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Äëÿ öiëèõ i àíàëiòè÷íèõ â îäèíè÷íîìó êðóçi ôóíêöié ó òåðìiíàõ óçà-
ãàëüíåíèõ ïîðÿäêiâ äîñëiäæåíî çðîñòàííÿ àäàìàðîâèõ êîìïîçèöié ¨õíiõ
ïîõiäíèõ Ãåëüôîíäà-Ëåîíòüåâà. Âèâ÷åíî ïîâîäæåííÿ ìàêñèìàëüíèõ ÷ëå-
íiâ òàêèõ êîìïîçèöié.

Êëþ÷îâi ñëîâà: àíàëiòè÷íà ôóíêöiÿ, ïîõiäíà Ãåëüôîíäà-Ëåîíòü¹âà,
êîìïîçèöiÿ Àäàìàðà, ìàêñèìàëüíèé ÷ëåí.

Äëÿ ñòåïåíåâîãî ðÿäó

f(z) =

∞∑
k=0

fkz
k (1)

ç ðàäióñîì çáiæíîñòi R[f ] = R ∈ [0,∞] i ñòåïåíåâîãî ðÿäó l(z) =
∑∞

k=0 lkz
k ç R[l] =

R ∈ [0,∞] i lk > 0 äëÿ âñiõ k ≥ 0 ñòåïåíåâèé ðÿä

D
(n)
l f(z) =

∞∑
k=0

lk
lk+n

fk+nz
k (2)

íàçèâà¹òüñÿ [1] ïîõiäíîþ Ãåëüôîíäà-Ëåîíòü¹âà n-ãî ïîðÿäêó. ßêùî l(z) = ez, òî

D
(n)
l f(z) = f (n)(z) ¹ çâè÷àéíîþ ïîõiäíîþ n-ãî ïîðÿäêó.

Còåïåíåâèé ðÿä

(f ∗ g)(z) =
∞∑
k=0

fkgkz
k (3)

íàçèâà¹òüñÿ àäàìàðîâîþ êîìïîçèöi¹þ ðÿäó (1) i ðÿäó
∞∑
k=0

gkz
k = g(z). Âiäîìî [2],

ùî R[f ∗ g] ≥ R[f ]R[g] i îáåðíåíà íåðiâíiñòü ìîæå íå âèêîíóâàòèñü. Âëàñòèâîñòi
àäàìàðîâèõ êîìïîçèöié âèêîðèñòîâóþòü äëÿ äîñëiäæåííÿ àíàëiòè÷íèõ ïðîäîâæåíü
ôóíêöié (äèâ., íàïðèêëàä, [3], [4], ñ.31�57).

c⃝ Î. Ìóëÿâà, Ñ. Ôåäèíÿê, 2015
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Çðîçóìiëî, ùî íå çàâæäè ðàäióñ çáiæíîñòi ïîõiäíî¨ Ãåëüôîíäà-Ëåîíòü¹âà ðÿäó
(1) çáiãà¹òüñÿ ç ðàäióñîì çáiæíîñòi öüîãî ðÿäó. Àëå ïðàâèëüíà òàêà ëåìà [5].

Ëåìà 1. Äëÿ òîãî, ùîá äëÿ êîæíîãî ðÿäó (1) ðiâíîñòi R[f ] = +∞ i R[D
(n)
l f ] = +∞

áóëè ðiâíîñèëüíèìè, íåîáõiäíî i äîñòàòíüî, ùîá

0 < q = lim
k→∞

k
√

lk/lk+1 ≤ lim
k→∞

k
√

lk/lk+1 = Q < +∞, (4)

à äëÿ åêâiâàëåíòíîñòi ðiâíîñòåé R[f ] = 1 i R[D
(n)
l f ] = 1 íåîáõiäíîþ i äîñòàòíüîþ

¹ óìîâà

lim
k→∞

k
√
lk/lk+1 = 1. (5)

Ùîäî îäíî÷àñíî¨ àíàëiòè÷íîñòi ïîõiäíî¨ Ãåëüôîíäà-Ëåîíòü¹âà àäàìàðîâî¨ êîì-
ïîçèöi¨

D
(n)
l (f ∗ g)(z) =

∞∑
k=0

lk
lk+n

fk+ngk+nz
k (6)

ôóíêöié f i g òà àäàìàðîâî¨ êîìïîçèöi¨

(D
(n)
l f ∗D(n)

l g)(z) =

∞∑
k=0

(
lk

lk+n

)2

fk+ngk+nz
k (7)

¨õíi ïîõiäíi Ãåëüôîíäà-Ëåîíòü¹âà â [5] äîâåäåíî ÿê ëåìó.

Ëåìà 2. Çà óìîâè (4) ðiâíîñèëüíèìè ¹ ðiâíîñòi R[D
(n)
l f ∗D(n)

l g] = +∞ i R[D
(n)
l (f ∗

g)] = +∞, à çà óìîâè (5) òàêèìè ¹ ðiâíîñòi R[D
(n)
l f ∗D(n)

l g] = 1 i R[D
(n)
l (f ∗g)] = 1.

