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The properties of finite homomorphic images of commutative Bezout do-
mains under certain conditions on the Jacobson radical and maximal ideals
are investigated. We describe the structure of maximal ideals in the case of
semisimple rings. We also describe the rings R and R/aR provided that R/aR
is a Kasch ring.
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1. INTRODUCTION

Finite homomorphic images of a commutative Bezout domain are a source of
examples and counterexamples in the current research in the ring theory. In the article
[3] it is proved that any finite homomorphic image of a commutative Bezout domain is
an IF-ring, i.e. a ring over which any injective module is flat, and in the article [9] it is
proved that it is a P-injective ring. Furthermore, it is known that a commutative domain
is hereditary if and only if every homomorphic image of the ring is self-injective Artinian
ring [7]. In addition, a commutative domain is a Dedekind ring if every homomorphic
image of this domain is a quasi-Frobenius ring [7]. In [14], there are investigated
commutative Bezout domains by calculating their homological dimensions. In [13] it
is proved that the finite homomorphic images of a commutative Bezout ring R are
semiregular if and only if R is an adequate domain. In [2] it is proved that a Noetherian
ring whose Jacobson radical is projective has an Artinian quotient ring. In [5] there are
investigated the rings whose Jacobson radicals are coherent (flat, injective). Note that
a finite homomorphic image of the ring will be understood as factor ring on principal
ideal.

Throughout this paper R is assumed to be a commutative ring with 1 # 0. By a
Bezout ring we mean a ring in which all finitely generated ideals are principal. By J(R)
and rad(R) we denote Jacobson radical and nilradical of the ring R.
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Definition 1. A nonzero element a of a ring R is called adequate if for every element
b € R, there exist r,s € R such that
l.a=r-s,
2. (r,b) =1,
3. for every nonunit divisor s’ of s, we have (s',b) # 1.

A commutative Bezout ring with identity is said to be adequate if every nonzero
element is adequate [15].

First note the following result.

Proposition 1. Let R be a commutative Bezout domain and a € R\(0). If the element
a is not adequate then rad(R/aR) # (0).

Proof. Note that if a = b - ¢, where (b,¢) = 1 for all such representations, then a is an
adequate element. Hence, a = b - ¢, and bR + ¢cR = dR,d ¢ U(R), otherwise the element
a will be adequate. Then we have ¢ = cod, b = byd for some elements cg, by € R. Denote
a = cobod. Tt is evident that aR C cobgdR = aR and o? = acyby. That is aR C R and
@R C aR. Hence & € rad(R/aR) and & # 0, and we obtain rad(R/aR) # (0).

Note that the condition rad(R/aR) # (0) or, more generally, J(R/aR) # (0) does
not imply that the element a is not an adequate element. For example, J(Z/12Z) # 0,
but 12 is an adequate element in the ring Z.

The answer to the question for an adequate element «a is given by Theorem.

Theorem 1. Let R be o commutative Bezout domain and a € R\0. Then the element a
is adequate if and only if R/aR is a semiregular ring. [13]

2. MAIN RESULTS

For finite homomorphic images of a commutative Bezout domain we describe the
ring in which the Jacobson radical is a principal ideal.

Theorem 2. Let R be a commutative Bezout domain and for a € R\(0): J(R/aR) is
a principal ideal. Then the element a is contained only in a finite number of mazimal
tdeals which are principal ideals.

Proof. Denote R = R/aR and b = b+ aR. According to [12] the annihilator Ann(b)
of any element b is a principal ideal. By virtue of [9] the ring R satisfies the condition
that Ann(Ann(b)) = bR. If J(R) = bR, then J(R) = Ann(¢) for some element ¢ € R.
According to [1], J(R) is a principal ideal if and only if the element a is contained in a
finite set of maximal ideals which are principal. The proof is complete.

Definition 2. An ideal I of a ring is called pure if for every a € I there exists an element
b e I such that ab=a [4].

Note that if I is a pure ideal and I C J(R), then I = (0).
Let us investigate whether the Jacobson radical is a pure ideal for any finite
homomorphic image of a commutative Bezout domain.

Definition 3. An ideal I is called dense if Ann(I) = (0) [6].

Remark that the following results are obvious.
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Proposition 2. Let R be a commutative ring and J(R) # (0) but Ann(J(R)) = (0).
Then every maximal ideal of the ring R is dense.

Proof. Let M be a maximal ideal of the ring R. Then J(R) C M, and hence Ann(M) C
Ann(J(R)) = (0). That is Ann(M) = (0), which was to be shown.

Proposition 3. Let R be a commutative ring and J(R) # (0) and there exists a mazimal
ideal M such that Ann(M) # (0). Then Ann(J(R)) # (0).

Proof. Since J(R) C M, then (0) # Ann(M) C Ann(J(R)).

Proposition 4. Let R be a commutative semiprime (i.e. reduced) ring. Then in the ring
R does not exist an ideal M such that (0) # Ann(M) C M.

Proof. Let M be an ideal in R such that (0) # Ann(M) C M. Then (Ann(M))? = (0).
Since R is semiprime ring, we obtain that Ann(M) = (0). Contradiction.
The proposition is proved.

By a semisimple ring we mean a ring R with J(R) = (0).
As a consequence we obtain the following result.

Theorem 3. Let R be a commutative semisimple ring. Then for any mazimal ideal M
of the ring R we have Ann(M) = (0) or M = mR, (m? =m).

