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Ðîçãëÿíóòî êëàñè ãîëîìîðôíèõ ó C∗ := C\{0} ôóíêöié öiëêîì ðåãóëÿð-
íîãî çðîñòàííÿ, ïîíÿòòÿ iíäèêàòîðiâ òàêèõ ôóíêöié, i çà äîñèòü çàãàëüíèõ
ïðèïóùåíü ðîçâ'ÿçó¹òüñÿ çàäà÷à îïèñó ìíîæèí àíàëiòè÷íèõ â C∗ ôóíêöié
f , ôóíêöié çðîñòàííÿ λ, ôóíêöié H,H1, H2 ç Lp[0, 2π] i ÷èñåë p ∈ [1,+∞]
òàêèõ, ùî:{

1
2π

2π∫
0

| logF (reiθ) + logF ( 1
r
eiθ)− λ(r)H(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

àáî{
1
2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ
}1/p

= o(λ(r)), r → +∞,{
1
2π

2π∫
0

|logF ( 1
r
eiθ)− λ(r)H2(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

äå F (z) = z−mf̃(z), f(aj) = 0,

f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, m = 1

2πi

∫
|z|=1

f̃ ′(z)
f̃(z)

dz.

Êëþ÷îâi ñëîâà: ãîëîìîðôíà ôóíêöiÿ, ôóíêöiÿ öiëêîì ðåãóëÿðíîãî
çðîñòàííÿ, iíäèêàòîð çðîñòàííÿ, êîåôiöi¹íòè Ôóð'¹, êîåôiöi¹íòè Ôóð'¹-
Ñòiëüòü¹ñà.

1. Äîïîìiæíi ïîíÿòòÿ òà îñíîâíi ðåçóëüòàòè. Òåîðiÿ öiëèõ ôóíêöié öiëêîì
ðåãóëÿðíîãî çðîñòàííÿ ñòîñîâíî ôóíêöié λ, áëèçüêèõ äî ñòåïåíåâèõ, áóëà ïîáóäîâàíà
íàïðèêiíöi 30-õ ðîêiâ XX ñò. Á.ß. Ëåâiíèì òà À. Ïôëþãåðîì. �¨ çàñòîñîâóâàëè â áà-
ãàòüîõ ðîçäiëàõ ñó÷àñíîãî êîìïëåêñíîãî àíàëiçó. Öÿ òåîðiÿ òà ¨¨ çàñòîñóâàííÿ äîñèòü
 ðóíòîâíî âèêëàäåíi ó ìîíîãðàôi¨ [1]. Ó 70-80-õ ðîêàõ ìèíóëîãî ñòîëiòòÿ À.À. Êîíä-
ðàòþê [2], [3], [4], âèêîðèñòîâóþ÷è ìåòîä ðÿäiâ Ôóð'¹, ðîçðîáëåíèé Ë.À. Ðóáåëîì i
Á.À. Òåéëîðîì [5], óçàãàëüíèâ òåîðiþ Ëåâiíà-Ïôëþãåðà: ïî-ïåðøå, âií çàïðîïîíóâàâ
âèìiðþâàòè çðîñòàííÿ ôóíêöié ñòîñîâíî äîâiëüíî¨ ôóíêöi¨ çðîñòàííÿ λ, ÿêà çàäî-
âîëüíÿ¹ óìîâó λ(2r) = O(λ(r)); ïî-äðóãå, âií ââiâ i äîñëiäèâ êëàñè ìåðîìîðôíèõ

c⃝ Âèøèíñüêèé Î., Õðèñòiÿíèí À., 2014
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ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ. Äåòàëüíå âèêëàäåííÿ öi¹¨ òåîði¨ ïîäàíî ó
ìîíîãðàôi¨ [6].

Âëàñòèâîñòi ìåðîìîðôíèõ ó áàãàòîçâ'ÿçíèõ îáëàñòÿõ êîìïëåêñíî¨ ïëîùèíè C
ôóíêöié, çîêðåìà ðîçïîäië çíà÷åíü, âèâ÷àëî áàãàòî àâòîðiâ. Îäèí ç îñòàííiõ ïiä-
õîäiâ çàïðîïîíîâàíî â [7], [8], [6]. Îïèðàþ÷èñü íà ââåäåíi â öèõ ðîáîòàõ ïîíÿòòÿ
õàðàêòåðèñòè÷íî¨ ôóíêöi¨ òèïó Íåâàíëiííè, à òàêîæ ïîíÿòòÿ ñêií÷åíî¨ λ-ùiëüíîñòi
ó [10] áóëî ââåäåíî ïîíÿòòÿ ãîëîìîðôíî¨ ôóíêöi¨ öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â
ïðîêîëåíié êîìïëåêñíié ïëîùèíi C∗ := C\{0}, ïîíÿòòÿ iíäèêàòîðiâ çðîñòàííÿ òàêèõ
ôóíêöié i äîâåäåíi äåÿêi ¨õíi âëàñòèâîñòi, çîêðåìà ω-òðèãîíîìåòðè÷íà îïóêëiñòü ií-
äèêàòîðiâ çðîñòàííÿ òà iñíóâàííÿ êóòîâî¨ ùiëüíîñòi ìíîæèíè íóëiâ ãîëîìîðôíèõ
ôóíêöié öiëêîì ðåãóëÿðíîãî çðîñòàííÿ â C∗ íà ïåâíèõ ïîñëiäîâíîñòÿõ. Ìè ïðàöþ¹-
ìî ç öèìè êëàñàìè ôóíêöié, ðîçâ'ÿçó¹ìî çàäà÷ó îïèñó ìíîæèí ãîëîìîðôíèõ â C∗

ôóíêöié f , ôóíêöié çðîñòàííÿ λ, ôóíêöié H ç Lp[0, 2π] i ÷èñåë p ∈ [1,+∞] òàêèõ,
ùî: 1

2π

2π∫
0

| logF (reiθ) + logF (
1

r
eiθ)− λ(r)H(θ)|pdθ


1/p

= o(λ(r)), r → +∞, (1)

àáî  1

2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ


1/p

= o(λ(r)), r → +∞, (2)

 1

2π

2π∫
0

|logF (
1

r
eiθ)− λ(r)H2(θ)|pdθ


1/p

= o(λ(r)), r → +∞, (3)

äå

F (z) = z−mf̃(z), f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, f(aj) = 0, m =

1

2πi

∫
|z|=1

f̃ ′(z)

f̃(z)
dz. (4)

Íåîáõiäíiñòü ôîðìóëþâàííÿ ðåçóëüòàòiâ ç âèêîðèñòàííÿì ôóíêöi¨ F , à òàêîæ âèùå-
íàâåäåíèé âèãëÿä ôóíêöi¨ F çóìîâëåíi ìîæëèâiñòþ âèáîðó îäíîçíà÷íî¨ ãiëêè logF
ó îáëàñòi A∗ (äèâ. íèæ÷å) [6, Ëåìà 4.1].

Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â êiëüöi A = {z : 1
R0

< |z| < R0}, 1 < R0 6 +∞,
âiäìiííà âiä òîòîæíîãî íóëÿ. Ïðèïóñòèìî, ùî f íå ìà¹ íóëiâ íà îäèíè÷íîìó êîëi.
×åðåç A∗ ïîçíà÷èìî A áåç iíòåðâàëiâ {z = τa, τ > 1}, ÿêùî |a| > 1 i {z =τa, 0<τ61},
ÿêùî |a| < 1, äå a ¹ íóëåì ôóíêöi¨.

Íåõàé n1
0(t, f), n2

0(t, f) öå êiëüêiñòü íóëiâ ôóíêöi¨ f âiäïîâiäíî â A1
t = {z :

1 < |z| 6 t} òà A2
t = {z : 1

t 6 |z| < 1}, 1 < t < R0, ç âðàõóâàííÿì ¨õíüî¨ êðàòíîñòi,
n0(t, f) = n1

0(t, f) + n2
0(t, f). Ìè âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ ([7]):

N1
0 (r, f) =

r∫
1

n1
0(t, f)

t
dt, N2

0 (r, f) =

r∫
1

n2
0(t, f)

t
dt, N0(r, f) =

r∫
1

n0(t, f)

t
dt,



ÏÐÎ ÎÄÍÎÑÒÀÉÍÅ ÖIËÊÎÌ ÐÅÃÓËßÐÍÅ ÇÐÎÑÒÀÍÍß ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79 35

1 6 r < R0. Íåõàé γj = arg aj , ïîçíà÷èìî ([9])

n1
k(t, f) =

∑
1<|aj |6t

e−ikγj , n2
k(t, f) =

∑
1
t6|aj |<1

e−ikγj , nk(t, f) =
∑

1
t6|aj |6t

e−ikγj , k ̸= 0,

à òàêîæ

N1
k (r, f) =

r∫
1

n1
k(t, f)

t
dt, N2

k (r, f) =

r∫
1

n2
k(t, f)

t
dt, Nk(r, f) =

r∫
1

nk(t, f)

t
dt, (5)

1 6 r < R0. Ìè áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ äëÿ êîåôiöi¹íòiâ Ôóð'¹:

lk(r, F ) =
1

2π

2π∫
0

e−ikθ logF (reiθ)dθ, r > 0, k ∈ Z, (6)

ck(r, F ) =
1

2π

2π∫
0

e−ikθ log |F (reiθ)|dθ, r > 0, k ∈ Z, (7)

ak(r, F ) =
1

2π

2π∫
0

e−ikθ argF (reiθ)dθ, r > 0, k ∈ Z, (8)

Lk(r, F ) :=
1

2π

2π∫
0

e−ikθ

(
logF (reiθ) + logF (

1

r
eiθ)

)
dθ, r > 0, k ∈ Z. (9)

Îçíà÷åííÿ 1. Äîäàòíà, íåñïàäíà, íåïåðåðâíà, íåîáìåæåíà ôóíêöiÿ λ(r), r > 1
íàçèâà¹òüñÿ ôóíêöi¹þ ïîìiðíîãî çðîñòàííÿ, ÿêùî λ(2r) 6 Mλ(r),M > 0, ∀r > 0.

Ôóíêöi¨ çðîñòàííÿ λ(r) òà λ̃(r), äëÿ ÿêèõ λ(r)/λ̃(r) → 1 ïðè r → +∞, ââàæàòè-
ìåìî åêâiâàëåíòíèìè é îòîòîæíþâàòèìåìî ¨õ.

Îçíà÷åííÿ 2. Ôóíêöiÿ L(r) íàçèâà¹òüñÿ ïîâiëüíî çìiííîþ ôóíêöi¹þ (ó ñåíñi Êà-

ðàìàòè), ÿêùî lim
r→+∞

L(cr)
L(r) = 1 ðiâíîìiðíî íà äîâiëüíîìó ïðîìiæêó 0 < a 6 c 6 b <

< +∞.

Õàðàêòåðèñòèêà T0(r, f) òèïó Íåâàíëiííè äëÿ ôóíêöié f , ìåðîìîðôíèõ ó êiëüöi
{z : 1

R0
< |z| < R0}, äå 1 < R0 ≤ +∞ áóëà ââåäåíà ó [7] (äèâ. òàêîæ [6]), à ñàìå

T0(r, f) = m0(r, f) +N0(r, f), 1 < r < R0,

äå

m0(r, f) = m(r, f) +m

(
1

r
, f

)
− 2m(1, f),

m(t, f) =
1

2π

2π∫
0

log+ |f(teiθ)| dθ, 1

R0
< t < R0.
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Îçíà÷åííÿ 3 ([6]). Íåõàé λ � ôóíêöiÿ çðîñòàííÿ, f � ãîëîìîðôíà â C∗ ôóíêöiÿ.
Áóäåìî ãîâîðèòè, ùî f ¹ ôóíêöi¹þ ñêií÷åííîãî λ òèïó, i çàïèñóâàòè f ∈ ΛH , ÿêùî
T0(r, f) 6 Bλ(Cr) ïðè äåÿêèõ ñòàëèõ B,C äëÿ âñiõ r, r > 1.

Îçíà÷åííÿ 4 ([9]). Ãîëîìîðôíà â C∗ ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ öiëêîì ðå-
ãóëÿðíîãî çðîñòàííÿ (íàäàëi, ö.ð.ç.), ÿêùî f ¹ ñêií÷åíîãî λ−òèïó i ∀k ∈ Z iñ-

íóþòü ãðàíèöi lim
r→+∞

ck(r,f)
λ(r) =: c

′

k òà lim
r→+∞

ck(
1
r ,f)

λ(r) =: c
′′

k àáî ∀k ∈ Z iñíó¹ ãðàíèöÿ

lim
r→+∞

ck(r,f)+ck(
1
r ,f)

λ(r) =: c∗k.