ßêùî R[f ] > 0, òî äëÿ 0 ≤ r < R[f ] íåõàé M(r, f) = max{|f(z)| : |z| = r},
µ(r, f) = max{|fk|rk : k ≥ 0} � ìàêñèìàëüíèé ÷ëåí ðÿäó (1), à ν(r, f) = max{n :
|fk|rk = µ(r, f)} � éîãî öåíòðàëüíèé iíäåêñ.

Íàéâæèâàíiøèìè õàðàêòåðèñòèêàìè çðîñòàííÿ öiëî¨ ôóíêöi¨ f ¹ ¨¨ ïîðÿäîê ϱ[f ]
i íèæíié ïîðÿäîê λ[f ], îçíà÷åíi ôîðìóëàìè

λ[f ] = lim
r→+∞

ln ln M(r, f)

ln r
, ϱ[f ] = lim

r→+∞

ln ln M(r, f)

ln r
.

Äëÿ ôóíêöié, àíàëiòè÷íèõ â êðóçi D = {z : |z| < 1}, íèæíié ïîðÿäîê λ∗[f ] i ïîðÿäîê
ϱ∗[f ] ââîäÿòü çà ôîðìóëàìè

λ∗[f ] = lim
r↑1

ln+ ln M(r, f)

− ln (1− r)
, ϱ∗[f ] = lim

r↑1

ln+ ln M(r, f)

− ln (1− r)
.

Îñíîâíèìè â [5] ¹ òàêi òåîðåìè.

Òåîðåìà A. Íåõàé f i g � öiëi ôóíêöi¨. ßêùî âèêîíó¹òüñÿ óìîâà (4) ç q > 1, òî

lim
r→+∞

1

ln r
ln ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= λ[f ∗ g],
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i

lim
r→+∞

1

ln r
ln ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= ϱ[f ∗ g],

ÿêùî

0 < lim
k→∞

lk
(k + 1)lk+1

≤ lim
k→∞

lk
(k + 1)lk+1

< +∞, (8)

òî

lim
r→+∞

1

ln r
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= nλ[f ∗ g],

i

lim
r→+∞

1

ln r
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

= nϱ[f ∗ g].

Óìîâà (4) ç q > 1 â òåîðåìi À ¹ iñòîòíîþ [5].

Òåîðåìà B. Íåõàé f i g � àíàëiòè÷íi â D ôóíêöi¨ i R[f ∗ g] = 1. Òîäi çà óìîâè (9)

nλ∗[f ∗ g] ≤ lim
r↑1

1

− ln (1− r)
ln+

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ n(λ∗[f ∗ g] + 1)

i

nϱ∗[f ∗ g] ≤ lim
r↑1

1

− ln (1− r)
ln+

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ n(ϱ∗[f ∗ g] + 1).

Ó [5] â òåðìiíàõ ïîðÿäêó òà íèæíüîãî ïîðÿäêó òàêîæ äîñëiäæåíî ïîâîäæåííÿ

âiäíîøåíü
µ(r,D

(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

i
µ(r,D

(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)
ç n > m.

Òóò ìè ïåðåíåñåìî ðåçóëüòàòè ç [5] íà âèïàäîê óçàãàëüíåíèõ ïîðÿäêiâ, ÿêi ââiâ
Ì.Ì. Øåðåìåòà.

×åðåç L ïîçíà÷èìî êëàñ äîäàòíèõ íåïåðåðâíèõ íà (−∞,+∞) ôóíêöié α òàêèõ,
ùî α(x) = α(x0) äëÿ −∞ < x ≤ x0 i α(x) ↑ +∞ ïðè x0 ≤ x → +∞. Áóäåìî ãîâîðèòè,
ùî α ∈ L0, ÿêùî α ∈ L i α((1 + o(1))x) = (1 + o(1))α(x) ïðè x → +∞. Çðåøòîþ,
α ∈ Lïç, ÿêùî α ∈ L i α(cx) = (1 + o(1))α(x) ïðè x → +∞ äëÿ êîæíîãî c ∈ (0,+∞),
òîáòî α � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ. Çðîçóìiëî, ùî Lïç ⊂ L0.

Äëÿ α ∈ L i β ∈ L óçàãàëüíåíèìè ïîðÿäêîì ϱαβ [f ] i íèæíiì ïîðÿäêîì λαβ [f ]
öiëî¨ ôóíêöi¨ f íàçèâàþòüñÿ [6] âåëè÷èíè

ϱαβ [f ] = lim
r→+∞

α(ln M(r, f))

β(ln r)
, λαβ [f ] = lim

r→+∞

α(ln M(r, f))

β(ln r)
.

