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Íåõàé ℘i(z), (i = 1, 2) � àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ Âåé¹ð-
øòðàññà. Îòðèìàíî îöiíêó ñóìiñíîãî íàáëèæåííÿ iíâàðiàíòiâ öèõ ôóíêöié,
¨õíiõ ïåðiîäiâ, ÷èñëà α òà çíà÷åíü êîæíî¨ ç öèõ ôóíêöié ó ïåðiîäàõ iíøî¨
òà â òî÷öi α.

Êëþ÷îâi ñëîâà: ñóìiñíi íàáëèæåííÿ, åëiïòè÷íà ôóíêöiÿ Âåé¹ðøòðàññà.

1. Âñòóï. Ðîçãëÿíåìî àëãåáðè÷íî íåçàëåæíi åëiïòè÷íi ôóíêöi¨ Âåé¹ðøòðàññà
℘1(z), ℘2(z) ç iíâàðiàíòàìè g1,2, g1,3, g2,2, g2,3, âiäïîâiäíî. Ïîçíà÷èìî ÷åðåç (ω, ω1)
ïàðó îñíîâíèõ ïåðiîäiâ ôóíêöi¨ ℘1(z), à ÷åðåç (ω, ω2) � ôóíêöi¨ ℘2(z) [1]. Íåõàé α
äîâiëüíå ÷èñëî òàêå, ùî mω + m1ω1 + m2ω2 + α íå ¹ ïîëþñàìè ℘1(z) òà ℘2(z) ïðè
óñiõ m,m1,m2 ∈ N.

Íàäàëi áóäåìî äîòðèìóâàòèñü òàêèõ ïîçíà÷åíü [2]: ÷åðåç d(P ), L(P ) ïîçíà÷èìî
ñòåïiíü òà äîâæèíó ìíîãî÷ëåíà P ç öiëèìè êîåôiöi¹íòàìè; ξ1, . . . ξ12 � íàáëèæàþ÷i
àëãåáðè÷íi ÷èñëà, di = d(ξi) òà Li = L(ξi) � ¨õíi ñòåïåíi òà äîâæèíè, âiäïîâiäíî.

Òåîðåìà 1. Äëÿ äîâiëüíèõ àëãåáðè÷íèõ ÷èñåë ξ1, . . . ξ12 ñïðàâäæó¹òüñÿ

|α−ξ1|+ |ω−ξ2|+ |ω1−ξ3|+ |g1,2−ξ4|+ |g1,3−ξ5|+ |g2,2−ξ6|+ |g2,3−ξ7|+ |℘2(ω1)−ξ8|
+|℘1(α)− ξ9|+ |℘2(α)− ξ10|+ |ω2 − ξ11|+ |℘1(ω2)− ξ12| > exp

(
−ΛT 3

)
, (1)

äå n0 = degQ(ξ1, . . . ξ12), T
2 = n0

(
lnL1

d1
+ · · ·+ lnL12

d12
+ lnn0

)
, Λ > 0 � êîí-

ñòàíòà, çàëåæíà ëèøå âiä ÷èñåë g1,2, g1,3, g2,2, g2,3 òà α.

Ïîäiáíi îöiíêè òà ôîðìóëþâàííÿ çàäà÷ ìîæíà çíàéòè, íàïðèêëàä, â [2], [3].
2. Äîâåäåííÿ Òåîðåìè 1. Äîòðèìóâàòèìåìîñü ñòàíäàðòíèõ ïîçíà÷åíü â òå-

îði¨ åëiïòè÷íèõ ôóíêöié [1]. Äîâåäåìî òàêó îöiíêó íàáëèæåííÿ.

