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Äîâåäåíî íåïåðåðâíiñòü iíäèêàòîðiâ çðîñòàííÿ ãîëîìîðôíèõ ôóíêöié
öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â ïðîêîëåíié êîìïëåêñíié ïëîùèíi ñòîñîâíî
ôóíêöi¨ çðîñòàííÿ λ, à òàêîæ âëàñòèâiñòü îäíîñòàéíî¨ íåïåðåðâíîñòi äëÿ
êëàñó ôóíêöié ñêií÷åííîãî λ-òèïó â ïðîêîëåíié ïëîùèíi.

Êëþ÷îâi ñëîâà: ôóíêöiÿ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ, iíäèêàòîð çðîñ-
òàííÿ, ôóíêöiÿ ñêií÷åííîãî λ-òèïó, âåðõíÿ âiäíîñíà ìiðà, îäíîñòàéíà íå-
ïåðåðâíiñòü, ôîðìóëà Ïóàññîíà-�íñåíà, êîåôiöi¹íòè Ôóð'¹, ãîëîìîðôíà
ôóíêöiÿ.

1. Âñòóï. Îäíèì ç îñòàííiõ ïiäõîäiâ äî âèâ÷åííÿ âëàñòèâîñòåé ôóíêöié ìå-
ðîìîðôíèõ ó áàãàòîçâ'ÿçíèõ îáëàñòÿõ ¹ ïiäõiä, ÿêèé çàïðîïîíîâàíî â [1], [2], [3].
Çàñòîñîâóþ÷è àïàðàò, ðîçðîáëåíèé ó çãàäàíèõ ïðàöÿõ, ó [4] áóëî ââåäåíî ïîíÿòòÿ
ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â ïðîêîëåíié êîìïëåêñíié ïëî-
ùèíi C∗ := C \ {0}, ïîíÿòòÿ iíäèêàòîðiâ çðîñòàííÿ òàêèõ ôóíêöié i äîâåäåíî äåÿêi
¨õíi âëàñòèâîñòi. Çîêðåìà, ω-òðèãîíîìåòðè÷íà îïóêëiñòü ñóìè iíäèêàòîðiâ çðîñòàííÿ
òà iñíóâàííÿ êóòîâî¨ ùiëüíîñòi ìíîæèíè íóëiâ ãîëîìîðôíèõ ôóíêöié öiëêîì ðåãó-
ëÿðíîãî çðîñòàííÿ â C∗ íà ïåâíèõ ïîñëiäîâíîñòÿõ. Ïiçíiøå â [5] áóëî ðîçãëÿíóòî
ïèòàííÿ ïðî îäíîñòàéíå öiëêîì ðåãóëÿðíå çðîñòàííÿ ìîäóëÿ òà àðãóìåíòó ãîëîìîð-
ôíî¨ â C∗ ôóíêöi¨. Àâòîðè, âèêîðèñòîâóþ÷è ìåòîä ðÿäiâ Ôóð'¹, ðåçóëüòàòè ïðàöi
[6] òà iíøi äîïîìiæíi ðåçóëüòàòè, ÿêi âîíè îäåðæàëè, ÿêi òàêîæ ìàþòü ñàìîñòiéíå
çíà÷åííÿ, îòðèìàëè ó ôîðìi êðèòåði¨â îïèñ ìíîæèí ãîëîìîðôíèõ â C∗ ôóíêöié,
ìîäóëi é àðãóìåíòè ÿêèõ çðîñòàþòü îäíîñòàéíî é öiëêîì ðåãóëÿðíî.

Ìåòà íàøî¨ ïðàöi � ïðîäîâæèòè çãàäàíèé öèêë ðîáiò ç âèâ÷åííÿ âëàñòèâîñòåé
ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ ó ïðîêîëåíié ïëîùèíi. Ãîëîâíèìè îá'¹êòàìè
äîñëiäæåííÿ ïåðåäóñiì ¹ iíäèêàòîðè çðîñòàííÿ òàêèõ ôóíêöié. Ó öié ÷àñòèíi äî-
âîäèòüñÿ íåïåðåðâíiñòü iíäèêàòîðiâ, à òàêîæ, çàäiþþ÷è àíàëîã ôîðìóëè Ïóàññîíà-
�íñåíà äëÿ êiëüöÿ, îòðèìàíèé I. Ï. Êøàíîâñüêèì ó [7], äîâîäèòüñÿ îäíîñòàéíà íå-
ïåðåðâíiñòü äëÿ êëàñó ôóíêöié ñêií÷åííîãî λ-òèïó â C∗. Öÿ âëàñòèâiñòü ¹ êëþ÷îâîþ

c⃝ Âèøèíñüêèé Î., Õðèñòiÿíèí À., 2015
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äëÿ äîâåäåííÿ òåîðåì ïðî àñèìïòîòè÷íó ïîâåäiíêó ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðå-
ãóëÿðíîãî çðîñòàííÿ â C∗ ïðè r → +∞ òà r → 0 ïîçà äåÿêèìè E0-ìíîæèíàìè, ÿêi
ñòàíîâëÿòü çìiñò äðóãî¨ ÷àñòèíè öi¹¨ ïðàöi.

2. Îçíà÷åííÿ òà äîïîìiæíi ïîíÿòòÿ. Íåõàé f � ôóíêöiÿ, ãîëîìîðôíà â
ïðîêîëåíié ïëîùèíi C∗ := C \ {0}, f ̸≡ 0. Ïiä ôóíêöi¹þ çðîñòàííÿ ìè ðîçóìiòèìåìî
äîäàòíó, íåñïàäíó, íåïåðåðâíó, íåîáìåæåíó ôóíêöiþ λ(r), r > 1. ×åðåç T0(r, f) ïî-
çíà÷àòèìåìî õàðàêòåðèñòèêó òèïó Íåâàíëiííè äëÿ ôóíêöié ìåðîìîðôíèõ ó êiëüöi
{z : 1

R0
< |z| < R0}, äå 1 < R0 6 +∞, ÿêà áóëà ââåäåíà â [1], à ñàìå

T0(r, f) = m0(r, f) +N0(r, f), 1 < r < R0,

äå

m0(r, f) = m(r, f) +m

(
1

r
, f

)
− 2m(1, f),

m(t, f) =
1

2π

2π∫
0

log+ |f(teiθ)| dθ, 1

R0
< t < R0,

à N0(r, f) =
∫ r
1
n0(t,f)

t dt, äå n0(t, f) � ëi÷èëüíà ôóíêöiÿ ïîëþñiâ ôóíêöi¨ f â êiëüöi
1/t 6 |z| 6 t, t > 1.

Îçíà÷åííÿ 1 ([3]). Íåõàé λ ôóíêöiÿ çðîñòàííÿ à f ãîëîìîðôíà ôóíêöiÿ â C∗.
Áóäåìî ãîâîðèòè, ùî f ôóíêöiÿ ñêií÷åííîãî λ-òèïó, i çàïèñóâàòè f ∈ ΛH , ÿêùî
T0(r, f) 6 Bλ(Cr) ïðè äåÿêèõ ñòàëèõ B,C äëÿ âñiõ r, r > 1.

Âñþäè íàäàëi áóäåìî ïðèïóñêàòè, ùî λ(r) ¹ ôóíêöi¹þ òàê çâàíîãî ïîìiðíîãî
çðîñòàííÿ, òîáòî (∃M > 0) (∀r > 1) : λ(2r) 6 Mλ(r). Êðiì òîãî, îáìåæèìîñü ëèøå
òàêèìè ôóíêöiÿìè çðîñòàííÿ λ(r), äëÿ ÿêèõ log r = o(λ(r)), r → +∞.

Ìè âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ äëÿ êîåôiöi¹íòiâ Ôóð'¹:

ck(t, f) =
1

2π

∫ 2π

0

e−ikθ log |f(teiθ)| dθ, k ∈ Z, t > 0.

Îçíà÷åííÿ 2 ([6]). Ãîëîìîðôíà â C∗ ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ öiëêîì ðå-

ãóëÿðíîãî çðîñòàííÿ ñòîñîâíî ôóíêöi¨ çðîñòàííÿ λ, ÿêùî f ¹ ñêií÷åííîãî λ-òèïó

i ∀k ∈ Z iñíóþòü ãðàíèöi lim
r→+∞

ck(r,f)
λ(r) =: c

(1)
k òà lim

r→+∞
ck(

1
r ,f)

λ(r) =: c
(2)
k .

