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Âèçíà÷åíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó
îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹íòà ó
äâîâèìiðíîìó ðiâíÿííi òåïëîïðîâiäíîñòi ç íåëîêàëüíîþ óìîâîþ ïåðåâèç-
íà÷åííÿ.

Êëþ÷îâi ñëîâà: îáåðíåíà çàäà÷à, íåëîêàëüíà óìîâà ïåðåâèçíà÷åííÿ,
äâîâèìiðíå ðiâíÿííÿ òåïëîïðîâiäíîñòi.

1. Âñòóï.Ïðîáëåìàòèêà êîåôiöi¹íòíèõ îáåðíåíèõ çàäà÷ íàáóëà çíà÷íîãî ïîøè-
ðåííÿ ùå ç 70-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ. Íåëîêàëüíi îáåðíåíi çàäà÷i äëÿ îäíîâèìið-
íîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi äîñëiäèâ Iâàí÷îâ Ì.I. [1]. Ó ïðàöi Áåðåçíèöüêî¨ I.Á.
[2] âèçíà÷åíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ îäíîâèìið-
íîãî ïîâíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ç êðàéîâèìè óìîâàìè Íåéìàíà òà íåëîêàëüíîþ
óìîâîþ ïåðåâèçíà÷åííÿ. Äåùî ïiçíiøå Ãðèíöiâ Í.Ì. [3] ðîçãëÿíóëà îáåðíåíó çàäà÷ó
çíàõîäæåííÿ êîåôiöi¹íòà áiëÿ ìîëîäøî¨ ïîõiäíî¨ äëÿ ïîâíîãî ïàðàáîëi÷íîãî ðiâíÿ-
ííÿ ç âèðîäæåííÿì òàêîæ iç íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ. Îáåðíåíi çàäà÷i
ç íåëîêàëüíèìè òà iíòåãðàëüíèìè óìîâàìè äîñëiäæåíi òàêîæ ó [4], [5].

Îäíîâèìiðíi çàäà÷i ìåíø òî÷íî îïèñóþòü äiéñíiñòü, íiæ ¨õíi äâîâèìiðíi àíà-
ëîãè. Äâîâèìiðíi çàäà÷i âèçíà÷åííÿ ñòàðøîãî êîåôiö¹íòà ðîçãëÿíóòî, íàïðèêëàä,
ó ïðàöÿõ Iâàí÷îâà Ì.I. òà Ñàãàéäàêà Ð.Â. [6], [7]. ×èñåëüíi ìåòîäè äëÿ îá÷èñëåííÿ
ðîçâ'ÿçêiâ äâîâèìiðíèõ îáåðíåíèõ çàäà÷ ïîäàíî ó [8], [9]. Çàãàëîì ïðàöü, äå áóëè á
ðîçãëÿíóòi áàãàòîâèìiðíi îáåðíåíi çàäà÷i, ¹ íå íàäòî áàãàòî. Öå ñïîíóêàëî àâòîðà
âèêîíàòè äîñëiäæåííÿ.

Ìè ðîçãëÿíóëè îáåðíåíó çàäà÷ó çíàõîäæåííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî
êîåôiöi¹íòà äâîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi ç êðàéîâèìè óìîâàìè Íåéìà-
íà òà íåëîêàëüíîþ óìîâîþ ÿê óìîâîþ ïåðåâèçíà÷åííÿ. Âèçíà÷èëè äîñòàòíi óìîâè
iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i. Âèïàäîê íåëîêàëüíî¨ óìîâè ïåðåâèçíà÷åííÿ

c⃝ Êiíàø Í., 2015
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ç iíòåãðàëüíèì äîäàíêîì ðîçãëÿíóëè îêðåìî.

2. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíi ïðèïóùåííÿ. Â îáëàñòi QT :=
{(x, y, t) : 0 < x < h, 0 < y < l, 0 < t < T} ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ
ïàðè íåâiäîìèõ ôóíêöié (a(t), u(x, y, t)) äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = a(t)∆u+ f(x, y, t), (x, y, t) ∈ QT (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, y, 0) = φ(x, y), (x, y) ∈ [0, h]× [0, l], (2)

êðàéîâèìè óìîâàìè

ux(0, y, t) = µ11(y, t), ux(h, y, t) = µ12(y, t), (y, t) ∈ [0, l]× [0, T ], (3)

uy(x, 0, t) = µ21(x, t), uy(x, l, t) = µ22(x, t), (x, t) ∈ [0, h]× [0, T ] (4)

òà íåëîêàëüíîþ óìîâîþ ïåðåâèçíà÷åííÿ

ν1(t)u(0, y0, t) + ν2(t)u(h, y0, t) = µ3(t), t ∈ [0, T ], (5)

äå y0 � ôiêñîâàíå çíà÷åííÿ ç ïðîìiæêó [0, l].

Íåõàé Gk(x, t, ξ, τ) � ôóíêöi¨ Ãðiíà îäíîâèìiðíî¨ çàäà÷i äëÿ ðiâíÿííÿ ut =
a(t)uxx iç êðàéîâèìè óìîâàìè ïåðøîãî ðîäó ïðè k = 1, äðóãîãî � ïðè k = 2, óìîâà-
ìè u(0, t) = µ1(t), ux(h, t) = µ4(t), t ∈ [0, T ] � ïðè k = 3, ux(0, t) = µ2(t), u(h, t) =
µ3(t), t ∈ [0, T ] � ïðè k = 4. Âîíè âèçíà÷àþòüñÿ ðiâíiñòþ

Gk(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

+∞∑
n=−∞

(−1)[
k−1
2 ]n

(
exp

(
− (x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp

(
− (x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))
, k = 1, 4, θ(t) =

t∫
0

a(τ)dτ, t ∈ [0, T ]. (6)

Ôóíêöiþ Gm(y, t, η, τ) çàäà¹ìî àíàëîãi÷íî äî Gk(x, t, ξ, τ).
Òîäi ôóíêöiÿ Ãðiíà çàäà÷i (1)-(4) âèçíà÷à¹òüñÿ ðiâíiñòþ

Gkm(x, y, t, ξ, η, τ) = Gk(x, t, ξ, τ)Gm(y, t, η, τ). (7)

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè :
(A1) f ∈ C2,0(QT ), φ ∈ C2([0, h]× [0, l]), µ11, µ12 ∈ C1,1([0, l]× [0, T ]),
µ21, µ22 ∈ C1,1([0, h]× [0, T ]), µ3, ν1, ν2 ∈ C1([0, T ]);
(A2) φ(x, y) > 0, (x, y) ∈ [0, h]× [0, l]; ν′1(t) 6 0, ν′2(t) 6 0, t ∈ [0, T ];
µ11(y, t) 6 0, µ12(y, t) > 0, (y, t) ∈ [0, l]× [0, T ]; µ21(x, t) 6 0, µ22(x, t) > 0,
(x, t) ∈ [0, h] × [0, T ] ; f(x, y, t) > 0, (x, y, t) ∈ QT ;
(A3)∆φ(x, y) > 0, (x, y) ∈ [0, h]×[0, l]; νi(t) > 0, i = 1, 2, ν1(t)+ν2(t) > 0, t ∈ [0, T ];
µ11t(y, t)− fx(0, y, t) 6 0, µ12t(y, t)− fx(h, y, t) > 0, (y, t) ∈ [0, l]× [0, T ];
µ21t(x, t)− fy(x, 0, t) 6 0, µ22t(x, t)− fy(x, l, t) > 0, (x, t) ∈ [0, h]× [0, T ];
∆f(x, y, t) > 0, (x, y, t) ∈ QT ;
(A4) φx(0, y) = µ11(y, 0), φx(h, y) = µ12(y, 0), φy(x, 0) = µ21(x, 0), φy(x, h) = µ22(x, 0);
(A5) µ′

3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t) > 0, t ∈ [0, T ];
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(A6) ν1(0)φ(0, y0) + ν2(0)φ(h, y0) = µ3(0).

