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Äîâåäåíî êðèòåðié ñêií÷åííîñòi λ-òèïó ãîëîìîðôíèõ ó ïiâñìóçi ôóíêöié.
Êëþ÷îâi ñëîâà: ãîëîìîðôíà ôóíêöiÿ, ìåðîìîðôíà ôóíêöiÿ, õàðàêòåðèñòè-

êà Íåâàíëiííè, ôóíêöiÿ ñêií÷åííîãî λ-òèïó.

1. Ôîðìóëþâàííÿ îñíîâíî¨ òåîðåìè òà äîïîìiæíèõ òâåðäæåíü. Ó 60-õ
ðîêàõ ìèíóëîãî ñòîëiòòÿ Ë. Ðóáåë i Á. Òåéëîð [1] ðîçðîáèëè ìåòîä ðÿäiâ Ôóð'¹, ÿêèé
äîïîìiã îòðèìàòè âè÷åðïíèé îïèñ íóëiâ i ïîëþñiâ ìåðîìîðôíèõ ôóíêöié f ç äîâîëi
çàãàëüíèõ êëàñiâ Λ, ÿêi âèçíà÷àþòü äîâiëüíèìè äîäàòíèìè, íåñïàäíèìè, íåîáìåæå-
íèìè òà íåïåðåðâíèìè ìàæîðàíòàìè λ ¨õíiõ íåâàíëiííiâñüêèõ õàðàêòåðèñòèê. Òàêi
êëàñè âîíè íàçâàëè êëàñàìè ôóíêöié ñêií÷åííîãî λ-òèïó.

Ê. Ã. Ìàëþòií âèçíà÷èâ êðèòåðié íàëåæíîñòi ôóíêöi¨ äî êëàñó àíàëiòè÷íèõ ó
âåðõíié ïiâïëîùèíi C+ = {z : Im z > 0} ôóíêöié ñêií÷åííîãî λ-òèïó â òåðìiíàõ
sin-êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ log |f |. Öi êîåôiöi¹íòè Ôóð'¹ âèðàæàþòü ÷åðåç íó-
ëi ôóíêöi¨ f òà ¨¨ ãðàíè÷íi çíà÷åííÿ íà ìåæi C+ i îäåðæóþòü ç êëàñè÷íî¨ ôîðìóëè
Êàðëåìàíà.

Ìè âèçíà÷à¹ìî êðèòåðié ñêií÷åííîñòi λ-òèïó ãîëîìîðôíèõ ó ïiâñìóçi ôóíêöié
çà iíøèõ óìîâ íà ìåæi.

Íåõàé ôóíêöiÿ f ìåðîìîðôíà â çàìèêàííi ïiâñìóãè R = {z = x + iy : x > x0,
0 < y < π} , {ρq} � ïîñëiäîâíiñòü íóëiâ ôóíêöi¨ f â R, çàíóìåðîâàíèõ ó ïîðÿäêó
çðîñòàííÿ ¨õíiõ äiéñíèõ ÷àñòèí, ρq = βq + iγq; {ωp} � ïîñëiäîâíiñòü ïîëþñiâ ôóíêöi¨
f â R, çàíóìåðîâàíèõ âiäïîâiäíî, ωp = ξp + iηp. Ïðèïóñòèìî, ùî f íå ìà¹ íi íóëiâ,
íi ïîëþñiâ íà ∂R.

Íåõàé f(x0) 6= 0,∞, i çíà÷åííÿ log f(x0) âèáðàíå. Â çàìèêàííi R ç ðîçðiçàìè
{tβq + iγq : t ≥ 1} òà {tξq + iηq : t ≥ 1} ïðèéìåìî

log f(z) = log f(x0) +

z∫

x0

f ′(ζ)
f(ζ)

dζ,
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à òàêîæ arg f(z) = Im log f(z).
Õàðàêòåðèñòèêó S(x; x0, f), ÿêó ìè ââåëè â [2], àíàëîãi÷íî äî [3, c. 37�40], áóäåìî

íàçèâàòè õàðàêòåðèñòèêîþ Íåâàíëiííè äëÿ ïiâñìóãè

S(x;x0, f) = A(x;x0, f) + B(x;x0, f) + C(x; x0, f),

äå
C(x; x0, f) = 2

∑

ωp∈Rx

sin ηp

(
1

eξp
− eξp

e2x

)
,

A(x;x0, f) =
1
π

x∫

x0

(
log+ |f(t)|+ log+ |f(t + iπ)|)

(
1
et
− et

e2x

)
dt,

B(x;x0, f) =
2

πex

π∫

0

log+ |f(x + iy)| sin y dy,

Rx = {z = t + iy : x0 < t < x, 0 < y < π}.
Îçíà÷åííÿ 1. Äîäàòíà, íåïåðåðâíà, çðîñòàþ÷à i íåîáìåæåíà íà [x0,+∞) ôóíê-
öiÿ λ(x) íàçèâà¹òüñÿ ôóíêöi¹þ çðîñòàííÿ.
Îçíà÷åííÿ 2. Ôóíêöiÿ f, ìåðîìîðôíà â çàìèêàííi ïiâñìóãè R, íàçèâà¹òüñÿ ôóíê-
öi¹þ ñêií÷åííîãî λ-òèïó â R, ÿêùî iñíóþòü ñòàëi a, b > 0 òàêi, ùî äëÿ âñiõ x > x0

âèêîíó¹òüñÿ
1) S(x; x0, f) ≤ aλ(x + b);

2)
x∫

x0

|log |f(t)||+|log |f(t+iπ)||
et dt ≤ aλ(x + b).