Äëÿ ôóíêöié, àíàëiòè÷íèõ â êðóçi D, óçàãàëüíåíi íèæíié ïîðÿäîê λ∗
αβ [f ] i ïîðÿäîê

ϱ∗αβ [f ] ââîäÿòüñÿ [7] çà ôîðìóëàìè

λ∗
αβ [f ] = lim

r↑1

α(ln M(r, f))

β(1/(1− r))
, ϱ∗αβ [f ] = lim

r↑1

α(ln M(r, f))

β(1/(1− r))
.
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ßêùî â îçíà÷åííÿõ óçàãàëüíåíèõ ïîðÿäêiâ ôóíêöi¨ (1) çàìiñòü ln M(r, f) ïîñòàâè-
ìî ln µ(r, f) àáî ν(r, f), òî îòðèìà¹ìî âåëè÷èíè, ÿêi ïîçíà÷èìî, âiäïîâiäíî, ÷åðåç
ϱαβ [ln µ], λαβ [ln µ], ϱαβ [ν], λαβ [ν] i ϱ

∗
αβ [ln µ], λ∗

αβ [ln µ], ϱ∗αβ [ν], λ
∗
αβ [ν].

Ëåìà 3. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞)

α(xα−1(cβ(x))) = (1 + o(1))cβ(x), x → +∞. (9)

Òîäi, ÿêùî f � öiëà ôóíêöiÿ, òî ϱαβ [f ] = ϱαβ [ln µ] = ϱαβ [ν] = ϱαβ [f
′] i λαβ [f ] =

λαβ [ln µ] = λαβ [ν] = λαβ [f
′].

ßêùî æ f � àíàëiòè÷íà â D ôóíêöiÿ, lim
k→∞

|fk| = +∞ i α(x) = o(β(x)) ïðè

x → +∞, òî ϱ∗αβ [f ] = ϱ∗αβ [ln µ] = ϱ∗αβ [ν] = ϱ∗αβ [f
′] i λ∗

αβ [f ] = λ∗
αβ [ln µ] = λ∗

αβ [ν] =

λ∗
αβ [f

′].

Äîâåäåííÿ. Ç íåðiâíîñòi Êîøi µ(r, f) ≤ M(r, f) îòðèìó¹ìî ϱαβ [ln µ] ≤ ϱαβ [f ],
λαβ [ln µ] ≤ λαβ [f ], ϱ

∗
αβ [ln µ] ≤ ϱ∗αβ [f ] i λ

∗
αβ [ln µ] ≤ λ∗

αβ [f ]. Ç iíøîãî áîêó, íåõàé

0 < γ(r) < R[f ]− r. Òîäi

M(r, f) ≤
∞∑
k=0

|fk|(r + γ(r))k
(

r

r + γ(r)

)k

≤ µ(r + γ(r), f)
r + γ(r)

γ(r)
.

ßêùî R[f ] = +∞, òî âèáåðåìî γ(r) = εr, äå 0 < ε < 1. Òîäi ln M(r, f) ≤
≤ ln µ((1 + ε)r, f) + ln ((1 + ε)/ε) = (1 + o(1)) ln µ((1 + ε)r, f) ïðè r → +∞ i, ÿêùî
α ∈ L0 i β ∈ L0, òî ëåãêî îòðèìó¹ìî íåðiâíîñòi ϱαβ [ln µ] ≥ ϱαβ [f ] i λαβ [ln µ] ≥ λαβ [f ].

ßêùî æ R[f ] = 1, òî âèáåðåìî γ(r) = ε(1 − r), äå 0 < ε < 1. Òîäi ln M(r, f) ≤
ln µ(r + ε(1− r), f) + ln (1/(ε(1− r)), i îòæå,

α(ln M(r, f)) ≤ α(2max{ln µ(r + ε(1− r), f), ln (1/(ε(1− r)))}) =
= (1 + o(1))α(max{ln µ(r + ε(1− r), f), ln (1/(ε(1− r)))}) ≤
≤ (1 + o(1))(α(ln µ(r + ε(1− r), f)) + α(ln (1/(ε(1− r))))), r ↑ 1.

Îñêiëüêè α ∈ L0 i α(x) = o(β(x)) ïðè x → +∞, òî îòðèìó¹ìî

α(ln M(r, f))

β(1/(1− r))
≤ α(ln µ(r + ε(1− r), f))

β(1/(1− r − ε(1− r)))

β(1/(1− r − ε(1− r)))

β(1/(1− r))
,

òîáòî

ϱ∗αβ [f ] ≤ ϱ∗αβ [ln µ]A(ε) i λ∗
αβ [f ] ≤ λ∗

αβ [ln µ]A(ε),

äå A(ε) = lim
x→+∞

β(x/(1− ε))

β(x)
.

