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Let F(s) = Zan exp{sA,} and Fj(s) = Zan,j exp{sA.} be entire Diri-
n=1

chlet series with exponents 0 < A\, T +o0. Thz fhnction F is called Hadamard
composition of the genus m > 1 of the functions Fj if an = P(an,1,...,0n,p),
where P(z1,...,7p) = Z ckl‘,_kpx’fl Cae xﬁp is a homogeneous
ki+-+kp=m
polynomial of degree m > 1. The growth of the function F' with respect to the
oo

entire Dirichlet series G(s) = Zgn exp{sA,} is identified with the growth

n=1
of the function M;'(Mp(c)), where Mp(o) = sup{|F(oc + it)] : t € R}.
The dependence of the growth of a function Mg'(Mp(c)) on the growth
of functions Mg'(Mp,(0)) is studied in terms of generalized orders and a
generalized convergence class.

Key words: Dirichlet series, Hadamard composition, generalized order,
generalized convergence class.

1. INTRODUCTION

Let f and g be entire transcendental functions and

My (r) = max{[f(z)] : [2] = r}.
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For the study of relative growth of the functions f and g Ch. Roy [1] used the order
o4lf] = lim In Mg_l(Mf(r))/ln T

r——400

and the lower order
Ag[f]= lim In M, ' (My(r))/Inr

r—-+4oo
of the function f with respect to the function g. Research of relative growth of entire
functions was continued by S. K. Data, T. Biswas and other mathematicians (see, for
example, [2], [3], [4], [5]) in terms of maximal terms, Nevanlinna characteristic function
and k-logarithmic orders. In [6] it is considered a relative growth of entire functions of
two complex variables and in [7] the relative growth of entire Dirichlet series is studied
in the terms of R-orders.

Suppose that A = (),) is an increasing to 400 sequence of non-negative numbers
and by S(A) we denote a class of entire Dirichlet series

(1) F(s) =Y fuexp{sh,}, s=o+it.
n=1

For 0 < 400 we put Mp(o) = sup{|F (o +it)| : ¢t € R} and remark that the function
Mp(0o) is continuous and increasing to +00 on (—oo, +00) and, therefore, there exists
the function My '(z) inverse to Mp (o), which increase to 400 on (z¢, +00). Thus, the
growth of the Dirichlet series (1) with respect to the entire Dirichlet series

G(s) = Z gn exp{si,}
n=1

can be studied in terms of the growth of the function Mg (Mp(c)). Articles [8], [9], [10]
are devoted to this problem.
o0

Let f;i(z) = Z an,;z" ( = 1,2) be entire transcendental functions. The function

n=0
(f1* f2)(z) = Z anz" is called [11] Hadamard composition (product) of the functions
n=0

fj if an, = an 10,2 for all n. Obtained by J. Hadamard properties of this composition
find the applications [12], [13] in the theory of the analytic continuation of the functions
represented by power series. For a Dirichlet series, the usual Hadamard composition is
defined in a similar way.

Now suppose that F; € S(A),

(2) Fj(s) = an,j eXp{S/\n}; ] = 172a"'apa
n=1

and recall that a polynomial is named homogeneous if all monomials with nonzero coeffi-
cients have the identical degree. A polynomial P(z1, ..., ;) is homogeneous to the degree
m if and only if P(tx1,...,tx,) = t"™P(x1,...,xp) for all ¢ from the field above that a
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polynomial is defined. Dirichlet series (1) is called [14], [15] a Hadamard composition of

genus m of Dirichlet series (2) if a,, = P(an,1,-..,an,p), where
— k k
P(zy,...,2p) = E Chy.ky Tyt oo TP
ki4-+kp=m

is a homogeneous polynomial of degree m > 1. Therefore, if the function F' = (Fy*...%F})
is Hadamard composition of genus m > 1 of the functions F; then for all n

k
(3) Fo= )0 e a e SR
k14 tkp=m
Using this equality we will study the asymptotic behavior of Hadamard compositions
of entire Dirichlet series.

2. GROWTH ESTIMATES FROM ABOVE

To characterize the growth of entire Dirichlet series we will use generalized orders.
For this purpose, we denote by L a class of positive continuous functions « on (—oo, +00)
such that a(z) = a(zg) for x < zp and 0 < a(x) T +00 as zg < z 1 +00. We say that
a € L%if a € L and a((1 + o(1))z) = (1 + o(1))a(z) as # — +oo. Finally, a € Ly, if
a € L and a(cr) = (1 4+ o(1))a(z) as © — +oo for each ¢ € (0, +00), i. e. a is slowly
increasing function. Clearly, L,; C L°.
— B(A+d)x)
Lemma 1 ([16]). If 8 € L and B()) = mgr_&ow
B € LY, it is necessary and sufficient that B(6) — 1 as 6 — +0. In addition, if 3 € L°
then B is RO-varying function [17], that is for every A\ > 1 there exists K = K(\) > 0
such that S(Ax) < KpB(x) for all x > xg.