Êëàñ òàêèõ ôóíêöié ïîçíà÷èìî ÷åðåç Fλ.

Íåõàé ck(x, f) = 2
π

∫ π

0
log |f(x + iy)| sin ky dy, k ∈ N, sin-êîåôiöi¹íòè Ôóð'¹

ôóíêöi¨ log |f(x + iy)| ÿê ôóíêöi¨ âiä y.

Òåîðåìà 1. Íåõàé λ � ôóíêöiÿ çðîñòàííÿ i íåõàé f ãîëîìîðôíà â çàìèêàííi ïiâ-
ñìóãè R ôóíêöiÿ. Òîäi òàêi òâåðäæåííÿ åêâiâàëåíòíi:
a) f ∈ Fλ;
á) âèêîíó¹òüñÿ óìîâà 2) òà iñíóþòü ñòàëi a, b > 0 òàêi, ùî äëÿ âñiõ x > x0 òà
k ∈ N âèêîíó¹òüñÿ |ck(x, f)| ≤ aex λ(x + b).

Äëÿ äîâåäåííÿ òåîðåìè 1 ìè âèêîðèñòîâóâàòèìåìî òàêi ëåìè.
Ëåìà 1. ßêùî {zj : zj = xj + iyj} � ñêií÷åííà ìíîæèíà â Rx, òîäi

x∫

x0

∑

zj∈Rt

ekxj

ekt
sin kyj dt =

1
k

∑

zj∈Rx

sin kyj − 1
k

∑

zj∈Rx

ekxj

ekx
sin kyj , j ∈ N, x0 < x, (1)

x∫

x0

∑

zj∈Rt

ekt

ekxj
sin kyj dt =

1
k

∑

zj∈Rx

ekx

ekxj
sin kyj − 1

k

∑

zj∈Rx

sin kyj , j ∈ N, x0 < x. (2)
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Ëåìà 2. Íåõàé ãîëîìîðôíà â çàìèêàííi ïiâñìóãè R = {z = x + iy : x > x0,
0 < y < π} , ôóíêöiÿ f íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà ∂R i f(x0) 6= 0,∞. Ïðà-
âèëüíi òàêi ñïiââiäíîøåííÿ:

ck(x, f) =
2
k

∑

ρq∈Rx

(
ekx

ekβq
− ekβq

ekx

)
sin kγq+

+
1
π

x∫

x0

(
ekt

ekx
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt+

+
1
π

(
ekx0

ekx
+

ekx

ekx0

) π∫

0

log |f(x0 + iy)| sin ky dy+

+
1
π

(
ekx0

ex
− ekx

ex0

) π∫

0

arg f(x0 + iy) cos ky dy, k ∈ N, x0 < x. (3)

Ëåìà 3. Íåõàé {ρq} � íóëi ãîëîìîðôíî¨ ôóíêöi¨ ñêií÷åííîãî λ-òèïó â çàìèêàííi
Rx+1. Òîäi ∑

ρq∈Rx

sin γq ≤ aex λ(x + b),

äëÿ äåÿêèõ a, b > 0 i äëÿ âñiõ x > x0.

2. Äîâåäåííÿ äîïîìiæíèõ òâåðäæåíü.
Äîâåäåííÿ ëåìè 1. Iíòåãðóþ÷è ÷àñòèíàìè, îòðèìà¹ìî

x∫

x0

∑

zj∈Rt

ekxj

ekt
sin kyj dt = −1

k

x∫

x0

∑

zj∈Rt

ekxj sin kyj d
(
e−kt

)
=

= −1
k

∑

zj∈Rx

ekxj

ekx
sin kyj +

1
k

x∫

x0

e−ktd


 ∑

zj∈Rt

ekxj sin kyj


 .

Ôóíêöiÿ ψ(t) =
∑

zj∈Rt

ekxj sin kyj ìà¹ ñòðèáêè ekxj sin kyj â òî÷êàõ tj = exj . Îòæå,

îñòàííié iíòåãðàë ìîæíà çàïèñàòè ó âèãëÿäi

1
k

x∫

x0

t−k dψ(t) =
1
k

∑

zj∈Rx

e−kxj ekxj sin kyj =
1
k

∑

zj∈Rx

sin kyj .

