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79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1

Íåõàé Ω ⊂ R
n
� íåîáìåæåíà îáëàñòü, Ωτ = {(x, t) : x ∈ Ω, t = τ},

Qt1,t2 = Ω× (t1, t2), p ∈ (1; 2), K ⊂ Lp(0, T ;W 1,p

lo

(Ω))∩ L2

lo

(Q0,T ) � îïóêëà çàìê-

íåíà ìíîæèíà. �îçãëÿíóòî ïàðàáîëi÷íó âàðiàöiéíó íåðiâíiñòü

∫
Q0,τ

[
vt(v − u)ψ +

n∑
i=1

ai|uxi
|p−2uxi

[(v − u)ψ]xi
+ (cu− f)(v − u)ψ+

+ 1

2
ψt|v − u|2

]
dxdt ≥ 1

2

∫
Ωτ

|v − u|2ψdx− 1

2

∫
Ω0

|v − u0|
2ψdx,

äå τ ∈ (0, T ], ψ ≥ 0 � íåñêií÷åííî äè�åðåíöiéîâíà �óíêöiÿ ç êîìïàêòíèì â Q0,T

íîñi¹ì, v ∈ K, vt ∈ L2

lo

(Q0,T ) � äîâiëüíi. ßêùî �óíêöi¨ a1, . . . , an çðîñòàþòü

ïðè |x| → ∞ íå øâèäøå çà a0(1 + |x|ν), äå a0, ν > 0, òî (ïðè ïåâíèõ äîäàòêî-

âèõ óìîâàõ) äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü öi¹¨ âàðiàöiéíî¨ íåðiâíîñòi â êëàñi

�óíêöié u ∈ K ∩ C([0, T ];L2

lo

(Ω)).

Êëþ÷îâi ñëîâà: ïàðàáîëi÷íà âàðiàöiéíà íåðiâíiñòü, çàäà÷à ç ïî÷àòêîâîþ óìî-

âîþ, íåîáìåæåíà îáëàñòü.

�îçãëÿíåìî â îáëàñòi G = R
n × (0;T ) çàäà÷ó Êîøi

ut −
n∑

i=1

(a(x)|uxi
|p−2uxi

)xi
+ b(x)|u|q−2u = 0, u|t=0 = u0, (∗)

äå p, q ∈ (1; +∞) � äåÿêi ÷èñëà. Ñïî÷àòêó ââàæàòèìåìî, ùî a ≡ 1, b ≡ 0 i ðiâíÿííÿ

(∗) ¹ ëiíiéíèì, òîáòî p, q = 2. Òîäi çàäà÷à (∗) íå ìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó â
êëàñi �óíêöié, ÿêi çàäîâîëüíÿþòü óìîâó |u(x, t)| ≤ Cec|x|2

ç ÿêèìè-íåáóäü ñòàëèìè

C, c > 0. Âiäìiííèé âiä íóëÿ ðîçâ'ÿçîê òàêî¨ çàäà÷i ïðè u0 = 0, ÿêèé çàäîâîëü-

íÿ¹ îöiíêó |u(x, t)| ≤ C exp(c|x|2+ε) ç ε > 0 âïåðøå ïîáóäóâàâ Òèõîíîâ À.Í. â [1℄.

Òåêëiíä Ñ. ó [2℄ äîâiâ ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i â êëàñi �óíêöié, ÿêi çàäîâîëü-

íÿþòü óìîâó |u(x, t)| ≤ e|x|h(|x|)
, äå h � íåñïàäíà íåâiä'¹ìíà �óíêöiÿ h, äëÿ ÿêî¨
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∫ +∞

1
ds

h(s) = +∞. Áðåçiñ Õ. òà Ôðiäìàí À. â [3℄ äîâåëè iñíóâàííÿ òà ¹äèíiñòü â êëàñi

{u : |u(x, t)| ≤ Cea|x|} ðîçâ'ÿçêó ëiíiéíî¨ ïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi, ùî âiä-
ïîâiäà¹ çàäà÷i (∗). Âiä �óíêöi¨ u0 ≥ 0 âèìàãàëîñÿ, ùîá âîíà áóëà òàêîþ ìiðîþ, äëÿ

ÿêî¨

∫
Rn du0 < +∞. �äèíiñòü ðîçâ'ÿçêó çàãàëüíî¨ ëiíiéíî¨ ïàðàáîëi÷íî¨ âàðiàöiéíî¨

íåðiâíîñòi â êëàñàõ Òèõîíîâà âèçíà÷èâ àâòîð ó [4℄.

ßêùî ðiâíÿííÿ (∗) ¹ íåëiíiéíèì, n = 1, a, b ≡ 1, òî ç ðåçóëüòàòiâ Êàëàøíè-

êîâà À.Ñ. ([5℄) âèïëèâà¹ iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i ïðè p > 3, q = 2 â êëàñi

�óíêöié, ÿêi çàäîâîëüíÿþòü îöiíêó |ux(x, t)|p−2 ≤ C(1+ |x|2), C > 0. Âiä ïî÷àòêîâî¨

�óíêöi¨ âèìàãàëàñÿ òàêà ñàìà ïîâåäiíêà íà íåñêií÷åííîñòi. �äèíiñòü â öüîìó êëàñi

âèçíà÷åíî ïðè p > 2, q = 2. Â [6℄ ó êëàñàõ ëîêàëüíî iíòåãðîâíèõ �óíêöié âèçíà÷åíî

îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i (∗) çà óìîâè |u0(x)| ≤ C|x|p/(p−2)
ïðè |x| → ∞. Òàì

âèâ÷åíî áàãàòîâèìiðíå ðiâíÿííÿ, ÿêå âiäïîâiäà¹ (∗) ç a ≡ 1, b ≡ 0, p > 2. Àíàëîãi÷íèé
ðåçóëüòàò ó âèïàäêó p < 2 âèÿâëåíî â [7℄. Ó [8℄ áåç îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêó

òà âèõiäíèõ äàíèõ ïðè |x| → ∞ âèçíà÷åíî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ

ïiâëiíiéíîãî ðiâíÿííÿ (p = 2, q > 2). Òàêi ñàìi ðåçóëüòàòè îòðèìàíî â [9℄ äëÿ çàäà÷i,

ÿêà ó ìîäåëüíîìó âèïàäêó çáiãà¹òüñÿ iç çàäà÷åþ (∗) ïðè a, b ≡ 1, p = 2, q > 2, à â

[10℄ � äëÿ íåëiíiéíîãî ðiâíÿííÿ âèùîãî ïîðÿäêó ç ëiíiéíîþ ãîëîâíîþ ÷àñòèíîþ.

Ïåðåéäåìî äî âèïàäêó, êîëè êîå�iöi¹íòè a, b ìîæóòü çðîñòàòè ïðè |x| → ∞. Â

[13℄ âèçíà÷åíî iñíóâàííÿ ¹äèíîãî îáìåæåíîãî â R+ × (0;T ) ðîçâ'ÿçêó çàäà÷i, ÿêà ó

÷àñòêîâîìó âèïàäêó çáiãà¹òüñÿ ç (∗) ïðè n = 1, p, q = 2, a = xm
, m ≥ 0. Âèìàãà¹òüñÿ

îáìåæåíiñòü u0 òà âèêîíàííÿ äîäàòêîâèõ óìîâ íà �óíêöiþ b. Â [14℄ ðîçãëÿíóòî

ðiâíÿííÿ, ÿêå óçàãàëüíþ¹ (∗) ç a = (1 + |x|)λ
, λ > 0, p, q = 2. Çà ïåâíèõ óìîâ íà êîå-

�iöi¹íò b äîâåäåíî ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i áåç óìîâ íà ïîâåäiíêó ðîçâ'ÿçêó íà
íåñêií÷åííîñòi. Ïàðàáîëi÷íi âàðiàöiéíi íåðiâíîñòi â íåîáìåæåíèõ îáëàñòÿõ âèâ÷åíî

â [15℄�[19℄.

Ìåòà íàøî¨ ïðàöi � äîâåñòè iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ïàðàáîëi÷íî¨ âàðià-

öiéíî¨ íåðiâíîñòi, ÿêà óçàãàëüíþ¹ íåîäíîðiäíå ðiâíÿííÿ (∗) ç p < 2, q = 2. Êîå�i-
öi¹íòè íåðiâíîñòi ìîæóòü çðîñòàòè ïðè |x| → ∞ íå øâèäøå çà a0(1 + |x|ν), a0, ν > 0.
�åçóëüòàò îòðèìàíî áåç äîäàòêîâèõ ïðèïóùåíü íà ïîâåäiíêó ðîçâ'ÿçêó òà �óíêöi¨

u0 íà íåñêií÷åííîñòi.

1. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ðåçóëüòàòiâ. Íåõàé T > 0, Ω ⊂ R
n

� íåîáìåæåíà îáëàñòü ç ìåæåþ ∂Ω êëàñó C1
, ÿêà çàäîâîëüíÿ¹ óìîâó: äëÿ êîæíîãî

l ∈ N ìíîæèíà Ωl = Ω ∩ {x ∈ R
n : |x| < l} ¹ îáëàñòþ, ìåæà ÿêî¨ ñêëàäà¹òüñÿ ç

äâîõ êóñêîâî ãëàäêèõ ãiïåðïîâåðõîíü Γl
1 i Γl

2 òàêèõ, ùî Γl
1 ⊂ ∂Ω, mesn−1 Γl

1 > 0,
mesn−1 {Γl

2 ∩ ∂Ω} = 0. Ïðèéìåìî Qt1,t2 = Ω × (t1; t2), Q
l
t1,t2 = Ωl × (t1; t2), Ωτ =

= {(x, t) : x ∈ Ω, t = τ}, Ωl
τ = {(x, t) : x ∈ Ωl, t = τ}, l ∈ N.

Äëÿ êîæíîãî l ∈ N ïîçíà÷èìî: {w ∈ W 1,p(Ωl) : w|Γl
1

= 0} ⊂ X l ⊂ W 1,p(Ωl),

p ∈ (1; 2), X l
� çàìêíåíèé ïiäïðîñòið, V l = L2(Ωl) ∩ X l

, K l
� îïóêëà çàìêíåíà

ïiäìíîæèíà V l
, 0 ∈ K l

, U(Ql
0,T ) = L2(Ql

0,T ) ∩ Lp(0, T ;X l). Íà ââåäåíi ïðîñòîðè Xs

òà ìíîæèíè Ks
, s ∈ N íàêëàäåìî óìîâó: ÿêùî l, s ∈ N, l < s, òî çâóæåííÿ åëåìåíòiâ

ç Xs
(Ks

) íà Ωl
íàëåæèòü äî ïðîñòîðó X l

(ìíîæèíè K l
).

Íåõàé Ψ = {ψ ∈ C∞(Q0,T ) | ψ ≥ 0, ∃ s ∈ N òàêå, ùî supp ψ ⊂ Qs
0,T },

U
lo

(Q0,T ) = {u : Q0,T → R | u ∈ U(Ql
0,T ) ∀ l ∈ N},

K = {u ∈ U
lo

(Q0,T ) | u(·, t) ∈ K l
äëÿ ìàéæå âñiõ t ∈ (0, T ) i ∀ l ∈ N}.
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Íåõàé �óíêöi¨ a1, . . . , an, c, f, u0 çàäîâîëüíÿþòü óìîâè:

(A): ai ∈ L∞
lo

(Q0,T ), a0 ≤ ai(x, t) ≤ a0(1 + |x|ν) äëÿ ìàéæå âñiõ (x, t) ∈ Q0,T ,

i = 1, n, äå a0, a
0, ν > 0;

(C): c ∈ L∞(Q0,T ), c(x, t) ≥ c0 äëÿ ìàéæå âñiõ (x, t) ∈ Q0,T , äå c0 ∈ R;

(F): f, ft ∈ L2
lo

(Q0,T );
(U): u0 ∈ K, iñíó¹ ïîñëiäîâíiñòü {ul

0}l∈N òàêà, ùî äëÿ êîæíîãî l ∈ N ìàòèìåìî

ul
0 ∈ K l

, ul
0 = 0 íà Ω \ Ωl

, ul+1
0 = u0 íà Ωl

.

Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ K ∩ C([0;T ];L2
lo

(Ω)) íàçèâàòèìåìî ñëàáêèì ðîçâ'ÿç-

êîì ïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi

∫

Q0,τ

[
vt(v − u)ψ +

n∑

i=1

ai(x, t)|uxi
|p−2uxi

((v − u)ψ)xi
+ c(x, t)u(v − u)ψ −

− f(x, t)(v − u)ψ +
1

2
|v − u|2ψt

]
dxdt ≥ 1

2

∫

Ωτ

|v − u|2ψdx − 1

2

∫

Ω0

|v − u0|2ψdx, (1.1)

ÿêùî u çàäîâîëüíÿ¹ (1.1) äëÿ âñiõ τ ∈ (0;T ], ψ ∈ Ψ, v ∈ K, vt ∈ L2
lo

(Q0,T ).

Íåõàé u � ñëàáêèé ðîçâ'ÿçîê íåðiâíîñòi (1.1), ψ ∈ Ψ, v ∈ K, vt ∈ L2
lo

(Q0,T ).
ßêùî v(·, 0) = u0(·), òî ç (1.1) ìàòèìåìî

∫
Ωτ

|v − u|2ψdx → 0 ïðè τ → +0, òîáòî

lim
τ→+0

u(·, τ) = lim
τ→+0

v(·, τ) â ïðîñòîði L2(Ωl). Îñêiëüêè u, v ∈ C([0;T ];L2
lo

(Ω)), òî ç

îòðèìàíî¨ ðiâíîñòi ãðàíèöü òà ïðèïóùåííÿ íà v îäåðæèìî óìîâó

u(x, 0) = u0(x) äëÿ ìàéæå âñiõ x ∈ Ω. (1.2)

Îçíà÷åííÿ 2. Ñèëüíèì ðîçâ'ÿçêîì ïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi (1.1) íà-

çèâàòèìåìî ñëàáêèé ðîçâ'ÿçîê öi¹¨ íåðiâíîñòi, ÿêùî âií çàäîâîëüíÿ¹ âêëþ÷åííÿ

ut ∈ L2
lo

(Q0,T ).

Ëåãêî ïîêàçàòè, ùî äëÿ ñèëüíîãî ðîçâ'ÿçêó íåðiâíîñòi (1.1) ñïiââiäíîøåííÿ (1.1),

(1.2) åêâiâàëåíòíi íåðiâíîñòi

∫

Q0,τ

[
ut(v − u)ψ +

n∑

i=1

ai|uxi
|p−2uxi

((v − u)ψ)xi
+ cu(v − u)ψ − f(v − u)ψ

]
dxdt ≥ 0

äëÿ âñiõ τ ∈ (0;T ], ψ ∈ Ψ, v ∈ K.
Ïðèêëàä 1. Íåõàé X l = {w ∈ W 1,p(Ωl) : w|Γl

1
= 0} ∀ l ∈ N, K = U

lo

(Q0,T ). Òîäi

ñèëüíèé ðîçâ'ÿçîê íåðiâíîñòi (1.1) ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i

ut −
n∑

i=1

(ai|uxi
|p−2uxi

)xi
+ cu = f â Q0,T , (1.3)

u = 0 íà ∂Ω × (0;T ), u|t=0 = u0, (1.4)

(äèâ. [15, . 254℄).
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Ïðèêëàä 2. Íåõàé K = U
lo

(Q0,T ) ∩ {v : v ≥ 0 â Q0,T }. Òîäi ñèëüíèé ðîçâ'ÿçîê

u ïàðàáîëi÷íî¨ âàðiàöiéíî¨ íåðiâíîñòi (1.1) çàäîâîëüíÿ¹ ðiâíÿííÿ (1.3) íà ìíîæèíi

Φ = {(x, t) ∈ Q0,T : u(x, t) > 0}, äîðiâíþ¹ íóëþ â Q0,T \ Φ òà çàäîâîëüíÿ¹ óìîâè

(1.4) (äèâ. [15, . 293℄).

Ââåäåìî ïîçíà÷åííÿ, ÿêi âèêîðèñòîâóâàòèìåìî äàëi. Íîðìó áàíàõîâîãî ïðîñòîðó

B ïîçíà÷àòèìåìî ÷åðåç || · ;B||, à ñïðÿæåíèé äî B ïðîñòið � B∗
. Ñêàëÿðíèé äîáóòîê

ìiæ B∗
òà B ïîçíà÷àòèìåìî 〈·, ·〉B .

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (C) i

1 < p < 2, n− 2p

2 − p
+

2νp

2 − p
< 0. (1.5)

Òîäi âàðiàöiéíà íåðiâíiñòü (1.1) íå ìîæå ìàòè áiëüøå îäíîãî ñëàáêîãî ðîçâ'ÿçêó.

Íåõàé l ∈ N. Çàçíà÷èìî, ùî ç óìîâè (1.5) òà òåîðåì âêëàäåííÿ Ñîáîë¹âà [20,

ñ. 47℄ âèïëèâà¹, ùî X l ⊂ L2(Ωl) ⊂ [X l]∗, i îòæå, V l = X l
. Äëÿ ìàéæå âñiõ t ∈ (0;T )

âèçíà÷èìî îïåðàòîðè Al(t) : V l → [V l]∗ òàêîþ �îðìóëîþ:

〈Al(t)v1, v2〉V l =

∫

Ωl
t

[ n∑

i=1

ai(x, t)|v1
xi

(x)|p−2v1
xi

(x)v2
xi

(x) + c(x, t)v1(x)v2(x)

]
dx,

äå v1, v2 ∈ V l. ßêùî �óíêöi¨ a1, . . . , an, c íå çàëåæàòü âiä t, òî çàìiñòü Al(t) äî-

öiëüíî ïèñàòè ïðîñòî Al
. Òîäi ìîæíà ââàæàòè, ùî Al : U(Ql

0,T ) → [U(Ql
0,T )]∗ i

〈Alw1, w2〉U(Ql
0,T

) =
∫ T

0 〈Alw1(t), w2(t)〉V ldt, w1, w2 ∈ U(Ql
0,T ).

Íåõàé l ∈ N, �óíêöi¨ a1, . . . , an, c íå çàëåæàòü âiä t,

Dl = {v ∈ V l : v|Γl
2

= 0}, Dl = {u ∈ U(Ql
0,T ) : u|Γl

2×(0;T ) = 0},

H l = {v ∈ W 1,2(Ω) : v|Γl
2

= 0}, Hl = {u ∈ L2(0, T ;W 1,2(Ω)) : u|Γl
2×(0;T ) = 0}.

Çðîçóìiëî, ùîH l⊂Dl
,Hl⊂Dl

. Âèçíà÷èìî îïåðàòîðèEl : Dl→ [Dl]∗ òàGl : H l→ [H l]∗

çà äîïîìîãîþ ðiâíîñòåé 〈Elv1, v2〉Dl = 〈Alv1, v2〉V l , v1
, v2 ∈ Dl

, 〈Glz1, z2〉Dl =
=

∫
Ω(∇z1(x),∇z2(x))dx, z1, z2 ∈ H l

. Äëÿ ñïðîùåííÿ ââàæàòèìåìî, ùî îïåðàòîð El

òàêîæ äi¹ ç Dl
â [Dl]∗, à Gl

� ç Hl
â [Hl]∗ òàê, ùî 〈Elw1, w2〉

D
l = 〈Alw1, w2〉U(Ql

0,T
),

〈Gly1, y2〉
H

l =
∫ T

0
〈Gly1(t), y2(t)〉Hldt äëÿ âñiõ w1, w2 ∈ Dl

òà y1, y2 ∈ Hl
.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A)�(U), óìîâà (1.5), u0 ∈ W 2,2
lo

(Ω),
Elul

0, G
lul

0 ∈ L2(Ωl) ∀ l ∈ N, K = U
lo

(Q0,T ) ∩ {v : v ≥ 0 ìàéæå ñêðiçü â Q0,T },
�óíêöi¨ a1, . . . , an, c íå çàëåæàòü âiä t. Òîäi ïàðàáîëi÷íà âàðiàöiéíà íåðiâíiñòü (1.1)
ìà¹ ¹äèíèé ñèëüíèé ðîçâ'ÿçîê.

Äîâîäÿ÷è òåîðåìè 1 i 2, ÿêi ïîäàíî ó ïóíêòi 3, âèêîðèñòàíî íèçêó äîïîìiæíèõ

òâåðäæåíü. Äëÿ çðó÷íîñòi âèêëàäåííÿ ¨õ ïîäàíî ó âèãëÿäi ëåì òà òâåðäæåíü i çiáðàíî

â äðóãîìó ïóíêòi.

2. Äîäàòêîâi ïîçíà÷åííÿ òà äîïîìiæíi òâåðäæåííÿ. Äëÿ ñïðîùåííÿ

âèêëàäåííÿ çàìiñòü u(·, t) ïèñàòèìåìî ïðîñòî u(t).
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ßêùî �óíêöiÿ f çàäîâîëüíÿ¹ óìîâó (F), òî äëÿ êîæíîãî l ∈ N \ {1} âèçíà÷èìî

�óíêöiþ fl ∈ L2(Q0,T ) òàêó, ùî fl,t ∈ L2(Q0,T ),

fl(x, t) =

{
f(x, t), (x, t) ∈ Ql−1

0,T ,

0, (x, t) ∈ Q0,T \Ql
0,T .

Äëÿ ñòàëèõ R,ω > 0 i β =
3p− 2

2 − p
+ ω âèçíà÷èìî çðiçêó Áåðíiñà ϕR : R

n → R
1
òàê

ϕR(x) =

{
(R2−|x|2

R )β , |x| ≤ R,
0, |x| > R.

(2.1)

Ëåãêî áà÷èòè, ùî äëÿ áóäü-ÿêèõ r ∈ R òà x ∈ R
n
, |x| < R, ìàòèìåìî

|ϕR
xi

(x)|r
|ϕR(x)|r−1

=
| 2β
Rβ xi(R

2 − |x|2)(β−1)|r
| 1
Rβ (R2 − |x|2)β |r−1

=
(2β)r

Rβ

|xi|r
(R2 − |x|2)r−β

, i = 1, n. (2.2)

ßêùî l > 0, 2l < R, òî R − |x| ≥ R − l ≥ R/2 ïðè x ∈ Ωl
. Òîìó âèêîíó¹òüñÿ îöiíêà

ϕR(x) = ((R − |x|)(R + |x|)/R)β ≥ (R/2)β
, x ∈ Ωl

. Êðiì òîãî, î÷åâèäíî, ùî äëÿ âñiõ

x ∈ R
n
ìàòèìåìî ϕR(x) ≤ Rβ

. Çàçíà÷èìî, ùî �óíêöiþ ç (2.1) ââåäåíî â ïðàöi [10℄

(äèâ. òàêîæ [11℄, [12℄).

Íåõàé w− = max{−w, 0}, w ∈ R. Ëåãêî ïåðåêîíàòèñÿ, ùî

([−r−] − [−s−])(r − s) ≥ 0 (2.3)

äëÿ âñiõ r, s ∈ R. Ç [22, . 99℄ âiäîìî òàêå: ÿêùî v ∈W 1,p(Ω), òî v− ∈ W 1,p(Ω).
ßêùî �óíêöiÿ w âèçíà÷åíà â öèëiíäði Q0,T , òî äëÿ êîæíîãî h > 0 ïîçíà÷èìî

w+h(x, t) = w(x, t + h) ïðè (x, t) ∈ Q0,T−h.