Êëàñ òàêèõ ôóíêöié ïîçíà÷àòèìåìî Λ◦
H .

Îçíà÷åííÿ 3 ([6]). ßêùî f ∈ Λ◦
H , òî ôóíêöi¨ h1(θ, f) =

∑
k∈Z

c
(1)
k eikθ, h2(θ, f) =∑

k∈Z
c
(2)
k eikθ, äå c

(1)
k , c

(2)
k , âèçíà÷åíi â Îçíà÷åííi 2, íàçèâàþòüñÿ iíäèêàòîðàìè çðîñ-

òàííÿ ôóíêöi¨ f àáî, êîðîòøå, iíäèêàòîðàìè.

Îçíà÷åííÿ 4. Âåðõíüîþ âiäíîñíîþ ìiðîþ ìíîæèíè E ⊂ (0,+∞) áóäåìî íàçèâàòè
âåëè÷èíó

m∗
0(E) = lim

r→∞

mes(E ∩ (1, r))

r
+ lim
r→∞

mes(E′ ∩ (1, r))

r
, äå E′ = {1

r
: r∈E ∩ (0, 1)}. (1)

Ìíîæèíó E ç íóëüîâîþ âåðõíüîþ âiäíîñíîþ ìiðîþ íàçèâàòèìåìî E0-ìíîæèíîþ.
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Òàêîæ áóäåìî ïðèïóñêàòè, ùî ôóíêöiÿ f íå ìà¹ íóëiâ íà êîëi |z| = 1. ßêùî
äëÿ Òåîðåì 1, 2 öå ïðèïóùåííÿ íå çìåíøó¹ çàãàëüíîñòi i ðåçóëüòàò çàëèøà¹òüñÿ ïðà-
âèëüíèì òàêîæ é ó âèïàäêó, êîëè ôóíêöiÿ f ìà¹ íóëi íà îäèíè÷íîìó êîëi, òî äëÿ
Òåîðåì 3, 4 öå ïðèïóùåííÿ ¹ ñóòò¹âèì, îñêiëüêè äîâåäåííÿ äâîõ îñòàííiõ òåîðåì âè-
êîðèñòîâó¹ àíàëîã ôîðìóëè Ïóàññîíà-�íñåíà äëÿ êiëüöÿ, îòðèìàíèé I. Ï. Êøàíîâ-
ñüêèì [7], ñàìå çà óìîâè âiäñóòíîñòi íóëiâ (à òàêîæ ïîëþñiâ ó âèïàäêó ìåðîìîðôíî¨
ôóíêöi¨) íà êîëi |z| = 1.

Íàðåøòi íàâåäåìî äåùî ìîäèôiêîâàíi ïîçíà÷åííÿ ç [1], ÿêi ìè íåîäíîðàçîâî
áóäåìî âèêîðèñòîâóâàòè â äîâåäåííi îñíîâíèõ ðåçóëüòàòiâ. Äëÿ ãîëîìîðôíî¨ â C∗,

âiäìiííî¨ âiä òîòîæíîãî íóëÿ ôóíêöi¨ f ÷åðåç n
(1)
0 (t, f), n

(2)
0 (t, f) ïîçíà÷èìî êiëüêiñòü

íóëiâ aj ôóíêöi¨ f(z) âiäïîâiäíî â {z : 1 < |z| 6 t}, òà {z : 1
t 6 |z| < 1}, t > 1, ç

âðàõóâàííÿì ¨õíüî¨ êðàòíîñòi. Êðiì òîãî, íåõàé N
(i)
0 (r, f) :=

r∫
1

n
(i)
0 (t,f)
t dt, i = 1, 2,

r > 1.
3. Îñíîâíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé f ∈ Λ◦
H . Òîäi iíäèêàòîð h1(θ, f) ¹ íåïåðåðâíîþ ôóíêöi¹þ.

Òåîðåìà 2. Íåõàé f ∈ Λ◦
H . Òîäi iíäèêàòîð h2(θ, f) ¹ íåïåðåðâíîþ ôóíêöi¹þ.

Òåîðåìà 3. Íåõàé f ∈ ΛH , f(z) ̸= 0 ïðè |z| = 1. Òîäi

(∀ε > 0) (∀η > 0) (∃δ0 > 0) (∃Eη, m∗
0(Eη) 6 η) (∀r ∈ [2,+∞) \ Eη) (∀φ, θ) :

|φ− θ| < δ0 =⇒ | log f(reiθ)− log f(reiφ)| < ελ(r).

Òåîðåìà 4. Íåõàé f ∈ ΛH , f(z) ̸= 0 ïðè |z| = 1. Òîäi

(∀ε > 0) (∀µ > 0)(∃δ0 > 0) (∃Eµ, m∗
0(Eµ) 6 µ) (∀r ∈ [2,+∞) \ Eµ) (∀φ, θ) :

|φ− θ| < δ0 =⇒
∣∣∣∣log f (1

r
eiθ
)
− log f

(
1

r
eiφ
)∣∣∣∣ < ελ(r).

4. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ.

4.1. Äîâåäåííÿ Òåîðåìè 1.

Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî ôóíêöiÿ f íå ìà¹ íóëiâ íà êîëi
|z| = 1. Çàïèøåìî âèðàçè äëÿ êîåôiöi¹íòiâ Ôóð'¹ [3, Ëåìà 21.1, ñ. 59]

ck(r, f) =
1

2
(αkr

k+α−kr
−k)+

1

2k

∑
1<|aj |6r

( r

aj

)k
−

(
aj
r

)k , k ∈ N, r > 1. (2)

Çâiäñè

rk

∣∣∣∣∣∣(αk + α−kr
−2k) +

1

k

∑
1<|aj |6r

(
1

aj

)k∣∣∣∣∣∣ 6 2|ck(r, f)|+

∣∣∣∣∣∣1k
∑

1<|aj |6r

(
aj
r

)k∣∣∣∣∣∣ . (3)

Ïîäiëèìî (3) íà rk. Îöiíèìî ïðàâó ÷àñòèíó îòðèìàíî¨ íåðiâíîñòi

2|ck(r, f)|
rk

+
1

k

∣∣∣∣ ∑
1<|aj |6r

(
aj
r2

)k∣∣∣∣ 6 4T0(r, f)

rk
+

1

k

n
(1)
0 (r, f)

r2k
, k ∈ N, r > 1. (4)
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Íàãàäà¹ìî, ùî ìè ðîçãëÿäà¹ìî ëèøå ôóíêöi¨ ïîìiðíîãî çðîñòàííÿ λ(r). Â öüîìó
âèïàäêó ïîðÿäîê ρ0 ôóíêöi¨ f , ÿêèé âèçíà÷à¹òüñÿ ([3]) òàê:

ρ0 = ρ[f ] = lim
r→+∞

log T0(r, f)

log r

áóäå ñêií÷åííèì. Ñïðÿìó¹ìî r → +∞. Â ïðàâié ÷àñòèíi íåðiâíîñòi (4) îáèäâà äî-
äàíêè ïðÿìóþòü äî 0 ïðè k > ρ0. Òîäi ç (3) îòðèìó¹ìî

αk = −1

k

∑
1<|aj |

(
1

aj

)k
, k > ρ0.

Ïîâåðòàþ÷èñü äî (2), ìàòèìåìî

ck(r, f) = − 1

2k

∑
|aj |>r

(
r

aj

)k
− 1

2k

∑
1<|aj |6r

(
aj
r

)k
+

1

2
α−kr

−k, k > ρ0. (5)

Îöiíþþ÷è àáñîëþòíi âåëè÷èíè êîåôiöi¹íòiâ Ôóð'¹ (5), çàìiíþþ÷è ñóìè iíòåãðàëàìè
Ñòiëüòü¹ñà òà iíòåãðóþ÷è ÷àñòèíàìè, îòðèìó¹ìî ïðè k > ρ0

|ck(r, f)| 6
1

2k

∞∫
r

(
r

t

)k
dn

(1)
0 (t, f) +

1

2k

r∫
1

(
t

r

)k
dn

(1)
0 (t, f) +

|α−k|
2rk

=

=
1

2k

rk
tk
n
(1)
0 (t, f)

∣∣∣∣∞
r

+ k

∞∫
r

rk

tk
n
(1)
0 (t, f)

t
dt

+
1

2k

tk
rk
n
(1)
0 (t, f)

∣∣∣∣r
1

−k
r∫

1

tk

rk
n
(1)
0 (t, f)

t
dt

+
|α−k|
2rk

=

= − 1

2k
n
(1)
0 (r, f)+

1

2

∞∫
r

(
r

t

)k
n
(1)
0 (t, f)

t
dt+

1

2k
n
(1)
0 (r, f)−1

2

r∫
1

(
t

r

)k
n
(1)
0 (t, f)

t
dt+

|α−k|
2rk

=

=
1

2

∞∫
r

(
r

t

)k
n
(1)
0 (t, f)

t
dt− 1

2

r∫
1

(
t

r

)k
n
(1)
0 (t, f)

t
dt+

|α−k|
2rk

, r > 1.