Àíàëîãi÷íî, îòðèìà¹ìî ñïiââiäíîøåííÿ (2). Ëåìó 1 äîâåäåíî.
Äîâåäåííÿ ëåìè 2. Íåõàé ôóíêöiÿ f ãîëîìîðôíà â çàìèêàííi R i íå ìà¹ íóëiâ íà
∂Rt. Çàñòîñó¹ìî òåîðåìó ïðî ëèøêè äî ôóíêöi¨ f ′(z)/f(z) e−kz â Rt

∫

∂Rt

f ′(z)
f(z)

e−kz dz = 2πi
∑

ρq∈Rt

e−kρq , k ∈ Z\{0}. (4)
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Îñêiëüêè ∂Rt ñêëàäà¹òüñÿ ç ÷îòèðüîõ âiäðiçêiâ, òîäi (4) çàïèøåìî òàê:

2πi
∑

ρq∈Rt

e−kρq =

t∫

x0

e−kτ f ′(τ)
f(τ)

dτ + ie−kt

π∫

0

e−iky f ′(t + iy)
f(t + iy)

dy +

+(−1)k+1

t∫

x0

e−kτ f ′(τ + iπ)
f(τ + iπ)

dτ − ie−kx0

π∫

0

e−iky f ′(x0 + iy)
f(x0 + iy)

dy, k ∈ Z\{0}. (5)

Iíòåãðóþ÷è ÷àñòèíàìè â ïåðøîìó iíòåãðàëi ïðàâîãî áîêó (5), ìà¹ìî

t∫

x0

e−kτ f ′(τ)
f(τ)

dτ = e−kt log f(t)− e−kx0 log f(x0) + k

t∫

x0

e−kτ log f(τ) dτ, (6)

k ∈ Z\{0}. Ðîáëÿ÷è òå ñàìå â òðåòüîìó iíòåãðàëi, îäåðæó¹ìî

t∫

x0

e−kτ f ′(τ + iπ)
f(τ + iπ)

dτ = e−kt log f(t + iπ)− e−kx0 log f(x0 + iπ)+

+k

t∫

x0

e−kτ log f(τ + iπ) dτ, k ∈ Z\{0}. (7)

Äàëi

i

π∫

0

e−iky f ′(x0 + iy)
f(x0 + iy)

dy =

π∫

0

e−iky d log f(x0 + iy) = (−1)k log f(x0 + iπ)−

− log f(x0) + ik

π∫

0

e−iky log f(x0 + iy) dy, k ∈ Z\{0}. (8)

Ç óðàõóâàííÿì (6)�(8) ñïiââiäíîøåííÿ (5) íàáóäå âèãëÿäó

2πi
∑

ρq∈Rt

e−kρq = e−kt log f(t) + k

t∫

x0

e−kτ log f(τ) dτ+

+ie−kt

π∫

0

e−iky f ′(t + iy)
f(t + iy)

dy + (−1)k+1e−kt log f(t + iπ)+

+(−1)k+1k

t∫

x0

e−kτ log f(τ + iπ) dτ − ike−kx0

π∫

0

e−iky log f(x0 + iy) dy, k ∈ Z\{0}. (9)
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Ðiâíiñòü (4), à îòæå i (9), ïðàâèëüíi ïðè t ∈ (x0; x) çà âèíÿòêîì t = Re ρq. Äîìíî-
æèìî (9) íà ekt i ïðîiíòåãðó¹ìî ïî t âiä x0 äî x. Îäåðæèìî

2πi

x∫

x0

ekt
∑

ρq∈Rt

e−kρq dt =

x∫

x0

log f(t) dt+

+k

x∫

x0

ekt




t∫

x0

e−kτ log f(τ) dτ


 dt +

x∫

x0


i

π∫

0

e−iky f ′(t + iy)
f(t + iy)

dy


 dt+

+(−1)k+1

x∫

x0

log f(t + iπ) dt + (−1)k+1k

x∫

x0

ekt




t∫

x0

e−kτ log f(τ + iπ) dτ


 dt+

+ i

π∫

0

e−iky log f(x0 + iy) dy − iek(x−x0)

π∫

0

e−iky log f(x0 + iy) dy, k ∈ Z\{0}. (10)

Iíòåãðóâàííÿ ÷àñòèíàìè â äðóãîìó iíòåãðàëi ïðàâîãî áîêó (10) äà¹

x∫

x0

ekt




t∫

x0

e−kτ log f(τ) dτ


 dt =

1
k

x∫

x0




t∫

x0

e−kτ log f(τ) dτ


 dekt =

=
ekx

k

x∫

x0

e−kt log f(t) dt− 1
k

x∫

x0

log f(t) dt, k ∈ Z\{0}. (11)

Àíàëîãi÷íî

x∫

x0

ekt




t∫

x0

e−kτ log f(τ + iπ) dτ


 dt =

1
k

x∫

x0




t∫

x0

e−kτ log f(τ + iπ) dτ


 dekt =

=
ekx

k

x∫

x0

e−kt log f(t + iπ) dt− 1
k

x∫

x0

log f(t + iπ) dt, k ∈ Z\{0}. (12)

