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Äîâåäåíî àíàëîã íåðiâíîñòi Âiìàíà äëÿ ôóíêöié, àíàëiòè÷íèõ ó áiêðóçi
D2 = {z ∈ C2 : |z1| < 1, |z2| < 1}. Îòðèìàíi íåðiâíîñòi ¹ òî÷íèìè.

Êëþ÷îâi ñëîâà: ìàêñèìóì ìîäóëÿ, ìàêñèìàëüíèé ÷ëåí, àíàëiòè÷íà
ôóíêöiÿ â áiêðóçi, íåðiâíiñòü òèïó Âiìàíà.

1. Âñòóï. Çà òåîðåìîþ Âiìàíà-Âàëiðîíà (äèâ., íàïðèêëàä, [1]-[4]) äëÿ êîæíî¨
íå òîòîæíî ñòàëî¨ öiëî¨ ôóíêöi¨

f(z) =
+∞∑
n=0

anz
n (1)

i áóäü-ÿêîãî ε > 0 iñíó¹ ìíîæèíà E ⊂ [1,+∞) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè
(
∫
E

dr
r < +∞) òàêà, ùî äëÿ âñiõ r ∈ [1,+∞) \ E âèêîíó¹òüñÿ íåðiâíiñòü Âiìàíà

Mf (r) 6 µf (r) ln
1/2+ε µf (r).

Òóò Mf (r) = max{|f(z)| : |z| = r}, µf (r) = max{|an|rn : n > 0}. Ç iíøîãî áîêó,
äëÿ êîæíî¨ àíàëiòè÷íî¨ â îäèíè÷íîìó êðóçi D = {z : |z| < 1} ôóíêöi¨ f âèãëÿäó
(1) i áóäü-ÿêîãî ε > 0 iñíó¹ ìíîæèíà E ⊂ [0, 1) ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà
iíòåðâàëi [0, 1) (òîáòî,

∫
E

dr
1−r < +∞) òàêà, ùî äëÿ âñiõ r ∈ [0, 1) \ E âèêîíó¹òüñÿ

íåðiâíiñòü (äèâ., íàïðèêëàä, [5]-[9])

Mf (r) 6
µf (r)

(1− r)1+δ
ln1/2+δ µf (r)

1− r
.

Ó [6] çàçíà÷åíî, ùî äëÿ ôóíêöi¨ g(z) =
+∞∑
n=1

exp{nε}zn, ε ∈ (0, 1),

lim
r→1−0

Mg(r)
µg(r)
1−r ln1/2

µg(r)
1−r

> C > 0.

c⃝ Êóðèëÿê À., Ñêàñêiâ Î., Øàïîâàëîâñüêà Ë., 2014
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Ó [10] äîâåäåíî àíàëîã íåðiâíîñòi Âiìàíà äëÿ àíàëiòè÷íèõ â îáëàñòi T={z∈C2 :
|z1| < 1, z2 ∈ C} ôóíêöié, ñòåïåíåâå ðîçâèíåííÿ ÿêèõ ó öié îáëàñòi íàáóâà¹ âèãëÿäó

f(z) = f(z1, z2) =
+∞∑

n+m=0

anmzn1 z
m
2 . (2)

Ìè ðîçãëÿíåìî çàäà÷ó äîâåäåííÿ íåðiâíîñòåé òèïó Âiìàíà â êëàñi ôóíêöié àíàëi-
òè÷íèõ ó áiêðóçi D2 = {z ∈ C2 : |z1| < 1, |z2| < 1}, ñòåïåíåâå ðîçâèíåííÿ ÿêèõ íàáóëî
âèãëÿäó (2).

×åðåç A2 ïîçíà÷èìî êëàñ òàêèõ ôóíêöié.
2. Íåðiâíiñòü Âiìàíà äëÿ àíàëiòè÷íèõ ôóíêöié ó áiêðóçi. Äëÿ r ∈ [0, 1)2

i ôóíêöi¨ f ∈ A2 ìè ïîçíà÷èìî

△r = [r1, 1)× [r2, 1), Mf (r) =

+∞∑
n+m=0

|an|rn,

Mf (r) = max{|f(z)| : |z1| 6 r1, |z2| 6 r2}, µf (r) = max{|anm|rn1 rm2 : (n,m) ∈ Z2
+}.

Íåõàé Df (r) � 2× 2 ìàòðèöÿ òàêà, ùî

Dij = ri
∂

∂ri

(
rj

∂

∂rj
lnMf (r)

)
= ∂i∂j lnMf (r), ∂i = ri

∂

∂ri
, i, j ∈ {1, 2}.

