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Íåõàé

f(z) =

∞∑
n=0

fnz
n (1)

� öiëà ôóíêöiÿ, à l � äîäàòíà íåïåðåðâíà íà [0, +∞) ôóíêöiÿ. Ôóíêöiÿ f íàçèâà¹-
òüñÿ ôóíêöi¹þ îáìåæåíîãî l-iíäåêñó [1], ÿêùî iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+

i z ∈ C
|f (n)(z)|
n!ln(|z|)

≤ max

{
|f (k)(z)|
k!lk(|z|)

: 0 6 k 6 N

}
. (2)

Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ l-iíäåêñîì ôóíêöi¨ f i ïîçíà÷à¹òüñÿ ÷åðåç
N(f, l).

Äëÿ G ⊂ C íåõàé N(f, l;G) � l-iíäåêñ ôóíêöi¨ f â G, òîáòî íàéìåíøå ç òàêèõ
÷èñåë N ∈ Z+, ùî (2) âèêîíó¹òüñÿ äëÿ âñiõ n ∈ Z+ i z ∈ G.

Âèðîäæåíîþ ãiïåðãåîìåòðè÷íîþ ôóíêöi¹þ íàçèâà¹òüñÿ [2] ôóíêöiÿ

F (z) = F (α, γ; z) = 1 +
∞∑
k=1

k−1∏
j=0

j + α

j + γ

 zk

k!
, γ ̸= 0, −1 − 2, . . . . (3)

Â [3] äîâåäåíî òàêå: ÿêùî ïàðàìåòðè ôóíêöi¨ (3) çàäîâîëüíÿþòü óìîâó 0 < α ≤
≤ γ, òî äëÿ êîæíî¨ ïîõiäíî¨ F (n), n ≥ 0 ïðàâèëüíà íåðiâíiñòü N(F (n), ln) ≤ 1, äå
ln(r) ≡ 4max{

√
e/(2 −

√
e), γ + n + 1}. Âèíèêà¹ ïðèðîäíå çàïèòàííÿ, ÿêèì áóäå

l-iíäåêñ ôóíêöi¨ (3) ó âèïàäêó, êîëè 0 < γ ≤ α.

c⃝ Òðóõàí Þ., Øåðåìåòà Ì., 2015
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Ùîá âiäïîâiñòè íà öå ïèòàííÿ, ìè âèêîðèñòà¹ìî òó îáñòàâèíó, ùî âèðîäæåíà
ãiïåðãåîìåòðè÷íà ôóíêöiÿ ¹ [2] ðîçâ'ÿçêîì äèôåðåíöiàëüíãî ðiâíÿííÿ

zw′′ + (γ − z)w′ − αw = 0, (4)

i äîâåäåíó â [3] ëåìó.

Ëåìà 1. ßêùî ôóíêöiÿ (1) àíàëiòè÷íà â DR = {z : |z| ≤ R}, f0 = 1 i
∞∑

n=1

|fn|Rn ≤ a(R) < 1, (5)

òî N(f, l; DR) ≤ 1 ç l(|z|) = 1 + a(R)

(1− a(R))(R− |z|)
.

ßêùî z ∈ DξR, 0 < ξ < 1, òî R − |z| ≥ (1 − ξ)R i ç ëåìè 1 âèïëèâà¹, ùî

N(f, l; DξR) ≤ 1 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
, áî ÿêùî N(f, l∗, G) ≤ N i l∗(r) ≤ l∗(r),

òî íåâàæêî äîâåñòè [1], ùî N(f, l∗, G) ≤ N . Òîìó ïðàâèëüíà òàêà ëåìà.

Ëåìà 2. ßêùî ôóíêöiÿ (1) öiëà i f0 = 1, òî äëÿ êîæíèõ ξ ∈ (0, 1) i R ∈ (0, +∞)

çà óìîâè (5) ïðàâèëüíà íåðiâíiñòü N(f, l; DξR) ≤ 1 ç l(|z|) ≡ 1 + a(R)

(1− ξ)R(1− a(R))
.

Çà óìîâè 0 < γ ≤ α îòðèìà¹ìî
j + α

j + γ
≤ α

γ
äëÿ âñiõ j ≥ 0. Òîìó äëÿ êîåôiöi¹íòiâ

fk ôóíêöi¨ (3) ïðàâèëüíà îöiíêà |fk| ≤ 1

k!

