî âèðàçó òà íåðiâíiñòü

|θ1(t) − θ1(τ) − θ2(t) + θ2(τ)| 6

t∫

τ

|q(σ)|σβdσ 6
tβ+1 − τβ+1

β + 1
q̃max(t), (85)

ìà¹ìî R4,2 6 C94t
β+2q̃max(t). Äëÿ îöiíêè R4,1 âèêîðèñòà¹ìî (44), (85) òà íåðiâíîñòi

θi(t) − θi(τ) =

t∫

τ

|q(σ)|σβdσ >
K2

min(t)

h2
3imax(t)(1 + r)2

tβ+1 − τβ+1

β + 1
, i = 1, 2,

R4,1 6

√
β + 1(1 + r)3q̃max(t)h31max(t)h32max(t)

K3
min(t)

(
1

h31max(t)
+

1

h32max(t)

)
t∫

0

f(h1(τ), τ) − µ′
1(τ)√

tβ+1 − τβ+1
dτ 6

6
(1 + r)3h2

31max(t)h2
32max(t)µ3(t)

tβK4
min(t)(h31max(t) + h32max(t))

q̃max(t).

Äëÿ îöiíêè âñiõ iíøèõ äîäàíêiâ ω(0, t) âðàõó¹ìî íåðiâíîñòi (82)-(84). Îòðèìà¹ìî

|ω(0, t)| 6

(
C95 +

(1 + r)3h2
31max(t)h2

32max(t)µ3(t)

tβK4
min(t)(h31max(t) + h32max(t))

+ C96t
γ−β−1

2

)
q̃max(t). (86)

Ïiäñòàâèâøè (84), (86) â (72), îäåðæèìî

q̃max(t) 6

(
C97t

β−1

2 +
(1 + r)4K4

max(t)h2
31max(t)h3

32max(t)

(1 − r)4K4
min(t)h2

31min(t)h2
32min(t)(h31max(t) + h32max(t))

+

+C98t
γ + C99t

)
q̃max(t), t ∈ [0, t6]. (87)

Îñêiëüêè lim
t→+0

Kmax(t) = lim
t→+0

Kmin(t), lim
t→+0

h3imax(t) = lim
t→+0

h3imin(t) = h30,

i = 1, 2, òî äëÿ çàäàíîãî r : 0 < r < 1 iñíó¹ òàêå ÷èñëî t7 : 0 < t7 6 T , ùî

K4
max(t)h2

31max(t)h3
32max(t)

K4
min(t)h2

31min(t)h2
32min(t)(h31max(t) + h32max(t))

6
1 + r

2
, t ∈ [0, t7],

C97t
β−1

2 + C98t
γ + C99t 6 r, t ∈ [0, t7].

Çà�iêñó¹ìî ÷èñëî r òàê, ùîá 0 < r <
5
√

2 − 1
5
√

2 + 1
. Òîäi

C97t
β−1

2 +
(1 + r)4K4

max(t)h2
31max(t)h3

32max(t)

(1 − r)4K4
min(t)h2

31min(t)h2
32min(t)(h31max(t) + h32max(t))

+ C98t
γ + C99t 6



ÎÁÅ�ÍÅÍÀ ÇÀÄÀ×À ÄËß ÏÀ�ÀÁÎËI×ÍÎ�Î �IÂÍßÍÍß 103

6
(1 + r)5

2(1 − r)4
+ r < 1.

Ó ðåçóëüòàòi ç (87) ìàòèìåìî q̃max(t) 6 0, t ∈ [0, t7], ùî íåìîæëèâî. Îòæå, q̃max(t)≡0,
t ∈ [0, T0], äå T0 = min{t0, t6, t7}, çâiäñè q(t) ≡ 0, h(t) ≡ 0, p(t) ≡ 0, t ∈ [0, T0],
v(y, t) ≡ 0, ω(y, t) ≡ 0, (y, t) ∈ [0, 1]× [0, T0], ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.
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AN INVERSE PROBLEM FOR A STRONGLY

DEGENERATE PARABOLIC EQUATION IN A DOMAIN

WITH FREE BOUNDARIES

Nadiya HRYNTSIV

Ivan Franko National University of L'viv,

79000, L'viv, Universytets'ka str., 1

In the domain with free boundaries there is investigated an inverse problem of

determination the oe�ient at the higher - order derivative in a strongly degenerate

omplete paraboli equation. Conditions of existene and uniqueness of the lassial

solution to this problem are established.

Key words: inverse problem, strong power degeneration, free boundaries,

paraboli equation.
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