Íàñòóïíå òâåðäæåííÿ äîâîäèòüñÿ ïðàêòè÷íî äîñëiâíèì ïîâòîðîì ìiðêóâàíü äî-
âåäåííÿ òåîðåìè 3.1 ç ïðàöi [11], çâàæàþ÷è íà öå, îïóñòèìî ¨¨ äîâåäåííÿ.

Òåîðåìà 1. Íåõàé f ∈ A2. Iñíó¹ àáñîëþòíà ñòàëà C0 òàêà, ùî

Mf (r) 6 C0µf (r)(det(Df (r) + I))1/2,

äå I � 2× 2 îäèíè÷íà ìàòðèöÿ.

Áóäåìî êàçàòè, ùî E ∈ [0, 1)2 � ìíîæèíè àñèìïòîòè÷íî¨ ñêií÷åííî¨ ëîãàðèô-

ìi÷íî¨ ìiðè íà [0, 1)2, ÿêùî iñíó¹ r0 ∈ [0, 1)2 òàêå, ùî

νln(E ∩△r0):=

∫∫
E∩△r0

dr1dr2
(1− r1)(1− r2)

< +∞,

òîáòî ìíîæèíà E ∩△r0 ¹ ìíîæèíîþ ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2.

Ëåìà 1. Íåõàé δ > 0, h : R2
+ → R+ � çðîñòàþ÷à ñòîñîâíî îáèäâîõ çìiííèõ ôóíêöiÿ

òàêà, ùî

+∞∫
1

+∞∫
1

du1du2

h(u1, u2)
< +∞.
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Òîäi iñíó¹ ìíîæèíà E ⊂ [0, 1)2 àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêà,
ùî äëÿ âñiõ r ∈ [0, 1)2 \ E ìàòèìåìî

det(Df (r) + I) 6 1

(1− r1)(1− r2)
· h
( ∂

∂r1
lnMf (r),

∂

∂r2
lnMf (r)

)
, (3)

∂

∂r1
lnMf (r) 6 (lnMf (r))

1+δ · 1

(1− r1)(1− r2)δ
, (4)

∂

∂r2
lnMf (r) 6 (lnMf (r))

1+δ · 1

(1− r1)δ(1− r2)
. (5)

Äîâåäåííÿ. Íåõàé E0 ⊂ [0, 1)2 � ìíîæèíà, íà ÿêié íå âèêîíó¹òüñÿ íåðiâíiñòü (3). Äî-
âåäåìî, ùî E0 ¹ ìíîæèíîþ àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè. Îñêiëüêè
ôóíêöiÿ rj

∂
∂rj

lnMf (r) ¹ çðîñòàþ÷îþ çà êîæíîþ çìiííîþ, òîäi iñíó¹ r0 ∈ [1/2, 1)2

òàêå, ùî äëÿ äîâiëüíîãî j ∈ {1, 2} i âñiõ r ∈ △r0 îòðèìà¹ìî

rj
∂

∂rj
lnMf (r) + ln rj > 1.

Òîäi

νln(E0 ∩△r0) =

∫∫
E0∩△r0

dr1dr2
(1− r1)(1− r2)

6

6
∫∫

E0∩△r0

det(Df (r) + I)(1− r1)(1− r1)

h
(

∂
∂r1

lnMf (r),
∂

∂r2
lnMf (r)

) dr1dr2
(1− r1)(1− r2)

6

6
∫∫

E0∩△r0

det(Df (r) + I)dr1dr2

h
(
r1

∂
∂r1

lnMf (r), r2
∂

∂r2
lnMf (r)

) 6
∫∫

E0∩△r0

det(Df (r) + I)2r12r2dr1dr2

h
(
r1

∂
∂r1

lnMf (r), r2
∂

∂r2
lnMf (r)

) 6

6 4

∫∫
E0∩△r0

det(Df (r) + I)r1r2dr1dr2

h
(
r1

∂
∂r1

lnMf (r) + ln r1, r2
∂

∂r2
lnMf (r) + ln r2

) .
Íåõàé U : [0, 1)2 → R2

+ � âiäîáðàæåííÿ òàêå, ùî U = (u1, u2) i

uj = rj
∂

∂rj
lnMf (r) + ln rj , j ∈ {1, 2}. ßêùî i ̸= j, òî

∂uj

∂ri
=

∂

∂ri

(
rj

∂

∂ri
lnMf (r) + ln rj

)
=

∂

∂ri

(
rj

∂

∂ri
lnMf (r)

)
=

1

ri
∂i∂j lnMf (r);

∂ui

∂ri
=

∂

∂ri

(
ri

∂

∂ri
lnMf (r) + ln ri

)
=

1

ri
∂i∂j lnMf (r) +

1

ri
, i, j ∈ {1, 2}.