Â [8] äîâåäåíî òàêó âëàñòèâiñòü êëàñó L0: ÿêùî β ∈ L0 i ε ∈ (0, 1), òî

lim
x→+∞

β((1 + ε)x)

β(x)
→ 1 ïðè ε → 0. Òîìó A(ε) → 1 ïðè ε → 0, i îòæå, ç îãëÿäó

íà äîâiëüíiñòü ε ïðàâèëüíi íåðiâíîñòi ϱ∗αβ [f ] ≤ ϱ∗αβ [ln µ] i λ∗
αβ [f ] ≤ λ∗

αβ [ln µ]. Ðiâ-

íîñòi ϱαβ [ln µ] = ϱαβ [f ], λαβ [ln µ] = λαβ [f ], ϱ
∗
αβ [f ] = ϱ∗αβ [ln µ] i λ∗

αβ [f ] = λ∗
αβ [ln µ]

äîâåäåíî.
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Äîáðå âiäîìî [9, c. 13], ùî çà óìîâè çðîñòàííÿ ôóíêöi¨ ln µ(r, f) äëÿ 0 ≤ r0 <
r < R[f ]

ln µ(r, f)− ln µ(r0, f) =

∫ r

r0

ν(t, f)d ln t.

Òîìó

ln µ(r, f)− ln µ(r0, f) ≤ ν(r, f) ln (r/r0)

i äëÿ 0 < γ(r) < r − r0

ln µ(r, f)− ln µ(r0, f) ≥
∫ r

r−γ(r)

ν(t, f)d ln t ≥ ν(r − γ(r), f) ln
r

r − γ(r)
.

ßêùî R[f ] = +∞, òî âèáåðåìî r0 = 1 i γ(r) = εr, äå 0 < ε < 1. Òîäi

ln µ(r, f)− ln µ(r0, f) ≥ ν((1− ε)r, f) ln (1/(1− ε)),

çâiäêè ç îãëÿäó íà óìîâè α ∈ Lïç, β ∈ L0 i íàâåäåíó âèùå âëàñòèâiñòü ôóíêöié ç êëà-
ñó L0, ÿê ó äîâåäåííi íåðiâíîñòåé ϱ∗αβ [f ] ≤ ϱ∗αβ [ln µ] i λ∗

αβ [f ] ≤ λ∗
αβ [ln µ], îòðèìó¹ìî

íåðiâíîñòi ϱαβ [ν] ≤ ϱαβ [ln µ] i λαβ [ν] ≤ λαβ [ln µ]. Ç iíøîãî áîêó,

ln µ(r, f) ≤ ln µ(r0, f) + ν(r, f)(ln r − ln r0) = (1 + o(1))ν(r, f) ln r ïðè r → +∞,

i, ÿêùî ν(rk, f) ≤ α−1(cβ(ln rk)), òî ç îãëÿäó íà óìîâó (9)

α(ln µ(rk, f)) ≤ (1 + o(1))α(ln rkα
−1(cβ(ln rk))) = (1 + o(1))cβ(ln rk)

ïðè k → ∞. Çâiäñè îòðèìó¹ìî íåðiâíîñòi ϱαβ [ln µ] ≤ ϱαβ [ν] i λαβ [ln µ] ≤ λαβ [ν].
ßêùî R[f ] = 1, òî âèáåðåìî r0 = 1/2 i γ(r) = ε(1− r), äå 0 < ε < 1. Òîäi

ln µ(r, f) ≤ ln µ(1/2, f) + ν(r, f) ln 2,

çâiäêè âèïëèâàþòü íåðiâíîñòi ϱ∗αβ [ln µ] ≤ ϱ∗αβ [ν] i λ
∗
αβ [ln µ] ≤ λ∗

αβ [ν]. Ç iíøîãî áîêó,

îñêiëüêè ç óìîâè lim
k→∞

|fk| = +∞ âèïëèâà¹ çðîñòàííÿ ôóíêöi¨ ln µ(r, f) äî +∞, òî

ln µ(r, f) ≥ lnµ(r0, f) + ν(r − ε(1− r), f) ln
r

r − ε(1− r)
=

= (1 + o(1))ε(1− r)ν(r − ε(1− r), f),

òîáòî

ν(r − ε(1− r), f) ≤ (1 + o(1))
ln µ(r, f)

ε(1− r)
, r ↑ 1.

Òîìó, ÿêùî ln µ(rk, f) ≤ α−1(cβ(1/(1− rk))), òî ç îãëÿäó íà óìîâè (9) i α ∈ Lïç

α(ν(rk − ε(1− rk), f)) ≤ α

(
(1 + o(1))

1

ε(1− rk)
α−1

(
cβ

(
1

1− rk

)))
=

= (1 + o(1))cβ

(
1

1− rk

)
ïðè k → ∞. Çâiäñè âèïëèâà¹, ùî

α(ν(rk − ε(1− rk), f))

β(1/(1− (rk − ε(1− rk)))
≤ (1 + o(1))c

β(1/(1− rk))

β(1/(1 + ε)(1− rk))
, k → ∞,
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çâiäêè ç îãëÿäó íà âëàñòèâiñòü ôóíêöié ç êëàñó L0 i äîâiëüíiñòü ε îòðèìó¹ìî íåðiâ-
íîñòi ϱ∗αβ [ν] ≤ ϱ∗αβ [ln µ] i λ∗

αβ [ν] ≤ λ∗
αβ [ln µ]. Ðiâíîñòi ϱαβ [ln µ] = ϱαβ [ν], λαβ [ln µ] =

λαβ [ν], ϱ
∗
αβ [ν] = ϱ∗αβ [ln µ] i λ∗

αβ [ν] = λ∗
αβ [ln µ] äîâåäåíî.

