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Îòðèìàíî çîáðàæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó ðiâíÿííÿ Ôðåäãîëüìà ïåð-

øîãî ðîäó ó âèãëÿäi ïîëiíîìà çà îðòîãîíàëüíèìè �óíêöiÿìè. Ïðîàíàëiçîâàíî

ìîæëèâiñòü çàñòîñóâàííÿ âàðiàöiéíî¨ çàäà÷i ç íåðóõîìèìè êiíöÿìè òà çàäà÷i

ïîòî÷êîâîãî çâåäåííÿ ðîçâ'ÿçêó äî ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü äëÿ

âèçíà÷åííÿ êîå�iöi¹íòiâ ïîëiíîìà. Îäåðæàíî óìîâó äëÿ âèáîðó îïòèìàëüíî¨

êiëüêîñòi ÷ëåíiâ ïîëiíîìà-ðîçâ'ÿçêó.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó, ðåãóëÿðèçàöiÿ, êîí-

òàêòíà çàäà÷à, êîíòàêòíi íàïðóæåííÿ, ðîçïîäië íàïðóæåíü.

ßê âiäîìî, çàäà÷à âiäøóêàííÿ ðîçâ'ÿçêó ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó

b
∫

a

y (t)K (t, r) dt = f (r) , a ≤ r ≤ b, (1)

äå ÿäðî K (t, r) ∈ L2 òà ïðàâà ÷àñòèíà f (r) ∈ L2 � âiäîìi �óíêöi¨, ó çâ'ÿçêó ç

ïîðóøåííÿì äðóãî¨ óìîâè îçíà÷åííÿ [1℄, íåêîðåêòíî ñ�îðìóëüîâàíà. Íàâiòü äóæå

ìàëi çáóðåííÿ ïðàâî¨ ÷àñòèíè f (r), ÿäðà K (t, r) ÷è ìåòîäó ðîçâ'ÿçàííÿ ìîæóòü

ïðèçâåñòè äî âåëèêèõ ïîõèáîê ó ïîáóäîâàíîìó ðîçâ'ÿçêó.

Äî ñåðåäèíè ìèíóëîãî ñòîëiòòÿ ðîçãëÿä íåêîðåêòíî ñ�îðìóëüîâàíèõ çàäà÷

ââàæàâñÿ íåäîöiëüíèì i ëèøå ç ïóáëiêàöiÿìè À.Í. Òèõîíîâà [1, 2℄ òà Ì.Ì. Ëàâðåí-

òü¹âà [3℄ ðîçïî÷àâñÿ ïåðiîä ðîçðîáêè ðåãóëÿðèçóþ÷èõ àëãîðèòìiâ. Ïîáóäîâi òàêèõ

àëãîðèòìiâ ïðèñâÿ÷åíi òàêîæ ïðàöi ëüâiâñüêèõ ìàòåìàòèêiâ [4, 5℄. Ìåòà íàøî¨ ïðàöi

� ðîçãëÿíóòè âèïàäêè, êîëè íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1) öiëêîì çàäîâîëüíÿ¹

ïîòðåáè ïðàêòèêè.

1. Ìåòîä ðåãóëÿðèçàöi¨ íóëüîâîãî ïîðÿäêó Òèõîíîâà. Çàïèøåìî (1) ó âèã-

ëÿäi îïåðàòîðíîãî ðiâíÿííÿ ïåðøîãî ðîäó

Ay = f, y, f ∈ L2.
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Íåõàé δ � ïîõèáêà çàäàííÿ f , f∗
� òî÷íà ïðàâà ÷àñòèíà, yβ � íàáëèæåíèé, à y �

òî÷íèé ðîçâ'ÿçêè îïåðàòîðíîãî ðiâíÿííÿ. ÎïåðàòîðR (f, β), çàëåæíèé âiä ïàðàìåòðà
ðåãóëÿðèçàöi¨ β, íàçèâà¹òüñÿ ðåãóëÿðèçóþ÷èì äëÿ çàäàíîãî ðiâíÿííÿ â îêîëi f∗ (r),
ÿêùî:

1) R (f, β) âèçíà÷åíèé äëÿ äîâiëüíèõ f ∈ L2 òà β > 0;

2) iñíó¹ òàêà �óíêöiÿ β = β (δ), ùî äëÿ ∀ε > 0 çíàéäåòüñÿ ÷èñëî δ (ε) òàêå,

ùî ó âèïàäêó ‖f (r) − f∗ (r)‖ ≤ δ (ε) âèêîíóâàòèìåòüñÿ ‖yβ (r) − y (r)‖ ≤ ε, äå

yβ (r) = R (f, β (δ)).