Ëåìà 1. Íåõàé q > 1. Òîäi äëÿ âñiõ r, s ∈ R

(|r|q−2r − |s|q−2s)(r − s) ≥ 22−q|r − s|q, ÿêùî q ∈ [2,+∞), (2.4)

(|r|q−2r − |s|q−2s)(r − s) ≤ 22−q|r − s|q, ÿêùî q ∈ (1; 2]. (2.5)

Äîâåäåííÿ. Äîâåäåííÿ (2.4) ïîäàíî â ëåìi 1.2 [23, . 10℄. Äîâåäåìî íåðiâíiñòü (2.5).

Ïðè q = 2 öÿ íåðiâíiñòü î÷åâèäíà. Íåõàé q ∈ (1; 2), r, s ∈ R. Íå çìåíøóþ÷è çàãàëü-

íîñòi, ïðèïóñòèìî, ùî r > s. Òîäi (2.5) ïåðåïèøåìî ó âèãëÿäi

(|r|q−2r − |s|q−2s)(r − s)1−q ≤ 22−q. (2.6)

Ïðè s = 0 ìàòèìåìî rq−2rr1−q = 1 ≤ 22−q
. Íåõàé s 6= 0, w = r/s. Ïðè s > 0 ç (2.6)

îòðèìà¹ìî

(|r|q−2r − |s|q−2s)(r − s)1−q = (wq−1 − 1)(w − 1)1−q = g1(w), w ∈ (1; +∞).

Ïðè s < 0 îäåðæèìî, ùî

(|r|q−2r − |s|q−2s)(r − s)1−q = (1 − |w|q−2w)(1 − w)1−q = g2(w), w ∈ (−∞; 1).

Îñêiëüêè sup
w∈(1;+∞)

g1(w) = g1(+∞) = 1, sup
w∈(−∞;1)

g2(w) = g2(−1) = 22−q
, òî (2.6)

ïðàâèëüíà. Ëåìà äîâåäåíà.



ÂÀ�IÀÖIÉÍÀ ÍÅ�IÂÍIÑÒÜ Â ÍÅÎÁÌÅÆÅÍIÉ ÎÁËÀÑÒI 35

Çàóâàæåííÿ 1. Íåõàé q ∈ (1; +∞), y, z : R → R, y(s) = |s|q

q , z(s) = |s|q−2s, s ∈ R.

Î÷åâèäíî, ùî y′(s) = z(s) ïðè s 6= 0, y′(0) = 0, z′(s) = (q− 1)|s|q−2
ïðè s 6= 0, i, êðiì

òîãî, z′(0) = 0, ÿêùî q > 2, lim
s→0

z(s)−z(0)
s = +∞, ÿêùî q ∈ (1; 2).

Òâåðäæåííÿ 1. Íåõàé k ∈ N, âèêîíóþòüñÿ óìîâè (A)�(U) òà (1.5), �óíêöi¨

a1, . . . , an, c íå çàëåæàòü âiä t, Ekuk
0 ∈ L2(Ωk). Òîäi äëÿ êîæíîãî s ∈ N iñíó¹ �óíê-

öiÿ zs ∈ Dk ∩C([0;T ];L2(Ωk)) òàêà, ùî zs
t , E

kzs ∈ L2(Qk
0,T ) i

〈zs
t (t) + Ekzs(t) − s(zs(t))−, v〉Dk = 〈fk(t), v〉Dk , t ∈ (0;T ), v ∈ Dk, (2.7)

zs(0) = uk
0 . (2.8)

Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä Ôàåäî-�àëüîðêiíà. Íåõàé ìíîæèíà {wµ
k}µ∈N ¹ ëi-

íiéíî íåçàëåæíîþ i âñþäè ùiëüíîþ â Dk
, w1

k = uk
0 , ÿêùî u

k
0 6= 0. Øóêà¹ìî

zs,m(x, t) =

m∑

µ=1

ϕs,m
µ (t)wµ

k (x), (x, t) ∈ Qk
0,T , (2.9)

äå ϕs,m
1 , . . . , ϕs,m

m � íåïåðåðâíî äè�åðåíöiéîâíi ðîçâ'ÿçêè çàäà÷i Êîøi

〈zs,m
t (t)+Ekzs,m(t)−s(zs,m(t))−, wµ

k 〉Dk =〈fk(t), wµ
k 〉Dk , t ∈ (0;T ), µ = 1,m, (2.10)

ϕs,m
1 (0) =

{
1, uk

0 6= 0,
0, uk

0 = 0,
ϕs,m

2 (0) = · · · = ϕs,m
m (0) = 0. (2.11)

Ëåãêî ïîêàçàòè, ùî òàêi ϕs,m
1 , . . . , ϕs,m

m iñíóþòü (òåîðåìà Ïåàíî) i ùî zs,m
çàäîâîëü-

íÿþòü îöiíêó

max
t∈[0,T ]

∫

Ωk

|zs,m(t)|2dx+

∫

Qk
0,T

[ n∑

i=1

|zs,m
xi

|p + |zs,m|2
]
dxdt ≤ C1

(∫

Ωk

|uk
0 |2dx+

∫

Qk
0,T

|fk|2dxdt
)
,

(2.12)
äå C1 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä s,m, k.

Ç óìîâ (A), (C) îäåðæèìî òàêi îöiíêè: |ai(x)| ≤ C2(k), x ∈ Ωk
, i = 1, n,

|c(x)| ≤ C3, x ∈ Ω. Òîäi íà ïiäñòàâi íåðiâíîñòi �åëüäåðà ìàòèìåìî, ùî

〈Ekzs,m, v〉
D

k =

∫

Qk
0,T

[ n∑

i=1

ai|zs,m
xi

|p−2zs,m
xi

vxi
+ czs,mv

]
dxdt ≤ C4(k) ×

×
( n∑

i=1

||zs,m
xi

;Lp(Qk
0,T )||p−1 · ||vxi

;Lp(Qk
0,T )|| + ||zs,m;L2(Qk

0,T )|| · ||v;L2(Qk
0,T )||

)
,

äëÿ áóäü-ÿêî¨ v ∈ Dk
. Âçÿâøè âåðõíþ òî÷íó ãðàíü çà âñiìà v ∈ Dk

, ||v;Dk|| ≤ 1,
òà âèêîðèñòàâøè îöiíêè (2.12), îòðèìà¹ìî iñíóâàííÿ ñòàëî¨ C5(k) òàêî¨, ùî äëÿ âñiõ
s,m âèêîíó¹òüñÿ íåðiâíiñòü

||Ekzs,m; [Dk]∗|| ≤ C5(k). (2.13)
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Ç óìîâè (F) ìàòèìåìî, ùî fk ∈ C([0, T ];L2(Ωk)). Òîìó ç ãëàäêîñòi �óíêöié,

ÿêi ¹ â (2.10), âèïëèâà¹, ùî â (2.10) ìîæíà âçÿòè t = 0, äîìíîæèòè íà ϕs,m
µ,t (0) i

ïiäñóìóâàòè çà µ = 1,m. Îñêiëüêè (zs,m(0))− = (uk
0)− = 0, òî îòðèìàíà ðiâíiñòü

íàáóäå âèãëÿäó 〈zs,m
t (0), zs,m

t (0)〉Dk = 〈fk(0) − Ekuk
0 , z

s,m
t (0)〉Dk . Ç òîãî, ùî åëåìåíò

zs,m
t (0) íàëåæèòü äî ïðîñòîðó L2(Ωk) ÿê ëiíiéíà êîìáiíàöiÿ åëåìåíòiâ ç L2(Ωk),
âêëþ÷åííÿ fk(0)−Ekuk

0 ∈ L2(Ωk) òà íåðiâíîñòi �åëüäåðà âèïëèâà¹, ùî âèêîíó¹òüñÿ
îöiíêà ||zs,m

t (0);L2(Ωk)||2 ≤ ||fk(0) − Ekuk
0 ;L

2(Ωk)|| · ||zs,m
t (0);L2(Ωk)||. Îòæå,

||zs,m
t (0);L2(Ωk)|| ≤ ||fk(0) − Ekuk

0 ;L2(Ωk)||. (2.14)

Íåõàé T1 ∈ (0;T ), h ∈ (0;T − T1), t ∈ (0;T1). Òîäi ç (2.10) îäåðæèìî ðiâíiñòü

〈zs,m,+h
t − zs,m

t , wµ
k 〉Dk + 〈Ekzs,m,+h − Ekzs,m, wµ

k 〉Dk −

− s〈(zs,m,+h)− − (zs,m)−, wµ
k 〉Dk = 〈f+h

k − fk, w
µ
k 〉Dk , µ = 1,m.

Äëÿ ñïðîùåííÿ çàïèñó ïîçíà÷èìî vh = (zs,m,+h − zs,m)/h, h ∈ (0;T − T1),
ãi(x, η) = ai(x)|η|p−2η, x ∈ Ω, η ∈ R. Òîäi �óíêöiÿ vh

çàäîâîëüíÿ¹ ðiâíiñòü

∫

Ωk
t

[
vh

t w
µ
k +

1

h

n∑

i=1

( 1∫

0

∂ãi(x, rz
s,m,+h
xi

+ (1 − r)zs,m
xi

)

∂r
dr

)
(wµ

k )xi
+ cvhwµ

k −

− s

h
[(zs,m,+h)− − (zs,m)−]wµ

k

]
dx =

∫

Ωk
t

(f+h
k − fk)

h
wµ

kdx, t ∈ (0;T1), µ = 1,m.

(2.15)

Ëåãêî áà÷èòè, ùî äëÿ êîæíîãî i = 1, n: 1
h

∫ 1

0

∂ãi(x,rzs,m,+h
xi

+(1−r)zs,m
xi

)

∂r dr = biv
h
xi
, äå

bi(x, t, h) =
∫ 1

0
∂ãi(x,η)

∂η |η=rzs,m,+h
xi

+(1−r)zs,m
xi

dr, (x, t) ∈ Q0,T1 , h ∈ (0;T − T1), ÿêùî

zs,m,+h
xi

(x, t) 6= zs,m
xi

(x, t), òà bi = 0 â iíøîìó âèïàäêó. Äîìíîæèìî (2.15) íà âèðàç

(ϕs,m,+h
µ − ϕs,m

µ )/h i ïiäñóìó¹ìî çà µ = 1,m. Ìàòèìåìî

∫

Ωk
t

[
vh

t v
h +

n∑

i=1

bi|vh
xi
|2 + c|vh|2 − s

h
[(zs,m,+h)− − (zs,m)−]vh

]
dx =

∫

Ωk
t

(f+h
k − fk)

h
vhdx,

(2.16)

t ∈ (0;T1). Îñêiëüêè
∂ãi(x,η)

∂η = ai(x)(p−1)|η|p−2 ≥ 0, x ∈ Ω, η 6= 0 i ÷åòâåðòèé äîäàíîê

çëiâà â (2.16) íåâiä'¹ìíèé (äèâ. (2.3)), òî ç (2.16) ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü

îäåðæèìî, ùî

∫
Ωk

t
vh

t v
hdx≤

∫
Ωk

t
| (f

+h
k

−fk)

h |2dx+C6

∫
Ωk

t
|vh|2dx, äå C6>0 � ñòàëà, ÿêà íå

çàëåæèòü âiä h, s,m, k, T1. Çiíòåãðó¹ìî îñòàííþ íåðiâíiñòü çà t ∈ (0; τ), äå τ ∈ (0;T1),
òà ïåðøèé äîäàíîê çëiâà çiíòåãðó¹ìî ÷àñòèíàìè. Âèêîðèñòàâøè ëåìó �ðîíóîëà [20,

ñ. 191℄, îòðèìà¹ìî, ùî

∫

Ωk
τ

|vh|2dx ≤ C7

(∫

Ωk

|vh(0)|2dx+

∫

Qk
0,τ

∣∣∣∣
(f+h

k − fk)

h

∣∣∣∣
2

dxdt

)
, (2.17)
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äå C7 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä h, s,m, k, T1. Ïåðøèé äîäàíîê ñïðàâà â öié

íåðiâíîñòi ïðè h → 0 ïðÿìó¹ äî âèðàçó

∫
Ωk |zs,m

t (0)|2dx, áî �óíêöi¨ ϕs,m
1 , . . . , ϕs,m

m

� íåïåðåðâíî äè�åðåíöiéîâíi. Òàê ÿê i â ïóíêòi à) òåîðåìè 3 [21, . 119℄ ìàòèìåìî,

ùî äðóãèé äîäàíîê ïðÿìó¹ äî

∫
Qk

0,τ
|fk,t|2dxdt. Îòæå, ïðàâà ÷àñòèíà íåðiâíîñòi (2.17)

ðiâíîìiðíî îáìåæåíà çà ïàðàìåòðîì h ∈ (0;T−T1). Òàê ÿê i â ïóíêòi á) òåîðåìè 3 [21,
. 119℄ ìà¹ìî iñíóâàííÿ ïîõiäíî¨ zs,m

t ∈ L2(Q0,T1). Çiíòåãðó¹ìî (2.17) çà τ ∈ (0;T1),
âiçüìåìî íèæíþ ãðàíèöþ ïðè h → +0 òà âèêîðèñòà¹ìî (2.14). Ïiñëÿ íåçíà÷íèõ

ïåðåòâîðåíü îòðèìà¹ìî

∫

Qk
0,T1

|zs,m
t |2dxdt ≤ C8

(
||fk(0) − Ekuk

0 ;L
2(Ωk)||2 +

∫

Qk
0,T1

|fk,t|2dxdt
)
, T1 ∈ (0, T ), (2.18)

äå C8 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä s,m, k, T1.