Çàñòîñóâàâøè òåîðåìó Ôóáiíi äî òðåòüîãî äîäàíêà ïðàâîãî áîêó (10), ìà¹ìî

x∫

x0


i

π∫

0

e−iky f ′(t + iy)
f(t + iy)

dy


 dt = i

π∫

0

e−iky




x∫

x0

f ′(t + iy)
f(t + iy)

dt


 dy =

= i

π∫

0

e−iky (log f(x + iy)− log(x0 + iy)) dy, k ∈ Z\{0}. (13)
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Âðàõîâóþ÷è (11)�(13), ñïiââiäíîøåííÿ (10) çàïèøåìî ó âèãëÿäi

1
2π

π∫

0

e−iky log f(x + iy) dy =

x∫

x0

ekt
∑

ρq∈Rt

e−kρq dt+

+
iekx

2π

x∫

x0

e−kt
(
log f(t) + (−1)k+1 log f(t + iπ)

)
dt+

+
ek(x−x0)

2π

π∫

0

e−iky log f(x0 + iy) dy, k ∈ Z\{0}. (14)

Ïîçíà÷èìî

lk(x, f) =
1
π

π∫

0

e−iky log f(x + iy) dy, k ∈ Z.

Áåçïîñåðåäíi ïiäðàõóíêè çàñâiä÷óþòü, ùî

ck(x, f) = −Im
lk(x, f) + l−k(x, f)

2
, k ∈ Z. (15)

Âðàõîâóþ÷è (2) òà (15), îäåðæèìî

ck(x, f) = 2

x∫

x0

∑

ρq∈Rt

(
ekβq

ekt
+

ekt

ekβq

)
sin kγq dt+

+
1
π

x∫

x0

(
ekt

ekx
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt+

+
1
π

(
ekx0

ekx
+

ekx

ekx0

) π∫

0

log |f(x0 + iy)| sin ky dy+

+
1
π

(
ekx0

ekx
− ekx

ekx0

) π∫

0

arg f(x0 + iy) cos ky dy, k ∈ N, x0 < x. (16)

Çàñòîñóâàâøè ëåìó 1 äî ïåðøîãî äîäàíêà ïðàâîãî áîêó (2), îòðèìà¹ìî (3). Ëåìó 2
äîâåäåíî.
Äîâåäåííÿ ëåìè 3. ßêùî βq ≤ x, òîäi ïðàâèëüíà òàêà íåðiâíiñòü

eβq

ex
≤ ex+1

eβq
− eβq

ex
.

Çâiäñè
eβq

ex
≤ ex+1

(
1

eβq
− eβq

e2x+2

)
.
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Îòæå, îñêiëüêè 0 < γq < π, òî
∑

ρq∈Rx

eβq

ex
sin γq ≤

∑

ρq∈Rx+1

eβq

ex
sin γq ≤

∑

ρq∈Rx+1

ex+1

(
1

eβq
− eβq

e2x+2

)
sin γq. (17)

Çà îçíà÷åííÿì 2 ïðàâà ÷àñòèíà (17) ¹ õàðàêòåðèñòèêîþ C(x + 1; x0, 1/f), òîáòî
∑

ρq∈Rx

eβq

ex
sin γq ≤ ex+1C(x + 1; x0,

1
f

) ≤ aex λ(x + 1 + b) ≤ a1e
x λ(x + b1). (18)

Âðàõîâóþ÷è, ùî ôóíêöiÿ f ¹ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó òà àíàëîã ïåðøî¨
îñíîâíî¨ òåîðåìè (äèâ. [2]), ìà¹ìî C(x;x0, 1/f) ≤ aλ(x + b).

Âðàõóâàâøè îçíà÷åííÿ C(x; x0, 1/f), îäåðæó¹ìî
∑

ρq∈Rx

(
ex

eβq
− eβq

e2x

)
sin γq ≤ aex λ(x + b). (19)

Ç îãëÿäó íà íåðiâíîñòi (17)�(19), îäåðæó¹ìî
∑

ρq∈Rx

sin γq ≤
∑

ρq∈Rx

ex

eβq
sin γq ≤ aex λ(x + b)+

+
∑

ρq∈Rx

eβq

ex
sin γq ≤ a2e

x λ(x + b2),

ïðè 0 < γq < π. Ëåìó 3 äîâåäåíî.
3. Äîâåäåííÿ òåîðåìè 1.

Äîâåäåííÿ òåîðåìè 1. Íåõàé f ∈ Fλ.
Äëÿ êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ f ïðàâèëüíà îöiíêà

|ck(x, f)| ≤ 2
π

π∫

0

∣∣ log |f(x + iy)|
∣∣ |sin ky| dy, k ∈ N.