Êëàñ òàêèõ ôóíêöié ïîçíà÷àòèìåìî Λ◦
H .

Îçíà÷åííÿ 5 ([9]). ßêùî f ∈ Λ◦
H , òî ôóíêöi¨ h1(θ, f) =

∑
k∈Z

c
′

ke
ikθ, h2(θ, f) =

=
∑
k∈Z

c
′′

ke
ikθ, h(θ, f) =

∑
k∈Z

c∗ke
ikθ, äå c

′

k, c
′′

k , c
∗
k âèçíà÷åíi â îçíà÷åííi 4 íàçèâàþòüñÿ

iíäèêàòîðàìè çðîñòàííÿ ôóíêöi¨ f àáî êîðîòêî, iíäèêàòîðàìè.

Îñíîâíèìè ðåçóëüòàòàìè öi¹¨ ïðàöi ¹ òàêi òåîðåìè.

Òåîðåìà 1. Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â C∗, λ � ôóíêöiÿ ïîìiðíîãî çðîñòàííÿ,
log r = o(λ(r)), r → +∞, H ∈ Lp[0, 2π]. Òîäi (1) âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè:

i) H(θ) ≡ L0 > 0, λ(r) îïóêëà ñòîñîâíî log r, f ¹ ôóíêöi¹þ ö.ð.ç. ñòîñîâíî λ ç

iíäèêàòîðîì H, i lim
r→+∞

Lk(r,F )
λ(r) = 0 äëÿ âñiõ k ̸= 0;

àáî
ii) λ(r) = rρL(r), ρ > 0, L � ïîâiëüíî çìiííà ôóíêöiÿ, f ¹ ôóíêöi¹þ ö.ð.ç.

ùîäî λ ç iíäèêàòîðîì ReH, äå H(θ) =
∑
k∈Z

Lke
ikθ, Lk = lim

r→+∞
Lk(r,F )
λ(r) .

ßêùî ñïiââiäíîøåííÿ (1) âèêîíó¹òüñÿ äëÿ äåÿêîãî p ∈ [1,+∞), òîäi âîíî ïðàâèëüíå
i äëÿ áóäü-ÿêîãî p ∈ [1,+∞).

Òåîðåìà 2. Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â C∗, λ ôóíêöiÿ ïîìiðíîãî çðîñòàííÿ,
log r = o(λ(r)), r → +∞, H1,H2 ∈ Lp[0, 2π]. Òîäi (2) i (3) âèêîíóþòüñÿ òîäi i ëèøå
òîäi, êîëè:

i) H1(θ) ≡ l10 > 0, H2(θ) ≡ l20 > 0, λ(r) îïóêëà ñòîñîâíî log r, f ¹ ôóíêöi¹þ

ö.ð.ç. ñòîñîâíî λ ç iíäèêàòîðîì H = H1 +H2, i lim
r→+∞

lk(r,F )
λ(r) = 0,

lim
r→∞

lk(
1
r ,F )

λ(r) = 0 äëÿ âñiõ k ̸= 0;

àáî
ii) λ(r) = rρL(r), ρ > 0, L � ïîâiëüíî çìiííà ôóíêöiÿ, f ¹ ôóíêöi¹þ ö.ð.ç.

ùîäî λ ç iíäèêàòîðîì ReH1 +ReH2, äå H1(θ) =
∑
k∈Z

l1ke
ikθ,

H2(θ) =
∑
k∈Z

l2ke
ikθ, l1k = lim

r→+∞
lk(r,F )
λ(r) , l2k = lim

r→+∞
lk(

1
r ,F )

λ(r) .

ßêùî ñïiââiäíîøåííÿ (1), (2) âèêîíóþòüñÿ äëÿ äåÿêîãî p ∈ [1,+∞), òîäi âîíè ïðà-
âèëüíi i äëÿ áóäü-ÿêîãî p ∈ [1,+∞).

2. Äîïîìiæíi ðåçóëüòàòè.Äëÿ äîâåäåííÿ òåîðåì 1 òà 2 íàì ïîòðiáíî äåêiëüêà
äîïîìiæíèõ òâåðäæåíü, ÿêi òàêîæ ìàþòü ñàìîñòiéíå çíà÷åííÿ.
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Íåõàé f � ãîëîìîðôíà ôóíêöiÿ â êiëüöi A = {z : 1
R0

< |z| < R0}, 1 < R0 6 +∞,

âiäìiííà âiä òîòîæíîãî íóëÿ, F (z) = z−mf̃(z), äå f̃ i m âèçíà÷åíi â (4). Îñêiëüêè
F íå ìà¹ íóëiâ íà îäèíè÷íîìó êîëi T = {z ∈ C : |z| = 1}, òî logF ãîëîìîðôíà â
äåÿêîìó êiëüöåâîìó îêîëi îäèíè÷íîãî êîëà, òîìó äîïóñêà¹ ðîçâèíåííÿ â ðÿä Ëîðàíà

logF (z) =
∑
k∈Z

αkz
k.

Ñïðàâäæóþòüñÿ òàêi ëåìè.

Ëåìà 1.

lk(r, F ) = αkr
k + rk

r∫
1

n1
k(t, f)

tk+1
dt, k ̸= 0, r > 1, (10)

l0(r, F )− l0(1, F ) = N1
0 (r, f), (11)

N1
k (r, f) = lk(r, F )− αk − k

r∫
1

lk(t, F )

t
dt, k ̸= 0, r > 1. (12)

Ëåìà 2.

lk(
1

r
, F ) = αkr

−k + r−k

r∫
1

n2
k(t, f)

t−k+1
dt, k ̸= 0, r > 1, (13)

l0(
1

r
, F )− l0(1, F ) = N2

0 (r, f), (14)

N2
k (r, f) = lk(

1

r
, F )− αk + k

r∫
1

lk(
1
t , F )

t
dt, k ̸= 0, r > 1. (15)

Ëåìà 3.

