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[IPO IIJII ®YHKIIT 3 p-JINCTUMU B OINHIIHOMY
KPY3I ITOXLITHUMU

Oaekcanap BOJIOX

JIveiscvrutl naytonasvrul yrwieepcumem tment learna Pparka,
79000, JIveis, eys. Ynisepcumemcora, I

Teopemu C. Ilaxa i M.M. IIlepemeru nupo uiai GyHKIT 3 OAHOIUCTUMU B 01~
HUYHOMY KPy3i ITOXITHUMU y3arajbHEHO Ul IianX QYHKIH 3 p-JIucTUMU IOXiTHU-
MH.

Karowoet caosa: nimi GyHKO, aHATI THYH] B OQUHIYIHOMY Kpy3i QyHKII, p-ymmcTi
byHKIIIT.

1. Jocnimkyroun il GyHKIGT 3 oqroaMCcTHME B oquHEIIHOMY Kpy3i D = {z : |z| < 1}
noxinanmu, C. Ilax [1] qoBiB Taky Teopemy.
Teopema A. Sxwo dynxuis f(z) = z + i fr2* i eci i nowioni ananimuumi G odno-
aucmi 6 D, mo f — yiaa Pynruyis encnouef;;anbuoeo muny.

Toit camuit aBTop B [1] BUCIOBUB TaKe HIPUIIYIICHHS.
Timoresa 1. Hexad (ny) — 3pocmaowa nocaidosHicms HAMYPAALHUT YUuces, o GYHKYLL
f i eci i@ nowioni ) anasimuuni i odnosucmi e xpysi . ko i ni = 400, mo f
— YiAG PYHKYIA. e

ITo rimoresy copocrysas M.M. Ilepemera [2], sikuit noBiB [2]-[3] Taky Teopemy.

Teopema B. Hezali (nj) — spocmatona nocaidosricms Hamypaivrur wuces i ng = 0.
Zaa mozo, wob das koocnol anasimuunoi 6 D dymnxuii f 3 odnoaucmocmi 6 D ecix
noziowuz ") sunausaro, wo f — yira Pynryia, neobxidno i docmammbo, Wb NocAi-
dosnicmov (n;) 3a0080AbHAAG YMOBY

1 J
li Inn; — — s —Ns—1)In(ns —ns_ = . 1
jillgo{nnj " Z(n ng—1)In(ns —n 1)} +00 (1)

s=1

Mera sHamoi npari — nokasaru, mo teopemMu A (C. Hlaxa) i B (M.M. Ilepemern)
3aJIMIIAIOTHCS NPABUILHUMY | a1 QyHKUIH 3 p-1ucTUMu y CEpeHbOMY [OXIIHUMU.
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o0
2. Vzarambpuenns teopemu C. Illaxa. Hexait dynxuia f(z) = Y. frz¥ anani-
k=0

tuuna B Kpy3i D = {z : |z| < 1}, a n(w) — xinbkicTte kopewnis piBaanEs f(z) = w B
upoMy Kpysi. @yukiia f wHazuBaerbes p-mucroo (p € N) 8 D, akuio n(w) < p mjis Beix
w € Cin(wy) =p ansa pesikoro wy € C.

dx is [4, c. 26, 33] npuiimemo

1 21
p(p) = o= [ n(pe’)do
2770/
: R 1 27 R
W(R) = /p(p)d(pz) = ;//n(pew)pdpdﬁ-
0 0 0

dxmo W(R) < pR%(p > 0) ana seix R € (0, +00), TO f Ha3HBAETHCA y CEPETHBOMY
p-muctoro B kpy3i D. 3po3ymisio Take: axmo dyskiia [ € p-auctoio B Kpy3si D, To BoHa
B I[bOMY KDY3i € y cepeHbOMY p-JIUCTOI0. 3 iHIOro GOKY, iCHYIOTh (qUB., HAIIPUKIIaL, [4,
c. 48]) p-nmcri y cepenaboMy (bYHKIII, SKi HE € P-TUCTUMH.

Binomo [4, c. 65] rake: akiwo f € y cepenubomy p-jucroio dynkuieo B D, To mis Beix
k € N npaBusibHi oinku

Qpﬂkapil, p > 1/47
|fiel << Qulfolk™2In(k+1), p=1/4,
Qplfol k™22 (k+1), 0<p<1/4,

e Qp = (p+ 2)2°*"texp{pr? + 1/2} i pp, = max{|a,| : v < p}. Bposywmizo, saxmo

dyuknis f y cepeanbomy pi-aucta i p > pi, T0 f € y cepeaHbOMY p-auCTOR. Tomy

MOKEMO BBakaT, mo p € N i BUKOpHCTOBYBATH TiMBKH MEPITY 3 HABEIEHWX OIIHOK,
T0OTO

|fel < Qpmax{|a,|: v <p}k?~t (k>1). (2)

BukopucroByoun 110 OIiHKY, CIOYATKY JOBEJEMO TaKe Y3araJbHEHHS TeOpeMu

C. ITaxa.

Teopema 1. Hxwo anasimuyre 6 D dynxuia f 1 eci it norioni y cepednvomy p-aucmi
Ppynruyii 6 D, mo f — uina PyHKULA EKCTIOHEHUIAADHOZO TIUNY.