3. Îòðèìàííÿ ç çàäà÷i (1)�(5) ðiâíÿííÿ ñòîñîâíî a(t). ßêùî a(t) � âiäîìà
ôóíêöiÿ, òî u(x, y, t) ¹ ðîçâ'ÿçêîì çàäà÷i (1)�(4). Îòæå, âèêîíó¹òüñÿ ðiâíiñòü

u(x, y, t)=

l∫
0

h∫
0

G22(x, y, t, ξ, η, 0)φ(ξ, η)dξdη −
t∫

0

l∫
0

G22(x, y, t, 0, η, τ)a(τ)µ11(η, τ)dηdτ+

+

t∫
0

l∫
0

G22(x, y, t, h, η, τ)a(τ)µ12(η, τ)dηdτ −
t∫

0

h∫
0

G22(x, y, t, ξ, 0, τ)a(τ)µ21(ξ, τ)dξdτ+

+

t∫
0

h∫
0

G22(x, y, t, ξ, h, τ)a(τ)µ22(ξ, τ)dξdτ +

t∫
0

l∫
0

h∫
0

G22(x, y, t, ξ, η, τ)f(ξ, η, τ)dξdηdτ.

(8)

Çàñòîñîâó¹ìî äî (8) îïåðàòîð Ëàïëàñà. Âðàõîâóþ÷è óìîâè óçãîäæåííÿ (A4) òà âëàñ-
òèâîñòi ôóíêöi¨ Ãðiíà, çàñòîñîâóþ÷è iíòåãðóâàííÿ ÷àñòèíàìè, îòðèìó¹ìî

∆u(x, y, t) =

l∫
0

h∫
0

G22(x, y, t, ξ, η, 0)∆φ(ξ, η)dξdη −
t∫

0

l∫
0

G22(x, y, t, 0, η, τ)(µ11τ (η, τ)−

− fξ(0, η, τ))dηdτ +

t∫
0

l∫
0

G22(x, y, t, h, η, τ)(µ12τ (η, τ)− fξ(h, η, τ))dηdτ−

−
t∫

0

h∫
0

G22(x, y, t, ξ, 0, τ)(µ21τ (ξ, τ)− fη(ξ, 0, τ))dξdτ +

t∫
0

h∫
0

G22(x, y, t, ξ, h, τ)×

× (µ22τ (ξ, τ)− fη(ξ, l, τ))dξdτ +

t∫
0

l∫
0

h∫
0

G22(x, y, t, ξ, η, τ)∆f(ξ, η, τ)dξdηdτ. (9)

Äèôåðåíöiþþ÷è óìîâó (5) òà çàñòîñîâóþ÷è (1), îòðèìó¹ìî îïåðàòîðíå ðiâíÿííÿ
ñòîñîâíî a(t) âèãëÿäó

a = Pa, a ∈ C([0, T ]), äå (Pa)(t) =
Q1(t)

Q2(t)
, (10)

Q1(t) = µ′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)− ν′1(t)u(0, y0, t)− ν′2(t)u(h, y0, t),

(11)

Q2(t) = ν1(t)∆u(0, y0, t) + ν2(t)∆u(h, y0, t), t ∈ [0, T ], (12)

à u(0, y0, t),∆u(0, y0, t), u(h, y0, t) òà ∆u(h, y0, t) çàäàþòüñÿ ôîðìóëàìè (8) òà (9) ó
(0, y0, t) òà (h, y0, t), âiäïîâiäíî. Äîäàòíiñòü (12) âèïëèâà¹ ç àïðiîðíèõ îöiíîê, ÿêi
âèçíà÷àþòü ó äîâåäåííi òåîðåìè 1.