Çàëåæíiñòü β (δ) ïîâèííà áóòè òàêîþ, ùîá ïðè δ → 0 òàêîæ β → 0, òîáòî íàáëè-
æåíèé ðîçâ'ÿçîê ïîâèíåí ïåðåõîäèòè ó òî÷íèé.

Ó ìåòîäi ðåãóëÿðèçàöi¨ íóëüîâîãî ïîðÿäêó Òèõîíîâà ââîäèòüñÿ çãëàäæóþ÷èé

�óíêöiîíàë

Mβ [yβ ] = ‖Ayβ − f‖2
L2

+ β ‖yβ‖2
L2

,

ìiíiìiçàöiÿ ÿêîãî i äà¹ øóêàíèé îïåðàòîð R (f, β) [2℄.

�îçâ'ÿçîê çàäà÷i (1) áóäó¹ìî â ïðîñòîði L2 iç íîðìîþ ‖y(t)‖2 =
∫ b

a
y2 (t) dt. Çâiäêè

îäåðæèìî

Mβ[yβ ] =

b
∫

a

[

b
∫

a

yβ (t)K (t, r) dt − f (r)

]2

dr + β

b
∫

a

y2
β (t) dt. (2)

Áóäåìî øóêàòè yβ (t) ó âèãëÿäi óçàãàëüíåíîãî ðÿäó Ôóð'¹ çà îðòîãîíàëüíèìè

�óíêöiÿìè ϕn (t) =
√

t · L (t, γn), òîáòî yβ (t) =
√

t
∞
∑

n=1
anL (t, γn), äå

L (t, γn) = N0 (γn)J0

( r

a
γn

)

− J0 (γn)N0

( r

a
γn

)

.

Òóò J0 òà N0 � �óíêöi¨ Áåññåëÿ ïåðøîãî òà äðóãîãî ðîäó, à γn � äîäàòíi êîðåíi

ðiâíÿííÿ N0 (z)J0

(

b
a
z
)

− J0 (z)N0

(

b
a
z
)

= 0.
Çàïèøåìî íàáëèæåíèé ðîçâ'ÿçîê, ùî âiäïîâiäà¹ ïàðàìåòðó β, ÿê ïîëiíîì

ỹ (t) = ỹβ (t) =
√

t

N
∑

n=1

anL (r, γn). (3)

Âðàõîâóþ÷è (3), âèðàç (2) ïîäàìî ó âèãëÿäi

Mβ [yβ ] =

b
∫

a

[

N
∑

n=1

anKn (r) − f (r)

]2

dr + β

b
∫

a

t

(

N
∑

n=1

anL (t, γn)

)2

dt,

äå Kn (r) =
∫ b

a

√
tL (t, γn)K (t, r)dt.

Øóêàþ÷è an, äå n = 1, N, ç óìîâè ìiíiìiçàöi¨ �óíêöiîíàëà Mβ [yβ ], òîáòî ∂M
∂an

= 0
(âàðiàöiéíà çàäà÷à ç íåðóõîìèìè êiíöÿìè), ìàòèìåìî

b
∫

a

[

N
∑

n=1
anKn (r) − f (r)

]

Kq (r) dr + β
b
∫

a

t

(

N
∑

n=1
anL (t, γn)

)

L (t, γq) dt = 0. (4)
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Ó ïðàêòè÷íèõ çàñòîñóâàííÿõ �óíêöi¨ Kn (r) òà f (r) ïåðåòâîðþþòüñÿ â íóëü ïðè
r = a òà r = b i ¹ êóñêîâî-íåïåðåðâíèìè íà ïðîìiæêó a ≤ r ≤ b. Òîìó êîæíó ç íèõ

ìîæíà ïîäàòè ó âèãëÿäi ñóìè óçàãàëüíåíîãî ðÿäó Ôóð'¹ çà �óíêöiÿìè ϕj (r).
Çàìiíèìî çãàäàíi ðÿäè N -÷àñòèííèìè ñóìàìè

Kn (r) =
√

r

N
∑

j=1

c
(n)
j L (r, γj), f (r) =

√
r

N
∑

j=1

bjL (r, γj). (5)

Âðàõîâóþ÷è îðòîãîíàëüíiñòü ñèñòåìè �óíêöié

√
r · L (r, γj), çíàéäåìî

c
(n)
q = 1

Mq

b
∫

a

√
rKn (r) L (r, γq) dr,

bq = 1
Mq

b
∫

a

√
rf (r) L (r, γq) dr,

Mq =
b
∫

a

rL2 (r, γq) dr = b2

2
1

( b
a

γq)
2

[

R2
(

b
a
γq

)

− 4
π2

]

.