Ç îãëÿäó íà íåðiâíiñòü | sin ky| ≤ k sin y äëÿ 0 ≤ y ≤ π, (äèâ., íàïðèêëàä, [4, c. 10])
òà óìîâó a) òåîðåìè 1 îòðèìà¹ìî

|ck(x, f)| ≤ k
2
π

π∫

0

∣∣ log |f(x + iy)|
∣∣ sin y dy =

= k
2
π

π∫

0

log+ |f(x + iy)| sin y dy + k
2
π

π∫

0

log− |f(x + iy)| sin y dy ≤

≤ k aex λ(x + b) + k
2
π

π∫

0

log− |f(x + iy)| sin y dy, k ∈ N. (20)
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Çà àíàëîãîì ïåðøî¨ îñíîâíî¨ òåîðåìè (òåîðåìà 2 ç [2]) S(x;x0, 1/f) = S(x;x0, f)+
+ε(x; x0, f), äå ε(x;x0, f) = O(1) ïðè x →∞, äëÿ ôóíêöi¨ f ∈ Fλ ìà¹ìî, ùî ôóíêöiÿ
1/f ∈ Fλ. Çâiäñè òà ç óìîâè a) âèïëèâà¹, ùî S(x; x0, 1/f) ≤ aλ(x + b) + ε(x; x0, f),
äå ε(x;x0, f) = O(1) ïðè x →∞. Îñêiëüêè B(x; x0, 1/f) ≤ S(x; x0, 1/f), òî

2
π ex

π∫

0

log− |f(x + iy)| sin y dy =

=
2

π ex

π∫

0

log+

∣∣∣∣
1

f(x + iy)

∣∣∣∣ sin y dy = B(x;x0,
1
f

) ≤ a1 λ(x + b),

äå a1− äåÿêà ñòàëà.

Îòæå, ç íåðiâíîñòi (3) òà óìîâè a) òåîðåìè 1 âèïëèâà¹

|ck(x, f)| ≤ k aex λ(x + b), (21)

ïðè äåÿêèõ äîäàòíèõ a, b i âñiõ k ∈ N.

Çãiäíî ç (3)

ck(x + 1, f) =
2
k

∑

ρq∈Rx+1

(
ek(x+1)

ekβq
− ekβq

ek(x+1)

)
sin kγq+

+
1
π

x+1∫

x0

(
ekt

ek(x+1)
− ek(x+1)

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt+

+
1
π

(
ekx0

ek(x+1)
+

ek(x+1)

ekx0

) π∫

0

log |f(x0 + iy)| sin ky dy+

+
1
π

(
ekx0

ek(x+1)
− ek(x+1)

ekx0

) π∫

0

arg f(x0 + iy) cos ky dy, k ∈ N. (22)

Äîìíîæèìî îáèäâà áîêè ðiâíîñòi (22) íà e−k, âiäíiìåìî âiä íèõ ck(x, f), i âèêî-
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ðèñòàâøè (3), îòðèìà¹ìî

1
ek

ck(x + 1, f)− ck(x, f) =

=
2
k

∑

ρq∈Rx+1

(
ekx

ekβq
− ekβq

e2kekx

)
sin kγq − 2

k

∑

ρq∈Rx

(
ekx

ekβq
− ekβq

ekx

)
sin kγq+

+
1
π

x+1∫

x0

(
ekt

ek(x+2)
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt−

− 1
π

x∫

x0

(
ekt

ekx
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt+

+
1
π

(
1

e2k
− 1

)
ekx0

ekx

π∫

0

log |f(x0 + iy)| sin ky dy+

+
1
π

(
1

e2k
− 1

)
ekx0

ekx

π∫

0

arg f(x0 + iy) cos ky dy =

= I1 + I2 + I3 + I4, k ∈ N. (23)

Ðîçãëÿíåìî I1

I1 =
2
k

∑

ρq∈Rx+1

(
ekx

ekβq
− ekβq

e2kekx

)
sin kγq − 2

k

∑

ρq∈Rx

(
ekx

ekβq
− ekβq

ekx

)
sin kγq =

=
2
k

∑

ρq∈Rx+1\Rx

(
ekx

ekβq
− ekβq

e2kekx

)
sin kγq+

+
2
k

(
1− 1

e2k

) ∑

ρq∈Rx

ekβq

ekx
sin kγq = G1 + G2, k ∈ N.

Îöiíèìî |G1|,

|G1| = 2
k

∣∣∣∣∣∣
∑

ρq∈Rx+1\Rx

(
ekx

ekβq
− ekβq

e2kekx

)
sin kγq

∣∣∣∣∣∣
, k ∈ N.

Îñêiëüêè ek(x−βq) − ek(βq−x−2) ≤ 1 äëÿ âñiõ x ≤ ρq ≤ x + 1, òî

|G1| ≤ 2
k

∣∣∣∣∣∣
∑

ρq∈Rx

sin kγq

∣∣∣∣∣∣
≤ 2

∑

ρq∈Rx

sin γq, k ∈ N, (24)
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à òàêîæ

|G2| = 2
k

∣∣∣∣∣∣

(
1− 1

e2k

) ∑

ρq∈Rx

ekβq

ekx
sin kγq

∣∣∣∣∣∣
≤

≤ 2
k

∣∣∣∣∣∣
∑

ρq∈Rx+1

sin kγq

∣∣∣∣∣∣
≤ 2

∑

ρq∈Rx+1

sin γq, k ∈ N. (25)