Òåîðåìà 2. Äëÿ äîâiëüíèõ àëãåáðè÷íèõ ÷èñåë ξ1, . . . ξ10 ñïðàâäæó¹òüñÿ òà-
êà íåðiâíiñòü: |α − ξ1| + |ω − ξ2| + |ω1 − ξ3| + |g1,2 − ξ4| + |g1,3 − ξ5| + |g2,2 −
ξ6| + |g2,3 − ξ7|+ |℘2(ω1) − ξ8| + |℘1(α) − ξ9| + |℘2(α) − ξ10| > exp

(
−λ8 N3

)
, äå

c⃝ Ìèëüî Î.ß., Õîëÿâêà ß.Ì., 2015
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N2 = n
(

lnL1

d1
+ · · ·+ lnL10

d10
+ lnn

)
, n = degQ(ξ1, . . . ξ10), λ � íàòóðàëüíå ÷èñëî,

çàëåæíå ëèøå âiä g1,2, g1,3, g2,2, g2,3 òà α.

Íåõàé c1, c2, ... � äîäàòíi êîíñòàíòè, ÿêi íå çàëåæàòü âiä n, di, Li òà λ.

Ëåìà 1. ßêùî λ � äîñòàòíüî âåëèêå, òî íåðiâíiñòü

|α− ξ1|+ |ω − ξ2|+ |ω1 − ξ3|+ |g1,2 − ξ4|+ |g1,3 − ξ5|+ |g2,2 − ξ6|+ |g2,3 − ξ7|+

|℘2(ω1)− ξ8|+ |℘1(α)− ξ9|+ |℘2(α)− ξ10| < exp
(
−λ8 N3

)
(2)

íåìîæëèâà.

Äîâîäèòè Ëåìó 1 áóäåìî âiä ñóïðîòèâíîãî. Ïðèéìåìî

M = [λN ], K = L = S = [λ2N ], (3)

m,m1, s ∈ Z, 0 6 s 6 S, ìåæi çìiíè m òà m1 áóäóòü çàçíà÷åíi â êîæíîìó âèïàäêó
îêðåìî. Ïîçíà÷èìî ÷åðåç ζ1, ..., ζn ëiíiéíî íåçàëåæíi ñåðåä ÷èñåë ξu1

1 , ..., ξu10
10 , ui =

0, 1, ..., di − 1. Âèçíà÷èìî

f(z) =
K∑

k=1

L∑
l1,l2=1

Ck,l1,l2z
k℘l1

1 (z)℘
l2
2 (z), Ck,l1,l2 =

n∑
τ=1

Ck,l1,l2,τζτ , Ck,l1,l2,τ ∈ Z. (4)

ßê i â [4], ïîçíà÷èìî ϕ(z) = ℘2(z+
ω
2 ). Ç ôîðìóëè äîäàâàííÿ äëÿ ℘(z) îòðèìà¹ìî

℘2(z + w) = ℘2(z +
ω

2
+ w +

ω

2
) =

(
ϕ′(z)− ϕ′(w)

2(ϕ(z)− ϕ(w))

)2

− ϕ(z)− ϕ(w) =
Λ1(z, w)

Λ2(z, w)
. (5)

Iñíóþòü ìíîãî÷ëåíè [4] Gs,p,l âiä ℘2(z), ℘
′
2(z), ϕ(z), ϕ

′(z) òàêi, ùî

Gs,p,l =
ds

d ws
(Λp

1(z, w)Λ
l
2(z, w))|w=0, (6)

lnL(Gs,p,l) 6 s ln(s(p+ l) + c1(s+ p+ l)), degGs,p,l 6 4(p+ l).
Âðàõîâóþ÷è, ùî (℘′

i(z))
2 = 4℘3

i (z)− gi,2℘i(z)− gi,3 òà ℘′′
i (z) = 6℘2

i (z)− gi,2/2, ç
(5), (6) ïîäiáíî ÿê ó ïðàöi [4], îòðèìà¹ìî

f (s)(z) =
ds

d ws
((Λ−L

2 (z, w)(f(z+w)ΛL
2 (z, w)))|w=0 =

s∑
t=0

(
s

t

)(
ds−t

d ws−t
Λ−L
2 (z, w)