Äëÿ 0 < γ(r) < R[f ]− r ç iíòåãðàëüíî¨ ôîðìóëè Êîøi

f ′(z) =
1

2πi

∫
|τ−z|=γ(|z|

f(τ)dτ

(τ − z)2

îòðèìó¹ìî íåðiâíiñòü M(r, f ′) ≤ M(r + γ(r), f)/γ(r), à ç îãëÿäó íà ôîðìó-

ëó Ëåéáíiöà-Íüþòîíà f(z) =
z∫
0

f ′(τ)dτ + f(0) ïðàâèëüíà íåðiâíiñòü M(r, f) ≤

M(r, f ′) + |f(0)|. ßêùî R[f ] = +∞, òî âèáåðåìî γ(r) = 1 i ç îñòàííiõ äâîõ íåðiâ-
íîñòåé îäåðæèìî ðiâíîñòi ϱαβ [f

′] = ϱαβ [f ] i λαβ [f
′] = λαβ [f ]. ßêùî R[f ] = 1, òî

âèáåðåìî γ(r) = ε(1− r), 0 < ε < 1. Òîäi, ÿê âèùå,

α(ln M(r, f ′)) ≤ α(ln M(r + ε(1− r), f) + ln (1/(ε(1− r))) ≤
≤ (1 + o(1))(α(ln M(r + ε(1− r), f) + α(ln (1/(1− r))), r ↑ 1.

Îñêiëüêè α(ln x) = o(β(x)) ïðè x → +∞, òî âèêîðèñòîâóþ÷è âëàñòèâiñòü ôóí-
êöié ç êëàñó L0 i äîâiëüíiñòü ε, îòðèìó¹ìî íåðiâíîñòi ϱ∗αβ [f

′] ≤ ϱ∗αβ [f ] i λ
∗
αβ [f

′] ≤
λ∗
αβ [f ]. Ïðîòèëåæíi íåðiâíîñòi âèïëèâàþòü ç íåðiâíîñòi M(r, f) ≤ M(r, f ′) + |f(0)|.
Ëåìó 3 äîâåäåíî. �

Ïåðåéäåìî äî çðîñòàííÿ ïîõiäíèõ Ãåëüôîíäà-Ëåîíòü¹âà.

Ëåìà 4. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞) i âèêîíó¹òüñÿ óìîâà
(9). Òîäi, ÿêùî f i g � öiëi ôóíêöi¨, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (4), òî

λαβ [D
(n)
l f ∗D(n)

l g] = λαβ [D
(n)
l (f ∗g)] = λ[f ∗g] i ϱαβ [D(n)

l f ∗D(n)
l g] = ϱαβ [D

(n)
l (f ∗g)] =

ϱ[f ∗ g] äëÿ êîæíîãî n ∈ N.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî λαβ [D
(n)
l f ] = λαβ [f ] i ϱαβ [D

(n)
l f ] = ϱαβ [f ]. Äîñ-

òàòíüî ðîçãëÿíóòè âèïàäîê n = 1. Ç óìîâè (4) âèïëèâà¹ iñíóâàííÿ òàêèõ ÷èñåë
0 < q1 ≤ q2 < +∞, ùî qk1 ≤ lk/lk+1 ≤ qk2 äëÿ âñiõ k ≥ 0. Òîìó, ÿê äîâåäåíî â [5],
ïðàâèëüíi àñèìïòîòè÷íi íåðiâíîñòi

(1 + o(1)) ln µ(q1r, f) ≤ ln µ(r,D
(1)
l f) ≤ (1 + o(1)) ln µ(q2r, f), r → +∞,

òîáòî çà óìîâ α ∈ L0, β ∈ L0 îòðèìó¹ìî ðiâíîñòi ϱαβ [ln µ(·, D(1)
l f ] = ϱαβ [ln µ(·, f ]

i λαβ [ln µ(·, D(1)
l f ] = λαβ [ln µ(·, Dl(1)f ], çâiäêè ç îãëÿäó íà ëåìó 3 âèïëèâàþòü ïî-