ßêîáiàí ìàòðèöi ïåðåõîäó

J0 =
D(u1, u2)

D(r1, r2)
=

∣∣∣∣∣∂u1

∂r1
∂u1

∂r2
∂u2

∂r2
∂u2

∂r2

∣∣∣∣∣ = r1r2 det(Df (r) + I).

Òîäi E0 ∩△r0 ¹ ìíîæèíîþ ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè

νln(E0 ∩△r0) = 4

∫∫
U−1(E0∩△r0 )

du1du2

h(u1, u2)
< 4

+∞∫
1

+∞∫
1

du1du2

h(u1, u2)
< +∞.
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Ïîçíà÷èìî ÷åðåç E1 ⊂ [0, 1)2 � ìíîæèíó, íà ÿêié íåðiâíiñòü (4) íå âèêîíó¹òüñÿ.
Âèáåðåìî r0 ∈ [1/2, 1)2 òàêå, ùî rj

∂
∂rj

lnMf (r) > 1 äëÿ êîæíîãî j ∈ {1, 2}

νln(E1 ∩△r0) =

∫∫
E1∩△r0

dr1dr2
(1− r1)(1− r2)

6
∫∫

E1∩△r0

∂
∂r1

lnMf (r) · (1− r1)

1
(1−r2)δ

· ln1+δ Mf (r)

dr1dr2
(1− r1)(1− r2)

.

Ðîçãëÿíåìî âiäîáðàæåííÿ V : [0, 1)2 → [0, 1)× R+, äå V = (v1(r), v2(r)) i
v1 = lnMf (r), v2 = r2

J1 =
D(v1, v2)

D(r1, r2)
=

∣∣∣∣ ∂
∂r1

lnMf (r)
∂

∂r2
lnMf (r)

0 1

∣∣∣∣ = ∂

∂r1
lnMf (r).

Ëîãàðèôìi÷íà ìiðà ìíîæèíè E1 ∩△r0 ñêií÷åííà

νln(E1 ∩△r0) =

∫∫
E1∩△r0

∂
∂r1

lnMf (r)

1
(1−r2)δ

· ln1+δ Mf (r)

dr2
1− r2

dr1 =

=

∫∫
V −1(E1∩△r0 )

1

u1+δ
1

1
(1−u2)δ

· du2

1− u2
du1 6

+∞∫
1

du1

u1+δ
1

·
1∫

0

du2

(1− u2)1−δ
< +∞.

Íåõàé E2 ⊂ [0, 1)2 � ìíîæèíà, íà ÿêié íå âèêîíó¹òüñÿ íåðiâíiñòü (5). Àíàëîãi÷íî
E2 ¹ ìíîæèíîþ àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2.

Çàóâàæèìî, ùî E = ∪2
j=0Ej ¹ òàêîæ ìíîæèíîþ àñèìïòîòè÷íî¨ ñêií÷åííî¨ ëî-

ãàðèôìi÷íî¨ ìiðè íà [0, 1)2. �

Òåîðåìà 2. Íåõàé f ∈ A2. Äëÿ êîæíîãî δ > 0 iñíó¹ ìíîæèíà E = E(f, δ) ⊂
[0, 1)2 àñèìïòî÷è÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè òàêà, ùî äëÿ âñiõ r ∈ [0, 1)2\E
âèêîíó¹òüñÿ íåðiâíiñòü

Mf (r) 6 µf (r)

(
1

(1− r1)(1− r2)
· ln µf (r)

(1− r1)(1− r2)

)1+δ

. (6)

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç E âèíÿòêîâó ìíîæèíó ç ëåìè 1. Òîäi äëÿ
h(r) = (r1r2)

1+δ i âñiõ r ∈ [0, 1)2 \ E îòðèìà¹ìî

Mf (r) 6 C0µf (r)(det(Df (r) + I))1/2 6

6 C0µf (r)

(
1

(1− r1)(1− r2)
· h
( ∂

∂r1
lnMf (r),

∂

∂r2
lnMf (r)

))1/2

6
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6 C0µf (r)

(
2∏

i=1

1

1− ri

( ∂

∂ri
lnMf (r)

)1+δ
)1/2

6 C0µf (r)×

×

(
1

(1− r1)(1− r2)
ln2(1+δ)2 Mf (r)

( 1

(1− r1)(1− r2)