)
|w=0×

×
K∑

k=1

L∑
l1,l2=1

Ck,l1,l2

t∑
i=0

(
t

i

)(
dt−i

d wt−i
(z + w)k℘l1

1 (z + w)

)
|w=0Gi,l2,L−l2(z). (7)

Ïîçíà÷èìî

fs,t(z) =
K∑

k=1

L∑
l1,l2=1

Ck,l1,l2

t∑
i=0

(
t

i

)(
dt−i

dwt−i
(z + w)k℘l1

1 (z + w)

)
|w=0Gi,l2,L−l2(z). (8)

Íåõàé ξ213 = 4ξ38 − ξ6ξ8 − ξ7, ξ214 = 4ξ39 − ξ4ξ9 − ξ5, ξ215 = 4ξ310 − ξ6ξ10 − ξ7;
ξ = (ξ1, . . . , ξ10, ξ13, ξ14, ξ15); fs,m,m1(ξ) òà fs,t,m,m1(ξ) � âèðàçè, îòðèìàíi ç âèðàçiâ

f (s)(mω + m1ω1 + α) òà fs,t(mω + m1ω1 + α) çàìiíîþ α, ω, ω1, g1,2, g1,3, g2,2, g2,3,
℘2(ω1), ℘1(α), ℘2(α), ℘

′
2(ω1)℘

′
1(α), ℘

′
2(α), íà ξ1, . . . , ξ10, ξ13, ξ14, ξ15, âiäïîâiäíî.
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Ðîçãëÿíåìî fs,t,m,m1(ξ), 1 6 m,m1 6 M , 0 6 t 6 s 6 S, ÿê M2S ëiíiéíi ôîðìè
âiä nKL2 çìiííèõ Ck,l1,l2,τ . Çãiäíî ç [5] ëåìà 4.1 òà (3), (8), âèáåðåìî ÷èñëà Ck,l1,l2,τ ,
ÿêi íå âñi äîðiâíþþòü íóëþ òàê, ùî äëÿ 1 6 m,m1 6 M , 0 6 t 6 s 6 S

fs,t,m,m1(ξ) = 0, 0 < max |Ck,l1,l2,τ | < exp(c2λ
3 n−1N3). (9)

Ç (2), (3), (9) ïðè 1 6 m,m1 6 λM , 0 6 s 6 S îòðèìà¹ìî

|f (s)(mω +m1ω1 + α)− fs,m,m1(ξ)| < exp(−1

2
λ8N3). (10)

Ç (7)�(10), ÿêùî 1 6 m,m1 6 M , 0 6 s 6 S, òî îäåðæèìî

|f (s)(mω +m1ω1 + α)| < exp(−1

2
λ8N3). (11)

Äîâåäåìî, ùî îöiíêà (11) òàêîæ âèêîíó¹òüñÿ i äëÿ 1 6 m,m1 6 λM , 0 6 s 6 S.

Ëåìà 2. Íåõàé íåðiâíiñòü (11) ñïðàâäæó¹òüñÿ äëÿ 1 6 m,m1 6 2dM , 2d < λ ïðè
0 6 s 6 S . Òîäi âîíà ñïðàâäæó¹òüñÿ i äëÿ 1 6 m,m1 6 2d+1M çà òèõ ñàìèõ s.