Ç îöiíîê (2.12), (2.13), (2.18) îäåðæèìî iñíóâàííÿ òàêî¨ ïiäïîñëiäîâíîñòi (íåõàé

öå áóäå ñàìà {zs,m}m∈N), ùî z
s,m → zs ∗-ñëàáêî â L∞(0, T ;L2(Ωk)), ñëàáêî â Dk

òà

ñèëüíî â L2(Qk
0,T ) (äèâ. òåîðåìó 5.1 ïðî êîìïàêòíiñòü [15, . 70℄), Ekzs,m → χk,s

ñëàáêî â [Dk]∗, zs,m
t → zs

t ñëàáêî â L2(Qk
0,T ) ïðè m → ∞. Ç ëåìè 4.1 [22, ñ. 98℄

ìàòèìåìî, ùî (zs,m)− → (zs)− ñèëüíî â L2(Qk
0,T ). ßê i â [15, . 171℄ ïîêàçó¹ìî, ùî

χk,s = Ekzs
. Òîäi �óíêöiÿ zs

çàäîâîëüíÿ¹ ðiâíÿííÿ (2.7) i óìîâó (2.8). Îñêiëüêè

zs ∈ Dk ⊂ L2(Qk
0,T ) i zs

t ∈ L2(Qk
0,T ), òî zs ∈ C([0;T ];L2(Ωk)). Ç ðiâíÿííÿ (2.7)

Ekzs ∈ L2(Qk
0,T ), ùî i çàâåðøó¹ äîâåäåííÿ íàøîãî òâåðäæåííÿ.

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A), (C), k ∈ N, R,ω > 0, R < k, òà ϕR

� �óíêöiÿ, ÿêà âèçíà÷åíà â (2.1), J(ψ) =
∫ t2

t1
〈Aku−Akv, (u− v)ψ〉V kdt äëÿ äåÿêèõ

t1, t2, u, v, ψ. Òîäi äëÿ äîâiëüíèõ u, v ∈ U(Qk
0,T ), χ ∈ C∞([0;T ]), χ ≥ 0, òà áóäü-ÿêèõ

÷èñåë 0 ≤ t1 < t2 ≤ T âèêîíó¹òüñÿ îöiíêà

J(ϕRχ) ≥ (a0 − κ)

∫

Qt1 ,t2

n∑

i=1

(|uxi
|p−2uxi

− |vxi
|p−2vxi

)(uxi
− vxi

)ϕRχdxdt +

+ c0

∫

Qt1,t2

|u− v|2ϕRχdxdt − P (R)

( ∫

Qt1,t2

|u− v|2ϕRχdxdt

)p/2

, (2.19)

äå κ > 0 � äîâiëüíà ñòàëà, P (R) = C9(κ, χ)R(n−1+ω)
2−p
2 +νp

, C9(κ, χ) � äåÿêà äî-

äàòíà ñòàëà.

Äîâåäåííÿ. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè, u, v ∈ U(Qk
0,T ), 0 ≤ t1 < t2 ≤ T . Òîäi

J(ϕRχ)≥
∫

Qt1,t2

[
a0

n∑

i=1

(|uxi
|p−2uxi

−|vxi
|p−2vxi

)(uxi
−vxi

)+c0|u−v|2
]
ϕRχdxdt−I, (2.20)

äå I =
∫

Qt1,t2

n∑
i=1

|ai| · ||uxi
|p−2uxi

− |vxi
|p−2vxi

| · |u− v| · |ϕR
xi
| · χ dxdt.
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Íàâåäåìî êiëüêà äîïîìiæíèõ îöiíîê. Ç íåðiâíîñòi (2.5) äëÿ q = p i äîâiëüíèõ

τ, s ∈ R ìàòèìåìî

||τ |p−2τ − |s|p−2s|p′

= ||τ |p−2τ − |s|p−2s| · ||τ |p−2τ − |s|p−2s|p′−1 ≤

≤ C10(p)||τ |p−2τ − |s|p−2s| · |τ − s| = C10(p)(|τ |p−2τ − |s|p−2s)(τ − s), (2.21)

äå p′ = p/(p− 1). Çàóâàæèìî, ùî òóò ìè ìîãëè �ñêèíóòè ìîäóëü�, áî ïðàâà ÷àñòèíà

(2.21) íàáóâà¹ íåâiä'¹ìíi çíà÷åííÿ.

Íåõàé r = 2p
2−p = 1 + p′+2

p′−2 > 1 (

1
p′ + 1

2 + 1
r = 1). Òîäi ìè ìîæåìî çàñòîñóâàòè äî I

íåðiâíiñòü �åëüäåðà äëÿ òðüîõ �óíêöié ([22, . 75℄) âiäïîâiäíî ç ïîêàçíèêàìè p′, 2, r.
Âèêîðèñòàâøè (2.21) òà íåðiâíiñòü Þíãà, îäåðæèìî

I =

n∑

i=1

∫

QR
t1,t2

||uxi
|p−2uxi

− |vxi
|p−2vxi

|(ϕRχ)1/p′ · |u− v|(ϕRχ)1/2 ×

× |ai| · |ϕR
xi
|

ϕR
(ϕRχ)1/rdxdt ≤

n∑

i=1

( ∫

QR
t1,t2

||uxi
|p−2uxi

− |vxi
|p−2vxi

|p′

ϕRχdxdt

)1/p′

×

×
( ∫

QR
t1,t2

|u− v|2ϕRχdxdt

)1/2

·
( ∫

QR
t1,t2

|ai|r · |ϕR
xi
|rχ

|ϕR|r−1
dxdt

)1/r

≤

≤ κ

n∑

i=1

∫

QR
t1 ,t2

(|uxi
|p−2uxi

− |vxi
|p−2vxi

)(uxi
− vxi

)ϕRχdxdt+

+ C11(κ)

(
T sup

[0;T ]

|χ(t)|Rνr

∫

ΩR

|ϕR
xi
|r

|ϕR|r−1
dx

)p/r

·
( ∫

QR
t1,t2

|u− v|2ϕRχdxdt

)p/2

, (2.22)

äå κ > 0 � äîâiëüíå ÷èñëî, C11(κ) > 0 � äåÿêà çàëåæíà âiä κ äîäàòíà ñòàëà. Âèêî-

ðèñòàâøè (2.2) i ââiâøè ïîëÿðíi êîîðäèíàòè â R
n
, îäåðæèìî

∫

ΩR

|ϕR
xi
|r

|ϕR|r−1
dx ≤ (2β)r

Rβ

∫

|x|<R

|xi|r
(R2 − |x|2)r−β

dx ≤ C12

Rβ

R∫

0

ρrρn−1

(R2 − ρ2)r−β
dρ ≤

≤ C12R
2p

2−p+n−2−
3p−2
2−p −ω

R∫

0

ρ

(R2 − ρ2)
2p

2−p−
3p−2
2−p −ω

dρ =

= C12R
n−1−ω

R∫

0

ρ

(R2 − ρ2)1−ω
dρ = C13R

n−1+ω,

äå C12, C13 � äåÿêi äîäàòíi ñòàëi, ÿêi âiä R íå çàëåæàòü. Òîìó çâiäñè òà ç (2.20),

(2.22) i îòðèìà¹ìî (2.19). Ëåìà äîâåäåíà.

Îòðèìà¹ìî òåïåð ïåâíi îöiíêè íà �óíêöi¨ zs
, s ∈ N.
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Òâåðäæåííÿ 2. Íåõàé âèêîíóþòüñÿ óìîâè òâåðäæåííÿ 1. Òîäi äëÿ êîæíîãî

k ∈ N ïîñëiäîâíiñòü �óíêöié {zs}s∈N ç òâåðäæåííÿ 1 ¹ îáìåæåíîþ â Dk
, à

ïîñëiäîâíîñòi {zs
t }s∈N, {s(zs)−}s∈N, {Ekzs}s∈N � îáìåæåíi â L2(Qk

0,T ).

Äîâåäåííÿ. Íåõàé âèêîíóþòüñÿ óìîâè òâåðäæåííÿ. Ç (2.7) îòðèìà¹ìî îöiíêó

∫

Ωk
τ

|zs|2dx ≤
∫

Ωk

|uk
0 |2dx +

∫

Qk
0,τ

|fk|2dxdt+ C14

∫

Qk
0,τ

|zs|2dxdt, τ ∈ (0;T ],

äå C14 íå çàëåæèòü âiä s, k, τ . Òîäi ç ëåìè �ðîíóîëà [20, . 191℄ ìàòèìåìî, ùî

∫

Ωk
τ

|zs|2dx ≤ C15

(∫

Ωk

|uk
0 |2dx+

∫

Qk
0,τ

|fk|2dxdt
)
, τ ∈ (0;T ].

Çâiäñè òà ç (2.7) îäåðæèìî, ùî �óíêöi¨ zs
çàäîâîëüíÿþòü îöiíêè

∫

Qk
0,T

[ n∑

i=1

|zs
xi
|p + |zs|2

]
dxdt ≤ C16

(∫

Ωk

|uk
0 |2dx+

∫

Qk
0,T

|fk|2dxdt
)
,

∫

Qk
0,T

|(zs)−|2dxdt ≤ C16

s

(∫

Ωk

|uk
0 |2dx+

∫

Qk
0,T

|fk|2dxdt
)
, (2.23)

äå C16 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä s, k. Âiçüìåìî ç îáîõ ÷àñòèí íåðiâíîñòi (2.18)
íèæíþ ãðàíèöþ ïðè m→ ∞. Îòðèìà¹ìî

∫

Qk
0,τ

|zs
t |2dxdt ≤ C17

(
||fk(0) − Ekuk

0 ;L
2(Ωk)||2 +

∫

Qk
0,τ

|fk,t|2dxdt
)
, τ ∈ (0;T ], (2.24)

äå C17 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä s, k, τ .
Âiçüìåìî â (2.7) v = −(zs(t))−e2c0t

òà çiíòåãðó¹ìî çà t ∈ (0;T ). Ìàòèìåìî

〈zs
t + Ekzs − s(zs)−,−(zs)−e2c0t〉

D
k = 〈fk,−(zs)−e2c0t〉

D
k . (2.25)

Ç óìîâè uk
0 ≥ 0 îäåðæèìî, ùî (uk

0)− = 0. Òîìó

−
∫

Qk
0,T

zs
t (z

s)−e2c0tdxdt =
1

2
e2c0T

∫

Ωk
T

|(zs)−|2dx − 1

2

∫

Ω

|(uk
0)

−|2dx−

− c0

∫

Qk
0,T

|(zs)−|2e2c0tdxdt ≥ −c0
∫

Qk
0,T

|(zs)−|2e2c0tdxdt.