òðiáíi ðiâíîñòi. Îòæå, λαβ [D
(n)
l (f ∗ g)] = λ[f ∗ g] i ϱαβ [D

(n)
l (f ∗ g)] = ϱ[f ∗ g]. Ùîá

äîâåñòè ðiâíîñòi λ[D
(n)
l f ∗D(n)

l g)] = λ[D
(n)
l (f ∗ g)] i ϱ[D(n)

l f ∗D(n)
l g)] = ϱ[D

(n)
l (f ∗ g)],

òðåáà çàóâàæèòè, ùî [5], qn1 µ(r,D
(n)
l (f ∗g)) ≤ µ(r,D

(n)
l f ∗D(n)

l g) ≤ qn2 µ(r,D
(n)
l (f ∗g)),

i âèêîðèñòàòè íàâåäåíó âèùå àðãóìåíòàöiþ. Ëåìó 4 äîâåäåíî.
�

Ëåìà 5. Íåõàé α ∈ Lïç, β ∈ L0, äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà (9) i

α(x) = o(β(x)) ïðè x → +∞. Òîäi, ÿêùî f i g � àíàëiòè÷íi D ôóíêöi¨, lim
k→∞

|fk||gk| =
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+∞ à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8), òî λ
∗
αβ [D

(n)
l f ∗D(n)

l g] = λ∗
αβ [D

(n)
l (f ∗

g)] = λ[f ∗ g] i ϱ∗αβ [D
(n)
l f ∗D(n)

l g] = ϱ∗αβ [D
(n)
l (f ∗ g)] = ϱ[f ∗ g] äëÿ êîæíîãî n ∈ N.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî òàêå: ÿêùî lim
k→∞

|fk| = +∞, òî λ∗
αβ [D

(n)
l f ] = λ∗

αβ [f ] i

ϱ∗αβ [D
(n)
l f ] = ϱ∗αβ [f ]. Äîñòàòíüî ðîçãëÿíóòè âèïàäîê n = 1. Ç (8) âèïëèâà¹ iñíóâàííÿ

òàêèõ ÷èñåë 0 < h1 ≤ h2 < +∞, ùî h1(k + 1) ≤ lk/lk+1 ≤ h2(k + 1) äëÿ âñiõ

k ≥ 0. Òîìó µ(r,D
(1)
l f) ≤ h2 max{(k + 1)|fk+1|rk : k ≥ 0} = h2µ(r, f

′) i, àíàëîãi÷íî,

µ(r,D
(1)
l f) ≥ h1µ(r, f

′), çâiäêè âèïëèâà¹, ùî λ∗
αβ [ln µ(·, D(1)

l f)] = λ∗
αβ [ln µ(·, f ′)] i

ϱ∗αβ [ln µ(·, D(1)
l f)] = ϱ∗αβ [ln µ(·, f ′)]. Òîìó çà ëåìîþ 3 λ∗

αβ [D
(1)
l f)] = λ∗

αβ [f
′] = λ∗

αβ [f ] i

ϱ∗αβ [D
(1)
l f)] = ϱ∗αβ [f

′] = ϱ∗αβ [f ]. Îòæå, λ
∗
αβ [D

(n)
l (f ∗ g)] = λ∗

αβ [f ∗ g] i ϱ∗αβ [D
(n)
l (f ∗ g)] =

ϱ∗αβ [f ∗ g].
Ùîá äîâåñòè, ùî λ∗

αβ [D
(n)
l f ∗D(n)

l g)] = λ∗
αβ [D

(n)
l (f ∗ g)] i ϱ∗αβ [D

(n)
l f ∗D(n)

l g)] =

ϱ∗αβ [D
(n)
l (f ∗ g)], òðåáà çàóâàæèòè, ùî çà óìîâè (8) ïðàâèëüíi [5] íåðiâíîñòi

hn
1µ(r, F

(n)) ≤ µ(r,D
(n)
l f ∗D(n)

l g) ≤ hn
2µ(r, F

(n)), äå

F (z) =
∞∑
k=0

lk
lk+n

fk+ngk+nz
k+n = znD

(n)
l (f ∗ g)(z).

Çâiäñè i ëåìè 3 âèïëèâà¹, ùî λ∗
αβ [D

(n)
l f ∗D(n)

l g)] = λ∗
αβ [F

(n)] = λ∗
αβ [F ] = λ∗

αβ [D
(n)
l (f ∗

g)] i ϱ∗αβ [D
(n)
l f ∗D(n)

l g)] = ϱ∗αβ [F
(n)] = ϱ∗αβ [F ] = ϱ∗αβ [D

(n)
l (f ∗g)]. Ëåìó 5 äîâåäåíî. �

Âèêîðèñòîâóþ÷è ëåìè 3 � 5, äîâåäåìî òåïåð òåîðåìè, ÿêi óçàãàëüíþþòü àáî
äîïîâíþþòü òåîðåìè À i Á. Ïî÷íåìî ç âèïàäêó, êîëè ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹
óìîâó (4).