Çíîâó iíòåãðóþ÷è ÷àñòèíàìè, ïðè k > q + 1, q = [ρ0] îäåðæó¹ìî

|ck(r, f)| 6
1

2

∞∫
r

(
r

t

)k
dN

(1)
0 (t, f)− 1

2

r∫
1

(
t

r

)k
dN

(1)
0 (t, f) +

|α−k|
2rk

=

=
1

2

rk
tk
N

(1)
0 (t, f)

∣∣∣∣∞
r

+ k

∞∫
r

rk

tk
N

(1)
0 (t, f)

t
dt

−1

2

tk
rk
N

(1)
0 (t, f)

∣∣∣∣r
1

−k
r∫

1

tk

rk
N

(1)
0 (t, f)

t
dt

+
|α−k|
2rk

=

=
k

2

∞∫
r

(
r

t

)k
N

(1)
0 (t, f)

t
dt+

k

2

r∫
1

(
t

r

)k
N

(1)
0 (t, f)

t
dt−N

(1)
0 (r, f) +

|α−k|
2rk

, r > 1. (6)

Âèêîíóþ÷è àíàëîãi÷íi ïåðåòâîðåííÿ, ïðè 1 6 k 6 q ñïî÷àòêó îòðèìà¹ìî

|ck(r, f)| ≤
1

2
|αkrk + α−kr

−k|+ 1

2

r∫
1

rk

tk
n
(1)
0 (t, f)

t
dt+

1

2

r∫
1

tk

rk
n
(1)
0 (t, f)

t
dt, r > 1.
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Ïiñëÿ ïîâòîðíîãî iíòåãðóâàííÿ ÷àñòèíàìè ìàòèìåìî ïðè 1 6 k 6 q, r > 1

|ck(r, f)| ≤
1

2
|αkrk + α−kr

−k|+ k

2

r∫
1

((
r

t

)k
−
(
t

r

)k)
N

(1)
0 (t, f)

t
dt+N

(1)
0 (r, f). (7)

Î÷åâèäíî, ùî ïîðÿäîê ρ ôóíêöi¨ N
(1)
0 (r, f) íå ïåðåâèùó¹ ρ0. Òîäi çà ëåìîþ Ïîéÿ [10,

ñ. 155-156] äëÿ äîâiëüíîãî äîäàòíîãî ε < q+1−ρ iñíó¹ ïîñëiäîâíiñòü {tn}, tn → +∞
òàêà, ùî

N
(1)
0 (t, f) 6

(
t

tn

)ρ−ε
N

(1)
0 (tn, f), 0 < t 6 tn,

N
(1)
0 (t, f) 6

(
t

tn

)ρ+ε
N

(1)
0 (tn, f), tn ≤ t < +∞.

(8)

Âèêîðèñòîâóþ÷è (8), iç (6) îòðèìó¹ìî

|ck(tn, f)| 6

k
2

∞∫
tn

(
tn
t

)k(
t

tn

)ρ+ε
dt

t
+
k

2

tn∫
1

(
t

tn

)k(
t

tn

)ρ−ε
dt

t
− 1

N
(1)
0 (tn, f)+

|α−k|
2tkn

=

= N
(1)
0 (tn, f)

k
2
tk−ρ−εn ·

∞∫
tn

tρ+ε−k−1dt+
k

2
t−k−ρ+εn ·

tn∫
1

tk+ρ−ε−1dt− 1

+
|α−k|
2tkn

=

= N
(1)
0 (tn, f)

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
+

|α−k|
2tkn

, k > q + 1.

ßêùî 1 6 k 6 q, òî ç (7) òà (8) âèïëèâà¹

|ck(tn, f)| 6
1

2
|αktkn + α−kt

−k
n |+N

(1)
0 (tn, f)

k
2

tn∫
1

(
tkn
tk

− tk

tkn

)(
t

tn

)ρ−ε
dt

t
+ 1

 =

=
1

2
|αktkn + α−kt

−k
n |+N

(1)
0 (tn, f)

k
2
tk−ρ+εn ·

tn∫
1

tρ−ε−k−1dt−

−k
2
t−k−ρ+εn ·

tn∫
1

tk+ρ−ε−1dt+ 1

 =

=
1

2
|αktkn + α−kt

−k
n |+N

(1)
0 (tn, f)

(
k2

(ρ− ε)2 − k2
+ 1

)
.

Âðàõîâóþ÷è òå, ùî N
(1)
0 (r, f) 6 T0(r, f) 6 Aλ(r) ïðè r > 1, ñïðÿìîâóþ÷è n→ +∞,

îäåðæó¹ìî

|c(1)k | = lim
n→+∞

|ck(tn, f)|
λ(tn)

6


A

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
, k > ρ,

A

(
k2

(ρ− ε)2 − k2
+ 1

)
, 1 6 k 6 ρ.

(9)
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Âðàõîâóþ÷è äîâiëüíiñòü ε, îòðèìó¹ìî, ùî

|c(1)k | 6 ρ2

|k2 − ρ2|
, k ∈ N.

Äëÿ âiä'¹ìíèõ öiëèõ âèêîðèñòîâó¹ìî âëàñòèâiñòü êîåôiöi¹íòiâ Ôóð'¹ c−k(r, f) =

ck(r, f), ùî ðàçîì ç îòðèìàíèì ðàíiøå äà¹ ïiäñòàâè çàïèñàòè

|c(1)k | 6 ρ2

|k2 − ρ2|
, k ∈ Z \ {0}.

Öå äà¹ ïðàâî ñòâåðäæóâàòè, ùî ðÿä
∑
k∈Z

c
(1)
k eikθ çáiãà¹òüñÿ ðiâíîìiðíî íà [0, 2π], à

îòæå, h1(θ, f) ¹ íåïåðåðâíîþ ôóíêöi¹þ ñòîñîâíî θ íà [0, 2π].
2

4.2. Äîâåäåííÿ Òåîðåìè 2.

Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî ôóíêöiÿ f íåìà¹ íóëiâ íà îäè-
íè÷íîìó êîëi. Êîåôiöi¹íòè Ôóð'¹ äëÿ íàøîãî âèïàäêó ìàþòü òàêèé âèãëÿä ([3,
ñ.59]):

ck

(
1

r
, f

)
=

1

2
(αkr

−k + α−kr
k)+

1

2k

∑
1
r6|aj |<1

(ajr)k−( 1

ajr

)k , k ∈ N, r > 1. (10)

Ç (10) âèïëèâà¹

rk

∣∣∣∣∣∣(αkr−2k + α−k) +
1

k

∑
1
r6|aj |<1

akj

∣∣∣∣∣∣ 6 2

∣∣∣∣ck (1

r
, f

)∣∣∣∣+
∣∣∣∣∣∣1k

∑
1
r6|aj |<1

(
1

ajr

)k∣∣∣∣∣∣ . (11)

Ïîäiëèìî (11) íà rk. Äëÿ ïðàâî¨ ÷àñòèíè îòðèìàíî¨ íåðiâíîñòi ñïðàâäæó¹òüñÿ òàêà
îöiíêà:

2
|ck( 1r , f)|

rk
+

1

k

∣∣∣∣ ∑
1
r6|aj |<1

(
1

ajr2

)k∣∣∣∣ 6 4T0(r, f)

rk
+

1

k

n
(2)
0 (r, f)

r2k
. (12)

Íåõàé q = [ρ0], äå ρ0 � ïîðÿäîê ôóíêöi¨ f. Ñïðÿìó¹ìî r → +∞. Â ïðàâié ÷àñòèíi (12)
îáèäâà äîäàíêè ïðÿìóþòü äî 0 ïðè k > q. Òîäi ç (11) îòðèìó¹ìî

α−k = −1

k

∑
06|aj |<1

akj , k > q.