Iç ñïîñîáó îòðèìàííÿ ñèñòåìè ðiâíÿíü (8), (10) âèïëèâà¹, ùî ðîçâ'ÿçîê (a, u)
çàäà÷i (1)�(5) çàäîâîëüíÿ¹ ñèñòåìó (8), (10). Äîâåäåìî, ùî ïðàâèëüíèì ¹ i îáåðíåíå
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òâåðäæåííÿ. Åêâiâàëåíòíiñòü ðiâíÿííÿ (8) çàäà÷i (1)�(4) çà óìîâè, ùî a(t) � âiäî-
ìå, äîâåäåíà ó [10]. Äîìíîæó¹ìî (10) íà (12) òà iíòåãðó¹ìî çà ÷àñîì âiä 0 äî t iç
âðàõóâàííÿì óìîâè óçãîäæåííÿ (A6). Âðàõîâóþ÷è åêâiâàëåíòíiñòü çàäà÷i (1)�(4)
ðiâíÿííþ (8), áà÷èìî, ùî îòðèìàíà ðiâíiñòü åêâiâàëåíòíà óìîâi (5).

4. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)�(5).

Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè (A1)�(A6), òî çàäà÷à (1)�(5) ìà¹ ïðè-

íàéìíi îäèí ðîçâ'ÿçîê (a(t), u(x, y, t)) ∈ C([0, T ])× C2,1(QT ).

Äîâåäåííÿ. Ùîá äîâåñòè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)�(5), çà äîïîìîãîþ òåîðåìè
Øàóäåðà äîâåäåìî iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (10).

×åðåç Ci, i = 1, 6 ïîçíà÷à¹ìî ðiçíi äîäàòíi ñòàëi, ÿêi çàëåæàòü âiä âèõiäíèõ
äàíèõ, h òà T .

Íàâåäåìî âëàñòèâîñòi ôóíêöi¨ Ãðiíà ç [12], ÿêi âèêîðèñòîâóþòü ó äîâåäåííi

h∫
0

G2(x, t, ξ, 0)dξ = 1, (13)

G2(0, t, 0, τ) 6
1

h
+

1√
π(θ(t)− θ(τ))

. (14)

Ùîá çàñòîñóâàòè òåîðåìó Øàóäåðà, ïîòðiáíî ðîçãëÿíóòè îïåðàòîðíå ðiâíÿííÿ
(10) íà ìíîæèíi N := {a ∈ C([0, T ]) : A0 6 a(t) 6 A1}, äå A0, A1− òàêi ñòàëi, ùî
îïåðàòîð P ïåðåâîäèòü ìíîæèíó N ó ñåáå (òîáòî, A0 6 (Pa)(t) 6 A1, t ∈ [0, T ] äëÿ
äîâiëüíî¨ a ∈ N ). Âèçíà÷èìî, ÿêèìè ìàþòü áóòè öi ñòàëi.

Ïðîâåäåìî îöiíêó (Pa(t)) çíèçó. Çàóâàæèìî, ùî ç ÿâíîãî çîáðàæåííÿ ôóíêöi¨
Ãðiíà (7) G22(x, y, t, ξ, η, τ) > 0. Âðàõîâóþ÷è óìîâè (A2), (A5), iç (11) îòðèìó¹ìî

Q1(t) > min
t∈[0,T ]

(µ′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)) = C1 > 0, t ∈ [0, T ].

Ïîçíà÷èìî amin = min
t∈[0,T ]

a(t) òà îöiíèìî (12). Iç (13), (14)

Q2(t) 6 C2 +
C3√
amin

, t ∈ [0, T ].

Îòæå,

(Pa)(t) > C1

C2 +
C3√
amin

, t ∈ [0, T ].

Âèçíà÷èìî A0 iç ðiâíîñòi

C1

C2 +
C3√
A0

= A0,

òîäi

A0 :=

(
−C3 +

√
C2

3 + 4C2C1

2C2

)2

.
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Îòæå, äëÿ äîâiëüíîãî a ∈ N
(Pa)(t) > A0, t ∈ [0, T ].