Lk(r, F ) = (αk + α−k)r
k + rk

r∫
1

nk(t, f)

tk+1
dt+

1

k
(1− rk)nk(T), k ̸= 0, r > 1, (16)

N0(r, f) = L0(r, F )− L0(1, F ) + n0(T) log r, (17)

Nk(r, f) = Lk(r, F )− (αk +α−k)− k

r∫
1

Lk(t, F )

t
dt−nk(T) log r, k ̸= 0, r > 1. (18)

Ëåìà 4.

ak(r, F ) = −ik

r∫
1

ck(t, f)

t
dt+

αk − α−k

2i
+

1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1, (19)

ak(
1

r
, F ) = ik

r∫
1

ck(
1
t , f)

t
dt+

αk − α−k

2i
− 1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1. (20)
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Ëåìà 5.

ck(r, F ) = ik

r∫
1

ak(t, F )

t
dt+

αk + α−k

2
+N1

k (r, f) +
nk(T)
2krk

, k ̸= 0, r > 1, (21)

ck(
1

r
, F ) = −ik

r∫
1

ak(
1
t , F )

t
dt+

αk + α−k

2
+N2

k (r, f) +
nk(T)
2krk

, k ̸= 0, r > 1. (22)

3. Äîâåäåííÿ äîïîìiæíèõ ðåçóëüòàòiâ. Ñïiââiäíîøåííÿ (10), (11), (13),
(14) îòðèìàíi â [6, ñ. 59-60], ó ïðîöåñi äîâåäåííÿ ëåìè 21.1, õî÷à îêðåìî âîíè òàì íå
ñôîðìóëüîâàíi. Ñïiââiäíîøåííÿ (12), (15) ìîæíà îòðèìàòè ñïîñîáîì àíàëîãi÷íèì
äî îòðèìàííÿ îáåðíåíèõ êîåôiöi¹íòiâ Ôóð'¹-Ñòiëüòü¹ñà íàâåäåíèì ó [10].

Ëåìà 3 âèïëèâà¹ áåçïîñåðåäíüî ç ëåìè 1 òà ëåìè 2, ÿêùî âðàõîâóâàòè ñïiââiä-
íîøåííÿ ìiæ êîåôiöi¹íòàìè Ôóð'¹ (6)-(9).

Äîâåäåííÿ ëåìè 4. Îñêiëüêè N1
k (r, f) = N1

−k(r, f), N
2
k (r, f) = N2

−k(r, f), òî ç (12) i
(15) âèïëèâà¹

0 = N1
k (r, f)−N1

−k(r, f) =

= lk(r, F )− l−k(r, F )− (αk − α−k)− k

r∫
1

lk(t, F ) + l−k(r, F )

t
dt, (23)

0 = N2
k (r, f)−N2

−k(r, f) =

= lk(
1

r
, F )− l−k(

1

r
, F )− (αk − α−k) + k

r∫
1

lk(
1
t , F ) + l−k(

1
r , F )

t
dt, (24)

äëÿ êîæíîãî öiëîãî k ̸= 0 òà r > 1. Âèêîðèñòîâóþ÷è (7), (8), ç (23), (24) îäåðæó¹ìî

ak(r, F ) =
k

i

r∫
1

ck(t, f)

t
dt+

αk − α−k

2i
= −ik

r∫
1

ck(t, F )

t
dt+

αk − α−k

2i
, k ̸= 0,

ak(
1

r
, F ) = −k

i

r∫
1

ck(
1
t , f)

t
dt+

αk − α−k

2i
= ik

r∫
1

ck(
1
t , F )

t
dt+

αk − α−k

2i
, k ̸= 0.

Îñêiëüêè ïðè k ̸= 0,

ck(τ, F ) = ck(τ, f)−
∑

|aj |=1

ck(τ, 1−
z

aj
)

òà

ck(τ, 1−
z

aj
) =


−τk

2k
e−ikγj , 0 < τ < 1,

−e−ikγj

2kτk
, τ > 1,

(25)

òî

ak(r, F ) = −ik

r∫
1

ck(t, f)

t
dt+

αk − α−k

2i
+

1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1,
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ak(
1

r
, F ) = ik

r∫
1

ck(
1
t , f)

t
dt+

αk − α−k

2i
− 1

2ki
(r−k − 1)nk(T), k ̸= 0, r > 1.

�
Äîâåäåííÿ ëåìè 5 àíàëîãi÷íå äî äîâåäåííÿ ëåìè 4 ç òi¹þ ëèøå âiäìiííiñòþ, ùî

çàìiñòü ðiçíèöi ôóíêöié N i
k(r, f) òà N i

−k(r, f), i = 1, 2, òðåáà ðîçãëÿäàòè ¨õíþ ñóìó.
4. Äîâåäåííÿ Òåîðåìè 1. Íåîáõiäíiñòü. Ç (1) âèïëèâà¹ iñíóâàííÿ ãðàíèöü

lim
r→+∞

Lk(r,F )
λ(r) , äëÿ âñiõ k ∈ Z. Ìè ïîçíà÷èìî öi ãðàíèöi Lk. Òàêîæ çi ñïiââiäíîøåí-

íÿ (1) âèïëèâà¹, ùî Lk äîðiâíþþòü êîåôiöi¹íòàì Ôóð'¹ ck(H) ôóíêöi¨ H. Ñïðàâäi,∣∣∣∣Lk(r, F )

λ(r)
− ck(H)

∣∣∣∣ =
∣∣∣∣∣∣ 1

2π

2π∫
0

[
e−ikθ logF (reiθ) + logF ( 1r e

iθ)

λ(r)
− e−ikθH(θ)

]
dθ

∣∣∣∣∣∣ 6
6 1

2π

2π∫
0

1

λ(r)

∣∣∣∣logF (reiθ) + logF (
1

r
eiθ)− λ(r)H(θ)

∣∣∣∣ dθ (1)−→ 0, r → +∞.

Òàêîæ çi ñïiââiäíîøåííÿ (1) îòðèìó¹ìî 1

2π

2π∫
0

| log |F (reiθ)|+ log |F (
1

r
eiθ)| − λ(r)ReH(θ)|pdθ


1/p

= o(λ(r)), r → +∞. (26)

Çàóâàæèìî, ùî

log |F (reiθ)|+ log |F (
1

r
eiθ)| = log |f(reiθ)|+ log |f(1

r
eiθ)|+O(log r), r → +∞.

Âðàõóâàâøè, ùî log r = o(λ(r)), îäåðæó¹ìî

1

2π

2π∫
0

∣∣∣∣∣ log |f(reiθ)|+ log |f( 1r e
iθ)|

λ(r)
−ReH(θ)

∣∣∣∣∣
p

dθ =

=
1

2π

2π∫
0

∣∣∣∣∣ log |F (reiθ)|+ log |F ( 1r e
iθ)|

λ(r)
−ReH(θ)

∣∣∣∣∣
p

dθ + o(1), r → +∞.