Ïîâåðòàþ÷èñü äî (10), ìàòèìåìî

ck

(
1

r
, f

)
= − 1

2k

∑
0<|aj |< 1

r

(ajr)
k − 1

2k

∑
1
r6|aj |<1

(
1

ajr

)k
+

1

2
αkr

−k, k > ρ. (13)

Äàëi äîâåäåííÿ ñòà¹ àíàëîãi÷íèì äî äîâåäåííÿ Òåîðåìè 1 ç âiäïîâiäíèìè çìiíàìè ó
ïîçíà÷åííÿõ. Òîìó ìè íå áóäåìî íàâîäèòè ïðîìiæíèõ ìiðêóâàíü, ÿêi àíàëîãi÷íi äî
ìiðêóâàíü ó âiäïîâiäíèõ ìiñöÿõ äîâåäåííÿ Òåîðåìè 1.
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Iíòåãðóþ÷è ÷àñòèíàìè â (13), îòðèìó¹ìî ïðè k > q∣∣∣∣ck (1

r
, f

)∣∣∣∣ 6 1

2

∞∫
r

(
r

t

)k
n
(2)
0 (t, f)

t
dt− 1

2

r∫
1

(
t

r

)k
n
(2)
0 (t, f)

t
dt+

|αk|
2rk

, r > 1.

Çíîâó iíòåãðóþ÷è ÷àñòèíàìè ïðè k > q + 1, îäåðæèìî∣∣∣∣ck (1

r
, f

)∣∣∣∣6 k

2

∞∫
r

(
r

t

)k
N

(2)
0 (t, f)

t
dt+

k

2

r∫
1

(
t

r

)k
N

(2)
0 (t, f)

t
dt−N (2)

0 (r, f)+
|αk|
2rk

, r > 1.

(14)
ßêùî æ 1 6 k 6 q, òî ïiñëÿ ïåðøîãî iíòåãðóâàííÿ ÷àñòèíàìè ìàòèìåìî∣∣∣∣ck (1

r
, f

)∣∣∣∣ 6 1

2
|αkr−k + α−kr

k|+ 1

2

r∫
1

rk

tk
n
(2)
0 (t, f)

t
dt+

1

2

r∫
1

tk

rk
n
(2)
0 (t, f)

t
dt, r > 1,

à ïiñëÿ äðóãîãî äëÿ 1 ≤ k ≤ q, r > 1∣∣∣∣ck (1

r
, f

)∣∣∣∣6 1

2
|αkr−k+α−kr

k|+ k

2

r∫
1

((
r

t

)k
−
(
t

r

)k)
N

(2)
0 (r, f)

t
dt+N

(2)
0 (r, f). (15)

Îñêiëüêè ïîðÿäîê ρ ôóíêöi¨ N
(2)
0 (r, f) íå ïåðåâèùó¹ ρ0, òî, çàñòîñîâóþ÷è ëåìó Ïîéÿ

[10, ñ. 155-156], îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî äîäàòíîãî ε < q + 1 − ρ çíàéäåòüñÿ
ïîñëiäîâíiñòü {tn}, tn → +∞ òàêà, ùî

N
(2)
0 (t, f) 6

(
t

tn

)ρ−ε
N

(2)
0 (tn, f), 0 < t 6 tn

N
(2)
0 (t, f) 6

(
t

tn

)ρ+ε
N

(2)
0 (tn, f), tn ≤ t < +∞.

(16)

Âèêîðèñòîâóþ÷è (16), iç (14) îòðèìó¹ìî ïðè k > q + 1∣∣∣∣ck ( 1

tn
, f

)∣∣∣∣ 6 N
(2)
0 (tn, f)

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
+

|αk|
2rk

, r > 1.

ßêùî 1 6 k 6 q, òî ç (15), çàñòîñîâóþ÷è (16), îòðèìó¹ìî∣∣∣∣ck ( 1

tn
, f

)∣∣∣∣ 6 1

2
|αkt−kn + α−kt

k
n|+N

(2)
0 (tn, f)

(
k2

(ρ− ε)2 − k2
+ 1

)
, r > 1.

Îñêiëüêè N
(2)
0 (r, f) 6 T0(r, f) 6 Aλ(r) ïðè r > 1, òî, ñïðÿìîâóþ÷è n → +∞,

îòðèìà¹ìî

|c(2)k | = lim
n→+∞

|ck( 1
tn
, f)|

λ(tn)
6


A

(
k(k − ε)

(k − ε)2 − ρ2
− 1

)
, k > ρ,

A

(
k2

(ρ− ε)2 − k2
+ 1

)
, 1 6 k 6 ρ.

(17)

Íà ïiäñòàâi äîâiëüíîñòi ε ðîáèìî âèñíîâîê, ùî |c(2)k | 6 ρ2

|k2−ρ2| ïðè k ∈ N. Âèêîðèñòî-

âóþ÷è âëàñòèâiñòü c−k(r, f) = ck(r, f), ìàòèìåìî |c(2)k | 6 ρ2

|k2−ρ2| ïðè âñiõ k ∈ Z \ {0}.
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Òîìó ðÿä
∑
k∈Z

c
(2)
k eikθ çáiãà¹òüñÿ ðiâíîìiðíî íà [0, 2π], à îòæå, h2(θ, f) ¹ íåïåðåðâíîþ

ïðè θ ∈ [0, 2π].
2

4.3. Äîâåäåííÿ Òåîðåìè 3.

Îñêiëüêè f ∈ΛH òî (∃A > 0) (∀r > 0) (∀k ∈ Z) : |ck(2r, f)| 6 Aλ(r), n0(2r, f)6
Aλ(r).Íåõàé {aj} � íóëi ôóíêöi¨ f , z = reiφ,R > r. Âèêîðèñòîâóþ÷è àíàëîã ôîðìóëè
Ïóàññîíà-�íñåíà [7] äëÿ ïðîêîëåíî¨ ïëîùèíè C∗, ìîæåìî çàïèñàòè

log |f(reiφ)|= 1

2π

2π∫
0

log |f(Reiθ)|P (R, r, θ−φ)dθ+ 1

2π

2π∫
0

log |f( 1
R
eiθ)|P (Rr, 1, θ−φ)dθ−

− 1

4π

∫ 2π

0

log |f(eiθ)|P (R2, r, θ − φ)dθ − 1

4π

∫ 2π

0

log |f(eiθ)|P (rR2, 1, θ − φ)dθ−

− 1

2π

∫ 2π

0

∂ log |f(ρeiθ)|
∂ρ

∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ−
−

∑
1<|aj |6R

log

∣∣∣∣ R2 − ajz

R(aj − z)

∣∣∣∣− ∑
1
R6|aj |<1

log

∣∣∣∣ 1
R2 − ajz
1
R (aj − z)

∣∣∣∣+ 1

πi

∫
|z|=1

f ′(z)

f(z)
dz · logR, (18)

äå P (X,x, τ) =
X2 − x2

X2 − 2Xx cos τ + x2
− ÿäðî Ïóàññîíà.

Îñêiëüêè

P (R, r, θ − φ) = Re
Reiθ + z

Reiθ − z
=
∑
k∈Z

( r
R

)|k|
eik(θ−φ), r < R, (19)

òî ïðè R = 2r

P (Rr, 1, θ − φ) = P (r,
1

2r
, θ − φ) = Re

reiφ + 1
2r e

iθ

reiφ − 1
2r e

iθ
=
∑
k∈Z

(
1

2r2

)|k|

eik(θ−φ),

P (R2, r, θ − φ) = P (4r, 1, θ − φ) = Re
4reiφ + eiθ

4reiφ − eiθ
=
∑
k∈Z

(
1

4r

)|k|

eik(θ−φ), (20)

P (rR2, 1, θ − φ) = Re
4r3eiφ + eiθ

4r3eiφ − eiθ
=
∑
k∈Z

(
1

4r3

)|k|

eik(θ−φ).