(6)

Ïiäñòàâèâøè (5) òà (6) ó (4), îäåðæèìî

b
∫

a

[

N
∑

n=1
an

√
r

(

N
∑

j=1

c
(n)
j L (r, γj)

)

− f (r)

]

√
r

(

N
∑

s=1
c
(q)
s L (t, γs)

)

dr+

+β
b
∫

a

t

(

N
∑

n=1
anL (t, γn)

)

L (t, γq) dt = 0.

Ïðîiíòåãðóâàâøè ïî r íà ïðîìiæêó [a, b], ìàòèìåìî

N
∑

n=1
an

[

N
∑

s=1
c
(n)
s c

(q)
s Ms + β

(

Mn, n = q

0, n 6= q

)]

=

=
N
∑

n=1
c
(q)
j

b
∫

a

√
rf (r) L (r, γj) dr, q = 1, N.

(7)

Ïàðàìåòð ðåãóëÿðèçàöi¨ β øóêàòèìåìî çãiäíî ç ïðèíöèïîì óçàãàëüíåíî¨ íåâ'ÿçêè

[2℄ ÿê íóëü �óíêöi¨ p (β) = ‖Ayβ − f‖2 − (δ + h ‖yβ‖)2, äå h � òî÷íiñòü çàäàííÿ îïå-

ðàòîðà A. Çàäàíà �óíêöiÿ ïiñëÿ çîáðàæåííÿ yβ ÷åðåç êîå�iöi¹íòè an íàáóäå òàêîãî

âèãëÿäó:

p (β) = (1 − h)2 β2
N
∑

n=1

anMn − δ2.

Âåëè÷èíó N , êiëüêiñòü ÷ëåíiâ ïîëiíîìà (3), à îòæå, i êiëüêiñòü ðiâíÿíü ó ñèñòåìi

(7), âèáèðà¹ìî ç òi¹¨ óìîâè, ùîá âiäíîñíà ïîõèáêà âèêîíàííÿ ðiâíîñòi (1) γ (N, β) íå
ïåðåâèùóâàëà çàäàíî¨ γ0

γ (N, β) = max
r∈[a,b]

1

f∗ (r)





b
∫

a

yβ (t)K (t, r) dt − f∗ (r)



 · 100 < γ0.
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Ó ðîçãîðíóòîìó âèãëÿäi, ç âðàõóâàííÿì (3)

max
r∈[a,b]

1

f∗ (r)





N
∑

n=1

an

b
∫

a

√
tL (t, γn)K (t, r) dt − f∗ (r)



 · 100 < γ0. (8)

2. Ìåòîä ïîòî÷êîâîãî îäåðæàííÿ ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü. Ùå

îäíèì ïiäõîäîì äî ïîáóäîâè íàáëèæåíîãî ðîçâ'ÿçêó çàäà÷i (1) ¹ ìåòîä ïîòî÷êîâîãî

îäåðæàííÿ ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü. Âèáèðàþ÷è ỹ (t) ó âèãëÿäi (3), ðiâíÿííÿ

(1) çâåäåìî äî ñïiââiäíîøåííÿ

N
∑

n=1

an

b
∫

a

√
tL (t, γn)K (t, r) dt = f (r) , a ≤ r ≤ b.

Âèìàãàþ÷è âèêîíàííÿ öi¹¨ óìîâè â N òî÷êàõ ïðîìiæêó a ≤ r ≤ b, îäåðæèìî

ñèñòåìó N ðiâíÿíü iç N íåâiäîìèìè an

N
∑

n=1

an

b
∫

a

√
tL (t, γn)K (t, ri) dt = f (ri) , i = 1, N.