Òîáòî

lim
r→+∞

1

2π

2π∫
0

∣∣∣∣∣ log |f(reiθ)|+ log |f( 1r e
iθ)|

λ(r)
−ReH(θ)

∣∣∣∣∣
p

dθ = 0.

Çâiäñè ([9]) îòðèìó¹ìî, ùî f ¹ ôóíêöi¹þ ö.ð.ç. ñòîñîâíî λ ç iíäèêàòîðîì ReH.
ßêùî Lk = 0, äëÿ âñiõ k ̸= 0, òîäi H(θ) = L0 > 0. Âèêîðèñòîâóþ÷è (17),

îäåðæèìî

lim
r→+∞

N(r, f)

λ(r)
= lim

r→+∞

L0(r, F )− L0(1, F ) + n0(T) log r
λ(r)

= L0.

Òîìó, ÿêùî L0 > 0, òî îòðèìà¹ìî λ(r) ∼ N(r)
L0

, r → +∞. Òîáòî λ(r) ¹ îïóêëîþ
ñòîñîâíî log r i ìè äîâåëè (i).
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Íåõàé òåïåð iñíó¹ k ̸= 0 òàêå, ùî Lk ̸= 0. Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî
ââàæàòè, ùî k ∈ N. Îñêiëüêè f ¹ ôóíêöi¹þ ö.ð.ç. â C∗, òî ç [9] îòðèìó¹ìî iñíóâàííÿ
ãðàíèöü

lim
r→+∞

ck(r, f)

λ(r)
, lim

r→+∞

ck(
1
r , f)

λ(r)
, lim

r→+∞

ck(r, f) + ck(
1
r , f)

λ(r)
, k ∈ Z.

Ç îãëÿäó íà (6)-(9), îäåðæèìî

Lk(r, F ) = ck(r, f) + iak(r, F ) + ck(
1

r
, f)− iak(

1

r
, F ) +O(log r), k ∈ Z, r → +∞.

Çâiäñè âèïëèâà¹, ùî iñíóþòü ãðàíèöi lim
r→+∞

ak(r,F )−ak(
1
r ,F )

λ(r) , k ∈ Z. Ïîçíà÷èìî

a∗k = lim
r→+∞

ak(r, F )− ak(
1
r , F )

λ(r)
, c∗k = lim

r→+∞

ck(r, f) + ck(
1
r , f)

λ(r)
, k ∈ Z.

Òîäi ç ëåìè 4, ïîçíà÷èâøè λ1(r) :=
r∫
1

λ(t)
t dt, îòðèìó¹ìî

a∗kλ(r) = −ikc∗kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞, (27)

à ç ëåìè 5

c∗kλ(r) = ika∗kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞. (28)

Çàóâàæèìî, ùî c∗k ̸= 0 i a∗k ̸= 0. Ñïðàâäi, ÿêùî ïðèïóñòèòè, ùî õî÷à á îäíà ç öèõ
âåëè÷èí äîðiâíþ¹ 0, òî ç (27) àáî ç (28) âèïëèâà¹, ùî é iíøà âåëè÷èíà äîðiâíþ¹ 0,
à îòæå, é Lk = 0, ùî ñóïåðå÷èòü ïðèïóùåííþ.

Ç (27) àáî (28) îòðèìó¹ìî

λ(r)

λ1(r)
= −ik

c∗k
a∗k

+ o(1), r → +∞.

Çâiäñè íåãàéíî âèïëèâà¹ iñíóâàííÿ ãðàíèöi lim
r→+∞

λ(r)
λ1(r)

= −ik
c∗k
a∗
k
. Ç îãëÿäó íà çðîáëå-

íå âèùå çàóâàæåííÿ lim
r→+∞

λ(r)
λ1(r)

> 0. Ïîçíà÷èìî öþ ãðàíèöþ ÷åðåç ρ. Ç [11, ñ. 117]

îòðèìó¹ìî λ(r) = rρL(r), äå L ¹ ôóíêöi¹þ ïîâiëüíîãî çðîñòàííÿ.
Äîñòàòíiñòü. Ïðèïóñòèìî, ùî (i) àáî (ii) âèêîíó¹òüñÿ. Ç óìîâ íàêëàäåíèõ íà

λ âèïëèâà¹ ([11, c. 85]), ùî iñíó¹ M > 0 òàêå, ùî äëÿ âñiõ íàòóðàëüíèõ k, ïî÷èíàþ÷è
ç äåÿêîãî k1 âèêîíó¹òüñÿ

+∞∫
r

λ(t)

tk+1
dt 6 Mλ(r)

krk
, r > 1. (29)

Áiëüøå òîãî, λ ìà¹ ñêií÷åííèé ïîðÿäîê ([12]), òîìó iñíó¹ k2 ∈ N òàêå, ùî

Lk(r, F ) = −rk
+∞∫
r

nk(t, f)

tk+1
dt, k > k2. (30)
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Ç îãëÿäó íà (30) i íåðiâíiñòü |nk(r)| 6 N0(er), à òàêîæ âèêîðèñòîâóþ÷è ñêií÷åííiñòü
λ-òèïó, îòðèìó¹ìî

|Lk(r, F )| 6 rk
+∞∫
r

N(et, f)

tk+1
dt 6 M̃rk

+∞∫
r

λ(t)

tk+1
6 M̃Mλ(r)

k
, k > max{k1, k2}, r > 1.

Ç âèðàçiâ äëÿ ck(r, f) [6, ëåìà 21.2, ñ. 61] îäåðæó¹ìî äëÿ r > 1

ck(r, f) + ck(
1

r
, f) =

1

2
(αk + α−k)(r

k + r−k) +
rk

2

r∫
1

nk(t, f)

tk+1
dt−

−rk

2
nk(T)

r∫
1

dt

tk+1
+

r−k

2

r∫
1

tk−1nk(t, f)dt−
r−k

2
nk(T)

r∫
1

tk−1dt =

=
1

2
(αk+α−k)(r

k+r−k)+
rk

2

r∫
1

nk(t, f)

tk+1
dt+

r−k

2

r∫
1

tk−1nk(t, f)dt−
1

2k
(rk−r−k), k ∈ Z.

