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Let a be a slowly increasing function and ¢ be the characteristic function
of probability law F that is analytic in Dr = {z : |2|] < R},0 < R < 400,
M(r, ) = max{|p(2)| : |z| = r} and Wr(z) = 1 — F(z) + F(—z), z > 0.
Conditions on Wr and «, under which a(ln M (r,¢)) > (14+0(1))oa(1/(R—7))
as r T R, are investigated.

Key words: analytic function, characteristic function, probability law.

A non-decreasing, left-continuous function F' defined on (—o0, +00) is said [1, p. 10]
to be a probability law if lirf F(z)=1and lim F(x)=0. Given real z, the function

+oo
o(z) = [ e”**dF(x) is called [1, p. 12] the characteristic function of this law. If ¢ has
an analytic continuation on the disk D = {z : |2| < R}, 0 < R < 400, then we call ¢ an
analytic in Dy characteristic function of the law F. In the sequel, we always assume that
Dg is the maximal disk of analyticity of ¢. It is known [1, p. 37-38], that ¢ is an analytic
in Dp characteristic function of the law F' if and only if Wg(z) =1 — F(z) + F(—x) =

O(e™") as x — +oo for every r € [0, R). Hence it follows that lim 1In Wpl(z) = R.
Tr—400

If we put M(r,¢) = max{|p(z)| : |2| = r} and p(r,¢) = sup{Wg(z)e™ : = > 0}
for 0 < r < R, then [1, p. 54-55] pu(r,¢) < 2M(r, ). Therefore, the lower estimates
for In p(r, ) imply the corresponding estimates for In M (r, ¢). Further, we assume that
In pu(r, ) T +00 as r T R. Hence

lim Wg(z)ef™® = +o0. (1)

r— 400

By L,; we denote the class of positive, continuous functions «, defined on
(=00, +0), such that a(x) = a(zg) for = < zo, a(z) T +oo and a(cz) = (1 + o(1))a(x)
as zo < x T +oo for every ¢ € (0,400). In [2] the following statements are proved.
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—1
Proposition 1. Let a € Ly, 5 € Ly, %}tx(m)) < q < 1 for all x large enough and

a (W) =1+ o(1))a(z) as x = +o0, and ¢ be an analytic in D, 0 < R < 400,
characteristic function of probability law F, for which 8 (m(wp(xi)e’?%)) < a(zy) for

some sequence of positive numbers (xy) increasing to +oo such that B~ (a(z41)) =
= O0(B Y a(zr))) as k — co. Then

a(lnp(r,p)) = (1+0(1)8(1/(R=7)), rTR. (2)
Proposition 2. Let o € Lg;, B € Ly, mo:i%ll(f(z)) < q < 1 for all x large enough
w = ﬁ 10 and =Y (B(f(2))) = O(a"t(B(x))) as © — +oo, and ¢ be an

analytic in Dr, 0 < R < 400, characteristic function of probability law F, for which
o (In (We(zg)e)) > B(xx) for some sequence of positive numbers (xy,), increasing to
+00, such that km (f(xg+1)/f(zr)) < 2. Then asymptotic inequality (2) holds.

hde el

The condition on « and 8 in Proposition 1 assume that the function « increases
slower than the function 8. In Proposition 2, « increases quicker than 3.

Here we consider the case when 8(z) = pa(z) for all > xg, where 0 < o < +00,
that is the functions 8 and o have the same growth. We use a result from [2].

Let Q(R) be a class of positive, unbounded functions ®, defined on (0, R), such that
the derivative ®’ is positive continuously differentiable and increasing to +o00 on (0, R).
For ® € Q(R) we denote by ¢ the function inverse to @', and let U(r) =r — g,((:)) be the
function associated with @ in the sense of Newton.

Lemma 1. Let ® € Q(R), 0 < R < 400, and ¢ be an analytic in Dr characteristic
function of a probability law F for which (1) holds and

InWg(xg) 2 —21P(od(zr)) (3)

for some sequence of positive numbers (xy,) increasing to +00 such that ¢p(xp+1)— (k) <
h(zk+1), where h is a positive continuous and non-increasing function on [xg, +00) and
R > ¢(z) — h(xz) - R as x — +o00. Then

Wa(r. f) > B — h(@ (), ro<r<R @
Using this lemma we prove the following theorem.

Theorem 1. Let a € Lg; be a continuously differentiable function and ¢ be an analytic
in Dy characteristic function of a probability law F. Suppose that one of the following
conditions is fulfilled:

dina~'(z)

1)o>1, mgrfoo Tha~T(on) = q(o) <1, « (—a‘z‘;)) = (1+o0(1))a(z) as © — +oo and
Tk a(zy)
<
@ (ln(Wp(xk)eR“’k)> 0

for some sequence of positive numbers (x1,) increasing to +0o such that o= (a(xp11)/0) =
= O(a™Ha(zr)/0)) as k — oo;

()
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77— dlna"!(ox da Y (oa(x _
2)0<o<1, Tm GEE =alo) <1, =2 = 1510, a7 (ea(f(2)) =
= O(a"Y(oa())) as © — +oo and
o (ln (Wp(xk)eRm’“)) > oa(xy) (6)
for some sequence of positive numbers (xr) increasing to +0o such that km f;f;:)l < 2.
bde el
Then
1

o(In u(r, ) > (1+ o(1) pa ( - ) rTR )