Îòîæ, çàñòîñóâàâøè ëåìó 3 äî ñïiââiäíîøåíü (24) òà (25), îòðèìà¹ìî

|I1| ≤ aex λ(b + x). (26)

Îöiíèìî I2

|I2| =
∣∣∣∣∣∣
1
π

x+1∫

x0

(
ekt

ek(x+2)
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt −

− 1
π

x∫

x0

(
ekt

ekx
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt

∣∣∣∣∣∣
≤

≤ 1
π

∣∣∣∣∣∣

(
1

e2k
− 1

) x∫

x0

ekt

ekx

(
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt

∣∣∣∣∣∣
+

+
1
π

∣∣∣∣∣∣

x+1∫

x

(
ekt

ek(x+2)
− ekx

ekt

) (
log |f(t)|+ (−1)k+1 log |f(t + iπ)|) dt

∣∣∣∣∣∣
≤

≤ 1
π

x+1∫

x0

(|log |f(t)||+ |log |f(t + iπ)||) dt.

Âðàõóâàâøè óìîâó 2) îçíà÷åííÿ 2, îòðèìó¹ìî

|I2| ≤ 1
π

x+1∫

x0

ex+1

et
(|log |f(t)||+ |log |f(t + iπ)||) dt ≤ ex+1aλ(x + b), (27)

äå a, b � äåÿêi ñòàëi.
Çàóâàæèìî, ùî äîäàíêè |I3| òà |I4| íå ïåðåâèùóþòü äåÿêî¨ ñòàëî¨. Ñïðàâäi,

|log |f(x0 + iy)| sin ky| ≤ K i |arg f(x0 + iy) cos ky| ≤ K, 0 < y < π, äå K � äåÿêà
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ñòàëà. Òîäi

|I3|+ |I4| =
∣∣∣∣∣∣
1
π

(
1

e2k
− 1

)
ekx0

ekx

π∫

0

log |f(x0 + iy)| sin ky dy

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣
1
π

(
1

e2k
− 1

)
ekx0

ekx

π∫

0

arg f(x0 + iy) cos ky dy

∣∣∣∣∣∣
≤

≤ 1
π

1
e2k

πK1 +
1
π

1
e2k

πK1 ≤ K2, (28)

äå K1, K2 � äåÿêi ñòàëi.
Îòæå, ç (3) òà (26)�(28) ìà¹ìî

|ck(x, f)| − 1/ek |ck(x + 1, f)| ≤
∣∣1/ek ck(x + 1, f)− ck(x, f)

∣∣ ≤ aex λ(x + b), k ∈ N.

Çâiäñè

|ck(x, f)| ≤ 1/ek |ck(x + 1, f)|+ aex λ(x + b), k ∈ N.

Âðàõîâóþ÷è (21), îäåðæèìî |ck(x, f)| ≤ k/ek aλ(x + 1 + b) + aex λ(x + b), çâiäêè
âèïëèâà¹ á), îñêiëüêè óìîâà 2) âõîäèòü â îçíà÷åííÿ êëàñó Fλ.

Íåõàé òåïåð âèêîíóþòüñÿ óìîâè á) òåîðåìè 1.
Äëÿ ôóíêöi¨ f ïðàâèëüíà ôîðìóëà Ïóàññîíà-Éåíñåíà

log |f(x + iy)| = 1
2π

∫

∂Px1

log |f(u + iv)| ∂G(z, ζ)
∂n

ds−
∑

ρq∈Px1

G(z, ρq), (29)

äå Px1 = {z = x + iy : x1 − α < x < x1 + α, 0 < y < π} , x0 + α < x1, α > 0, G(z, ζ) �
ôóíêöiÿ Ãðiíà ïðÿìîêóòíèêà Px1 ,

∂G(z,ζ)
∂n � ïîõiäíà çà âíóòðiøíüîþ íîðìàëëþ ([3,

c. 15]). Îñêiëüêè G(z, ζ) ≥ 0, òî ñïðàâäæó¹òüñÿ òàêå ñïiââiäíîøåííÿ:

log |f(x + iy)| ≤ 1
2π

∫

∂Px1

log |f(u + iv)| ∂G(z, ζ)
∂n

ds. (30)

Âèêîðèñòîâóþ÷è òåîðiþ åëiïòè÷íèõ ôóíêöié (äèâ., íàïðèêëàä, [5, ãë. VIII],
[6], [7]), ìîæåìî îòðèìàòè ðîçâèíåííÿ ÿäðà ó ôîðìóëi Ïóàññîíà-Éåíñåíà (29)

G(z, ζ) = 2
∞∑

m=1

1
m(1− e−4mα)

em(u−x)
(
1− e2m(x−x1−α)

)
×

×
(
1− e2m(x1−u−α)

)
sin my sin mv, x1 − α ≤ u < x ≤ x1 + α, (31)

G(z, ζ) = 2
∞∑

m=1

1
m(1− e−4mα)

em(x−u)
(
1− e2m(x1−x−α)

)
×

×
(
1− e2m(u−x1−α)