Ïðîâåäåìî îöiíêó (Pa)(t) çâåðõó. Îöiíþ¹ìî (12), âèêîðèñòîâóþ÷è (A3) òà (13)

Q2(t) > ν1(t)

l∫
0

h∫
0

G22(0, y0, t, ξ, η, 0)∆φ(ξ, η)dξdη + ν2(t)

l∫
0

h∫
0

G22(h, y0, t, ξ, η, 0)×

×∆φ(ξ, η)dξdη > (ν1(t) + ν2(t)) min
[0,h]×[0,l]

∆φ(x, y) > C4 > 0, t ∈ [0, T ].

Ïîçíà÷à¹ìî amax = max
t∈[0,T ]

a(t) òà ç (13), (14) îòðèìó¹ìî îöiíêó (11) çâåðõó

Q1(t) 6 C5 + C6
√
amax.

Òîäi

(Pa)(t) 6 C5 + C6
√
amax

C4
.

Çíàõîäèìî A1 ç ðiâíîñòi

C5 + C6

√
A1

C4
= A1,

òîäi

A1 :=

(
C6 +

√
C2

6 + 4C4C5

2C4

)2

.

Îòæå, äëÿ çíàéäåíèõ çíà÷åíü A0, A1 îòðèìà¹ìî òàêå: ÿêùî a ∈ N , òî i (Pa) ∈ N .
Ðîçãëÿäà¹ìî îïåðàòîðíå ðiâíÿííÿ (10) íà ìíîæèíi N := {a ∈ C([0, T ]) : A0 6

a(t) 6 A1}. Îïåðàòîð P ïåðåâîäèòü ìíîæèíó N ó ñåáå çãiäíî ç îöiíêàìè âèùå. Òå,
ùî P öiëêîì íåïåðåðâíèé íà N , âèçíà÷à¹ìî àíàëîãi÷íî äî [12], c.27. Òîäi iñíóâàííÿ
íåïåðåðâíîãî ðîçâ'ÿçêó ðiâíÿííÿ (10) âèïëèâà¹ ç òåîðåìè Øàóäåðà ïðî íåðóõîìó
òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Îñêiëüêè ôóíêöiÿ u ∈ C2,1(QT ) îäíîçíà÷íî
âèçíà÷à¹òüñÿ ç (1)�(4) ïðè çàäàíîìó a ∈ C(0, T ), òî òåîðåìó äîâåäåíî. �

Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè (A2), (A5), òî ðîçâ'ÿçîê (1)�(5) ¹äèíèé ó

êëàñi C([0, T ])× C2+α,1(QT ).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíóþòü äâi ïàðè ôóíêöié (a1(t), u1(x, y, t)) òà
(a2(t), u2(x, y, t)), ùî ¹ ðîçâ'ÿçêàìè çàäà÷i (1)-(5). Ââåäåìî íîâi ôóíêöi¨:

a3(t) := a1(t)− a2(t), t ∈ [0, T ], u3(x, y, t) := u1(x, y, t)− u2(x, y, t), (x, y, t) ∈ QT .
(15)

Òîäi ïàðà ôóíêöié (a3(t), u3(x, y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i

u3t = a1(t)∆u3 + a3(t)∆u2, (x, y, t) ∈ QT , (16)

u3(x, y, 0) = 0, (x, y) ∈ [0, h]× [0, l], (17)

u3x(0, y, t) = 0, u3x(h, y, t) = 0, (y, t) ∈ [0, l]× [0, T ], (18)

u3y(x, 0, t) = 0, u3y(x, l, t) = 0, (x, t) ∈ [0, h]× [0, T ], (19)
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ν1(t)u3(0, y0, t) + ν2(t)u3(h, y0, t) = 0, t ∈ [0, T ]. (20)

Äèôåðåíöiþ¹ìî (20) òà, çàñòîñîâóþ÷è (16), îòðèìó¹ìî

a3(t) =
1

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t)
(−ν′1(t)u3(0, y0, t)− ν′2(t)u3(h, y0, t)−

− ν1(t)a1(t)∆u3(0, y0, t)− ν2(t)a1(t)∆u3(h, y0, t)). (21)