Ïîðiâíþþ÷è îòðèìàíå ñïiââiäíîøåííÿ ç âèðàçîì äëÿ Lk(r, f) (16), îäåðæó¹ìî

Lk(r, F ) = 2(ck(r, f) + ck(
1

r
, f))− (αk + α−k)r

−k−

−
r∫

1

(
t

r

)k
nk(t, f)

t
dt+

r−k

k
(rk − 1)nk(T), k ∈ N, r > 1.

Òîáòî

|Lk(r, F )| 6 2|ck(r, f) + ck(
1

r
, f)|+N0(r, f) +O(1 +

1

rk
), k ∈ N, r > 1.

Âèêîðèñòîâóþ÷è ñêií÷åííiñòü λ-òèïó, îäåðæó¹ìî

|Lk(r, F )| 6 M1λ(r), k ∈ N, r → +∞.

Ç îãëÿäó íà îòðèìàíi âèùå îöiíêè, à òàêîæ âðàõîâóþ÷è (17), ìàòèìåìî

|Lk(r, F )| 6 M2λ(r)

k + 1
, k ∈ N ∪ {0}, r > 1, (31)

äå M2 � äåÿêà ñòàëà.
Òåïåð ðîçãëÿíåìî âèïàäîê k < 0. Iíòåãðóþ÷è ÷àñòèíàìè ó (16), îäåðæó¹ìî

Lk(r, F ) = (αk+α−k)r
k− 1

k

rknk(t, f)

tk

∣∣∣∣∣
r

1

+
1

k

r∫
1

(r
t

)k

dnk(t, f)+
1

k
(1−rk)nk(T), r > 1.

Òîáòî

|Lk(r, F )| 6 Aλ(r)

|k|
+

1

|k|
Bλ(r) + o(1), r > 1, k < 0.

Òîìó

|Lk(r, F )| 6 M3λ(r)

|k|
, k < 0, r > 1. (32)
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Îòæå, ç (31) òà (32), îäåðæó¹ìî

|Lk(r, F )| 6 Cλ(r)

|k|+ 1
, k ∈ Z, r > 1. (33)

Ïîäiëèâøè (33) íà λ(r) i ñïðÿìóâàâøè r äî +∞, îòðèìó¹ìî

|Lk| 6
C

|k|+ 1
, k ∈ Z. (34)

Çàñòîñîâóþ÷è òåîðåìó Õàóñäîðôà-Þíãà ([11]), ìîæåìî çàïèñàòè 1

2π

2π∫
0

∣∣∣∣∣ logF (reiθ) + logF ( 1r e
iθ)

λ(r)
−H(θ)

∣∣∣∣∣
p

dθ


1/p

6
{∑

k∈Z

∣∣∣∣Lk(r, F )

λ(r)
− Lk

∣∣∣∣q
}1/q

,

ïðè p > 2, 1 < q 6 2. Ç îãëÿäó íà îöiíêè (33) òà (34), ïåðåéøîâøè äî ãðàíèöi
ïðè r → +∞, îäåðæèìî (1) ïðè p > 2. Âèêîðèñòîâóþ÷è ìîíîòîííiñòü iíòåãðàëüíèõ
ñåðåäíiõ, îòðèìó¹ìî, ùî ñïiââiäíîøåííÿ (1) âèêîíó¹òüñÿ äëÿ âñiõ p ∈ [1;+∞).

5. Äîâåäåííÿ òåîðåìè 2. Íåîáõiäíiñòü. Ç (2) i (3) âèïëèâà¹ iñíóâàííÿ ãðà-

íèöü lim
r→+∞

lk(r,F )
λ(r) , lim

r→+∞
l−k(

1
r ,F )

λ(r) , äëÿ âñiõ k ∈ Z. Ïîçíà÷èìî ¨õ âiäïîâiäíî l1k òà l2k.

Òàêîæ çi ñïiââiäíîøåíü (2), (3) âèïëèâà¹, ùî öi ãðàíèöi l1k, l
2
k äîðiâíþþòü êîåôiöi¹í-

òàì Ôóð'¹ ôóíêöié H1, H2. Îêðiì òîãî, ç (2), (3) îòðèìó¹ìî 1

2π

2π∫
0

| log |F (reiθ)| − λ(r)ReH1(θ)|pdθ


1/p

= o(λ(r)), r → +∞,

 1

2π

2π∫
0

| log |F (
1

r
eiθ)| − λ(r)ReH2(θ)|pdθ


1/p

= o(λ(r)), r → +∞.

Çàóâàæèìî, ùî

log |F (reiθ)| = log |f(reiθ)|+O(log r); log |F (
1

r
eiθ)| = log |f(1

r
eiθ)|+O(log r).

r → +∞. Âðàõóâàâøè, ùî log r = o(λ(r)), r → +∞, îäåðæó¹ìî
2π∫
0

∣∣∣∣∣ log |f(reiθ)|λ(r)
−ReH1

∣∣∣∣∣
p

dt =

2π∫
0

∣∣∣∣∣ log |F (reiθ)|
λ(r)

−ReH1

∣∣∣∣∣
p

dt+ o(1), r → +∞,

2π∫
0

∣∣∣∣∣ log |f( 1r eiθ)|λ(r)
−ReH2

∣∣∣∣∣
p

dt =

2π∫
0

∣∣∣∣∣ log |F ( 1r e
iθ)|

λ(r)
−ReH2

∣∣∣∣∣
p

dt+ o(1), r → +∞.

Çâiäñè ([9]) âèïëèâà¹, ùî f ¹ ôóíêöi¹þ ö.ð.ç. ñòîñîâíî λ ç iíäèêàòîðîì ReH1+ReH2.
Ìîæëèâi òàêi âèïàäêè.
I. ßêùî l1k = l2k = 0, ∀k ̸= 0, òîäiH1(θ) = l10 > 0,H2(θ) = l20 > 0. Âèêîðèñòîâóþ÷è

(11) i (14), ìàòèìåìî

lim
r→+∞

N1
0 (r, f)

λ(r)
= lim

r→+∞

l0(r, F )− l0(1, F )

λ(r)
= l10,
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lim
r→+∞

N2
0 (r, f)

λ(r)
= lim

r→+∞

l0(
1
r , F )− l0(1, F )

λ(r)
= l20.