Íåõàé G(z) = f(z)σ2L
1 (z)σ2L

2 (z), äå σi(z) � σ-ôóíêöiÿ, ùî âiäïîâiäà¹ ℘i(z) [1].
Âèáåðåìî íàéìåíøå öiëå r òàêå, ùî r > 4(2dM + 1)(|ω| + |ω1| + |ω2| + |α| + 1). Ïî-
çíà÷èìî R = 4r. Òîäi ç (3), (4) i (9) îòðèìà¹ìî |G(z)||z|6R < exp(−c32

dλ4N3), òî-

ìó ç ëåìè 4.5 â [5] ïðè 0 6 s 6 S îòðèìà¹ìî |G(s)(z)||z|6r < exp(−2dλ5N3). Äëÿ

ε = R−1 â ε-îêîëàõ V (ε,mω + m1ω1 + α) òî÷îê mω + m1ω1 + α ôóíêöi¨ σ1(z) òà
σ2(z) íå ìàþòü íóëiâ, òîìó ïðè 1 6 m,m1 6 λM ç ëåìè 7.1 [3] òà (3) îòðèìà¹-
ìî |σi(z)|z∈V (ε,mω+m1ω1+α) > exp(−c4λ

4N2), çâiäêè ïðè 1 6 m,m1 6 λM âèïëè-

âà¹ |f(z)|z∈V (ε,mω+m1ω1+α) < exp(−22d−1λ5N3). Îòæå, äëÿ 1 6 m,m1 6 2d+1M ,
0 6 s 6 S îòðèìà¹ìî

|f (s)(mω +m1ω1 + α)| < exp(−2dλ5

3
N3). (12)

Âðàõîâóþ÷è (10), äëÿ 1 6 m,m1 6 2d+1M òà 0 6 s 6 S ç (12) âèïëèâà¹

|fs,m,m1(ξ)| < exp(−2dλ5

4
N3). (13)

Ðîçãëÿäàþ÷è fs,t,m,m1(ξ), 0 6 t 6 s 6 S, 1 6 m,m1 6 2d+1M ÿê çíà÷åííÿ
âiäïîâiäíîãî ìíîãî÷ëåíà â àëãåáðè÷íèõ òî÷êàõ, ç ëåìè 4.1 â [5] òà (3) îòðèìà¹ìî
äëÿ fs,t,m,m1(ξ) ̸= 0 îöiíêó

|fs,t,m,m1(ξ)| > exp(−λ3,5N3). (14)

Ç (8), (14) îäåðæèìî

|fs,m,m1(ξ)| > exp(−λ4N3). (15)

Îöiíêè (13) i (15) ñóïåðå÷ëèâi, òîìó äëÿ 1 6 m,m1 6 2d+1M , 0 6 t 6 s 6 S
îòðèìà¹ìî fs,m,m1(ξ) = 0, ùî ðàçîì ç (10) äîâîäèòü Ëåìó 2.

Îöiíèìî |Ck,l1,l2,τ | çâåðõó. Ïðèéìåìî

ακ =
(
1− κ

λL

) ω + ω1 + α

4
, κ = 1, ..., L. (16)

Ç ëåìè 4 [6] îòðèìà¹ìî òâåðäæåííÿ.
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Ëåìà 3. Íåõàé ∆ = det(℘l1
1 (ακ))l1, κ=1,...,L, ∆(κ) = det(℘l2

2 (m1ω1 + ακ)l2, m1=1,...,L,
∆(m1, κ) = det((mω +m1ω1 + ακ)

k)m, k=1,...,L, ∆l1, κ � àëãåáðè÷íå äîïîâíåííÿ åëå-

ìåíòà ℘l1
1 (ακ) âèçíà÷íèêà ∆, ∆l2, m1(κ) � åëåìåíòà ℘l2

2 (m1ω1 + ακ) âèçíà÷íèêà

∆(κ), ∆m, k(m1, κ) � åëåìåíòà (mω + m1ω1 + ακ)
k âèçíà÷íèêà ∆(m1, κ). ßêùî

∆ ̸= 0, ∆(κ) ̸= 0 òà ∆(m1, κ) ̸= 0, òî

Ck,l1,l2 =
L∑

κ, m, m1=1

∆l1, κ

∆

∆l2, m1(κ)

∆(κ)

∆m, k(m1, κ)

∆(m1, κ)
f(mω +m1ω1 + ακ). (17)