Ïîçíà÷èìî ÷åðåç Ĝ22(x, y, t, ξ, η, τ) ôóíêöiþ Ãðiíà çàäà÷i (18), (19) äëÿ ðiâíÿííÿ
ût = a1(t)∆û. Îñêiëüêè a1(t) � âiäîìà ôóíêöiÿ, òî ðîçâ'ÿçîê çàäà÷i (16)-(19) ¹äèíèé
é âèçíà÷àþòü çà ôîðìóëîþ

u3(x, y, t) =

t∫
0

l∫
0

h∫
0

Ĝ22(x, y, t, ξ, η, τ)a3(τ)∆u2(ξ, η, τ)dξdηdτ. (22)

Çàñòîñîâóþ÷è äî (22) îïåðàòîð Ëàïëàñà, îòðèìó¹ìî

∆u3(x, y, t) =

t∫
0

dτ

l∫
0

h∫
0

∆Ĝ22(x, y, t, ξ, η, τ)a3(τ)∆u2(ξ, η, τ)dξdη. (23)

Âðàõîâóþ÷è (22) òà (23), iç (21) îäåðæèìî ðiâíÿííÿ ñòîñîâíî a3(t)

a3(t) =
1

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t)

t∫
0

dτ

l∫
0

h∫
0

(
−ν′1(t)Ĝ22(0, y0, t, ξ, η, τ)−

− ν′2(t)Ĝ22(h, y0, t, ξ, η, τ)− ν1(t)a1(t)∆Ĝ22(0, y0, t, ξ, η, τ)− ν2(t)a1(t)×

×∆Ĝ22(h, y0, t, ξ, η, τ)

)
a3(τ)∆u2(ξ, η, τ)dξdη. (24)

Äîâåäåìî, ùî ν1(t)∆u2(0, y0, t)+ν2(t)∆u2(h, y0, t) ̸= 0. Îñêiëüêè (a2, u2) ¹ ðîçâ'ÿçêîì
çàäà÷i (1)�(5), òî ç (10) ìàòèìåìî

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t) = a2(t)(µ
′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)−

− ν′1(t)u2(0, y0, t)− ν′2(t)u2(h, y0, t)).

Çàóâàæèìî, ùî u2 âèçíà÷à¹òüñÿ ôîðìóëîþ (8) ÿê ðîçâ'ÿçîê çàäà÷i (1)-(4). Îòæå, ç
óìîâ (À2), (À5) âèïëèâà¹

ν1(t)∆u2(0, y0, t) + ν2(t)∆u2(h, y0, t) > 0, t ∈ [0, T ].

Îòðèìàëè iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî ðîäó (24). Çãiäíî ç òåîðå-

ìîþ 4, ñ.21 iç [11] iíòåãðàëè, ùî ìiñòÿòü ∆Ĝ22(0, y0, t, ξ, η, τ) òà ∆Ĝ22(h, y0, t, ξ, η, τ), ¹
íåïåðåðâíèìè ôóíêöiÿìè, îñêiëüêè∆u2(ξ, η, τ) çàäîâîëüíÿ¹ óìîâó Ãåëüäåðà çà ïðîñ-
òîðîâèìè çìiííèìè. Òîäi iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî ðîäó (24) ìà¹ ¹äè-
íèé ðîçâ'ÿçîê a3(t) = 0, t ∈ [0, T ], à îòæå, ç ðiâíîñòi (22) u3(x, y, t) = 0, (x, y, t) ∈
QT . �äèíiñòü ðîçâ'ÿçêó (1)-(5) ó êëàñi C([0, T ])× C2+α,1(QT ) äîâåäåíî. �
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5. Âèïàäîê íåëîêàëüíî¨ óìîâè ïåðåâèçíà÷åííÿ ç iíòåãðàëüíèì äî-
äàíêîì. Â îáëàñòi QT ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ ïàðè íåâiäîìèõ
ôóíêöié (a(t), u(x, y, t)) äëÿ ðiâíÿííÿ (1), ùî çàäîâîëüíÿ¹ óìîâè (2)-(4) òà óìîâó
ïåðåâèçíà÷åííÿ âèãëÿäó