Îòæå, ÿêùî l10 > 0 àáî l20 > 0, òî îòðèìà¹ìî λ(r) ∼ N1(r)
l10

àáî λ(r) ∼ N2(r)
l20

, r → +∞.

Òîáòî, λ(r) ¹ îïóêëîþ ñòîñîâíî log r i ìè äîâåëè (i).
II. Íåõàé òåïåð ∃k ∈ Z \ {0} òàêå, ùî l1k ̸= 0 i l2k ̸= 0. Íå çìåíøóþ÷è çàãàëüíîñòi,

ìîæåìî ââàæàòè, ùî k ∈ N. Îñêiëüêè f ¹ ôóíêöi¹þ ö.ð.ç. â C∗, òî ç [9] âèïëèâà¹
iñíóâàííÿ ãðàíèöü

lim
r→+∞

ck(r, f)

λ(r)
, lim

r→+∞

ck(
1
r , f)

λ(r)
, lim

r→+∞

ck(r, f) + ck(
1
r , f)

λ(r)
, k ∈ Z.

Çâiäñè îòðèìó¹ìî iñíóâàííÿ ãðàíèöü

lim
r→+∞

ak(r, f)

λ(r)
, lim

r→+∞

ak(
1
r , f)

λ(r)
, lim

r→+∞

ak(r, f)− ak(
1
r , f)

λ(r)
, k ∈ Z.

Ïîçíà÷èìî âiäïîâiäíî ÷åðåç a1k, a
2
k ãðàíèöi lim

r→+∞
ak(r,F )
λ(r) , lim

r→+∞
ak(

1
r ,F )

λ(r) , òà ÷åðåç c1k,

c2k ãðàíèöi lim
r→+∞

ck(r,f)
λ(r) , lim

r→+∞
ck(

1
r ,f)

λ(r) .

Ç ëåìè 4, ïîçíà÷èâøè λ1(r) :=
r∫
1

λ(t)
t dt, îòðèìó¹ìî

a1kλ(r) = −ikc1kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞, (35)

a2kλ(r) = ikc2kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞. (36)

À ç ëåìè 5,

c1kλ(r) = ika1kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞, (37)

c2kλ(r) = −ika2kλ1(r) + o(λ1(r)) +O(1), k ∈ N, r → +∞. (38)

Çâiäñè
λ(r)

λ1(r)
= −ik

c1k
a1k

+ o(1), r → +∞, (39)

λ(r)

λ1(r)
= ik

c2k
a2k

+ o(1), r → +∞. (40)

Îòæå, iñíó¹ ãðàíèöÿ lim
r→+∞

λ(r)
λ1(r)

. ßêùî õî÷à á îäíà ç âåëè÷èí cik àáî aik, i = 1, 2

äîðiâíþ¹ 0, òîäi ç îãëÿäó íà (35)-(38) iíøà âåëè÷èíà äîðiâíþ¹ 0, à îòæå, é lik = 0,
i = 1, 2 ùî ñóïåðå÷èòü ïðèïóùåííþ. Òîìó lim

r→∞
λ(r)
λ1(r)

> 0. Ïîçíà÷èìî öþ ãðàíèöþ

÷åðåç ρ. Ç [11, ñ. 117] îòðèìó¹ìî λ(r) = rρL(r), äå L ¹ ôóíêöi¹þ ïîâiëüíîãî çðîñòàííÿ.
Ìè äîâåëè (ii).

III. Çàóâàæèìî, ùî ó âèïàäêàõ, êîëè ∀k ∈ Z\{0} lik = 0 òà ∃k ∈ Z\{0} ljk ̸= 0,
äå i, j ∈ {1, 2}, i ̸= j, âèêîðèñòîâóþ÷è íàâåäåíi ìiðêóâàííÿ, îòðèìó¹ìî âèñíîâîê
àíàëîãi÷íèé âèñíîâêó äëÿ âèïàäêó II.
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Äîñòàòíiñòü. Ïðèïóñòèìî, ùî (i) àáî (ii) âèêîíó¹òüñÿ. Ç óìîâ íàêëàäåíèõ íà
λ âèïëèâà¹ ([11, ñ. 85]) ñïiââiäíîøåííÿ (29). Êðiì òîãî, λ ìà¹ ñêií÷åííèé ïîðÿäîê
([12]), òîäi

∃k3 ∈ N ∀k > k3 ∀r > 1 : lk(r, F ) = −rk
∞∫
r

n1
k(t, f)

tk+1
dt, (41)

∃k4 ∈ N ∀k > k4 ∀r > 1 : l−k(
1

r
, F ) = −rk

∞∫
r

n2
k(t, f)

tk+1
dt. (42)

Ç îãëÿäó íà (41),(42) i íåðiâíîñòi |ni
k(t)| 6 N i

0(er), i = 1, 2, îòðèìó¹ìî

|lk(r, F )| 6 M4λ(r)

k
, |lk(

1

r
, F )| 6 M5λ(r)

k
, r > 1

äëÿ äîñòàòíüî âåëèêèõ k i äåÿêèõ ñòàëèõ M4, M5.
Ç âèðàçiâ äëÿ ck(r, f) (ëåìà 21.2 [6, ñ. 61]) îäåðæèìî

ck(r, f) =
1

2
(αkr

k+α−kr
−k)+

1

2k

r∫
1

((r
t

)k

−
( t

r

)k
)
dn1

k(t, f)−
nk(T)
2krk

, k ̸= 0, r > 1,

ck(
1

r
, f) =

1

2
(αkr

−k+α−kr
k)+

1

2k

r∫
1

((r
t

)k

−
( t

r

)k
)
dn2

k(t, f)−
nk(T)
2kr−k

, k ̸= 0, r > 1.

Ïîðiâíþ÷è öi ðiâíîñòi ç âèðàçàìè äëÿ lk(r, f), lk(
1
r , f) (10), (13), îòðèìó¹ìî

lk(r, F ) = 2ck(r, f)− α−kr
−k +

1

k

r∫
1

(
t

r

)k
n1
k(t, f)

t
dt+

nk(T)
krk

, k ̸= 0, r > 1,

l−k(
1

r
, F ) = 2ck(

1

r
, f)− αkr

−k − 1

k

r∫
1

(r
t

)−k n2
k(t, f)

t
dt+

nk(T)
kr−k

, k ̸= 0, r > 1.