Çàñòîñîâóþ÷è ðîçâèíåííÿ ÿäåð Ïóàññîíà (20), îòðèìó¹ìî, ùî ðiâíiñòü (18) ïðè R =
2r íàáóäå âèãëÿäó

log |f(reiφ)| =
∑
k∈Z

ck(2r, f)

2|k|
eikφ+

∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikφ − 1

2

∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ−

−
∑

1<|aj |62r

log

∣∣∣∣∣2r −
ajz
2r

aj − z

∣∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣ 1
2r − 2rajz

aj − z

∣∣∣∣+O(log r)

(21)
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äå 1 < r ̸= |aj |, 1
r ̸= |aj |. Ðîçãëÿíåìî ñóìó 4-ãî òà 5-ãî äîäàíêiâ â (21):∑

1<|aj |62r

log

∣∣∣∣2r − ajz

2r

∣∣∣∣− ∑
1<|aj |62r

log |z − aj |+

+
∑

1
2r6|aj |<1

log

∣∣∣∣ 12r − 2rajz

∣∣∣∣− ∑
1
2r6|aj |<1

log |z − aj | =

= log r
∑

1<|aj |62r

1 +
∑

1<|aj |62r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣−
− log r

∑
1<|aj |62r

1−
∑

1<|aj |62r

log
∣∣∣1− aj

r
e−iφ

∣∣∣+
+ log

1

2r

∑
1
2r6|aj |<1

1 +
∑

1
2r6|aj |<1

log |1− 4r3aje
iφ|−

− log r
∑

1
2r6|aj |<1

1−
∑

1
2r6|aj |<1

log
∣∣∣1− aj

r
e−iφ

∣∣∣ =
=

∑
1<|aj |62r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣− ∑
1<|aj |62r

log
∣∣∣1− aj

r
e−iφ

∣∣∣+
+

∑
1
2r6|aj |<1

log |1− 4r3aje
iφ| −

∑
1
2r6|aj |<1

log
∣∣∣1− aj

r
e−iφ

∣∣∣− n
(2)
0 (2r, f) log 2r2.

Ïîçíà÷èìî

G(r, φ) =
∑
k∈Z

ck(2r, f)

2|k|
eikφ+

∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikφ− 1

2

∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ, (22)

S(r, φ) = −
∑

1<|aj |62r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣+ ∑
1<|aj |6 r

2

log |1− aj
r
e−iφ| −

−
∑

1
2r6|aj |<1

log |1− 4r3aje
iφ|+

∑
1
2r6|aj |<1

log
∣∣∣1− aj

r
e−iφ

∣∣∣ . (23)

à òàêîæ

F (r, φ) =
∑

r
26|aj |62r

log
∣∣∣1− aj

r
e−iφ

∣∣∣ , F (r, φ) =
∑

r
26|aj |62r

log
|z − aj |

|z|
=: F (z). (24)

Òîäi (21) íàáóäå âèãëÿäó

log |f(reiφ)| = G(r, φ) + S(r, φ) + F (r, φ) + n
(2)
0 (2r, f) log 2r2 +O(log r), r > 1. (25)

Ðîçãëÿíåìî îêðåìî êîæåí ç ïåðøèõ òðüîõ äîäàíêiâ ó (25). Äîâåäåìî ñïî÷àòêó,
ùî S(r, φ)/λ(r) áóäå îäíîñòàéíî íåïåðåðâíîþ ôóíêöi¹þ ïðè r ≥ 2, 0 ≤ φ ≤ 2π. Äëÿ
öüîãî ðîçãëÿíåìî îêðåìî êîæåí äîäàíîê-ñóìó, ùî âõîäèòü â S(r, φ).
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Ðîçãëÿíóâøè ïåðøó ñóìó ç S(r, f), âðàõîâóþ÷è, ùî ïðè 1 < |aj | 6 2r òà r > 2
ïðàâèëüíi íåðiâíîñòi

1 = 2

(
1− 2r

4r

)
6 2

(
1− |aj |

4r

)
6
∣∣∣∣2(1− aje

iφ

4r

) ∣∣∣∣ 6 2

(
1 +

|aj |
4r

)
6 2

(
1 +

1

2

)
= 3,

à òàêîæ òîé ôàêò, ùî ôóíêöiÿ log |w| ¹ ðiâíîìiðíî íåïåðåðâíîþ â êiëüöi 1 ≤ |w| ≤ 3,

ðîáèìî âèñíîâîê, ùî ôóíêöiÿ log
∣∣∣2(1− aje

iφ

4r

)∣∣∣ ðiâíîìiðíî íåïåðåðâíà ôóíêöiÿ ïðè
r > 2, φ ∈ [0, 2π].

Òîìó îòðèìàëè, ùî (∀ε1 > 0) (∃δ1 > 0) (∀r ≥ 2) (∀φ, θ) òàêèõ, ùî |φ − θ| < δ1
âèêîíó¹òüñÿ∣∣∣∣∣∣

∑
1<|aj |≤2r

log

∣∣∣∣2(1− aje
iφ

4r

)∣∣∣∣− ∑
1<|aj |≤2r

log

∣∣∣∣2(1− aje
iθ

4r

)∣∣∣∣
∣∣∣∣∣∣< ε1n

(1)
0 (2r, f)<ε1Aλ(r).

(26)
Äëÿ äðóãî¨ ñóìè àíàëîãi÷íèé âèñíîâîê îòðèìó¹ìî, ÿêùî çàóâàæèòè, ùî ïðè

1< |aj |6 r
2 òà r > 2 ïðàâèëüíi íåðiâíîñòi

1

2
= 1− |aj |

r
6
∣∣∣∣1− aj

r
e−iφ

∣∣∣∣ 6 1 +
|aj |
r

6 1 +
1

2
=

3

2
.

Îäíîñòàéíà íåïåðåðâíiñòü ÷åòâåðòî¨ ñóìè ç S(r, φ) âèïëèâà¹ ç íåðiâíîñòåé

3

4
= 1− 1

4
6 1− 1

2r
6 1− |aj |

r
6
∣∣∣∣1− aj

r
e−iφ

∣∣∣∣ 6 1 +
|aj |
r

6 1 +
1

2r
6 5

4
,

ÿêi ïðàâèëüíi ïðè 1
2r 6 |aj | < 1 òà r > 2 ïiñëÿ ìiðêóâàíü ïîäiáíèõ äî (26).

Çðåøòîþ, ðîçãëÿíåìî òðåòþ ñóìó
∑

1
2r6|aj |<1

log |1 − 4r3aje
iφ|. Êîæåí äîäàíîê ó

öié ñóìi íàáóâà¹ âèãëÿäó log |1 − ζ|, äå ζ = ρeiψ, ρ = 4r3|aj |, ρ ∈ [2r2, 4r3). ßêùî
r > 2, òî ρ > 8 i òèì áiëüøå ρ > 2. Òîìó ∀ζk = ρeiψk , k = 1, 2 ïðè r > 2 ìàòèìåìî

log |ζ1 − 1| − log |ζ2 − 1| = log

∣∣∣∣ζ1 − 1

ζ2 − 1

∣∣∣∣ = log

∣∣∣∣1 + ζ1 − ζ2
ζ2 − 1

∣∣∣∣ =
= log

∣∣∣∣1 + ρ(eψ1 − eψ2)

ζ2 − 1

∣∣∣∣ 6 log

(
1 +

ρ|ψ1 − ψ2|
|ζ2 − 1|

)
6

6 log

(
1 +

ρ

ρ−1
|ψ1 − ψ2|

)
6 log(1 + 2|ψ1 − ψ2|)62|ψ1 − ψ2|.

(27)

Ïîâåðòàþ÷èñü äî S(r, φ), ðîáèìî âèñíîâîê, ùî (∀ε1 < ε
8A ) (∃δ′1 > 0) (∀r > 2)

(∀φ, θ) :

|φ− θ| < δ′1 ⇒ |S(r, φ)− S(r, θ)| < 2ε1(n
(1)
0 (2r, f) + n

(2)
0 (2r, f)) < 2ε1Aλ(r) <

ε

4
λ(r).

(28)
Ïåðåéäåìî òåïåð äî ðîçãëÿäó G(r, φ).
Îñêiëüêè äëÿ âñiõ r>1 i k∈Z çà êðèòåði¹ì ñêií÷åííîñòi λ-òèïó [3] âèêîíó¹òüñÿ

|ck(2r, f)| 6 Aλ(r), |ck( 1
2r , f)| 6 Aλ(r), òî âñi ðÿäè â (22) çáiãàþòüñÿ ðiâíîìiðíî ïðè
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r>1, φ ∈ [0, 2π]. Êðiì òîãî, (∀ε1 > 0) (∃δ′′1 > 0) (∀φ, θ, |φ− θ| < δ′′1 )∣∣∣∣∣∑
k∈Z

ck(2r, f)

2|k|
eikφ −

∑
k∈Z

ck(2r, f)

2|k|
eikθ

∣∣∣∣∣ =
∣∣∣∣∣∑
k∈Z

ck(2r, f)

2|k|
(eikφ − eikθ)

∣∣∣∣∣ <
< Aλ(r) · ε1

∑
k∈Z

1

2|k|
= 3Aλ(r) · ε1, r > 1.