Ç (16) âèïëèâà¹, ùî ∆, ∆(κ) i ∆(m1, κ), ÿêi ¹ âèçíà÷íèêàìè Âàíäåðìîíäà,
âiäìiííi âiä íóëÿ. Ç (3), (16) òà ëåìè 1.1 [3] äëÿ äîâiëüíî¨ ℘(z) âèïëèâà¹ |℘(ακ) −
℘(αj)| > exp(−λ lnN), κ ̸= j. Ç öi¹¨ îöiíêè òà (3) îòðèìà¹ìî∣∣∣∣∆l1, κ

∆

∣∣∣∣ , ∣∣∣∣∆l2, m1(κ)

∆(κ)

∣∣∣∣ , ∣∣∣∣∆m, k(m1, κ)

∆(m1, κ)

∣∣∣∣ < exp(c5λ
3N lnN). (18)

Ç ëåìè 7.1 [3] äëÿ 1 6 m,m1 6 L, â òî÷êàõ z = mω + m1ω1 + ακ îòðèìà¹ìî
min |σ2L(z)| > exp(−c6λ

6N3), òîìó çà óìîâè (1/2)λ 6 2d 6 λ îäåðæèìî îöiíêó
|f(mω +m1ω1 + ακ)| < exp(−(1/4)λ7N3). Çâiäñè i ç (17), (18) òà Ëåìè 3 âèïëèâà¹

|Ck,l1,l2 | < exp(−λ6N3). (19)

Ðîçãëÿäàþ÷è Ck,l1,l2 ÿê çíà÷åííÿ âiäïîâiäíîãî ìíîãî÷ëåíà (4) Ak, p, l ç öiëèìè
êîåôiöi¹íòàìè Ck,l1,l2,τ â òî÷öi ξ1, . . . , ξ10 i âèêîðèñòîâóþ÷è (3) òà ëåìó 4.1 [5], äëÿ
Ck,l1,l2 ̸= 0 îòðèìà¹ìî |Ck,l1,l2 | > exp(−λ4N3), ùî ñóïåðå÷èòü îöiíöi (19). Òîìó âñi
Ck,l1,l2 äîðiâíþþòü íóëåâi. Àëå òîäi ç (4) i âñi Ck,l1,l2,τ äîðiâíþþòü íóëåâi, ùî ñó-
ïåðå÷èòü (9). Îñòàíí¹ ïðîòèði÷÷ÿ çàñâiä÷ó¹, ùî (2) íå ñïðàâäæó¹òüñÿ, ùî äîâîäèòü
Ëåìó 1 òà Òåîðåìó 2. ßêùî â (2) çàìiíèòè ω1 íà ω2 i ℘2(ω1) íà ℘1(ω2) òà âçÿòè òî÷êè
mω +m2ω2 + α, òî òàêèìè æ ìiðêóâàííÿìè îòðèìà¹ìî äîâåäåííÿ òâåðäæåííÿ, ÿêå
ïîäiáíå äî Òåîðåìè 2 äëÿ òàê çìiíåíî¨ ìíîæèíè ÷èñåë. Îòæå, (1) âèêîíó¹òüñÿ çà
äîñèòü âåëèêîãî Λ. Òåîðåìà 1 äîâåäåíà.
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SIMULTANEOUS APPROXIMATION OF INVARIANTS, PERIOD
AND VALUES OF TWO ELLIPTIC WEIERSTRASS FUNCTIONS

Yaroslav KHOLYAVKA, Olga MYLYO

Ivan Franko National University of Lviv,

Universytetka Str. 1, Lviv, 79000

e-mail: ya_khol@franko.lviv.ua, olga.mylyo@gmail.com

Let ℘i(z), i = 1, 2, be algebraically independent Weierstrass elliptic functi-
ons. We estimate a simultaneous approximation of invariants of these functions,
their periods, number α and values of each of these functions at the periods of
the other one and at the point α.

Key words: simultaneous approximation, Weierstrass elliptic function.