ν1(t)u(0, y0, t) + ν2(t)u(h, y0, t) + ν3(t)

l∫
0

h∫
0

u(x, y, t)dxdy = µ3(t), t ∈ [0, T ], (25)

äå y0 � ôiêñîâàíå çíà÷åííÿ ç [0, l].
Äî óìîâ (A1)-(A4) ïðè¹äíó¹ìî:
(A1a) ν3 ∈ C1([0, T ]); (A2a) ν′3(t) 6 0 t ∈ [0, T ]; (A3a) ν3(t) > 0, t ∈ [0, T ];

(A5a) µ′
3(t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)− ν3(t)

l∫
0

h∫
0

f(x, y, t)dxdy > 0, t ∈ [0, T ];

(A6a) ν1(0)φ(0, y0) + ν2(0)φ(h, y0) + ν3(0)
l∫
0

h∫
0

φ(x, y)dxdy = µ3(0).

Âðàõîâóþ÷è, ùî

l∫
0

h∫
0

∆u(x, y, t)dxdy =

l∫
0

(µ12(y, t)− µ11(y, t))dy +

h∫
0

(µ22(x, t)− µ21(x, t))dx,

t ∈ [0, T ],

äèôåðåíöiþ¹ìî (25) òà, çàñòîñîâóþ÷è (1), îòðèìó¹ìî

a = P̃ a, a ∈ C([0, T ]), äå (P̃ a)(t) =
Q3(t)

Q4(t)
, (26)

Q3(t) = µ′
3(t)− ν1(t)f(0, y0, t)− ν1(t)f(0, y0, t)− ν2(t)f(h, y0, t)− ν3(t)×

×
l∫

0

h∫
0

f(x, y, t)dxdy − ν′1(t)u(0, y0, t)− ν′2(t)u(h, y0, t)− ν′3(t)

l∫
0

h∫
0

u(x, y, t)dxdy,

(27)

Q4(t) = ν1(t)∆u(0, y0, t) + ν2(t)∆u(h, y0, t) + ν3(t)

( l∫
0

(µ12(y, t)− µ11(y, t))dy+

+

h∫
0

(µ22(x, t)− µ21(x, t))dx

)
, t ∈ [0, T ]. (28)

Çíà÷åííÿ u(0, y0, t),∆u(0, y0, t), u(h, y0, t),∆u(h, y0, t) òà u(x, y, t) ó (27), (28) çàäàþòü
ôîðìóëàìè (8) òà (9) ó âiäïîâiäíèõ òî÷êàõ. Îòîæ,

Q3 = Q1(t)− ν3(t)

l∫
0

h∫
0

f(x, y, t)dxdy − ν′3(t)

l∫
0

h∫
0

u(x, y, t)dxdy,
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Q4 = Q2(t) + ν3(t)

 l∫
0

(µ12(y, t)− µ11(y, t))dy +

h∫
0

(µ22(x, t)− µ21(x, t))dx

 ,

t ∈ [0, T ].

Íà ïiäñòàâi âèçíà÷åíèõ ðiâíîñòåé ôîðìóëþ¹ìî òà äîâîäèìî òåîðåìè iñíóâàííÿ
òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)-(4), (25) àíàëîãi÷íî äî òåîðåì 1, 2.

Òåîðåìà 3. ßêùî âèêîíóþòüñÿ óìîâè (A1)-(A4), (A1a)-(A3a), (A5a), (A6a),
òî çàäà÷à (1)-(4), (25) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê (a(t), u(x, y, t)) ∈ C([0, T ]) ×
C2,1(QT ).

Òåîðåìà 4. ßêùî âèêîíóþòüñÿ óìîâè (A2), (A2a), (A5a), òî ðîçâ'ÿçîê (1)-(4),
(25) ¹äèíèé ó êëàñi C([0, T ])× C2+α,1(QT ).