Êðiì òîãî,

〈Ekzs,−(zs)−e2c0t〉
D

k =

∫

Qk
0,T

[ n∑

i=1

ai|zs
xi
|p−2zs

xi
[−(zs)−]xi

+ c|(zs)−|2
]
e2c0tdxdt =
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=

∫

Qk
0,T

[ n∑

i=1

ai|[(zs)−]xi
|p + c|(zs)−|2

]
e2c0tdxdt ≥ c0

∫

Qk
0,T

|(zs)−|2e2c0tdxdt.

Âèêîðèñòàâøè öi îöiíêè òà íåðiâíiñòü �åëüäåðà, ç (2.25) îòðèìà¹ìî íåðiâíiñòü

s
∫

Qk
0,T

|(zs)−|2e2c0tdxdt ≤ ||fke
c0t;L2(Qk

0,T )|| · ||(zs)−ec0t;L2(Qk
0,T )||, çâiäêè

||s(zs)−;L2(Qk
0,T )|| ≤ C18(c0) · ||fk;L2(Qk

0,T )||. (2.26)

Ç ðiâíÿííÿ (2.7) îäåðæèìî Ekzs = fk − zs
t + s(zs)− ∈ L2(Qk

0,T ). Òîìó ç óìîâ

òåîðåìè òà îöiíîê (2.24), (2.26) âèïëèâà¹, ùî

||Ekzs;L2(Qk
0,T )||2 ≤ C19(||fk;L2(Qk

0,T )||2 + ||fk,t;L
2(Qk

0,T )||2 +

+ ||fk(0) − Ekuk
0 ;L

2(Ωk)||2),
äå C19 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä k, s. Òâåðäæåííÿ äîâåäåíî.

Òâåðäæåííÿ 3. Íåõàé k ∈ N, k > 4, âèêîíóþòüñÿ óìîâè òâåðäæåííÿ 1, uk
0 ∈

∈ W 2,2(Ωk), Gkuk
0 ∈ L2(Ωk), {zs}s∈N � ïîñëiäîâíiñòü ç òâåðäæåííÿ 1. Òîäi äëÿ

ñòàëèõ l, R, ùî çàäîâîëüíÿþòü óìîâó

l, R ∈ N, 2l < R < k − 1, (2.27)

âèêîíó¹òüñÿ îöiíêà

∫

Ql
0,T

[
|zs|2 +

n∑

i=1

|zs
xi
|p + |zs

t |2 + |Ekzs|2
]
dxdt ≤ C20(R) äëÿ âñiõ s ∈ N, (2.28)

äå C20(R) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä s, k, l.

Äîâåäåííÿ. Íåõàé âèêîíóþòüñÿ óìîâè òâåðäæåííÿ. Âiçüìåìî v = zsϕRe−2λt
â (2.7)

òà çiíòåãðó¹ìî çà t ∈ (0; τ), äå ϕR
âèçíà÷åíà â (2.1), τ ∈ (0;T ], λ ∈ R. Îñêiëüêè

ϕR = 0 íà Ω \ ΩR
, òî iíòåãðóâàííÿ ïðîâîäÿòü ïî QR

0,τ . Òîìó

1

2

∫

ΩR
t

|zs|2ϕRe−2λtdx

∣∣∣∣
t=τ

t=0

+

τ∫

0

〈Ekzs(t), zs(t)ϕR〉Dke−2λtdt+

+ λ

∫

QR
0,τ

|zs|2ϕRe−2λtdxdt ≤
∫

QR
0,τ

fkz
sϕRe−2λtdxdt, τ ∈ (0;T ]. (2.29)

Çâiäñè, âèêîðèñòàâøè ëåìó 2 òà íåðiâíiñòü Þíãà, îäåðæèìî îöiíêó

(2c0 + 2λ)y(τ) ≤
∫

ΩR

|uk
0 |2ϕRdx+ 2

∫

QR
0,τ

fkz
sϕRe−2λtdxdt+ 2P (R)yp/2(τ) ≤
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≤
∫

ΩR

|uk
0 |2ϕRdx+

∫

QR
0,τ

|fk|2ϕRe−2λtdxdt + y(τ) + 2

(
y(τ)

2/p
+

[P (R)]
2/p

2/p−1

2/p
2/p−1

)
,

äå y(τ) =
∫

QR
0,τ

|zs|2ϕRe−2λtdxdt, τ ∈ (0;T ]. Âèáðàâøè λ = −2c0 +1, ìàòèìåìî îöiíêó

y(τ) ≤ C21

(
P

2
2−p (R) +

∫

ΩR

|uk
0 |2ϕRdx+

∫

QR
0,τ

|fk|2ϕRdxdt

)
, τ ∈ (0;T ].

Îñêiëüêè k > R+ 1, òî uk
0 = u0, fk = f äëÿ |x| < R. Âðàõóâàâøè âèãëÿä y(τ) i P (R),

ç ïîïåðåäíüî¨ îöiíêè ëåãêî îòðèìà¹ìî íåðiâíiñòü

∫

QR
0,T

|zs|2ϕRdxdt ≤ C22

(
R

n−1+ω+
2νp
2−p +

∫

ΩR

|u0|2ϕRdx+

∫

QR
0,T

|f |2ϕRdxdt

)
, (2.30)

äå C22 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä k, s, R. Îñêiëüêè l, R, k âçÿòi ç óìîâè (2.27),

òî (R/2)β ≤ ϕR(x) ≤ Rβ
äëÿ x ∈ Ωl

. Òîäi ç (2.30) îäåðæèìî, ùî

∫

Ql
0,T

|zs|2dxdt = (R/2)−β(R/2)β

∫

Ql
0,T

|zs|2dxdt ≤ (R/2)−β

∫

Ql
0,T

|zs|2ϕRdxdt ≤

≤ C23R
−β

(
R

n−1+ω+
2νp
2−p +

∫

ΩR

|u0|2ϕRdx+

∫

QR
0,T

|f |2ϕRdxdt

)
.

Îñêiëüêè n−1+ω+ 2νp
2−p −β = n−1+ω+ 2νp

2−p −
3p−2
2−p −ω = n− 2p

2−p + 2νp
2−p i âèêîíó¹òüñÿ

íåðiâíiñòü ϕR ≤ Rβ
, òî îäåðæèìî

∫

Ql
0,T

|zs|2dxdt ≤ C24

(
R

n−
2p

2−p +
2νp
2−p +

∫

ΩR

|u0|2dx+

∫

QR
0,T

|f |2dxdt
)

≤ C25(R). (2.31)

Êðiì òîãî, ïðè λ = 0 ç (2.29) òà ëåìè 2 ìàòèìåìî

∫

ΩR
τ

|zs|2ϕRdx+ 2(a0 − κ)

∫

QR
0,τ

n∑

i=1

|zs
xi
|pϕRdxdt ≤

∫

ΩR

|uk
0 |2ϕRdx+

+ 2

∫

QR
0,τ

fkz
sϕRdxdt− 2c0

∫

QR
0,τ

|zs|2ϕRdxdt + 2P (R)

( ∫

QR
0,τ

|zs|2ϕRdxdt

)p/2

, τ ∈ (0;T ],

äå κ > 0, ùî ðàçîì ç (2.30) äàñòü íåðiâíiñòü

max
τ∈[0,T ]

∫

ΩR
τ

|zs|2ϕRdx +

∫

QR
0,T

n∑

i=1

|zs
xi
|pϕRdxdt ≤ C26(R). (2.32)
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Çâiäñè i (2.31) îäåðæèìî îöiíêó

max
τ∈[0,T ]

∫

Ωl
τ

|zs|2dx+

∫

Ql
0,T

n∑

i=1

|zs
xi
|pdxdt ≤ C27(R). (2.33)

Äëÿ òîãî ùîá îòðèìàòè îöiíêè zs
t , ðîçãëÿíåìî äîïîìiæíó çàäà÷ó: äëÿ ε ∈ (0; 1]

çíàéòè ζε ∈ Hk ∩C([0;T ];L2(Ωk)) òàêå, ùî ζε(0) = uk
0 i

〈ζε
t (t) + Ekζε(t) − s(ζε(t))−, v〉Hk + ε〈Gkζε(t), v〉Hk = 〈fk(t), v〉Hk , (2.34)

äëÿ t ∈ (0;T ), v ∈ Hk
. Çàóâàæèìî, ùî öÿ �óíêöiÿ ζε

çàëåæèòü i âiä ÷èñåë s, k, àëå
äëÿ ñïðîùåííÿ çàïèñó öi iíäåêñè áiëÿ ζε

îïóñêàòèìåìî. ßê i â òâåðäæåííÿõ 1 òà 2

ïîêàçó¹ìî, ùî òàêà �óíêöiÿ ζε
iñíó¹, i, êðiì òîãî, ζε

t , E
kζε + εGkζε ∈ L2(Qk

0,T ). Ìè

îòðèìó¹ìî ζε
ÿê ãðàíèöþ ó âiäïîâiäíèõ ïðîñòîðàõ ïîñëiäîâíîñòi {ζε,m}m∈N �óíêöié

âèãëÿäó (2.9), ÿêi çàäîâîëüíÿþòü àíàëîã ðiâíîñòåé (2.10), (2.11). ßê i îöiíêè (2.12)-

(2.14), ìàòèìåìî, ùî

∫

Qk
0,T

[
ε|∇xζ

ε,m|2 +

n∑

i=1

|ζε,m
xi

|p + |ζε,m|2
]
dxdt ≤ C28

(∫

Ωk

|uk
0 |2dx+

∫

Qk
0,T

|fk|2dxdt
)
, (2.35)

||Ekζε,m; [Hk]∗|| ≤ C29(k), ||
√
ε Gkζε,m; [Hk]∗|| ≤ C30(k), (2.36)

||ζε,m
t (0);L2(Ωk)|| ≤ ||fk(0) − Ekuk

0 − εGkuk
0 ;L

2(Ωk)|| ≤

≤ ||fk(0) − Ekuk
0 ;L

2(Ωk)|| + ||Gkuk
0 ;L2(Ωk)||, (2.37)

äå C28 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä m, ε, s, k, à C29, C30 > 0 � ñòàëi, ÿêi íå

çàëåæàòü âiä m, ε, s.
Íåõàé T1 ∈ (0;T ), h ∈ (0;T − T1), t ∈ (0;T1), v

h = (ζε,m,+h − ζε,m)/h. Ç ðiâíîñòi

(2.16) îäåðæèìî, ùî

∫

Ωk
t

[
vh

t v
h +

n∑

i=1

(ε+ b̃i)|vh
xi
|2 + c|vh|2 − s

h
[(ζε,+h)− − (ζε)−]vh

]
dx =

∫

Ωk
t

(f+h
k − fk)

h
vhdx,

äå �óíêöi¨ b̃1, . . . , b̃n ≥ 0 âèçíà÷àþòüñÿ àíàëîãi÷íî ÿê ó òâåðäæåííi 1. Äàëi îòðè-

ìó¹ìî îöiíêó (2.17) äëÿ íàøî¨ �óíêöi¨ vh
. Âèêîðèñòàâøè ¨¨ òà ïîïåðåäíþ ðiâíiñòü,

îäåðæèìî

∫

Ωk
τ

|vh|2dx+

∫

Qk
0,τ

ε|∇xv
h|2dxdt ≤ C31

(∫

Ωk

|vh(0)|2dx +

∫

Qk
0,τ

∣∣∣∣
(f+h

k − fk)

h

∣∣∣∣
2

dxdt

)
, (2.38)

τ ∈ (0;T1), äå C31 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä h,m, ε, s, k, T1. Ïðîâiâøè ìiðêó-

âàííÿ ÿê ïðè îòðèìàííi îöiíêè (2.18), ìàòèìåìî iñíóâàííÿ ïîõiäíèõ ζε,m
t , ζε,m

x1 t , . . . ,

ζε,m
xn t ∈ L2(Q0,T1). Êðiì òîãî, ç (2.38) i (2.37) îòðèìà¹ìî îöiíêó

∫

Qk
0,T1

[|ζε,m
t |2 + ε|∇xζ

ε,m
t |2]dxdt ≤ C32

(
||fk(0) − Ekuk

0 ;L
2(Ωk)||2 +
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+ ||Gkuk
0 ;L2(Ωk)||2 +

∫

Qk
0,T1

|fk,t|2dxdt
)
, T1 ∈ (0;T ), (2.39)

äå C32 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε, s,m, k, T1.