)
sin my sin mv, x1 − α ≤ x < u ≤ x1 + α. (32)
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Òîäi

∂G(z, u)
∂n

= 2
∞∑

m=1

1
1− e−4mα

em(u−x)
(
1− e2m(x−x1−α)

)
×

×
(
1− e2m(x1−u−α)

)
sin my, x1 − α ≤ u < x ≤ x1 + α, (33)

∂G(z, u + iπ)
∂n

= 2
∞∑

m=1

(−1)m+1

1− e−4mα
em(u−x)

(
1− e2m(x−x1−α)

)
×

×
(
1− e2m(x1−u−α)

)
sin my, x1 − α ≤ u < x ≤ x1 + α; (34)

∂G(z, u)
∂n

= 2
∞∑

m=1

1
1− e−4mα

em(x−u)
(
1− e2m(x1−x−α)

)
×

×
(
1− e2m(u−x1−α)

)
sin my, x1 − α ≤ x < u ≤ x1 + α, (35)

∂G(z, u + iπ)
∂n

= 2
∞∑

m=1

(−1)m+1

1− e−4mα
em(x−u)

(
1− e2m(x1−x−α)

)
×

×
(
1− e2m(u−x1−α)

)
sin my, x1 − α ≤ x < u ≤ x1 + α; (36)

∂G(z, x1 − α)
∂n

= 4
∞∑

m=1

1
1− e−4mα

em(x1−x−α)×

×
(
1− e2m(x−x1−α)

)
× sin my sin mv, (37)

∂G(z, x1 + α)
∂n

= 4
∞∑

m=1

1
1− e−4mα

em(x−x1−α)×

×
(
1− e2m(x1−x−α)

)
× sin my sin mv. (38)
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Ñïiââiäíîøåííÿ (30) ïðè α = 1, 0 < δ < 1 i x = x1 ìà¹ âèãëÿä

log |f(x1 + iy)| ≤ 1
2π

π∫

0

log |f(x1 + 1 + iv)| ∂G(z, x1 + 1)
∂n

dv+

+
1
2π

π∫

0

log |f(x1 − 1 + iv)| ∂G(z, x1 − 1)
∂n

dv +
1
2π

x1−δ∫

x1−1

log |f(u)| ∂G(z, u)
∂n

du+

+
1
2π

x1+δ∫

x1−δ

log |f(u)| ∂G(z, u)
∂n

du +
1
2π

x1+1∫

x1+δ

log |f(u)| ∂G(z, u)
∂n

du+

+
1
2π

x1−δ∫

x1−1

log |f(u + iπ)| ∂G(z, u + iπ)
∂n

du +
1
2π

x1+δ∫

x1−δ

log |f(u + iπ)| ∂G(z, u + iπ)
∂n

du+

+
1
2π

x1+1∫

x1+δ

log |f(u + iπ)| ∂G(z, u + iπ)
∂n

du = I1 + I2 + I31 + I32 + I33 + I41 + I42 + I43.

Âèêîðèñòàâøè íåðiâíiñòü a+ ≤ |a|, ìà¹ìî
log+ |f(x1 + iy)| ≤ (I1 + I2)+ + I+

31 + I+
32 + I+

33 + I+
41 + I+

42 + I+
43. (39)

Ðîçãëÿíåìî I1 + I2

I1 + I2 =
1
2π

π∫

0

∂G(z, x1 + 1 + iv)
∂n

log |f(x1 + 1 + iv))| dv+

+
1
2π

π∫

0

∂G(z, x1 − 1 + iv)
∂n

log |f(x1 − 1 + iv)| dv =

=
2
π

π∫

0

∞∑
m=1

1
1− e−4m

e−m
(
1− e−2m

)
sin my log |f(x1 + 1 + iv)| sin mv dv+

+
2
π

π∫

0

∞∑
m=1

1
1− e−4m

e−m
(
1− e−2m

)
sin my log |f(x1 − 1 + iv)| sin mv dv.

Îñêiëüêè ∣∣∣∣
1

1− e−4m
e−m

(
1− e−2m

)
sin my

∣∣∣∣ ≤
e−m

1 + e−2m
≤ 1

em
,

òî çà òåîðåìîþ Âåé¹ðøòðàññà ðÿä
∞∑

m=1

1
1− e−4m

e−m
(
1− e−2m

)
sin my sin mv
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ðiâíîìiðíî çáiãà¹òüñÿ ïðè 0 ≤ v ≤ π i éîãî ìîæíà ïî÷ëåííî iíòåãðóâàòè. Òîìó

I1 + I2 =
∞∑

m=1

1
em

(cm(x1 + 1, f) + cm(x1 − 1, f)) .