)(1+δ)2
)1/2

= C0µf (r)×

×
( 1

(1− r1)(1− r2)

)1+δ+δ2/2

ln(1+δ)2 Mf (r) < µf (r)
( lnMf (r)

(1− r1)(1− r2)

)1+δ1
, (7)

äå δ1 = 2(δ + δ2). Ç íåðiâíîñòi (7) âèïëèâà¹, ùî äëÿ âñiõ r ∈ △r0 \ E

lnMf (r) < lnµf (r) + (1 + δ1)
(
ln

1

(1− r1)(1− r2)
+ ln2 Mf (r)

)
,

lnMf (r)− (1 + δ1) ln2 Mf (r) < lnµf (r) + (1 + δ1) ln
1

(1− r1)(1− r2)
.

Òîäi iñíó¹ r1 ∈ [0, 1)2 òàêå, ùî äëÿ âñiõ r ∈ △r1 \ E ìàòèìåìî

lnMf (r) < 2 ln
µf (r)

(1− r1)(1− r2)
,

Mf (r) 6 Mf (r) 6 µf (r)

(
1

(1− r1)(1− r2)
2 ln

µf (r)

(1− r1)(1− r2)

)1+δ1

6

6 µf (r)

(
1

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)

)1+δ2

,

äå δ2 = 2δ1. �

3. Ïðèêëàäè íà òî÷íiñòü íåðiâíîñòi (6). Ç òåîðåìè 2 âèïëèâà¹, ùî äëÿ
êîæíîãî δ > 0 ìíîæèíà

E = E(f, δ) =

{
r ∈ [0, 1)2 : Mf (r) > µf (r)

(
1

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)

)1+δ}
¹ ìíîæèíîþ àñèìïòîòè÷íî ñêií÷åííî¨ ëîãàðèôìi÷íî¨ ìiðè íà [0, 1)2. Äîâåäåìî, ùî
ïîêàçíèê 1 + δ ó íåðiâíîñòi (6) íå ìîæíà çàìiíèòè ÷èñëîì ìåíøèì çà 1.

Ðîçãëÿíåìî ôóíêöiþ

f(z) =
+∞∑
n=1

e
√
nzn1 ·

+∞∑
m=1

e
√
mzm2 .

Ïîçíà÷èìî f0(z) =
∑+∞

n=1 e
√
nzn. Äëÿ ôóíêöi¨ f(z) = f0(z1)f0(z2) îòðèìà¹ìî

Mf (r) = Mf0(r1)Mf0(r2), µf (r) = µf0(r1)µf0(r2).
ßê äîâåäåíî â [6] äëÿ ôóíêöi¨ f0(z1) iñíó¹ ñòàëà C0 ∈ (0, 1) òàêà, ùî

C0
µf0(r1)

1− r1
6 Mf0(r1)√

lnMf0(r1)
6 1

C0

µf0(r1)

1− r1
, r1 → 1− 0. (8)
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Ç íåðiâíîñòi (8) âèïëèâà¹, ùî äëÿ r1 > r′1 iñíó¹ ñòàëà C1 < C0 òàêà, ùî

Mf0(r1) > C1
µf0(r1)

1− r1
ln1/2

µf0(r1)

1− r1
. (9)

Äîâåäåìî íåðiâíiñòü

g−1(3g(r1))− g−1
(g(r1)

3

)
> 1− g−1(3g(r1)), r1 → 1− 0, g(r1) = ln

µf0(r1)

1− r1
. (10)

Ôóíêöiÿ g(r1)=ln
µf0

(r1)

1−r1
¹ äîäàòíîþ çðîñòàþ÷îþ íà (1/2, 1), i lim

r1→1−0
g(r1)=+∞.

Òîäi iñíó¹ çðîñòàþ÷à îáåðíåíà äî g ôóíêöiÿ g−1 : R+ → (1/2, 1).
Äëÿ ôiêñîâàíîãî r ðîçãëÿíåìî ôóíêöiþ l(x) =

√
x − x ln 1

r1
. xmax = 1

4 ln2 1
r1

�

¹äèíà òî÷êà ìàêñèìóìó öi¹¨ ôóíêöi¨. lmax = 1
4 ln 1

r1

. Òîäi

g(r1) = ln
µf0(r1)

1− r1
∼ lnµf0(r1) ∼

1

4 ln 1
r1

∼ 1

4(1− r1)
, r1 → 1− 0.