Òåîðåìà 1. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà
(9). Òîäi, ÿêùî f i g � öiëi ôóíêöi¨, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (4) ç
q > 1, òî äëÿ n < m

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

)
= λαβ [f ∗ g] (10)

i
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lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
=

= lim
r→+∞

1

β(ln r)
α

(
ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

)
= ϱαβ [f ∗ g]. (11)

Äîâåäåííÿ. Áóäåìî âèêîðèñòîâóâàòè äîâåäåíi â [5] òàêi íåðiâíîñòi:

l
ν(r,D

(n)
l (f∗))

l
ν(r,D

(n)
l (f∗g))+n

≤
µ(r,D

(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤
l
ν(r,D

(n)
l f∗D(n)

l g)

l
ν(r,D

(n)
l f∗D(n)

l g)+n

(12)

i

l
ν(r,D

(n)
l (f∗g))+n−m

l
ν(r,D

(n)
l (f∗g))

≤
rm−nµ(r,D

(m)
l (f ∗ g))

µ(r,D
(n)
l (f ∗ g))

≤
l
ν(r,D

(m)
l (f∗g))

l
ν(r,D

(m)
l (f∗g))+m−n

. (13)

Äîâåäåìî ñïî÷àòêó îñòàííi ðiâíîñòi â (12) i (13). Ç (4) ç q > 1 ââèïëèâà¹ iñíó-
âàííÿ òàêèõ ÷èñåë 1 < q1 ≤ q2 < +∞, ùî qkn1 ≤ lk/lk+n ≤ qkn2 äëÿ âñiõ k ≥ k0. Òîìó
ç îãëÿäó íà (12)

nν(r,D
(n)
l (f ∗ g)) ln q1 ≤ ln

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ nν(r,D
(n)
l f ∗D(n)

l g) ln q2, (14)

äëÿ r ≥ r0. Çà ëåìîþ 3

lim
r→+∞

α(ν(r,D
(n)
l (f ∗ g))

β(ln r)
= λαβ [D

(n)
l (f ∗ g)],

lim
r→+∞

α(ν(r,D
(n)
l (f ∗ g)))

β(ln r)
= ϱαβ [D

(n)
l (f ∗ g)]

i òàêi æ ðiâíîñòi ïðàâèëüíi, ÿêùî çàìiñòüD
(n)
l (f∗g) ïîñòàâèòèD

(n)
l f∗D(n)

l g, îñêiëüêè
α ∈ Lïç, òî ç (14) îòðèìó¹ìî ïîòðiáíi ðiâíîñòi.

Äàëi, çà âèêîíàííÿ óìîâè (4) ç q > 1 ç (13) çàìiñòü (14) òåïåð äëÿ âñiõ äîñèòü
âåëèêèõ r > 0 îòðèìó¹ìî

(m−n)ν(r,D
(n)
l (f ∗g)) ln q1 ≤ ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

≤ (m−n)ν(r,D
(m)
l (f ∗g)) ln q2,

çâiäêè, ç îãëÿäó íà ëåìó 3, âèïëèâàþòü ðiâíîñòi

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
= λαβ [f ∗ g]
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i

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

)
= ϱαβ [f ∗ g].

Íàðåøòi, âðàõîâóþ÷è, ùî ðÿä (7) âiäðiçíÿ¹òüñÿ âiä ðÿäó (6) òiëüêè òèì, ùî
çàìiñòü lk/lk+n ñòî¨òü (lk/lk+n)

2, ç îãëÿäó íà (13) ìàòèìåìî

(
l
ν(r,D

(n)
l (f∗g))+n−m

l
ν(r,D

(n)
l (f∗g))

)2

≤
rm−nµ(r,D

(m)
l f∗D

(m)
l g)

µ(r,D
(n)
l f ∗D(n)

l g)
≤

(
l
ν(r,D

(m)
l (f∗g))

l
ν(r,D

(m)
l (f∗g))+m−n

)2

(15)

äëÿ âñiõ äîñèòü âåëèêèõ r > 0, çâiäêè, ÿê i ðàíiøå, îòðèìó¹ìî ðiâíîñòi

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l f∗D

(m)
l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
= λαβ [f ∗ g]

i

lim
r→+∞

1

β(ln r)
α

(
ln

rm−nµ(r,D
(m)
l f∗D

(m)
l g)

µ(r,D
(n)
l f ∗D(n)

l g)

)
= ϱαβ [f ∗ g]

Òåîðåìó 1 äîâåäåíî.
�

Ïåðåéäåìî äî ðîçëÿäó âèïàäêó, êîëè ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8).

Òåîðåìà 2. Íåõàé α ∈ Lïç, β ∈ L0 i äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà
(9). Òîäi, ÿêùî f i g � öiëi ôóíêöi¨, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8) òî:

1) äëÿ n ≥ 1

lim
r→+∞

1

β(ln r)
α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λαβ [f ∗ g]

i

lim
r→+∞

1

β(ln r)
α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱαβ [f ∗ g];

2) äëÿ m > n

lim
r→+∞

1

β(ln r)
α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = λαβ [f ∗ g],

i

lim
r→+∞

1

β(ln r)
α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = ϱαβ [f ∗ g];

3) äëÿ m > n

lim
r→+∞

1

β(ln r)
α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λαβ [f ∗ g],
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i

lim
r→+∞

1

β(ln r)
α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱαβ [f ∗ g].