∣∣∣∣∣∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikφ −

∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
eikθ

∣∣∣∣∣ =
∣∣∣∣∣∑
k∈Z

ck(
1
2r , f)

(2r2)|k|
(eikφ − eikθ)

∣∣∣∣∣ <
< Aλ(r) · ε1

∑
k∈Z

1

(2r2)|k|
= 3Aλ(r) · ε1, r > 1,

à òàêîæ ∣∣∣∣∣∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ −

∑
k∈Z

(
ck(1, f)

(4r)|k|
+
ck(1, f)

(4r3)|k|

)
eikφ

∣∣∣∣∣ <
< ε1|ck(1, f)|

∑
k∈Z

2

4|k|
< 4ε1Aλ(r), r > 1.

Îòæå, G(r, φ) ¹ ðiâíîìiðíî íåïåðåðâíîþ ñòîñîâíî φ∈ [0, 2π] íà êîæíîìó êîëi |z| = r,
r > 1. Íàñïðàâäi, ìè îòðèìàëè íàâiòü áiëüøå. À ñàìå, ùî (∀ε1 6 ε

40A ) (∃δ′′1 > 0)
(∀r>2) (∀φ, θ) òàêèõ, ùî |φ− θ| < δ′′1 âèêîíó¹òüñÿ

|G(r, φ)−G(r, θ)| < ε1 · 10Aλ(r) <
ε

4
λ(r). (29)

Íàì çàëèøèëîñÿ ðîçãëÿíóòè F (r, φ). ßêùî äëÿ äåÿêèõ äîäàòíèõ ÷èñåë δ i R
âèêîíó¹òüñÿ |φ−θ| < δ3 i R2 6 r 6 R, òî, ïîçíà÷èâøè z = reiφ, ζ = reiθ òà âæèâàþ÷è
ïîçíà÷åííÿ F (z) ç äðóãî¨ ÷àñòèíè (24), ìàòèìåìî

F (ζ)− F (z) =
∑

r
26|aj |62r

log

∣∣∣∣ζ − aj
z − aj

∣∣∣∣ = ∑
r
26|aj |62r

log

∣∣∣∣1 + |ζ − aj | − |z − aj |
|z − aj |

∣∣∣∣ 6
6

∑
r
26|aj |62r

log

(
1 +

|ζ − z|
|z − aj |

)
6

∑
r
26|aj |62r

log

(
1 +

r|eiθ − eiφ|
|z − aj |

)
6

6
∑

r
26|aj |62r

log

(
1 +

δ3r

|z − aj |

)
6

∑
R
4 6|aj |62R

log

(
1 +

2δ3R

|z − aj |

)
. (30)

Ïðèéìåìî H = δR, p = n
(1)
0 (2R, f)− n

(1)
0 (R4 , f). Çàñòîñóâàâøè Ëåìó Áóòðó-Êàðòàíà

[8, ñ.137] (äèâ. òàêîæ [9, ñò. 31]), îòðèìà¹ìî, ùî äëÿ äîâiëüíîãî z = reiφ òàêîãî, ùî
R
2 6 |z| 6 R ïîçà äåÿêîþ ñèñòåìîþ êðóãiâ ç çàãàëüíîþ ñóìîþ ðàäióñiâ 2H = 2δR
âèêîíó¹òüñÿ

|z − aj | >
jH

p
=
δRj

p
, j = 1, 2, ..., p,
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äå aj çàíóìåðîâàíi ó ïîðÿäêó çðîñòàííÿ ¨õíiõ âiäñòàíåé âiä z. Òîäi ç (30) îòðèìó¹ìî,
ùî äëÿ äîâiëüíîãî ζ = reiθ òàêîãî, ùî |φ− θ| < δ3

F (ζ)− F (z) 6
p∑
j=1

log

(
1 +

2pδ2

j

)
. (31)

Ðîçãëÿíåìî äîâiëüíi ε > 0, 0 < η < 1. Íåõàé δ < min
{
η
40 ,

ε
12A

}
, äå A � ñòàëà ç

óìîâè ñêií÷åííîñòi λ-òèïó. Çàñòîñîâóþ÷è íåðiâíîñòi log(1 + x) <
√
x ïðè x > 0 òà

n∑
m=1

1√
m

6 2
√
n, ç (31) îòðèìó¹ìî

F (ζ)− F (z) 6
p∑
j=1

δ
√
2p√
j

6 δ
√

2p · 2√p < 3δ · p 6 3δ · n(1)0 (2R, f) 6 3δAλ(r) <
ε

4
λ(r).

(32)
Ïðèéìåìî Rn = 2n, n > 3 i äëÿ êîæíîãî Rn ïîáóäó¹ìî ìíîæèíó âèíÿòêîâèõ

êðóãiâ ç ñóìîþ ðàäióñiâ 2δRn òàêó, ùî äëÿ âñiõ z, ÿêi íå íàëåæàòü äî öèõ êðóãiâ i
äëÿ äîâiëüíèõ ζ = reiθ òàêèõ, ùî |φ− θ| < δ3, Rn

2 6 |z| = |ζ| 6 Rn âèêîíó¹òüñÿ (32).

Îñêiëüêè öi êðóãè ìiñòÿòü âñi aj òàêi, ùî
Rn

4 < |aj | 6 2Rn, òî öåíòðè öèõ êðóãiâ

íàëåæàòü äî êiëüöÿ ( 14 − 2δ)Rn < |z| 6 (2 + 2δ)Rn.

Çàóâàæåííÿ 1. Çà çðîáëåíèõ ïðèïóùåíü âèêîíó¹òüñÿ ( 14 − 2δ)Rn ≥ 1. Ñïðàâäi, ïðè-
ïóñòèâøè ïðîòèëåæíå, íåãàéíî îòðèìó¹ìî, ùî δ > 1/16, ùî ñóïåðå÷èòü âèáîðó δ.

Òîäi â êiëüöi {z : 2 6 |z| 6 r} ìiñòÿòüñÿ öåíòðè âèíÿòêîâèõ êðóãiâ, ñóìà ðàäióñiâ
ÿêèõ íå ïåðåâèùó¹ 2δ(R1+· · ·+Rn). Îñêiëüêè

n∑
k=1

2k 6 2k+1, òî öÿ ñóìà íå ïåðåâèùó¹

4δRn, äå n � íàéáiëüøå ñåðåä òèõ, äëÿ ÿêèõ ( 14 − 2δ)Rn 6 r. Òîäi, âðàõîâóþ÷è, ùî
δ < η/40 ≤ 1/40, òîáòî 1− 8δ > 4/5, îòðèìó¹ìî

4δRn 6 16rδ

1− 8δ
6 20δr 6 η

2
r. (33)

Ïîçíà÷èìî ìíîæèíó òèõ r, äëÿ ÿêèõ z = reiφ íàëåæèòü ïîáóäîâàíié ìíîæèíi
âèíÿòêîâèõ êðóãiâ ÷åðåç Eη. Âðàõîâóþ÷è, ùî |θ−φ| < δ3 äëÿ r ̸∈ Eη îòðèìó¹ìî, ùî
ïðàâèëüíi íåðiâíîñòi (32). Òîäi ç (33) âèïëèâà¹, ùî m∗

0(Eη) 6 η.
Çìiíþþ÷è θ i φ ìiñöÿìè, îòðèìà¹ìî, ùî äëÿ r ̸∈ Eη ïðè |θ−φ| < δ3 âèêîíó¹òüñÿ

F (reiφ)− F (reiθ) < ε
4λ(r). Ç îãëÿäó íà (32) îòðèìó¹ìî, ùî

|F (ζ)− F (z)| < ε

4
λ(r). (34)

Ïðèéíÿâøè δ0 = min{δ′1, δ′′1 , δ3} òà âðàõîâóþ÷è (28), (29), (34), à òàêîæ òå, ùî log r =
o(λ(r)), r→+∞, ç (25), îòðèìó¹ìî, ùî ïðè r > 2, r /∈ Eη òà |θ − φ| < δ0 ïðàâèëüíà
íåðiâíiñòü

| log f(reiθ)− log f(reiφ)| < ελ(r).