(
α

γ

)k

äëÿ âñiõ k ≥ 1, i îòæå, ÿêùî

R =
γη

α
, äå η ∈ (0, ln 2), òî

∞∑
k=1

|fk|Rk ≤
∞∑
k=1

ηk

k!
= eη − 1 = a(R) < 1. ßêùî òåïåð

|z| ≤ ξR = ξ
γη

α
, äå ξ ∈ (0, 1), òî çâiäñè çà ëåìîþ 2 îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäî-
âîëüíÿþòü óìîâó 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà
íåðiâíiñòü N(F, l; Dξγη/α) ≤ 1 ç

l(|z|) ≡ αeη

(2− eη)(1− ξ)γη
. (6)

Ïîçíà÷èìî

L = L(α, γ, ξ, η) = max

{
1 +

α

ξη
,
2α

ξηγ

}
.

Äîâåäåìî òåïåð, ùî ôóíêöiÿ F â C \Dξγη/α ¹ îáìåæåíîãî l-iíäåêñó ç l(|z|) ≡ L. Äëÿ
öüîãî ñïî÷àòêó çàóâàæèìî, ùî äëÿ âñiõ m ≥ 0

1 + (m+ γ)α/(ξγη)

(m+ 2)
≤ 1

2
L. (7)

Ñïðàâäi, ôóíêöiÿ ó ëiâié ÷àñòèíi íåðiâíîñòi (7) ñïàäà¹ çà çìiííîþ m çà óìîâè

2α−ξηγ−γα < 0, òîìó íå ïåðåâèùó¹
1

2

(
1 +

α

ξη

)
i çðîñòà¹ ó ïðîòèëåæíîìó âèïàäêó,

i îòæå, íå ïåðåâèùó¹
1

2

2α

ξηγ
.
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Ïðàâèëüíà òàêîæ íåðiâíiñòü

α2

ξηγ
≤ L2. (8)

Ñïðàâäi, ÿêùî γ ≤ 1, òî
4α2

(ξηγ)2
≥ α2

ξηγ
. ßêùî æ γ ≥ 1, òî

α2

ξηγ
≤ α2

ξη
≤ α2

(ξη)2
≤

≤
(
1 +

α

ξη

)2

.

Äîâåäåìî, íàðåøòi, ùî äëÿ âñiõ m ≥ 1

2(m+ α)α

(m+ 2)(m+ 1)ξηγ
≤ L2. (9)

ßêùî α ≥ 1, òî âèðàç ó ëiâié ÷àñòèíi íåðiâíîñòi (9) ñïàäà¹ çà çìiííîþ m i òî-

ìó íå ïåðåâèùó¹
α2

ξηγ
. Âèêîðèñòîâóþ÷è (8), îòðèìó¹ìî (9). ßêùî æ α ≤ 1, òî

2(m+ α)α

(m+ 2)(m+ 1)ξηγ
≤ 2α

(m+ 2)ξηγ
≤ α

ξηγ
≤ 4α2

(ξηγ)2
.

Ïiäñòàâëÿþ÷è F ó ðiâíÿííÿ (4), äëÿ |z| ≥ ξγη/α îäåðæèìî

|F ′′(z)| ≤
(
1 +

γ

|z|

)
|F ′(z)|+ α

|z|
|F (z)| ≤

(
1 +

γα

ξγη

)
|F ′(z)|+ α2

ξγη
|F (z)|,

çâiäêè, âèêîðèñòîâóþ÷è (7) ç m = 0 òà (8),

|F ′′(z)|
2!L2

≤
1 +

α

ξη

2L

|F ′(z)|
1!L

+

α2

ξγη

2L2
|F (z)| ≤ max

{
|F ′(z)|
1!L

, |F (z)|
}
. (10)

ßêùî ïiäñòàâèìî F ó (4) i ïðîäèôåðåíöiþ¹ìî m ≥ 1 ðàç, òî îòðèìà¹ìî

zF (m+2)(z) + (m+ γ − z)F (m+1)(z)− (m+ α)F (m)(z) ≡ 0, (11)

çâiäêè, ÿê âèùå, âèêîðèñòîâóþ÷è (7) òà (9),

|F (m+2)(z)|
(m+ 2)!Lm+2

≤
1 +

(m+ γ)α

ξγη

(m+ 2)L

|F (m+1)(z)|
(m+ 1)!Lm+1

+

(m+ α)α

ξγη

(m+ 2)(m+ 1)L2

|F (m)(z)|
m!Lm

≤

≤ max

{
|F (m+1)(z)|

(m+ 1)!Lm+1
,
|F (m)(z)|
m!Lm

}
. (12)

Ç (10) i (12) ëåãêî âèïëèâà¹, ùî äëÿ âñiõ n ≥ 0

|F (n)(z)|
n!Ln

≤ max

{
|F ′(z)|
1!L

, |F (z)|
}
,

òîáòî ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäî-
âîëüíÿþòü óìîâó 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà

íåðiâíiñòü N(F, l;C \ Dξγη/α) ≤ 1 ç l(|z|) ≡ max

{
1 +

α

ξη
,
2α

ξηγ

}
.