Hopenennsi. OcKlIbKY [OXiAHA
" > (n+k)!
F(z) = Z %frﬂrkzk
k=0 ’

€ y cepenuboMy p-nuctoio B D dyHKIie0, TO 3 orisiiy Ha HepiBHICTH (2) MaeMO

(n+k)! {(v+n)!

: 2p—1
pr [l S QT max ) TR

|fotnl v Sp} =
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| |
:ka2p—lmax{( |fn+p| (n(—'—pil)')'|fn+p_1|,.,.,%|fn|}.

3Bincu myis k = p + 1 orpumyemo

- < _"_1 2p—1 +1' { |.fn+P| ’ |.fn+P*1| e,
| frsal |.fnl }
m+p+1)...(n+2) (n+p+1)...(n+1) "~
Orxe, s BCix k > p
|fk 1| B {|f| |fk l| ) |fk—p+1| |fk—p| }
=k koo (k—p+2) k... (k—p+1)J°
ne B, = Q,(p+1)*71(p+1)! BuKopucTOBY104H 110 HEPIBHICTH, IH/[yKTHBHO OTPHMYEMO
Bp Bp |fk 2| |fk—1—p|
Prnl s 3 max{ % max{”’“ il -1, (k—p)
| fr—1l | fo—p1 | fi—pl }_
k7 k. (k—p+2) k... (k—p+1)
By |fk 2| | fe—1-p]
_ p . p < o <
(k+1)kmax{|f’“ il ’(k—l)...(k—p)}_ =
5, max{|f| ] LA g, B
(k—i—l)k .(p+1) P 7 pl 7 pl Plk+1)V

ne Cp, = const > 0. 3 ocranupoi Hepisrocti Bunusae, mo f — nina GyHKIisS eKCIOHEH-
njajapHOro Tuiy, Axuii ne nepesuuye By, Teopemy 1 nosexneno.

3. Anasor teopemu M. Illepemern. IIpunycrumo renep, mo me sei f) y ce-
peamboMmy p-mucri dbyukmii B D, ane icuye 3pocraroda HOCTIZOBHICTD (nj) Taka, 10 BCi
() y cepenmpomy p-mucti dbymkuii B . Brazkarmmemo, mo ng = 0. Toxi, sk Gymto
ITOKA3aHO BUINE, Ay BCix k> 115 >0

E2P—1E! (n; +v)!
il <Qp——— 77 cv<pyp.
|fny+k| _Qp(nj+k)!max{ o |f71]+u| V_p} (3)
3okpema,
(nj —nj—1 +v)* " (n; —njy +v)!
n;r+v n; Nn;—mn; 14 <
|f it | |f j—1t+n; j—1+ | Qp (TL7+V)'
(nj—1+p)!
Xoglggp{JTlfn] - (4)
Hexait 1 < m < nj1 —n;. Toxi 3 (3) i (4) maemo
m2r—Lm) (n; _|_ y) ( —miq+ I/)2p*1(n, —niq+ V)!
ni+m < T J J J J X
|f i+ | = QP (nj _|_m)| Orél;:l?p{ Q;D (nj +V)' }
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nj—1+p)!
X max {(Jiu‘njﬁ-u'

0<p<p !

| |
i, OCKiTbKE (m +v)! < (m + p)t

angecix m>1i0<v<p, 10

v! - p!
| frjml < Qpm?~tml(n; —nj1 +p)* ' — 1 +p)!
matml =) (n; +m)!
(nj—1+v)!
x oglfgp {JT|fnjl+V| ‘

Bacrocosytoun 10 | fr,_, | nepisuicrs (4), 3Bixcu, fK BHIE, OTPUMYEMO

Q3 m2r—lp! B
|fnj+m| S —L '(nj —Nj-1 +p)2p 1(nj —Nj-1 +p)!><

(p)? (nj +m)

. |
2p—1 | (n.7—2 + I/)'
X(nj_1 —MNj—2 + nj_1 —Nj_2+p)l max § —————|/n,
( j—1 j—2 P) ( j—1 j—2 p) Ogugp{ ol |fnJ72+V|
i, IPOIOBXKYIOYHU IIPOLIEC, IIPUXOAMMO JI0 IIPABUJIbHOL JJis BCix j > 0, BCiX
1 <m < njy1 —nj i gedaxoi poparnoi cranoi B, nepiBHOCTI

J 2p—1 J J
%) LWL)" [[s = nea + 9 [[ (0 —naa +p)t - (5)

s=1 s=1

|fnj+m| < BP (

Hepisuicres (5) Oyue Bukopucrano y jnosejensi rakoro anajory reopemu M.M. He-
pemeru.