2
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4.4. Äîâåäåííÿ Òåîðåìè 4.

Çà ïîñëiäîâíiñòþ ëîãi÷íèõ ìiðêóâàíü äîâåäåííÿ öi¹¨ òåîðåìè çáiãà¹òüñÿ ç äîâå-
äåííÿì Òåîðåìè 3, àëå êîíêðåòíi ñïiââiäíîøåííÿ íà êîæíîìó êðîöi ìàþòü âèãëÿä
âiäìiííèé âiä âiäïîâiäíèõ ó äîâåäåííi Òåîðåìè 3.

Íà ïiäñòàâi ñêií÷åííîñòi λ-òèïó ([3]) ôóíêöi¨ f iñíó¹ òàêà äîäàòíà ñòàëà
A, ùî äëÿ âñiõ äîäàòíèõ r òà âñiõ öiëèõ k âèêîíó¹òüñÿ |ck(2r, f)| 6 Aλ(r) òà
n0(2r, f) 6 Aλ(r). Ïîçíà÷èâøè ÷åðåç {aj} íóëi ôóíêöi¨ f i çàñòîñîâóþ÷è àíàëîã
ôîðìóëè Ïóàññîíà-�íñåíà [7] äëÿ ïðîêîëåíî¨ ïëîùèíè C∗, îòðèìó¹ìî ïðè R > r

log |f(1
r
eiθ)| = 1

2π

2π∫
0

log |f(Reiθ)|P (R, 1
r
, θ−φ)dθ+ 1

2π

2π∫
0

log |f( 1
R
eiθ)|P (R

r
, 1, θ−φ)dθ−

− 1

4π

∫ 2π

0

log |f(eiθ)|P
(
R2,

1

r
, θ − φ

)
dθ − 1

4π

∫ 2π

0

log |f(eiθ)|P
(
R2

r
, 1, θ − φ

)
dθ−

− 1

2π

∫ 2π

0

∂ log |f(ρeiθ)|
∂ρ

∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ−
−

∑
1<|aj |6R

log

∣∣∣∣ R2 − ajz

R(aj − z)

∣∣∣∣− ∑
1
R6|aj |<1

log

∣∣∣∣ 1
R2 − ajz
1
R (aj − z)

∣∣∣∣+ 1

πi

∫
|z|=1

f ′(z)

f(z)
dz · logR,

äå P (R, r, θ − φ) � ÿäðî Ïóàññîíà, äëÿ ÿêîãî ñïðàâäæóþòüñÿ ðîçâèíåííÿ (19), (20).
Ïðèéíÿâøè, R = 2r, îòðèìó¹ìî

log |f (z)|=
∑
k∈Z

ck(2r, f)

(2r2)|k|
eikφ +

∑
k∈Z

ck(
1
2r , f)

2|k|
eikφ − 1

2

∑
k∈Z

(
ck(1, f)

(4r3)|k|
+
ck(1, f)

(4r)|k|

)
eikφ−

−
∑

1<|aj |62r

log

∣∣∣∣∣2r −
ajz
2r

aj − z

∣∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣ 1
2r − 2rajz

aj − z

∣∣∣∣+O(log r)

(35)
ïðè 1 < r ̸= |aj |, r ̸= 1

|aj | . Ðîçãëÿíåìî ñóìó 4-ãî òà 5-ãî äîäàíêiâ ç (35):∑
1<|aj |62r

log

∣∣∣∣2r − aje
iφ

2r2

∣∣∣∣− ∑
1<|aj |62r

log

∣∣∣∣1r eiφ − aj

∣∣∣∣+
+

∑
1
2r6|aj |<1

log

∣∣∣∣ 12r − 2aje
iφ

∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣1r eiφ − aj

∣∣∣∣ =
=

∑
1<|aj |62r

log

∣∣∣∣2r(1− aje
iφ

2r3

)∣∣∣∣− ∑
1<|aj |62r

log

∣∣∣∣1r eiφ (1− raje
−iφ)∣∣∣∣+

+
∑

1
2r6|aj |<1

log

∣∣∣∣ 12r (1− 4ajre
iφ)

∣∣∣∣− ∑
1
2r6|aj |<1

log

∣∣∣∣1r eiφ(1− raje
−iφ)

∣∣∣∣ =
= n

(1)
0 (2r, f) log 2r2 +

∑
1<|aj |62r

log

∣∣∣∣1− aje
iφ

2r3

∣∣∣∣− ∑
1<|aj |62r

log
∣∣1− raje

−iφ∣∣+
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+
∑

1
2r6|aj |<1

log

∣∣∣∣12(1− 4ajre
iφ)

∣∣∣∣− ∑
1
2r6|aj |<1

log
∣∣1− raje

−iφ∣∣ .
Ïîçíà÷èìî

G(r, φ) =
∑
k∈Z

ck(2r, f)

(2r2)|k|
eikφ+

∑
k∈Z

ck(
1
2r , f)

2|k|
eikφ− 1

2

∑
k∈Z

(
ck(1, f)

(4r3)|k|
+
ck(1, f)

(4r)|k|

)
eikφ, (36)

S(r, φ) = −
∑

1<|aj |62r

log

∣∣∣∣1− aje
iφ

2r3

∣∣∣∣+ ∑
1<|aj |62r

log |1− raje
−iφ| −

−
∑

1
2r6|aj |<1

log

∣∣∣∣12(1− 4raje
iφ)

∣∣∣∣+ ∑
2
r6|aj |<1

log |1− raje
−iφ|, (37)

à òàêîæ

F (r, φ) =
∑

1
2r6|aj |6 2

r

log |1− raje
−iφ|.

Ç îãëÿäó íà ââåäåíi ïîçíà÷åííÿ (35) íàáóäå âèãëÿäó

log

∣∣∣∣f (1

r
eiφ
)∣∣∣∣ = G(r, φ)+S(r, φ)+F (r, φ)−n(1)0 (2r, f) log 2r2+O(log r), r > 1. (38)

Äëÿ îòðèìàííÿ áàæàíîãî ðåçóëüòàòó ïðîàíàëiçó¹ìî äåòàëüíiøå êîæåí ç ïåð-
øèõ òðüîõ äîäàíêiâ â (38). Äîâåäåìî ñïåðøó, ùî S(r, f)/λ(r) áóäå îäíîñòàéíî íå-
ïåðåðâíîþ ôóíêöi¹þ ïðè r ≥ 2, 0 ≤ φ ≤ 2π. Äëÿ öüîãî ðîçãëÿíåìî îêðåìî êîæåí
äîäàíîê-ñóìó, ùî âõîäèòü â S(r, f).

Äëÿ êîæíîãî äîäàíêà ïåðøî¨ ñóìè îòðèìó¹ìî ðiâíîìiðíó íåïåðåðâíiñòü ïðè
r≥2, 0≤φ≤2π, çâàæàþ÷è íà íåðiâíîñòi

3

2
6 2

(
1− 1

r2

)
6
∣∣∣∣1− aje

iφ

2r3

∣∣∣∣ 6 1 +
|aj |
2r3

≤ 5

4
, ïðè 1 < |aj | 6 2r, r ≥ 2.

Ìiðêóþ÷è ïîäiáíî äî (26), ðîáèìî âèñíîâîê ïðî îäíîñòàéíó íåïåðåðâíiñòü ïåðøî¨
ñóìè ç S(r, φ) ïîäiëåíî¨ íà λ(r) ïðè r≥2, 0≤φ≤2π.

Äëÿ òðüîõ iíøèõ ñóì ç S(r, f) îäíîñòàéíó íåïåðåðâíiñòü âèçíà÷àþòü ñïîñîáîì,
ÿêèé áóâ çàñòîñîâàíèé äëÿ äîâåäåííÿ îäíîñòàéíî¨ íåïåðåðâíîñòi òðåòüîãî äîäàíêà-
ñóìè ç S(r, f) â Òåîðåìi 3. À ñàìå, âñi äîäàíêè â äðóãié i ÷åòâåðòié ñóìàõ íàáóâàþòü
âèãëÿäó log |1 − ζ|, à â òðåòié log 1

2 |1 − ζ|, äå âñþäè |ζ| ≥ 2. Òîìó, âèêîðèñòîâóþ÷è
(27), îòðèìó¹ìî áàæàíå.