Proof. Let M be a maximal ideal of the ring R. If Ann(M) # (0) then by Proposi-
tion 2.4, Ann(M) ¢ M and we obtain M + Ann(M) = R. Whence m + n = 1, where
m € M,n € Ann(M). Then m? + mn = m and m? = m, hence mR C M. Then for any
s € M we have sm+sn = s and s = sm that is M C mR. Hence M = mR and m? = m.
The proof is complete.

Thus, we have proved that any commutative ring with pure Jacobson radical is a
ring with projective socle, i.e., so-called PS-ring [7].

Theorem 4. Let R be a commutative semisimple ring. Then R is a PS-ring.

Definition 4. A commutative ring in which any arbilrary maximal ideal is dense is
called a Kasch ring [6].

By an atom we mean a non-unit which is not a product of non-units.

Theorem 5. Let R be commutative Bezout domain and for a € R\(0) R = R/aR is a
Kasch ring. Then an arbitrary mazimal ideal M of the ring R has the form M = eR,
where €2 = € or M = pR, where p is an atom.

Proof. If Ann(M) ¢ M then, as we have shown, M = éR. If Ann(M) C M then since R
is a Kasch ring we have M = pR. We prove that the element p is an atom. Let p = beé.
If there is bR = R, it is proved. Let bR # R. The inclusion pR C bR and that pR is
a maximal ideal of the ring R imply PR = bR, and then b = pt. Hence p = pbt and

p(1 — bt) = 0. We get that 1 — bt € Ann(M). Because of what is proven above, for any
T € annM it follows that z2 = 0 and then bt = 1 + 7, where 7 € rad(R). We obtain that
the element bf is a unit and that bR = R, which proves the theorem.
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Corollary 1. Let R be a commutative Bezout domain and, for a € R\(0); R = R/aR
is a Kasch ring and let M be a mazimal ideal of the ring R such that M = pR, where
D2 # p. Then the ideal M is not pure.

Proof. Suppose that the ideal M is pure. According to the definition of a pure ideal, for
any element p € M there exists an element § € M such that g = p. Since p is an atom,
this is possible only when b € U(R), which contradicts to the fact that § € M. The
corollary is proved.

Corollary 2. Let R be a commutative Bezoul domain and, for a € R\(0); R = R/aR is
a Kasch ring. The ring R is a finite direct sum of fields if and only if all maximal ideals
of the ring R are pure.

Proof. According to Theorem 2.4 and Corollary 2.1, any maximal ideal of the ring R has
the form M = éR, where &2 = €. Based on [10], we obtain the proof of our Corollary.

Theorem 6. Let R be a commutative Bezout domain and, for a € R\(0); R = R/aR
is a Kasch ring and let a mazimal ideal M of the ring R be flat. Then there exists an
idempotent € of the ring R such that M = éR.

Proof. Since R is a Kasch ring, then M = pR. And since Ann(M) C rad(R), then
according to [11] M is a projective module that is generated by an idempotent. The
theorem is proved.

Similarly to the Corollary 2.2, by virtue of Theorem 2.5, we obtain the following
result.

Corollary 3. Let R be a commutative Bezout domain and, for a € R\(0), R = R/aR is
a Kasch ring. The ring R is a finite direct sum of fields if and only if all mazimal ideals
of the ring R are flat.

We formulate a similar question (about the purity and flatness) for the case of
annihilator of arbitrary maximal ideal of the ring R.

According to [4], the pure ideal contained in the Jacobson radical is zero and
therefore preliminary results we obtain the following result.

Corollary 4. Let R be a commutative Bezout domain and, for a € R\(0), R = R/aR is
a Kasch ring. The ring R is a finite direct sum of fields if and only if an annihilator of
every mazimal ideal of the ring R is pure.

As a consequence of previos results we obtain the following theorem.

Theorem 7. Let R be a commutative Bezout domain in which an arbitrary mazimal
ideal is principal and let an element a € R\(0) be not adequate. Then any mazimal ideal
M = M/aR of the ring R = R/aR (here M is a mazimal ideal containing the element a)
cannot be neither flat, pure, nor injective.

Proof. Since an arbitrary maximal ideal of the ring R is a principal ideal, then by [12]
the annihilator of an arbitrary element b € R is a principal ideal. By virtue of the article
[7] in the ring R the following holds: Ann(Ann(b)) = bR. Then from [8] we obtain that
R is a Kasch ring. According to Proposition 1.1 and Corollaries 2.1, 2.4 we obtain that
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M is neither pure nor flat R-module. Since the ring R is an [F-ring, M cannot be an
injective R-module. The theorem is proved.
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ITPO BJIACTUBOCTI PAJJUKAJIIB I CIIEKTPA CKIHYEHHUX
TOMOMOP®HUX OBPA3IB KOMYTATUBHOI OBJIACTI BE3Y
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JocmimKeHo BIACTUBOCTI CKIHYEHHUX TOMOMOPGHUX 00pa3iB KOMYTATHUB-
Hux obsacreit Besy 3a neskux ymos Ha paaukas [xkekobcona i Ha MakcuMasIbHI
imeasu. Y BHIIAQJKY HAIIBIPOCTOrO KiJbIF OMHCAHO CTPYKTYPY MAKCHAMATbHIX
ineanis. Omucano kg R i R/aR 3a ymosu, mo R/aR € xinbuem Kama.

Karouosi caosa: xinbite Besy, agekBartre kimbre, Kinbie Kamra, gnctuit
igeadr.