Òîáòî, ïðè k > 0

|lk(r, F )| 6 2|ck(r, f)|+ 2
N1

0 (r, f)

k
+O(

1

rk
), r > 1,

|l−k(
1

r
, F )| 6 2|ck(

1

r
, f)|+ 2

N2
0 (r, f)

k
+O(

1

rk
), r > 1.

Âèêîðèñòîâóþ÷è ñêií÷åííiñòü λ-òèïó, îäåðæó¹ìî

|lk(r, F )| 6 M6
λ(r)

k
, |l−k(

1

r
, F )| 6 M7

λ(r)

k
, k ∈ N, r → +∞,

äå M6, M7 � äåÿêi ñòàëi. Âðàõîâóþ÷è îòðèìàíi íåðiâíîñòi òà ç îãëÿäó íà (11), (14),
ìàòèìåìî

|lk(r, F )| 6 M8λ(r)

k + 1
, |l−k(

1

r
, F )| 6 M9λ(r)

k + 1
, k ∈ N ∪ {0}, r > 1. (43)
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Òåïåð ðîçãëÿíåìî âèïàäîê k < 0. Iíòåãðóþ÷è ÷àñòèíàìè ó ñïiââiäíîøåííÿõ
(10), (13), îòðèìó¹ìî

lk(r, F ) = αkr
k +

1

k

rkn1
k(t, f)

tk

∣∣∣∣∣
r

1

− 1

k

r∫
1

(r
t

)k

dn1
k(t, f),

à òàêîæ

l−k(
1

r
, F ) = α−kr

k +
1

k

rkn2
k(t, f)

tk

∣∣∣∣∣
r

1

− 1

k

r∫
1

(r
t

)k

dn2
k(t, f).

Òîáòî

|lk(r, F )| 6 A1λ(r)

|k|
+

1

|k|
B1λ(r) + o(1), k < 0,

|l−k(
1

r
, F )| 6 A2λ(r)

|k|
+

1

|k|
B2λ(r) + o(1), k < 0.

Òîìó

|l−k(r, F )| 6 M10λ(r)

|k|
, k < 0, r → +∞, (44)

|l−k(
1

r
, F )| 6 M11λ(r)

|k|
, k < 0, r → +∞. (45)

Îòæå, ç (43) i (44) âèïëèâà¹

|lk(r, F )| 6 C1λ(r)

|k|+ 1
, k ∈ Z, r > 1. (46)

À ç (43) i (45) âèïëèâà¹

|l−k(
1

r
, F )| 6 C2λ(r)

|k|+ 1
, k ∈ Z, r > 1. (47)

Ïîäiëèâøè ñïiââiäíîøåííÿ (46), (47) íà λ(r) i ñïðÿìóâàâøè r äî +∞, îòðèìó¹ìî

|lik| 6
Ci

|k|+ 1
, k ∈ Z, i = 1, 2, r > 1. (48)

Âèêîðèñòîâóþ÷è òåîðåìó Õàóñäîðôà-Þíãà ([11]) i (48), îäåðæó¹ìî 1

2π

2π∫
0

∣∣∣∣ logF (reiθ)

λ(r)
−Hi(θ)

∣∣∣∣p dθ


1/p

6
{∑

k∈Z

∣∣∣∣ lk(r, F )

λ(r)
− lik

∣∣∣∣q
}1/q

, i = 1, 2,

ïðè p > 2, 1 < q 6 2. Ç îãëÿäó íà îöiíêè (46), (47) i (48), ïåðåéøîâøè äî ãðàíèöi ïðè
r → +∞, îäåðæèìî (2), (3) äëÿ p > 2. Ìîíîòîííiñòü iíòåãðàëüíèõ ñåðåäíiõ çàâåðøó¹
äîâåäåííÿ.
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The paper deals with the class Λ◦
H of holomorphic functions in C∗ := C\{0}

of the completely regular growth and the concept of growth indicators of such
functions. Under general assumptions we solve the problem of description of
the sets of holomorphic functions f , functions of growth λ, functions H, H1,
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H2 from Lp[0, 2π], and numbers p ∈ [1,+∞) such that{
1
2π

2π∫
0

| logF (reiθ) + logF ( 1
r
eiθ)− λ(r)H(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

or{
1
2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ
}1/p

= o(λ(r)), r → +∞,{
1
2π

2π∫
0

|logF ( 1
r
eiθ)− λ(r)H2(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

where F (z) = z−mf̃(z), f(aj) = 0,

f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, m = 1

2πi

∫
|z|=1

f̃ ′(z)
f̃(z)

dz.

Key words: holomorphic function, function of completely regular growth,
growth indicator, Fourier coe�cients, Fourier-Stieltjes coe�cients.
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Ðàññìàòðèâàåòñÿ êëàññ f ∈ Λ◦
H ãîëîìîðôíûõ â ïðîêîëîòîé ïëîñêîñòè

C∗ := C \ {0} ôóíêöèé âïîëíå ðåãóëÿðíîãî ðîñòà, ïîíÿòèÿ èíäèêàòîðîâ
òàêèõ ôóíêöèé, è ïðè âåñüìà îáùèõ ïðåäïîëîæåíèÿõ ðåøåíà çàäà÷à îïè-
ñàíèÿ ìíîæåñòâ ãîëîìîðôíûõ â C∗ ôóíêöèé f , ôóíêöèé ðîñòà λ, ôóíêöèé
H,H1, H2 èç Lp[0, 2π] è ÷èñåë p ∈ [1,+∞] òàêèõ, ÷òî{

1
2π

2π∫
0

| logF (reiθ) + logF ( 1
r
eiθ)− λ(r)H(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

èëè{
1
2π

2π∫
0

| logF (reiθ)− λ(r)H1(θ)|pdθ
}1/p

= o(λ(r)), r → +∞,{
1
2π

2π∫
0

|logF ( 1
r
eiθ)− λ(r)H2(θ)|pdθ

}1/p

= o(λ(r)), r → +∞,

ãäå F (z) = z−mf̃(z), f(aj) = 0,

f̃(z) = f(z)
∏

|aj |=1

(z − aj)
−1, m = 1

2πi

∫
|z|=1

f̃ ′(z)
f̃(z)

dz.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíàÿ ôóíêöèÿ, ôóíêöèÿ âïîëíå ðåãóëÿðíî-
ãî ðîñòà, èíäèêàòîð ðîñòà, êîýôôèöèåíòû Ôóðüå, êîýôôèöèåíòû Ôóðüå-
Ñòèëüòüåñà.