Proof. At first let ¢ > 1. Then (5) implies the inequality InWg(zr) > —Rzy +
T . T dlna~'(z dlna ' (a(z
R Y Since mginoo Wl((@x)) = g¢q(p) < 1, we have # <
< (1+0(1))g(p) and @7 | o0 as xg < & — foo. Therefore, using 'Hospital’s
rule we obtain
xr
T dt
— > (1+o(1)(1—qlo /7 T — +00,
aT(a@/g -t W) [ o
o
and, thus,
InWp(ax) > —Rap + (1 q)[ dt (8)
k) 2 —1ixg - —
) V] aNa(b)/e)
o
for every q1 € (q(0),1) and all k large enough. We put

T 1_
O(r) :/a_l (,Qa <Rq;>> dr, q <qgs<1.
)

Then &(r) = a~! (ga G%_q;)), o(z) =R — #(f)/g) and

2 (o(z)) = /gb(t)dt + const = Rz — (1 — ¢2) / al(;hét)/g) + const,

Zo

i. e. in view of (8) and of the inequality ¢; < g2 we obtain (3)

Since a Y (a(zrs1)/0) < Ka Y (a(zy)/0), K > 1, for all k > ko, we have
1 1

K-1
< .
a ta(rr)/o) o Hal(zpr1)/o) — a Ha(zky1)/o0)
Therefore, putting h(z) = LU —0w)

o T(a(@)/o) » Ve obtain ¢(x) — h(z) = R —  K(l—g2)
x — 400, h(®'(r)) = (K — 1)(R —r) and ¢(zpq1) — ¢(xr) < h(zpry) for k > ko.

Tt/ s
Finally, for every n > 0 and all r € [ro(n), R) from (9) it follows that

o Rl ) T e e
r—n(R—r)

1+n)(R—7)
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( T+n)(R l—_r?ih@'(r)»)) N

e
oo (i)

whence in view of the condition a(z/a(x) +o(1))a(z) as  — +oo we have

a(lnp(r,p)) > o (nK<R ~ ot (ga <(1+771);(E’R_)))> _

A (ga<(11+_”:)f )

(I+nEK(R—-r)

_ - _ 1 :
— (1t oen (s ) =k oea (71 ) r iR
thus we obtain (7).
Now let 0 < o < 1. If we put 2¥(¢(z)) = Rz — a~!(pa(z)) then (6) implies (3),

o(x) = (x¥(p(x))) = R—1/f(x), ®(r) = f~'(1/(R —r)) and since %W <
q(0)(1+0o(1)) as ¥ — +00 we have

Therefore, by Lemma 1

Inpu(r,p) 2n(R—7r+ h(®

FHL/(R=r))

/ ey ()

=11/ (R=r0))
=—(R=r)f'(1/(R=7))+a” ( ( (1/( —7)))) + const =

— aoal f- /(R 1)) cons
s el N Gy | oo >
> (1—q)a" (ea(f~ ( / —))))
for every ¢ € (q(p),1) and all r € [ro(q), R). But the condition o~ !(oa(f(z))) =
O(a~Y(oa(x))) as ¥ — +oo implies that a1 (pa(1/(R —7))) < Ka Y (oa(f~1(1/(R
7)))), K = const > 0. Therefore, ®(r) > Kia (oa(1/(R —1))), K1 = const > 0, and if
we put h(z) = a(R — ¢(x)),0 < a < 1, then

®(r— h(®'(r) = Kia™! <Qa ((1+¢1)1(R1")>> . (10)

It is clear that, in view of the relation ¢(x) = R—1/f(x), the condition ¢(xg+1)—P(xx) <
h(zk41) is equivalent to the condition f(zr41) < (14 a)f(xk) and the last one follows

from the condition kﬁ % < 2. Therefore, by Lemma 1 we see that (4) and (10)
—00

implies (7). The proof of Theorem 1 is complete.

Since In M (r, ) = In p(r, p) —In2, choosing a(x) = Inx from Theorem 1 we obtain
the following assertion.
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Corollary 1. Let ¢ be an analytic in D characteristic function of a probability law F'.
Suppose that one of the following conditions is fulfilled:

1) o>1andIn (Wp(a:k)eRIk) > a:,(f*l)/g for some sequence of positive numbers
(zk) increasing to +00 such that 11 = O(xy) as k — oo;

2)0 < o<1 andIn(Wg(zi)ef™™ ) > a¢ for some sequence of positive numbers (zy,)
— -0
increasing to +00 such that lim (z;—:l) < 2.

Then Inln M(r,0)) > (1 + o(1))eIn(1/(R —r)) as r 1 .
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Hexait @ — noBinbaO 3pocTanova dbyHKIia, a ¢ — anagitnaaa B Dr = {z :
|z| < R}, 0 < R < 400, xapakrepucrudHa (GyHKIig AMOBIPHICHOTO 3aKOHY
F, M(r,p) = max{|p(2)| : |2| =r <R} i Wp(z) = 1— F(z) + F(—=x), z >
0. Hdocaimxkeno ymoBu Ha dbyuknii Wr i «, 3a SKuX IpaBUIbHA HEPIBHICTH
a(ln M(r,¢)) > (1+o(1)ea(L/(R—1)), r 1 R.

Karowoei caosa: amamituyaaa GYHKIS, XapaKTepUCTUIHA (DyHKIIsA, HMO-
BIpHICHUI 3aKOH.