Âèêîðèñòîâóþ÷è çàóâàæåííÿ ïiñëÿ ëåìè 1, îòðèìó¹ìî òàêó òåîðåìó.
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Òåîðåìà 1. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäîâîëüíÿ-
þòü óìîâó 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà íåðiâíiñòü
N(F, l) ≤ 1 ç

l(|z|) ≡ max

{
αeη

(2− eη)(1− ξ)γη
, 1 +

α

ξη
,
2α

ξηγ

}
. (13)

ßêùî âèáåðåìî ξ =
2(2− eη)

4− eη
, òî çà óìîâè η ∈ (0, ln 2) ìàòèìåìî ξ ∈

(
0,

2

3

)
i

αeη

(2− eη)(1− ξ)γη
=

2α

ξηγ
=

α(4− eη)

ηγ(2− eη)
,

i îòæå, ç (13) îòðèìà¹ìî

l(|z|) ≡ max

{
α(4− eη)

ηγ(2− eη)
, 1 +

α

η

4− eη

2(2− eη)

}
.

Ìîæåìî òàêîæ äîâiëüíî âèáèðàòè η ∈ (0, ln 2). Äëÿ η = ln (3/2) îòðèìó¹ìî
4− eη

η(2− eη)
=

5

ln (3/2)
<

25

2
. Òîìó ç òåîðåìè âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 1. ßêùî ïàðàìåòðè âèðîäæåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ çàäîâîëüíÿ-
þòü óìîâó 0 < γ ≤ α, òî ïðàâèëüíà íåðiâíiñòü N(F, l) ≤ 1 ç

l(|z|) ≡ max

{
1 +

25α

4
,
25α

2γ

}
.

Çàóâàæèìî òàêå: îñêiëüêè [3] äëÿ ôóíêöi¨ (3) i n ≥ 1 ïîõiäíà F (n) ìà¹ l-iíäåêñ
òàêèé, ÿê i ôóíêöiÿ

Fn(z) = 1 +
∞∑
k=1

k+n−1∏
j=n

j + α

j + γ

 zk

k!
,

à ¨¨ êîåôiöi¹íòè íå ïåðåâèùóþòü
1

k!

(
α

γ

)k

äëÿ âñiõ k ≥ 1, òî çãiäíî ç äîâåäåí-

íÿì òâåðäæåííÿ 1 äëÿ áóäü-ÿêèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà íåðiâíiñòü
N(F (n), l; Dξγη/α) ≤ 1, äå l(|z|) íàáóâà¹ âèãëÿäó (6).

Ç iíøîãî áîêó, äëÿ êîæíîãî ôiêñîâàíîãî n ≥ 1 i âñiõ m ≥ 0 ç òîòîæíîñòi (11)
îäåðæó¹ìî

zF (m+n+2)(z) + (m+ n+ γ − z)F (n+m+1)(z)− (m+ n+ α)F (n+j)(z) ≡ 0. (14)

Òîòîæíiñòü (14) âiäðiçíÿ¹òüñÿ âiä (11) òèì, ùî òåïåð çàìiñòü γ ñòî¨òü n+γ, à çàìiñòü
α ñòî¨òü n + α. Òîìó, ÿê âèùå, äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) îòðèìó¹ìî

íåðiâíiñòü N(F (n), l;C \ D(ξγη/α)) ≤ 1 ç l(|z|) ≡ max

{
1 +

n+ α

ξη
,
2(n+ α)

ξη(n+ γ)

}
.

Îòæå, ÿêùî 0 < γ ≤ α, òî äëÿ êîæíèõ η ∈ (0, ln 2) i ξ ∈ (0, 1) ïðàâèëüíà
íåðiâíiñòü N(F (n), l) ≤ 1 ç

l(|z|) ≡ max

{
αeη

(2− eη)(1− ξ)γη
, 1 +

n+ α

ξη
,
2(n+ α)

ξη(n+ γ)

}
.
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