Âåëè÷èíó N âèáèðàòèìåìî ÿê i â ïîïåðåäíüîìó âèïàäêó, à ñàìå, âèìàãàþ÷è, ùîá

âiäíîñíà ïîõèáêà âèêîíàííÿ (1) íå ïåðåâèùóâàëà çàäàíî¨ (an ïðè n = 1, N ïîâèííi

çàäîâîëüíÿòè (8)).

3. ×èñëîâèé ïðèêëàä. ßê ÷èñëîâi ïðèêëàäè ðîçãëÿíåìî çàïðîïîíîâàíi ìåòîäè

äëÿ ïîáóäîâè íàáëèæåíèõ �óíêöié ðîçïîäiëó êîíòàêòíèõ íàïðóæåíü ïðè âçà¹ìîäi¨

æîðñòêîãî êiëüöåâîãî øòàìïà ç òðàíñâåðñàëüíî içîòðîïíèì øàðîì.

�èñ. 1. Ñõåìà êîíòàêòíî¨ âçà¹ìîäi¨ øòàìïà iç øàðîì

Ó [6℄ çàäàíà çàäà÷à çâîäèòüñÿ äî ðîçâ'ÿçàííÿ ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó

(1), äå y (t) =
√

t · x (t) � øóêàíà �óíêöiÿ, x (t) � �óíêöiÿ, ÷åðåç ÿêó îïèñó¹òüñÿ

ðîçïîäië êîíòàêòíèõ íàïðóæåíü ïiä øòàìïîì, à òàêîæ

K (t, r) =
√

t

∞
∫

0

F (α)

{

J0 (rα) − J0 (aα)
J0 (rα) − J0 (bα)

}

J0 (tα) dα,

{

a ≤ r < c

c ≤ r ≤ b

}

,
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F (α) =

(

1 − e−4µ1hα
) (

1 − e−4µ3hα
)

ϕ∗ (2µ3, 2µ1, α)
,

ϕ∗ (2µ3, 2µ1, α) = 2µ3

(

1 − e−4µ3α
) (

1 + e−4µ1α
)

− 2µ1

(

1 − e−4µ1α
) (

1 + e−4µ3α
)

,

f (r) = B(1) (r) =







(a − ra)
2 − (r − ra)

2
, a ≤ r ≤ ra;

(a − ra)
2
, ra ≤ r < c;

0, c ≤ r ≤ b,

àáî

f (r) = B(2) (r) =







0, a ≤ r < c;

(b − rb)
2
, c ≤ r < rb;

(b − rb)
2 − (r − rb)

2
, rb ≤ r ≤ b.

�åàëiçóþ÷è ìåòîä ðåãóëÿðèçàöi¨ íóëüîâîãî ïîðÿäêó Òèõîíîâà, ïðèéäåìî äî äâîõ

ñèñòåì âèãëÿäó (7) äëÿ âiäøóêàííÿ a
(1)
n òà a

(2)
n n = 1, N , äå c

(n)
q , bq òà Mq îá÷èñ-

ëþþòü çà ñïiââiäíîøåííÿìè (6), â ÿêèõ f (r) = B(1) (r) äëÿ âiäøóêàííÿ a
(1)
n òà

f (r) = B(2) (r) äëÿ âiäøóêàííÿ a
(2)
n . �îçâ'ÿçàâøè öi ñèñòåìè é îäåðæèìî íàáëè-

æåííÿ øóêàíî¨ �óíêöi¨ x (r)

x̃ (r) =

N
∑

n=1

(

a(1)
n z1 + a(2)

n z2

)

L (r, γn),

÷åðåç ÿêó âèðàæà¹òüñÿ �óíêöiÿ êîíòàêòíèõ íàïðóæåíü σzz (r) = P
2πa2 x̃ (r). Çàäà-

ìî γ0 = 4% i ïåðåâiðèìî äëÿ N1 = 11 òà N2 = 21 âèêîíàííÿ óìîâè (8) ïðè

f∗ (r) = z1B
(1) (r) + z2B

(2) (r) , zi = 1
Ri

, i = 1, 2, äå Ri � ðàäióñè êðèâèçíè ïà-

ðàáîë, îáåðòàííÿì ÿêèõ óòâîðåíî øòàìï.