Äîâåäåííÿ. Ç (8) âèïëèâà¹ iñíóâàííÿ òàêèõ ÷èñåë 0 < h1 ≤ h2 < +∞, ùî h1k
n ≤

lk/lk+n ≤ h2k
n äëÿ âñiõ k ≥ 0. Òîìó ç (12) äëÿ âñiõ r ≥ r0 îòðèìà¹ìî

h1ν
n(r,D

(n)
l (f ∗ g)) ≤

µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ h2ν
n(r,D

(n)
l f ∗D(n)

l g),

òîáòî

ν(r,D
(n)
l (f ∗ g)) n

√
h1 ≤ n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

≤ ν(r,D
(n)
l f ∗D(n)

l g) n
√
h2, (16)

çâiäêè ç îãëÿäó íà óìîâó α ∈ Lïç i ëåìó 3 îòðèìó¹ìî òâåðäæåííÿ 1) òåîðåìè 2.
Äàëi, ç (13) äëÿ âñiõ äîñèòü âåëèêèõ r > 0 ìàòèìåìî

h1ν
m−n(r,D

(n)
l (f ∗ g)) ≤

rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

≤ h2ν
m−n(r,D

(m)
l (f ∗ g)),

òîáòî

ν(r,D
(n)
l (f ∗ g)) m−n

√
h1 ≤ m−n

√√√√rm−nµ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

≤ ν(r,D
(m)
l (f ∗ g)) m−n

√
h1, (17)

çâiäêè îòðèìó¹ìî òâåðäæåííÿ 2) òåîðåìè 2.
Íàðåøòi, ç (15) âèïëèâà¹, ùî

ν(r,D
(n)
l (f ∗ g)) 2(m−n)

√
h1 ≤ 2(m−n)

√√√√rm−nµ(r,D
(m)
l f ∗D(m)

l g)

µ(r,D
(n)
l f ∗D(n)

l g)
≤

≤ ν(r,D
(m)
l (f ∗ g)) 2(m−n)

√
h1, (18)

çâiäêè îäåðæó¹ìî òâåðäæåííÿ 3). Òåîðåìó 2 äîâåäåíî.
�

Âèêîðèñòîâóþ÷è (16) � (18) òà ëåìè 3 � 5, ïîäiáíî äîâîäèòüñÿ òåîðåìà 3.

Òåîðåìà 3. Íåõàé α ∈ Lïç, β ∈ L0, äëÿ êîæíîãî c ∈ (0, +∞) âèêîíó¹òüñÿ óìîâà
(9) i α(x) = o(β(x)) ïðè x → +∞. Òîäi, ÿêùî f i g � àíàëiòè÷íi â D ôóíêöi¨,

lim
k→∞

|fk||gk| = +∞, à ïîñëiäîâíiñòü (lk) çàäîâîëüíÿ¹ óìîâó (8) òî:
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1) äëÿ n ≥ 1

lim
r↑1

1

β

(
1

1− r

)α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λ∗
αβ [f ∗ g]

i

lim
r↑1

1

β

(
1

1− r

)α

 n

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱ∗αβ [f ∗ g];

2) äëÿ m > n

lim
r↑1

1

β

(
1

1− r

)α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = λ∗
αβ [f ∗ g],

i

lim
r↑1

1

β

(
1

1− r

)α

r · m−n

√√√√ µ(r,D
(m)
l (f ∗ g)

µ(r,D
(n)
l (f ∗ g))

 = ϱ∗αβ [f ∗ g];

3) äëÿ m > n

lim
r↑1

1

β

(
1

1− r

)α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = λ∗
αβ [f ∗ g],

i

lim
r↑1

1

β

(
1

1− r

)α

√
r · 2(m−n)

√√√√µ(r,D
(n)
l f ∗D(n)

l g)

µ(r,D
(n)
l (f ∗ g))

 = ϱ∗αβ [f ∗ g].

Çàóâàæèìî, ùî óìîâè òåîðåì 1 � 2 çàäîâîëüíÿþòü, íàïðèêëàä, ôóíêöi¨ α(x) =
ln x i β(x) = x. Òîìó ç òåîðåì 1 i 2 âèïëèâà¹ òåîðåìà À. Ôóíêöi¨ α(x) = β(x) = ln x
óìîâó (9) íå çàäîâîëüíÿ¹, i âèäíî, ùî òåîðåìà 3 íå ¹ óçàãàëüíåííÿì òåîðåìè Á, à ¨¨
äîïîâíåííÿì.
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ON HADAMARD'S COMPOSITIONS OF GELFOND-LEONT'EV
DERIVATIVES FOR ANALYTIC FUNCTIONS
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For entire and analytic functions in the unit disk, in the terms of generalized
orders, the growth of Hadamard's compositions of Gelfond-Leont'ev derivati-
ves is investigated. The behaviour of the maximal terms such compositions is
studied.

Key words: analytic function, Hadamard's composition, Gelfond-Leont'ev
derivative, maximal term.