Îòæå, çãiäíî ç óìîâîþ á) òåîðåìè 1

|I1 + I2| ≤
∞∑

m=1

1
em

(|cm(x1 + 1, f)|+ |cm(x1 − 1, f)|) ≤ a ex1 λ(x1 + b),

äå a, b � äåÿêi ñòàëi. Äîìíîæèâøè öå ñïiââiäíîøåííÿ íà sin y i ïðîiíòåãðóâàâøè çà
y âiä 0 äî π, îòðèìà¹ìî

2π∫

0

|I1 + I2| sin y dy ≤ 2 aex1 λ(x1 + b). (40)

Ðîçãëÿíåìî I31 ïðè α = 1 i x = x1. Îñêiëüêè ∂G(z,ζ)
∂n ≥ 0, log+ |x| ≤ |log |x|| , òî

I+
31 ≤

1
π

x1−δ∫

x1−1

|log |f(u)||
∞∑

m=1

1
1 + e−2m

em(u−x1)
(
1− e2m(x1−u−1)

)
sinmy du. (41)

Îñêiëüêè
∣∣∣∣

1
1 + e−2m

e(u−x1)
(
1− e−2m(x1−u−1)

)
sin my

∣∣∣∣ ≤ em(u−x1) ≤ e−mδ,

i ìàæîðóþ÷èé ðÿä
∞∑

m=0
e−mδ = 1

1−e−δ , çáiæíèé, òî çà òåîðåìîþ Âåé¹ðøòðàññà ðÿä
(41) çáiæíèé àáñîëþòíî i ðiâíîìiðíî ïðè 0 ≤ y ≤ π, x1 − 1 ≤ u ≤ x1 − δ. Îòæå, éîãî
ìîæíà ïî÷ëåííî iíòåãðóâàòè íà [x1 − 1, x1 − δ]. Òîìó

I+
31 ≤

∞∑
m=1

sinmy
1
π

x1−δ∫

x1−1

|log |f(u)|| 1
1 + e−2m

em(u−x1)
(
1− e2m(x1−u−1)

)
du. (42)

Äîìíîæèìî ñïiââiäíîøåííÿ (42) íà sin y i ïðîiíòåãðó¹ìî çà y âiä 0 äî π. Òîäi
π∫

0

I+
31 sin y dy ≤

≤
π∫

0

∞∑
m=1

sin my
1
π

x1−δ∫

x1−1

|log |f(u)|| em(u−x1)

1 + e−2m

(
1− e2m(x1−u−1)

)
du sin y dy.
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Ïî÷ëåííå iíòåãðóâàííÿ ðiâíîìiðíî çáiæíîãî íà [0, π] ðÿäó äà¹

∞∑
m=1

π∫

0

sin my sin y
1
π

x1−δ∫

x1−1

|log |f(u)|| em(u−x1)

1 + e−2m

(
1− e2m(x1−u−1)

)
du dy.

Ç îðòîãîíàëüíîñòi ñèñòåìè {sin my}∞m=1 íà [0, π], ìà¹ìî

π∫

0

I+
31 sin y dy ≤

π∫

0

sin2 y

x1−δ∫

x1−1

|log |f(u)|| eu−x1

1 + e−2

(
1− e2(x1−u−1)

)
du dy ≤

≤ 1
2

x1−δ∫

x1−1

|log |f(u)|| eu−x1

1 + e−2

(
1− e2(x1−u−1)

)
du dy ≤

≤ 1
2

x1−δ∫

x1−1

|log |f(u)|| du ≤ 1
2

x1+1∫

x0

|log |f(u)|| du.

Îñêiëüêè 1
ex1+1 ≤ 1

et , ïðè t ≤ x1 + 1, òî âèêîðèñòàâøè óìîâó 2), îòðèìó¹ìî

1
ex+1

π∫

0

I+
31 sin y dy ≤ aλ(x1 + b). (43)

Àíàëîãi÷íî äî I+
31 äîâîäèòüñÿ îöiíêà äëÿ I+

33, I+
41 òà I+

43.
Ç àáñîëþòíî¨ íåïåðåðâíîñòi iíòåãðàëà Ëåáåãà iñíó¹ òàêå δ > 0, δ = δ(x1) < 1, ùî

êîæåí ç iíòåãðàëiâ |I32| i |I42| íå ïåðåâèùó¹ 1. Îòæå, ç óðàõóâàííÿì ñïiââiäíîøåíü
(40) òà (43) îòðèìà¹ìî

∫ π

0
log+ |f(x1 + iy)| sin y dy ≤ exa1λ(x + b1), äå a1, b1 � äåÿêi

ñòàëi. Ìè ïîêàçàëè, ùî B(x;x0, f) ≤ aλ(x + b). Òåïåð îöiíèìî A(x; x0, f),

A(x; x0, f) =
1
π

x∫

x0

(
log+ |f(t)|+log+ |f(t + iπ)|)

(
1
et
− et

e2x

)
dt ≤

1
π

x∫

x0

log+ |f(t)|+ log+ |f(t + iπ)|
et

dt.

Âèêîðèñòàâøè óìîâó 2) òà íåðiâíiñòü log+ |x| ≤ |log |x|| , îäåðæó¹ìî A(x; x0, f) ≤
≤ a1 λ(x + b1), äå a1, b1 � äåÿêi ñòàëi.

Îòîæ, òåîðåìó 1 äîâåäåíî.
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