Teopema 2. Hezali (nj) — spocmatoua nocaidoshicms namypasvhut wuces i ng = 0.
Las moeo, wob das xoorcnozo p € (0,+00) i Koochoi anasimuunol 6 D Pynxuii f 3
p-aucmocmi y cepeduvomy 6 D sciz nozidnuz f() eunausaso, wo [ — yina dynkyia,
H#eoOLidHo 1 doCTNAMK®O, Wb BUKOHYEAAACH YMosca (1).

Jlopenenns. B [2] nokazano rake: skiio ymoBa (1) He BUKOHY€ETbCH, TO iCHY€ aHAJIITUYHA
B D dbyukmia f, saxa #e € miiomw, aje Bci moximHi f (3) oamonueri B D dyukmii. 3Biacu
BUIIMBae HeoOxinHicTh yMoBH (1) 1 Teopemu 2.

Hosenemo nocrarmicts ymosu (1). 3 (5) anst j > 011 <m < njp1 —nj OTPEMYEMO

1 1 < lan—i—j(anp—lnp!)—l-(2p—1)lnm+

n
njg +m |fnj+m| h n; +m

J

Z In(ns —ns—1+p)—

n; +m n;+m nj+ms:1

+1n(nj+m)! Inm!  2p—1

1 Z In(ns — ns—1 +p)! (6)

s=1

n; +m
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3po3ymijio, 1110 neprmit JogaHoK y npasomy 6o (6) € obmezkeHow0 BenuanHow. JaJi,
sukopucropytoun Gopmymny Cripainra n! = n"e "v/2mnexp{—0,/(12n)}, 0 < 6,, < 1,
MAEMO | | ol |
n(n; +m)! nm! minm
oy ¥R 1+ m) + O(1), o)
n; +m ni+m n;+m

mpu j — oo i
In(ns — ns—1 +p)! =

1
= (ns —MNs—1 +p) IH(TI,S —MNs—1 +p) + 5 hl(ns —MNs—1 +p) + 0(1) Z

2p+1

> (ns —ns—1)In(ns —ng_1) + In(ns —ns—1 +p) + O0(1)

J
opu § — 00. 3ayBaKuBLIM e, mo . In(ng —ns—1 +p) < n; + jp, 3 (6), orpuMyemO

s=1
HEpIBHICTH
L o ! L {(n; +m)ln(n; +m) —mInm — A} +0(1), j (7)
n > n; +m)lnn; +m) —mlnm — A, , J — 00,
nj +m |fnj+m| n; +m ! ! !

J
g Beix 1 <m <mnjpg —nj, pe Aj = Y (ns —ns—1) In(ns — ng—1).
s=1
Posrnsaemo dyHKIIi0

1
P(x) = — {(nj+z)In(n; +z) —zlnx —A4;}, 1<z<n; —n;.
n;+x

Ockinbku ®'(z) = (A; —njlnx)/(nj + )2, To na [1,+00) bynkuia ® mae eaumy TOUKY
excrpemymy & = exp{A4;/n;}, aka € Toukoo makcumymy. Tomy min{®(z): 1 <z <
<nji1—n;}=min{®(1), ®(nj;1—n;)}, a3 (7) Bumwiusae, mo masa seix 1 <m<nji1—n;

1 1
1

n
nj+m | fo,rml

. 1
> min {m ((nj + D) In(n; +1) — A4;),

1
. (njr1Innjr — (i1 —ng) In(njp —nj) — Aa‘)} +0(1) >
J

Aji

A
> min {lnnj—#,lnnj+1— }—i—O(l), j — oo.

J Tj+1

1
3 oryisiy Ha ymMoBy (1), BUILIMBAE, 110 Z — +00, k — 00, T00TO f — 18 PYHKILS.

1
In —
| fiel
Teopemy 2 moseaeno.
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ON ENTIRE FUNCTIONS WITH P-VALENT
DERIVATIVES IN THE UNIT DISK

Oleksandr VOLOKH

Ivan Franko National University of L’viv,
79000, L’viv, Universytets’ka Str., 1

Theorems of S. Shah and of M.M. Sheremeta on entire functions with univalent
in the unit disk derivatives are generalized for entire functions with p-valent deri-
vatives.

Key words: entire functions, analytic functions in the unit disk, p-valent func-
tions.
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