Ó ðåçóëüòàòi ïåðåâiðêè äëÿ âèïàäêiâ:

1) a = 0.4, b = 1.0, ra = rb = 0.7;
2) a = 0.4, b = 1.0, ra = 0.55, rb = 0.85

(9)

âiäïîâiäíî, îäåðæèìî

γ1 (11) = 7.2%, γ2 (11) = 10.2%;
γ1 (21) = 2.3%, γ2 (21) = 3.0%.

Îòæå, âèïàäîê N = 21 çàäîâîëüíÿ¹ óìîâó (8). Äëÿ ïîáóäîâè íàáëèæåíü �óíêöié
ðîçïîäiëó êîíòàêòíèõ íàïðóæåíü äîñòàòíüî âèáðàòè N = 21. �ðà�iêè �óíêöi¨ x̃ (r)
ó íàâåäåíèõ âèïàäêàõ çîáðàæåíî íà ðèñ. 2, 3.
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�èñ. 2. �ðà�iêè �óíêöi¨ x̃ (r) äëÿ �èñ. 3. �ðà�iêè �óíêöi¨ x̃ (r) äëÿ
âèïàäêiâ 1 òà 2 ïðè N = 11 âèïàäêiâ 1 òà 2 ïðè N = 21

Ïðîàíàëiçó¹ìî ç ïîãëÿäó âèçíà÷åííÿ âiäíîñíî¨ ïîõèáêè âèêîíàííÿ ðiâíîñòi (1)

ìåòîäèêó ïîòî÷êîâîãî çâåäåííÿ ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó äî ñèñòåìè àë-

ãåáðè÷íèõ ðiâíÿíü.

ÂèáðàâøèN1 = 11 òà N2 = 21 äëÿ ðîçãëÿíóòèõ çíà÷åíü ãåîìåòðè÷íèõ ïàðàìåòðiâ
(9) âiäïîâiäíî îòðèìà¹ìî

γ1 (11) = 8.6%, γ2 (11) = 11.9%;
γ1 (21) = 2.9%, γ2 (21) = 3.8%.

�ðà�iêè �óíêöi¨ x̃ (r) äëÿ öèõ âèïàäêiâ ïîêàçàíî íà ðèñ. 4, 5.

�èñ. 4. �ðà�iêè �óíêöi¨ x̃ (r) äëÿ �èñ. 5. �ðà�iêè �óíêöi¨ x̃ (r) äëÿ
âèïàäêiâ 1 òà 2 ïðè N = 11 âèïàäêiâ 1 òà 2 ïðè N = 21

Îòæå, çàïðîïîíîâàíèé ïiäõiä äî ïîáóäîâè íàáëèæåíîãî ðîçâ'ÿçêó çàäà÷i (1) ïðè

N = 21 öiëêîì çàäîâîëüíÿ¹ ïðàêòè÷íi ïîòðåáè.

Çàçíà÷èìî, ùî ìåòîäèêà ïîòî÷êîâîãî çâåäåííÿ (1) äî ÑËÀ� íå ðåãóëÿðèçó¹ çàäà-

÷ó ïîáóäîâè íàáëèæåíîãî ðîçâ'ÿçêó ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó. Ïðîòå âîíà

äà¹ çìîãó ïðîâåñòè îïòèìàëüíèé âèáið êiëüêîñòi ÷ëåíiâ ïîëiíîìà, à îòæå, i êiëüêîñòi

ðiâíÿíü ÑËÀ�. Çàóâàæèìî ëèøå, ùî çàñòîñóâàííÿ ìåòîäó Òèõîíîâà äà¹ áiëüø çãëà-

äæåíå íàáëèæåííÿ ðîçâ'ÿçêó (1), íiæ ó âèïàäêó ïîòî÷êîâî¨ ïîáóäîâè ÑËÀ�, ùî i

çàáåçïå÷ó¹ ìåíøó âiäíîñíó ïîõèáêó íàáëèæåííÿ ðîçâ'ÿçêó öèì ìåòîäîì.
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SOME CONTACT TASKS OF THE ELASTIC THEORY
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Representations of the approximate solution of the �rst kind Frendholm-type

equation in the form of a polynom on orthogonal funtions are arried out. The

opportunity of appliation of a variational task with the motionless ends and task of

pointwise transition to system of the linear algebrai equations for determination a

polynom's oe�ients are analysed. The ondition for a hoie of optimum quantity

of members of a polynom is reeived.

Key words: the �rst kind Frendholm-type equation, regularization, ontat task,

ontat stresses, stress distribution.
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