Âèêîðèñòàâøè ëåìó 5.3 [20, . 20℄, îòðèìà¹ìî, ùî �óíêöi¨ ζε
òàêîæ çàäîâîëüíÿ-

òèìóòü îöiíêè (2.35), (2.36), (2.39). Òîìó îäåðæèìî iñíóâàííÿ òàêî¨ ïîñëiäîâíîñòi

{εj}j∈N, εj → +0 ïðè j → ∞, ùî ζεj → ζ ñëàáêî â Dk
òà ñèëüíî â L2(Qk

0,T ), ζ
εj

t → ζt
ñëàáêî â L2(Qk

0,T ), Ekζεj → χ̃1 ñëàáêî â [Hk]∗,
√
εjζ

εj → χ̃2 ñëàáêî â Hk
ïðè j → ∞.

Ç òîãî, ùî

√
εjζ

εj → χ̃2 i ζεj → ζ, çîêðåìà, ñëàáêî â L2(Qk
0,T ) ðîáèìî âèñíîâîê, ùî

χ̃2 = 0. Ç ëåìè 4.1 [22, ñ. 98℄ ìàòèìåìî, ùî (ζεj )− → (ζ)− ñèëüíî â L2(Qk
0,T ). Êðiì

òîãî,

√
εj G

kζεj → χ̃3 ñëàáêî â [Hk]∗, òîìó εj G
kζεj → 0 ñëàáêî â [Hk]∗ ïðè j → ∞.

Äàëi ïîêàçó¹ìî, ùî χ̃1 = Ekζ (äèâ. [15, . 171℄) òà òå, ùî ζ = zs
.

Íåõàé j ∈ N, τ ∈ (0;T ), δ ∈ (0;T − τ). Âiçüìåìî â ðiâíîñòi (2.34) ε = εj , à

v = 1
δ (ζεj (t + δ) − ζεj (t))ϕR ∈ Hk

òà çiíòåãðó¹ìî çà t ∈ (0, τ). �ëàäêiñòü �óíêöi¨ ζεj

äîïîìîæå íàì ïåðåéòè äî ãðàíèöi ïðè δ → +0 i îòðèìàòè ðiâíiñòü

∫

QR
0,τ

[
|ζεj

t |2ϕR + εj

n∑

i=1

ζεj
xi

(ζ
εj

xi tϕ
R + ζ

εj

t ϕR
xi

) +

n∑

i=1

ai|ζεj
xi
|p−2ζεj

xi
(ζ

εj

xi tϕ
R + ζ

εj

t ϕR
xi

) +

+ cζεj ζ
εj

t ϕR − s(ζεj )−ζ
εj

t ϕ
R

]
dxdt =

∫

QR
0,τ

fζ
εj

t ϕRdxdt, τ ∈ (0;T ].

Çiíòåãðóâàâøè ÷àñòèíàìè (äèâ. çàóâàæåííÿ 1), çâiäñè îäåðæèìî

εj

2

∫

ΩR
t

n∑

i=1

|ζεj
xi
|2ϕRdx

∣∣∣∣
t=T

t=0

+
1

p

∫

ΩR
t

n∑

i=1

ai|ζεj
xi
|pϕRdx

∣∣∣∣
t=T

t=0

+
s

2

∫

ΩR
t

|(ζεj )−|2ϕRdx

∣∣∣∣
t=T

t=0

+

+

∫

QR
0,T

[
|ζεj

t |2ϕR + εj

n∑

i=1

ζεj
xi
ζ

εj

t ϕR
xi

+

n∑

i=1

ai|ζεj
xi
|p−2ζεj

xi
ζ

εj

t ϕR
xi

+ cζεj ζ
εj

t ϕR

]
dxdt =

=

∫

QR
0,T

fζ
εj

t ϕRdxdt. (2.40)

ßê i â ëåìi 2 âiçüìåìî r = 2p
2−p (íàãàäà¹ìî, ùî

1
p′ +

1
2 + 1

r = 1 i òîìó abc ≤ ap′

p′ + b2

2 + cr

r )

i äëÿ êîæíîãî κ1 > 0 îòðèìà¹ìî

∣∣∣∣
n∑

i=1

ai|ζεj
xi
|p−2ζεj

xi
ζ

εj

t ϕ
R
xi

∣∣∣∣ ≤
n∑

i=1

ai · |ζεj
xi
|p−1 · |ζεj

t | · |ϕ
R
xi
|

ϕR
· ϕR ≤

≤ κ1|ζεj

t |2ϕR + C33(κ1)

( n∑

i=1

|ζεj
xi
|pϕR +

|ai|r · |ϕR
xi
|r

|ϕR|r−1

)
.
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Ç (2.32) îäåðæèìî îöiíêó

∫
QR

0,T

n∑
i=1

|ζεj
xi |pϕRdxdt ≤ C34(R). Äëÿ êîæíîãî κ2 > 0 ìà-

òèìåìî fζ
εj

t ≤ κ2|ζεj

t |2 + C35(κ2)|f |2. Âðàõîâóþ÷è öi îöiíêè òà òå, ùî (ζεj )−|t=0 =
= (uk

0)
− = 0, ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü ç (2.40) îäåðæèìî

∫

QR
0,T

[
(1 − κ1 − κ2)|ζεj

t |2ϕR +
√
εj

n∑

i=1

√
εjζ

εj
xi
ζ

εj

t ϕR
xi

+ cζεj ζ
εj

t ϕR

]
dxdt ≤

≤
∫

ΩR
0

[ n∑

i=1

(
εj

2
|uk

0,xi
|2 +

ai

p
|uk

0,xi
|p

)
+
s

2
|(uk

0)
−|2

]
ϕRdx+ C36(κ1,κ2)

∫

QR
0,T

[ n∑

i=1

|ζεj
xi
|pϕR +

+ |f |2ϕR +
|ai|r · |ϕR

xi
|r

|ϕR|r−1

]
dxdt ≤

∫

ΩR
0

n∑

i=1

(
εj

2
|uk

0,xi
|2 +

ai

p
|uk

0,xi
|p

)
ϕRdx+C37(κ1,κ2, R)+

+ C38(κ1,κ2)

∫

Qk
0,T

[
|f |2ϕR +

|ai|r · |ϕR
xi
|r

|ϕR|r−1

]
dxdt, (2.41)

äå C37 íå çàëåæèòü âiä εj , s, k, C38 íå çàëåæèòü âiä εj , s, k, R. Âèêîðèñòîâóþ÷è îöiíêè
(2.39), ëåãêî ïîêàçàòè, ùî äëÿ êîæíîãî �iêñîâàíîãî R > 0 ãðàíèöÿ äðóãîãî äîäàíêà
çëiâà â (2.41) ïðè j → ∞ äîðiâíþ¹ íóëþ. Çðîçóìiëî, ùî ãðàíèöÿ ïåðøîãî äîäàíêà

ñïðàâà â (2.41) òåæ äîðiâíþ¹ íóëþ. Íåõàé κ1 + κ2 ∈ (0; 1). Âçÿâøè ç îáîõ ÷àñòèí

(2.41) íèæíþ ãðàíèöþ ïðè j → ∞ îäåðæèìî, ùî �óíêöiÿ ζ (òîáòî zs
) çàäîâîëüíÿ¹

îöiíêó

∫

QR
0,T

[(1 − κ1 − κ2)|zs
t |2 + czszs

t ]ϕ
Rdxdt ≤ 1

p

∫

ΩR
0

n∑

i=1

ai|uk
0,xi

|pϕRdx+ C39(κ1,κ2, R) +

+ C40(κ1,κ2)

∫

Qk
0,T

[
|f |2 +

|ai|r · |ϕR
xi
|r

|ϕR|r−1

]
dxdt.

Äîâîäÿ÷è ëåìó 2, ìè ïîêàçàëè, ùî

∫
ΩR

|ϕR
xi

|r

|ϕR|r−1 dx ≤ C41R
n−1+ω. Êðiì òîãî,

|czszs
tϕ

R| ≤ κ3|zs
t |2ϕR +C42(κ3)|zs|2ϕR

, κ3 > 0. Òîìó ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü

ç ïîïåðåäíüî¨ íåðiâíîñòi òà (2.30) îòðèìà¹ìî

∫

QR
0,T

|zs
t |2ϕRdxdt ≤ C43(R). (2.42)

Çâiäñè i (2.31) îäåðæèìî îöiíêó

∫

Ql
0,T

|zs
t |2dxdt ≤ C44(R). (2.43)
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Íåõàé τ ∈ (0;T ], ws(τ) = (
∫

Qk
0,τ

|s(zs)−|2ϕRe2c0tdxdt)1/2 6= 0. Òîäi âiçüìåìî â ðiâ-

íÿííi (2.7) �óíêöiþ v = −s(zs)−ϕRe2c0t
òà çiíòåãðó¹ìî çà t ∈ (0; τ). Âèêîðèñòàâøè

íåðiâíiñòü �åëüäåðà, ìàòèìåìî, ùî

−Is(τ) + w2
s(τ) ≤ ||fk

√
ϕRec0t;L2(Qk

0,τ )|| · ws(τ), (2.44)

äå

Is(τ) =

τ∫

0

〈zs
t (t) + Ekzs(t), s(zs(t))−ϕR〉Dke2c0tdt = s

∫

Qk
0,τ

[
zs

t (z
s)−ϕR +

+

n∑

i=1

ai|zs
xi
|p−2zs

xi
([(zs)−]xi

ϕR + (zs)−ϕR
xi

) − c|(zs)−|2ϕR

]
e2c0tdxdt.

Îöiíèìî öåé iíòåãðàë. Îñêiëüêè

∫

Qk
0,τ

[
zs

t (z
s)− +

n∑

i=1

ai|zs
xi
|p−2zs

xi
[(zs)−]xi

− c|(zs)−|2
]
ϕRe2c0tdxdt =

= −1

2

∫

ΩR
τ

|(zs)−|2ϕRe2c0τdx+

+

∫

QR
0,τ

[
−

n∑

i=1

ai|[(zs)−]xi
|p + (c0 − c)|(zs)−|2

]
ϕRe2c0tdxdt ≤ 0,

òî

Is(τ) ≤ s

∫

QR
0,τ

n∑

i=1

|zs
xi
|p−1 · |(zs)−| · ai · |ϕR

xi
|e2c0tdxdt.

ßê i â ëåìi 2 îòðèìà¹ìî îöiíêó

Is(τ) ≤ C45(R)s

n∑

i=1

( ∫

QR
0,τ

|zs
xi
|pϕRdxdt

)1/p′

·
( ∫

QR
0,τ

|ai|r · |ϕR
xi
|r

|ϕR|r−1
e2c0tdxdt

)1/r

·

·
( ∫

QR
0,τ

|(zs)−|2ϕRe2c0tdxdt

)1/2

= C45(R)
n∑

i=1

( ∫

QR
0,τ

|zs
xi
|pϕRdxdt

)1/p′

·

·
( ∫

QR
0,τ

|ai|r · |ϕR
xi
|r

|ϕR|r−1
e2c0tdxdt

)1/r

· ws(τ), τ ∈ (0;T ].

Òîìó ç (2.32) òà âèãëÿäó ϕ(R) ìàòèìåìî, ùî Is(τ) ≤ C46(R)ws(τ), τ ∈ (0;T ]. Òîäi ç
(2.44) îäåðæèìî îöiíêó

∫

QR
0,T

|s(zs)−|2ϕRdxdt ≤ C47(R). (2.45)



46 Îëåã ÁÓ��IÉ

Îòæå,

∫
Ql

0,T

|s(zs)−|2dxdt ≤ C48(R).