Ëiòåðàòóðà

1. Iâàí÷îâ Ì.I. Îáåðíåíi çàäà÷i òåïëîïðîâiäíîñòi ç íåëîêàëüíèìè óìîâàìè / Ì.I. Iâàí÷îâ.
� Ê.: IÑÄÎ, 1995. � 84 ñ. � (Ïðåïðèíò).

2. Áåðåçíèöüêà I.Á. Îáåðíåíà çàäà÷à äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç íåëîêàëüíîþ óìîâîþ
ïåðåâèçíà÷åííÿ/ I.Á. Áåðåçíèöüêà //Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. �� 2001. � T. 44,
�1. � Ñ. 54-62.

3. Hryntsiv N.M. Nonlocal inverse problems for a weakly degenerate parabolic equation/
N.M. Hryntsiv //Âiñí. íàö. óí-òó "Ëüâiâñüêà ïîëiòåõíiêà". Ôiç.-ìàò. íàóêè. � 2011. �
T. 696, �696. � Ñ. 32-39.

4. Lesnic D. Determination of a time-dependent di�usivity from nonlocal conditions /
D. Lesnic , S.A. Youse�, M. Ivanchov // J. Appl. Math. Comput. � 2013. � Vol. 41. �
P. 301-320.

5. Kanca F. Inverse problem of �nding the time-dependent coe�cient of heat equation from
integral overdetermination condition data / F. Kanca, M. Ismailov // Inverse Probl. Sci.
Eng. � 2012. � Vol. 20. � P. 463-476.

6. Ñàãàéäàê Ð. Â. Ïðî îäíó îáåðíåíó çàäà÷ó äëÿ äâîâèìiðíîãî ðiâíÿííÿ ïàðàáîëi÷íîãî
òèïó/ Ð. Â. Ñàãàéäàê //Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. �� 2002. � T. 45, �2. � Ñ. 22-30.

7. Iâàí÷îâ Ì. I. Îáåðíåíà çàäà÷à âèçíà÷åííÿ ñòàðøîãî êîåôiöi¹íòà ó äâîâèìiðíîìó ïà-
ðàáîëi÷íîìó ðiâíÿííi/ Ì.I. Iâàí÷îâ, Ð.Â. Ñàãàéäàê //Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ. ��
2004. �- T. 47, �1. �� Ñ. 7�16.

8. Coles C. Identi�cation of parameters in the 2-D IHCP /C. Coles, D.A. Murio //Computers
and Mathematics with Applications, � 2000. � No. 40. � P. 939�956.

9. Coles C. Simultaneous space di�usivity and source term reconstruction in 2D IHCP /
C. Coles, D.A. Murio //Computers and Mathematics with Applications, � 2001. � No. 42.
� P. 1549�1564.

10. Ëàäûæåíñêàÿ Î.À. Ëèíåéíûå è êâàçèëèíåéíûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà./
Î.À. Ëàäûæåíñêàÿ , Â.À. Ñîëîííèêîâ, Í.Í. Óðàëüöåâà � Ì., 1967.

11. Ôðèäìàí À. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïàðàáîëè÷åñêîãî òèïà./À. Ôðèäìàí
� Ì., 1967.

12. Ivanchov M. Inverse problems for equations of parabolic type./M. Ivanchov //Math. Studi-
es: Monograph Ser. � 2003. � Vol. 10. � 238 p.

Ñòàòòÿ: íàäiéøëà äî ðåäêîëåãi¨ 02.09.2015

ïðèéíÿòà äî äðóêó 11.11.2015



60
Íàòàëiÿ ÊIÍÀØ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80

AN INVERSE PROBLEM FOR A TWO-DIMENSIONAL HEAT

EQUATION WITH NONLOCAL OVERDETERMINATION

CONDITION
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Su�cient conditions of existence and uniqueness of solution to the inverse
problem of determining time-dependent leading coe�cient in a 2-dimensional
heat equation with nonlocal overdetermination condition are established.
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