Ç îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâà¹, ùî g(r1) < 3g(2r1−1), r1 → 1−0. Îòîæ,

g(2r1 − 1) >
g(r1)

3
, 2r1 − 1 > g−1

(g(r1)
3

)
, r1 − g−1

(g(r1)
3

)
> 1− r1

i âèêîðèñòîâóþ÷è g−1(3g(r1)) > g−1(g(r1)) = r1, îäåðæèìî ïðè r1 → 1− 0

g−1(3g(r1))− g−1
(g(r1)

3

)
> r1 − g−1

(g(r1)
3

)
> 1− r1 > 1− g−1(3g(r1)).

Íåðiâíiñòü (10) äîâåäåíà.
Ç (9) îòðèìà¹ìî, ùî iñíó¹ ñòàëà C1 ∈ (0, 1) i r∗ ∈ (1/2, 1) òàêi, ùî äëÿ êîæíîãî

i ∈ {1, 2} i âñiõ z ∈ {z : r∗ < |zj | < 1, j ∈ {1, 2}} âèêîíóþòüñÿ íåðiâíîñòi

Mf0(ri) > C1
µf0(ri)

1− ri

√
ln

µf0(ri)

1− ri
, g−1

(g(r∗)
3

)
> r0. (11)

Îòæå, äëÿ âñiõ z ∈ {z : r∗ < |zj | < 1, j ∈ {1, 2}} îòðèìà¹ìî

2∏
i=1

Mf0(ri) >
2∏

i=1

(
C1

µf0(ri)

1− ri

√
ln

µf0(ri)

1− ri

)
,

Mf (r) > C2
1

µf (r)

(1− r1)(1− r2)

(
ln

µf0(r1)

1− r1
ln

µf0(r2)

1− r2

)1/2

. (12)

Äëÿ r1 ∈ (r∗, 1) âèçíà÷èìî x i y òàê:

x = x(r1) = g−1
(g(r1)

3

)
, y = y(r1) = g−1(3g(r1)).

Ïîçíà÷èìî E∗ = {r ∈ [0, 1)2 : r1 ∈ (r∗, 1), r2 ∈ (x, y)}. Çàôiêñó¹ìî r1 ∈ (r∗, 1).
Òîäi x i y ¹ òàêîæ ôiêñîâàíèìè i g(x) = g(r1)/3, g(y) = 3g(r1), g(y) = 9g(x),
r2 ∈ (x, y). Îñêiëüêè r1 > x, òî äëÿ âñiõ r ∈ E∗ îòðèìà¹ìî

g(r1)g(r2) > g2(x) =
g2(y)

81
=

1

324
(g(y) + g(y))2 > 1

324
(g(r1) + g(r2))

2.
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Òîäi ç íåðiâíîñòi (12) îòðèìà¹ìî äëÿ âñiõ r ∈ E∗

Mf (r) >
C2

1

324

µf (r)

(1− r1)(1− r2)

(
ln

µf0(r1)

1− r1
+ ln

µf0(r2)

1− r2

)
=

=
C2

1

324

µf (r)

(1− r1)(1− r2)
ln

µf (r)

(1− r1)(1− r2)
.

Äîâåäåìî, ùî ìíîæèíà E∗ ¹ ìíîæèíîþ àñèìïòîòè÷íî íåñêií÷åííî¨ ëîãàðèôìi÷-

íî¨ ìiðè. Îñêiëüêè g−1
(

g(r∗)
3

)
> r0, òî E∗∩△r0 = E∗. Âèêîðèñòàâøè íåðiâíiñòü (10),

îòðèìà¹ìî

νln(E
∗ ∩△r0) = νln(E

∗) =

∫∫
E∗

dr1dr2
(1− r1)(1− r2)

=

=

1∫
r∗

y∫
x

dr1dr2
(1− r1)(1− r2)

=

1∫
r∗

(
ln

1

1− y
− ln

1

1− x

)
dr1

1− r1
=

=

1∫
r∗

(
ln

1

1− g−1(3g(r1))
− ln

1

1− g−1( g(r1)3 )

)
dr1

1− r1
=

1∫
r∗

ln
1− g−1( g(r1)3 )

1− g−1(3g(r1))

dr1
1− r1

=

=

1∫
r∗

ln
(
1 +

g−1(3g(r1))− g−1( g(r1)3 )

1− g−1(3g(r1))

) dr1
1− r1

>

1∫
r∗

ln 2 · dr1
1− r1

= +∞.
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WIMAN'S TYPE INEQUALITY FOR ANALYTIC FUNCTIONS
IN THE BIDISC
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In this paper we prove some analogue of Wiman's type inequality for
analytic functions in the bidisc D2 = {z ∈ C2 : |z1| < 1, |z2| < 1}. The obtained
inequality is sharp.
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