Ç ðiâíÿííÿ (2.7) îòðèìà¹ìî Ekzs = fk − zs
t + s(zs)− ∈ L2(Qk

0,T ). Òîäi ç óìîâ

òåîðåìè òà îöiíîê (2.42), (2.45) âèïëèâà¹, ùî

∫

QR
0,T

|Ekzs|2ϕRdxdt =

∫

QR
0,T

|fk − zs
t + s(zs)−|2ϕRdxdt ≤ C49(R), (2.46)

òîìó ∫

Ql
0,T

|Ekzs|2dxdt ≤ C50(R). (2.47)

Ç îöiíîê (2.31), (2.33), (2.43), (2.47) ìàòèìåìî (2.28). Òâåðäæåííÿ äîâåäåíî.

3. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.

Äîâåäåííÿ òåîðåìè 1. Íåõàé u1
, u2

� ðîçâ'ÿçêè íåðiâíîñòi (1.1) ç �óíêöiÿìè f1, u
1
0

òà f2, u
2
0 âiäïîâiäíî, w = (u1 + u2)/2, �óíêöiÿ wη ¹ ðîçâ'ÿçêîì çàäà÷i ç ïàðàìåòðîì

η > 0: ηwηt(t) + wη(t) = w(t), t ∈ (0, T ), wη(0) = (u1
0 + u2

0)/2. Ç [16, . 59℄ âiäîìî,

ùî wη ∈ K òà iñíó¹ ïîñëiäîâíiñòü {wηs
}s∈N (ηs → +0 ïðè s → ∞), ÿêà çáiãà¹òüñÿ

äî w ñëàáêî â U(Qk
0,T ) òà ñèëüíî â L2(Qk

0,T ) äëÿ âñiõ k ∈ N. Òîìó ç ëåìè 1.18 [20,

. 39℄ âèïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi (ïîçíà÷èìî ¨¨ çíîâó {wηs
}s∈N) òàêî¨, ùî

||wηs
(t) − w(t);L2(Ωk)|| → 0 ïðè s → ∞ äëÿ ìàéæå âñiõ t ∈ (0;T ). Îñêiëüêè wηs

,

w ∈ C([0;T ];L2(Ωk)), òî wηs
(t) → w(t) ñèëüíî â L2(Ωk) äëÿ âñiõ t ∈ (0;T ).

Íåõàé ψ ∈ Ψ. Iñíó¹ l ∈ N òàêå, ùî ψ = 0 â Q0,T \Ql
0,T . Ïðèéíÿâøè â (1.1) v = wηs

,

s ∈ N, f = fr, u0 = ur
0, r = 1, 2, îòðèìà¹ìî íåðiâíîñòi

τ∫

0

〈Alur, (wηs
− ur)ψ〉V ldt+

∫

Q0,τ

[
(wηst − fr)(wηs

− ur)ψ +
1

2
ψt|wηs

− ur|2
]
dxdt ≥

≥ 1

2

∫

Ωτ

|wηs
− ur|2ψdx− 1

8

∫

Ω0

|u1
0 − u2

0|2ψdx, r = 1, 2.

Äîäàâøè öi äâi íåðiâíîñòi, ç îöiíêè wηst(wηs
− w) = −ηs|wηst|2 ≤ 0 ìàòèìåìî

τ∫

0

[〈Alu1, (wηs
− u1)ψ〉V l + 〈Alu2, (wηs

− u2)ψ〉V l ]dt+

+

∫

Q0,τ

[−f1(wηs
− u1) − f2(wηs

− u2)]ψdxdt+
1

2

∫

Q0,τ

[|wηs
− u1|2 + |wηs

− u2|2]ψtdxdt ≥

≥ 1

2

∫

Ωτ

[|wηs
− u1|2 + |wηs

− u2|2]ψdx− 1

4

∫

Ω0

|u1
0 − u2

0|2ψdx.

Ñïðÿìóâàâøè s→ +∞ (ηs → +0), îòðèìà¹ìî

1

2

∫

Ωτ

|u1 − u2|2ψdx+

τ∫

0

〈Alu1 −Alu2, (u1 − u2)ψ〉V ldt ≤ 1

2

∫

Ω0

|u1
0 − u2

0|2ψdx+
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+
1

2

∫

Q0,τ

|u1 − u2|2ψtdxdt +

∫

Q0,τ

(f1 − f2)(u
1 − u2)ψdxdt, τ ∈ (0;T ]. (3.1)

Ïðèïóñòèìî òåïåð, ùî f1 = f2, u
1
0 = u2

0. Âiçüìåìî â (3.1) ψ = ϕRe−2λt
, äå λ > 0

òàêå, ùî α = 2c0 + 2λ > 0. Òîäi (3.1) òà îöiíêà (2.19) ç κ = a0 äàäóòü íåðiâ-

íiñòü αy(τ) ≤ P (R)yp/2(τ), äå y(τ) =
∫

Q0,τ
|u1 − u2|2ϕRe−2λtdxdt, τ ∈ (0;T ]. Òîìó

αyp/2(T )[y
2−p
2 (T ) − P (R)/α] ≤ 0, çâiäêè îòðèìà¹ìî íåðiâíiñòü y

2−p
2 (T ) ≤ P (R)/α,

òîáòî,

( ∫

Q0,T

|u1 − u2|2ϕRe−2λtdxdt

)2−p
2

≤ C51R
(n−1+ω)

2−p
2 +νp, (3.2)

äå C51 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä R. Íåõàé l ∈ N, R ∈ R, R > 2l. Ìè

ïîêàçóâàëè, ùî ϕR(x) ≥ (R/2)β
äëÿ x ∈ Ωl

. Òîìó ç (3.2) îäåðæèìî îöiíêó

∫

Ql
0,T

|u1 − u2|2dxdt ≤ C52R
−β

∫

QR
0,T

|u1 − u2|2ϕRe−2λtdxdt ≤

≤ C53R
−

3p−2
2−p +n−1+

2νp
2−p = C53R

n−
2p

2−p +
2νp
2−p , (3.3)

äå C53 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä R. Îñêiëüêè n − 2p
2−p + 2νp

2−p < 0, òî ñïðÿ-

ìóâàâøè â (3.3) R → +∞, îòðèìà¹ìî u1 = u2
ìàéæå ñêðiçü â Ql

0,T , l ∈ N. Îòæå,

u1 = u2
ìàéæå ñêðiçü â Q0,T .

Äîâåäåííÿ òåîðåìè 2. Íåõàé k, l ∈ N, l < k, w ∈ Dk
. Ç íàøèõ ïðèïóùåíü âèïëè-

âàþòü âêëàäåííÿ Dk ⊂ L2(Qk
0,T ) ⊂ [Dk]∗. ßêùî Ekw ∈ L2(Qk

0,T ), òî 〈Ekw, v〉
D

k =

=
∫

Qk
0,T

Ekwv dxdt, v ∈ Dk
. Ïîçíà÷èìî ÷åðåç Ekw|l òàêèé åëåìåíò ç ïðîñòîðó [Dl]∗,

ùî 〈Ekw|l, v〉Dl = 〈Ekw, ṽ〉
D

k äëÿ âñiõ v ∈ Dl
. Òóò ṽ ∈ Dk

� ïðîäîâæåííÿ v íóëåì

ïîçà Ql
0,T . ßêùî çíîâó E

kw ∈ L2(Qk
0,T ), òî

〈Ekw|l, v〉Dl = 〈Ekw, ṽ〉
D

k =

∫

Qk
0,T

Ekwṽ dxdt =

∫

Ql
0,T

Ekw|lv dxdt =

∫

Ql
0,T

Ekwv dxdt,

v ∈ Dl
. Òîìó çàìiñòü Ekw|l ìîæíà ïèñàòè Ekw.

Íåõàé k, s ∈ N, zs = uk,s
çàäîâîëüíÿ¹ (2.7), (2.8). Ç òâåðäæåííÿ 1 âèïëèâà¹, ùî

òàêà �óíêöiÿ uk,s ∈ Dk
iñíó¹. Ç òâåðäæåííÿ 2 ìàòèìåìî îáìåæåíiñòü ïîñëiäîâíîñòi

{uk,s}s∈N â ïðîñòîði Dk
òà ïîñëiäîâíîñòåé {uk,s

t }s∈N, {Ekuk,s}s∈N, {s(uk,s)−}s∈N

â ïðîñòîði L2(Qk
0,T ). Òîìó iñíó¹ ïiäïîñëiäîâíiñòü (ïîçíà÷èìî ¨¨ òàê ñàìî ÷åðåç

{uk,s}s∈N) òàêà, ùî u
k,s → uk

ñëàáêî â Dk
òà ñèëüíî â L2(Qk

0,T ), Ekuk,s → χ̃k
ñëàáêî

â L2(Qk
0,T ), uk,s

t → uk
t ñëàáêî â L2(Qk

0,T ) ïðè s→ ∞.

Ç òâåðäæåííÿ 1 ìà¹ìî, ùî

∫
Qk

0,T

(uk,s
t +Ekuk,s − s(uk,s)− − fk)v dxdt = 0 äëÿ âñiõ

v ∈ L2(Qk
0,T ). Ïðèéíÿâøè (v − uk,s)ψ çàìiñòü v, äå v ∈ L2(Qk

0,T ), ψ ∈ L∞(Qk
0,T ),
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v, ψ ≥ 0, òà âèêîðèñòàâøè îöiíêó (2.3), îòðèìà¹ìî íåðiâíiñòü

∫

Qk
0,T

(uk,s
t +Ekuk,s − fk)(v−uk,s)ψ dxdt = s

∫

Qk
0,T

(−v−− [−(uk,s)−])(v−uk,s)ψ dxdt ≥ 0.

Ñïðÿìóâàâøè s → ∞, îäåðæèìî, ùî

∫
Qk

0,T

(uk
t + χ̃k − fk)(v − uk)ψdxdt ≥ 0 äëÿ âñiõ

v ∈ L2(Qk
0,T ), ψ ∈ L∞(Qk

0,T ), v, ψ ≥ 0. Ïðèéìåìî ψ ≡ 1 òà ÿê i â [15, ñ. 397℄ ïîêàæåìî,

ùî χ̃k = Ekuk
i uk ≥ 0.

Íåõàé l, k, R çàäîâîëüíÿþòü óìîâó (2.27). Ç îöiíêè (2.28) ìàòèìåìî

∫

Ql
0,T

[
|uk,s|2 +

n∑

i=1

|uk,s
xi

|p + |uk,s
t |2 + |Ekuk,s|2

]
dxdt ≤ C54(R), s ∈ N.

äå C54(R) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä l, k, s. Òîìó ç ëåìè 5.3 [20, ñ. 20℄ îòðèìà¹ìî

∫

Ql
0,T

[
|uk|2 +

n∑

i=1

|uk
xi
|p + |uk

t |2 + |Ekuk|2
]
dxdt ≤ C55(R). (3.4)

Òóò C55(R) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä l, k, s.
Ïðîäîâæèìî êîæíó �óíêöiþ uk

íóëåì ïîçà îáëàñòü Qk
0,T . Òîäi ïîñëiäîâíiñòü

{uk}k∈N ìà¹ âëàñòèâiñòü: äëÿ äîâiëüíèõ l ∈ N, �óíêöié v ∈ L2
lo

(Q0,T ), v ≥ 0, òà
ψ ∈ Ψ, ψ = 0 íà Q0,T \Ql

0,T , i äëÿ âñiõ k ≥ l ñïðàâäæó¹òüñÿ íåðiâíiñòü

∫

Ql
0,T

(uk
t + Ekuk − fk)(v − uk)ψ dxdt ≥ 0. (3.5)

Äîäàìî íåðiâíîñòi (3.5) çàïèñàíi äëÿ k ∈ N òà m ∈ N, k,m ≥ l. Ââàæàòèìåìî,
ùî m ≥ k > R+ 1, äå 0 < R < l. Ïðèéìåìî â îòðèìàíié íåðiâíîñòi v = (uk + um)/2,
ψ ∈ Ψ, ψ = 0 íà Q0,T \QR

0,T . Ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îäåðæèìî, ùî

1

2

∫

ΩR
t

|uk − um|2ψdx
∣∣∣∣
t=τ

t=0

+

∫

QR
0,τ

(Ekuk − fk)(uk − um)ψdxdt −

−
∫

QR
0,τ

(Emum − fm)(uk − um)ψdxdt− 1

2

∫

QR
0,τ

|uk − um|2ψtdxdt ≤ 0, τ ∈ (0;T ].