Îòæå, (∀ε2 > 0, ε2 <
ε
8A ) (∃δ

′
2 > 0) (∀r > 2) (∀φ, θ) :

|φ− θ| < δ′2 =⇒ |S(r, φ)− S(r, θ)|< 2ε2(n
(1)
0 (2r, f) + n

(2)
0 (2r, f))< 2ε2Aλ(r)<

ε

4
λ(r).

(39)
Ïåðåéäåìî äî ðîçãëÿäó G(r, φ). Çâàæàþ÷è íà êðèòåðié ñêií÷åííîñòi λ-òèïó [3],

çíîâó ÿê i â äîâåäåííi Òåîðåìè 3, îòðèìó¹ìî ñïî÷àòêó ðiâíîìiðíó çáiæíiñòü ðÿäiâ ç
G(r, φ) â (36) ïðè r > 1, à ïîòiì é îäíîñòàéíó íåïåðåðâíiñòü G(r, φ)/λ(r) ïðè r > 2,
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φ ∈ [0, 2π]. Òîìó (∀ε2 > 0, ε2 <
ε
40 ) (∃δ

′′
2 > 0) (∀r > 2) (∀φ, θ) òàêèõ, ùî |φ − θ| < δ′′2

âèêîíó¹òüñÿ

|G(r, φ)−G(r, θ)| < ε210Aλ(r) <
ε

4
λ(r). (40)

Íàðåøòi ðîçãëÿíåìî F (r, φ). ßêùî äëÿ äåÿêèõ äîäàòíèõ ÷èñåë δ i R âèêîíó¹òüñÿ
|φ − θ| < δ3 i R/2 6 r 6 R, òî, ïîçíà÷èâøè ζ = 1

r e
iθ, z = 1

r e
iφ àíàëîãi÷íî äî (30),

îòðèìà¹ìî

F (ζ)− F (z) =
∑

1
2r6|aj |6 2

r

log

∣∣∣∣ζ − aj
z − aj

∣∣∣∣ 6 ∑
1

2R6|aj |6 4
R

log

(
1 +

2δ3 1
R

|z − aj |

)
. (41)

Ïðèéìåìî H = δ/R, p = n
(2)
0 (2R, f) − n

(2)
0 (R/4, f). Çàñòîñîâóþ÷è ëåìó Áóòðó-

Êàðòàíà ([8, ñò. 137], [9, ñò. 31]), îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî z = 1
r e
iφ, 1

R 6 |z| 6 2
R

ïîçà äåÿêîþ ñèñòåìîþ êðóãiâ ç çàãàëüíîþ ñóìîþ ðàäióñiâ 2H = 2δ/R âèêîíó¹òüñÿ

|z − aj | >
jH

p
=
δ 1
Rj

p
, j = 1, 2, ...p,

äå aj çàíóìåðîâàíi ó ïîðÿäêó çðîñòàííÿ ¨õíiõ âiäñòàíåé âiä z. Òîäi ç (41) îòðèìó¹ìî,
ùî äëÿ äîâiëüíîãî ζ = 1

r e
iθ òàêîãî, ùî |φ− θ| < δ3

F (ζ)− F (z) 6
p∑
j=1

log

(
1 +

2pδ2

j

)
. (42)

Äëÿ äîâiëüíèõ ε > 0, 0 < µ 6 1 âèáåðåìî äîäàòíå δ < min
{
µ
32 ,

ε
12A ,

1
4
√
2

}
, äå

A � ñòàëà ç óìîâè ñêií÷åííîñòi λ-òèïó. Âðàõîâóþ÷è íåðiâíiñòü log(1 + x) <
√
x ïðè

x > 0, à òàêîæ
n∑

m=1

1√
m

6 2
√
n, ç (42) îòðèìó¹ìî

F (ζ)− F (z) 6
p∑
j=1

√
2pδ√
j

6 3δ · n(2)0 (2R, f) 6 3δAλ(r) <
ε

4
λ(r). (43)

Äëÿ êîæíîãî Rn = 2n, n > 3 i ïîáóäó¹ìî ìíîæèíó âèíÿòêîâèõ êðóãiâ ç ñóìîþ
ðàäióñiâ 2δ/Rn òàêó, ùî äëÿ âñiõ z, ÿêi íå íàëåæàòü äî öèõ êðóãiâ i äëÿ äîâiëüíèõ
ζ = 1

r e
iθ çà óìîâ |φ − θ| < δ3, 1

Rn
6 |z| = |ζ| 6 2

Rn
âèêîíó¹òüñÿ (43). Îñêiëüêè öi

êðóãè ìiñòÿòü óñi aj òàêi, ùî
1

2Rn
< |aj | 6 4

Rn
, òî öåíòðè öèõ êðóãiâ ëåæàòü ó êiëüöi

( 12 − 2δ) 1
Rn

< |z| 6 (4 + 2δ) 1
Rn
.

Çàóâàæåííÿ 2. Çà çðîáëåíèõ ïðèïóùåíü î÷åâèäíî âèêîíó¹òüñÿ (4 + 2δ) 1
Rn

≤ 1.

Ïîçíà÷èìî ÷åðåç Eµ ìíîæèíó òèõ r, äëÿ ÿêèõ z = 1
r e
iφ íàëåæèòü ïîáóäîâàíié

ìíîæèíi âèíÿòêîâèõ êðóãiâ. Òîäi

Eµ =
∪

1
r<|aj |<1

[
|aj | −

2δ

Rn
, |aj |+

2δ

Rn

]
.

Òîìó

E′
µ =

∪
1< 1

|aj |
<r

[
1

|aj |+ 2δ
Rn

,
1

|aj | − 2δ
Rn

]
.
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Îñêiëüêè
n∑
k=1

2k 6 2k+1, òî
n0∑
n=1

2δRn íå ïåðåâèùó¹ 4δRn0 , äå n0 � íàéáiëüøå ñåðåä

òèõ n, äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü 1
r < ( 12 − 2δ) 1

Rn
, ÿêà åêâiâàëåíòíà íåðiâíîñòi

r > 2Rn

1−4δ . Êðiì òîãî, ÿêùî 1
2Rn

< |aj | 6 4
Rn

, òî, ïðèãàäóþ÷è, ùî 0 < δ < 1
4
√
2
,

îòðèìó¹ìî îöiíêó R2
n|aj |2 − 4δ2 > 1

4 − 4δ2 > 1
8 . Çâiäñè

mes
(
E′
µ ∩ (1, r)

)
6

n0∑
n=1

(
1

|aj | − 2δ
Rn

− 1

|aj |+ 2δ
Rn

)
=

n0∑
n=1

4δ
Rn

|aj |2 − 4δ2

R2
n

=

=

n0∑
n=1

4δRn
R2
n|aj |2 − 4δ2

6
n0∑
n=1

32δRn 6 32δRn0+1 = 64δRn0 6

6 64δ
(1− 4δ)r

2
= 32δ(1− 4δ)r < 32rδ < rµ.

(44)

Âðàõîâóþ÷è îçíà÷åííÿ 4, ç (44) âèïëèâà¹, ùî m∗
0(Eµ) 6 µ. Çà óìîâè |θ−φ| < δ3 äëÿ

r ̸∈ Eµ ñïðàâäæó¹òüñÿ (43). Çìiíþþ÷è θ i φ ìiñöÿìè, îòðèìó¹ìî, ùî äëÿ r ̸∈ Eµ ïðè
|θ − φ| < δ3 âèêîíó¹òüñÿ F (reiφ)− F (reiθ) < ε

4λ(r). Öå ðàçîì ç (43) äà¹

|F (ζ)− F (z)| < ε

4
λ(r). (45)

Ïðèéìåìî δ0 = min{δ′2, δ′′2 , δ3}. Ç îãëÿäó íà (39), (40), (45), âðàõîâóþ÷è, ùî log r =
o(λ(r)), r→+∞ ç (38) îòðèìó¹ìî, ùî ïðè r ≥ 2, r ̸∈ Eµ òà |θ−φ| < δ0 ñïðàâäæó¹òüñÿ∣∣∣∣log f (1

r
eiθ
)
− log f

(
1

r
eiφ
)∣∣∣∣ < ελ(r).

2
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We prove that the growth indicators of a holomorphic function of completely
regular growth with respect to a growth function λ in the punctured complex
plane are continuous. We also establish the property of uniform equicontinuity
for the functions of �nite λ-type in the punctured plane.
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