Ïðèéìåìî ψ = ϕRe−2λt
(äèâ. (2.1)), äå λ ∈ R. Ç óìîâ íà íàøi �óíêöi¨ òà îçíà÷åííÿ

îïåðàòîðà Ek
îòðèìà¹ìî

1

2

∫

ΩR
τ

|uk − um|2ϕRe−2λτdx+

∫

QR
0,τ

[ n∑

i=1

ai(|uk
xi
|p−2uk

xi
− |um

xi
|p−2um

xi
)[(uk − um)ϕR]xi

+
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+ (c+ λ)|u − v|2ϕR

]
e−2λtdxdt ≤ 1

2

∫

ΩR

|uk
0 − um

0 |2ϕRdx+

+

∫

QR
0,τ

(fk − fm)(uk − um)ϕRe−2λtdxdt, τ ∈ (0;T ].

Òîäi çâiäñè òà ç (2.19) i óìîâ òåîðåìè îäåðæèìî

∫

ΩR
τ

|uk − um|2ϕRe−2λτdx+ 2(a0 − κ1)

∫

QR
0,τ

n∑

i=1

(|uk
xi
|p−2uk

xi
− |um

xi
|p−2um

xi
)(uk

xi
−

− um
xi

)ϕRe−2λtdxdt+ (2c0 + 2λ− κ2)

∫

QR
0,τ

|uk − um|2ϕRe−2λtdxdt ≤

≤ 2P (R)

( ∫

QR
0,τ

|uk − um|2ϕRe−2λtdxdt

)p/2

+

+

∫

ΩR

|uk
0 − um

0 |2ϕRdx+
1

κ2

∫

QR
0,τ

|fk − fm|2ϕRe−2λtdxdt, (3.6)

äå κ1,κ2 > 0, P (R) � ñòàëà ç ëåìè 2, çàëåæíà âiä κ1, R òà âiä λ. Ïðèéìåìî κ1 = a0,

κ2 > 0, λ òàêå âåëèêå, ùîá α = 2c0 + 2λ− κ2 > 0. Ìàòèìåìî îöiíêó

αyk,m(τ) ≤ P (R)y
p/2
k,m(τ) + εk,m, (3.7)

äå εk,m =
∫
ΩR |uk

0 − um
0 |2ϕRdx + C56

∫
QR

0,T

|fk − fm|2ϕRe−2λtdxdt, C56 > 0 � ñòàëà,

ÿêà íå çàëåæèòü âiä k,m,R, yk,m(τ) =
∫

QR
0,τ

|uk − um|2ϕRe−2λtdxdt. Íåõàé l ∈ N.

Çàäàìî äîâiëüíå ε > 0. Âèáåðåìî R > 2l òàêèì âåëèêèì, ùî R
n−

2p
2−p +

2νp
2−p < ε.

Íåõàé k,m > R + 1. Ç óìîâè (U) òà âèáîðó {fr}r∈N îòðèìà¹ìî, ùî εk,m = 0. ßê i

îöiíêó (3.3) ïðè äîâåäåííi òåîðåìè 1 ç (3.7) îäåðæèìî

∫

Ql
0,T

|uk − um|2dxdt ≤ C57R
n−

2p
2−p+

2νp
2−p < C57ε.

Òóò C57 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä l, k,m,R, ε. Îòæå, ïîñëiäîâíiñòü {uk}k∈N

¹ �óíäàìåíòàëüíîþ â L2(Ql
0,T ), òîìó ñèëüíî çáiæíîþ â öüîìó ïðîñòîði äî äåÿêîãî

ũl
. Íåõàé u � òàêà �óíêöiÿ, ùî u(x, t) = ũl(x, t) äëÿ ìàéæå âñiõ (x, t) ∈ Ql

0,T , l ∈ N.

Î÷åâèäíî, ùî òàêà �óíêöiÿ âèçíà÷åíà êîðåêòíî i, êðiì òîãî, äëÿ âñiõ �iêñîâàíèõ

l ∈ N: uk → u ñèëüíî â ïðîñòîði L2(Ql
0,T ). Öÿ çáiæíiñòü, ðàçîì ç îöiíêîþ (3.6),

äàäóòü �óíäàìåíòàëüíiñòü (i òîìó çáiæíiñòü) ïîñëiäîâíîñòi {uk}k∈N äî u â ïðîñòîði

C([0;T ];L2(Ωl)), l ∈ N. Îñêiëüêè uk ≥ 0, òî u ≥ 0.
Îòðèìàíi çáiæíîñòi ðàçîì ç îöiíêîþ (3.4), ðå�ëåêñèâíiñòþ ïðîñòîðiâ L2(Qk

0,T )

òà W 1,p(Qk
0,T ) äàäóòü íàì iñíóâàííÿ òàêî¨ ïiäïîñëiäîâíîñòi {ukm}m∈N⊂{uk}k∈N, ùî
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ukm →u â C([0;T ];L2(Ωl)), ñèëüíî â L2(Ql
0,T ) òà ñëàáêî â U(Ql

0,T ), ukm

t →ut ñëàáêî

â L2(Ql
0,T ), Ekmukm → χ ñëàáêî â L2(Ql

0,T ) ïðè m → ∞ äëÿ êîæíîãî l ∈ N, äå

χ ∈ L2
lo

(Q0,T ).
Íåõàé s ∈ N, R > 0,R < s < km. Äîâåäåìî, ùî äëÿ âñiõ g ∈ U

lo

(Q0,T ) òàR > 0 âè-
êîíó¹òüñÿ ðiâíiñòü 〈Asu, gϕR〉U(Qs

0,T
) = 〈χ, gϕR〉U(Qs

0,T
). Íåõàé m ∈ N, w ∈ U

lo

(Q0,T ),

Zm =
∫

QR
0,T

Ekmukm(ukm−w)ϕRdxdt−〈Asw, (ukm − w)ϕR〉U(Qs
0,T

). Âèêîðèñòàâøè îöií-

êó (2.19) ç κ = a0 îäåðæèìî, ùî

Zm ≥ c0

∫

QR
0,T

|ukm − w|2ϕRdxdt− P (R)

( ∫

QR
0,T

|ukm − w|2ϕRdxdt

)p/2

. (3.8)

Ç íåðiâíîñòi (3.5) (fkm
= f â îáëàñòi QR

0,T ) ìàòèìåìî îöiíêó

∫

QR
0,T

Ekmukm ukmϕRdxdt ≤
∫

QR
0,T

(ukm

t − f)(v − ukm)ϕRdxdt +

∫

QR
0,T

Ekmukm vϕRdxdt

äëÿ âñiõ v ∈ L2
lo

(Q0,T ), v ≥ 0. Òîìó ç (3.8) òà îñòàííüî¨ îöiíêè ìàòèìåìî

c0

∫

QR
0,T

|ukm − w|2ϕRdxdt − P (R)

( ∫

QR
0,T

|ukm − w|2ϕRdxdt

)p/2

≤ Zm ≤

≤
∫

QR
0,T

(ukm

t − f)(v − ukm)ϕRdxdt+

∫

QR
0,T

Ekmukm vϕRdxdt−
∫

QR
0,T

Ekmukm wϕRdxdt−

− 〈Asw, (ukm − w)ϕR〉U(Qs
0,T

).

Ñïðÿìóâàâøè m→ ∞, ïiñëÿ íåçíà÷íèõ ïåðåòâîðåíü îäåðæèìî

c0

∫

QR
0,T

|u− w|2ϕRdxdt ≤ P (R)

( ∫

QR
0,T

|u− w|2ϕRdxdt

)p/2

+

∫

QR
0,T

[(ut − f)(v − u)ϕR +

+ χ(v − w)ϕR]dxdt − 〈Asw, (u − w)ϕR〉U(Qs
0,T

).

Ïðèéíÿâøè v = u (ùî çàêîííî), îäåðæèìî îöiíêó

c0

∫

QR
0,T

|u− w|2ϕRdxdt ≤ P (R)

( ∫

QR
0,T

|u− w|2ϕRdxdt

)p/2

+ 〈χ−Asw, (u− w)ϕR〉U(Qs
0,T

).

Ïðèéìåìî òóò w = u − λg, äå λ > 0, g ∈ U
lo

(Q0,T ), âèíåñåìî λ òà ïîäiëèìî íà λ.
Ìàòèìåìî

c0λ

∫

QR
0,T

|g|2ϕRdxdt ≤ λp−1P (R)

( ∫

Q0,T

|g|2ϕRdxdt

)p/2

+ 〈χ−As(u− λg), gϕR〉U(Qs
0,T

).
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Ñïðÿìóâàâøè λ→ +0, ç ñåìiíåïåðåðâíîñòi îïåðàòîðà As
îäåðæèìî òàêó íåðiâíiñòü

0 ≤ 〈χ−Asu, gϕR〉U(Qs
0,T

). Çâiäñè 〈χ, gϕR〉U(Qs
0,T

) = 〈Asu, gϕR〉U(Qs
0,T

) ([15, ñ. 172℄).

Íåõàé ψ ∈ Ψ, v ∈ L2
lo

(Q0,T ), v ≥ 0. Âiçüìåìî s ∈ N òàêå, ùîá ψ = 0 â Q0,T \Qs
0,T .

Ñïðÿìóâàâøè â (3.5) m → ∞, îòðèìà¹ìî

∫
Qs

0,τ

(ut + Asu − f)(v − u)ψdxdt ≥ 0 äëÿ

âñiõ τ ∈ (0;T ]. Îòæå, u ¹ ñèëüíèì ðîçâ'ÿçêîì âàðiàöiéíî¨ íåðiâíîñòi (1.1). Òåîðåìà
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INITIAL-VALUE PROBLEM FOR NONLINEAR PARABOLIC

VARIATIONAL INEQUALITY IN UNBOUNDED WITH

RESPECT TO THE SPACE VARIABLES DOMAIN

Oleh BUHRII

Ivan Franko National University of L'viv,

79000, L'viv, Universytets'ka Str., 1

Let T > 0, Ω ⊂ R
n
be a unbounded domain, Ωτ = {(x, t) : x ∈ Ω, t = τ},

Qt1,t2 = Ω× (t1; t2), K ⊂ Lp(0, T ;W 1,p

lo

(Ω))∩L2

lo

(Q0,T ) be a losure onvex subset,

p ∈ (1; 2). We seek the funtion u ∈ K ∩ C([0; T ];L2

lo

(Ω)) suh that u satis�es the

paraboli variational inequality

∫
Q0,τ

[
vt(v − u)ψ +

n∑
i=1

ai|uxi
|p−2uxi

[(v − u)ψ]xi
+ (cu− f)(v − u)ψ+

+ 1

2
ψt|v − u|2

]
dxdt ≥ 1

2

∫
Ωτ

|v − u|2ψdx− 1

2

∫
Ω0

|v − u0|
2ψdx

for all test funtion v and for all τ ∈ (0, T ] and arbitrary test funtions ψ ≥ 0,

v. We suppose that u0 ∈ W
2,2

lo

(Ω), f, ft ∈ L2

lo

(Q0,T ), oe�ients a1, . . . , an may

inrease if |x| → ∞. If some additional onditions are satis�ed then we prove that

our variational inequality has a unique solution.

Key words: paraboli variational inequality, initial-value problem, unbounded

domain.
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