IfaeL, el and F € S(A) then the quantities

— a(ln Mp(o)) . a(ln Mp(0))
oaplFl= Tm LR 2FOD) and Aag[F]= lLm 2RI
slF] o—+00 B(o) slF] o—+00 B(o)
are called [18], [19] the generalized («, 5)-order and the generalized lower (o, 8)-order of
F' accordingly. Similarly, the generalized (a, 5)-order g g[F|c and the generalized lower

(o, B)-order A, g[F]q of the function F' € S(A) with respect to a function G € S(A),

, 0 > 0, then in order that

given by Dirichlet series G(s) = Z gn exp{sA,} we define as follows

n=1

a8l F)a = lim ;
GaplFle = Hm B(o)
1

Mo glFla = 1
’ﬁ[ le 0%00 B(o)

We need also the following statement [20], [21, p. 184].
Lemma 2. Let up(o) = max{|f,|exp{oA,} : n > 0} be the mazimal term of series (1)
" Then pr(o) < Mp(o) < pp(o + 7+ €) for every € > 0 and all

n

and 7 = lim
n— oo

o > ope).
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The following theorem is true.

Theorem 1. Let F' is Hadamard composition of genus m > 1 of the functions F;. If
either m = 1, 7 = 0, « € L° and B(lnz) € L° orm > 2, 7 < 400, B € L and
a(Mg5'(e%)) € Lg; then

0a.5lF)c < 0= max{0a p[Fjlc : 1 <j <p}.

Proof. From (3) we obtain

|f’ﬂ| S Z |ck1~--kp”fn,1|kl |fn,p|kpa

kid-+kp=m

whence

pr(mo) < > ek ky lur (0) -, (o)
ki4-+kp=m

By Lemma 2 Mp(oc — 7 —¢) < pp(0) < Mp(o) and, therefore, we get

(4) Mp(mo—71—e)< > |ory..i,|Mp (0)F ... - M, (0)".
kytotky=m
Let
0 =max{gas[Fjlc: 1 < j <p} < +oo.
Then
My, (o) < Ma(a™ (e +2)B(0)))
for every € > 0 all o > g¢(¢) and all j. Therefore, (4) implies
(3)  Mp(mo—7—e) <CME(a  ((e+€)B(0), C= Y |kl
Eytoetky=m
If m =1 and 7 = 0 then from (5) we have
Mp(o ) < CMg(a™ (e +¢)B(0))),
ie.,
Mi(0) < CMg(a™ (e +¢)B(0 +¢)))

for every € > 0 and all o large enough. Since the function In Mg(o) is convex on
(=00, 4+00), the function (In Mg(c))’ is increasing (in points where the derivative does
dIn Mg(CT)

not exist (In Mg (0))’ mean right-hand derivative), i.e., i
no

1 +00 as 0 — +o00.
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dln M;'(z)

— — 0 as x — +oo and, thus, M5! € Ly;. Since o € L°, we get
nzx

Therefore,

T ‘MG (CMr(0)/0))

o—+00 5(0‘) -

< 1 A +oM)MG (Mg(a~ (e +)B(o +2)))) _
o=+ B(O’)

Blo+e)

e+, "5y =

- — B(n(ze)) _
=(ete) Im —gq sy

A(ln (z(1 +9)))

T—+00 B(ln x) ’

where 6 = e —1 — 0 as € — 0. Therefore, g g[Fla¢ < (0 + ¢)B(J) and in view of the
arbitrariness of ¢ and of Lemma 1 g, g[F]¢ < 0, Q. E. D.

Now let m > 2. Then from the convexity of In Mg (o) it follows that
Mp(mo —1 —¢) > CMp(0)
for all o enough large and, thus, in view of (5)
Mi() < MZ (™ (o +€)B(0)),

0a.8[Fla =

i.e.,
Mg (Mp(0)'/™) < a” (0 +2)B(0)).
Since a(Mg ' (e®)) € Ly, for every g > 0 we have
a(Mg' (27) = a(Mg' ("™ 7)) = (1 + o(1)a(Mg ' (e 7)) =

= (1+o(1)a(Mg' ()

as x — +oo. Thus,
(Mg (Mp(o)) = (1 +o(1))a(Mg ' (Mp(0)'/™)) <
< (1+0(1)(0+e)8(0)), & +o0,

whence it follows that g, g[F]e < ¢. Theorem 1 is proved. O
Remark 1. The condition a(Mg'(e®)) € Ly; holds if a € Lg; and for every ¢ > 1 there
exists K (c) > 1 such that M;'(e®) < K(c)Mg"(e®) for all z > g, i.e., cln Mg(o) <
dln ln Mg(o)

< In Mg(K(c)o) for all ¢ > 0. Suppose that
dln o

large. Then

> h > 0 for all o enough

K(c)o
InIn Mg(K(c)o) —InIn Mg(o) = /

whence it follows that if K(c) = ¢!/ then cln Mg(o) < In Mg(K(c)o). Therefore,

_ . dln In Mg (o)
1w 4 ‘ e
a(Mg (e%)) € Ly; if o € Ly; and b

dln In Mg(t)

>
T L dln t > hln K(c),

> h > 0 for all o enough large. Note
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that for every entire Dirichlet series In In Mg (o) > ln o, and from the last condition it
follows that In In Mg (o) > h(1+ o(1))In o as 0 — +oo.

By choosing a(z) = In  and S(z) = « for x > z¢ from the definition of g g[F|a
we obtain the definition of the relative R-order gr[F]g. Theorem 1 implies the following
statement.

Corollary 1. Let F' is Hadamard composition of genus m > 1 of the functions Fj. If

dln In Mg(o)
dln o

or[Fle < max{ogr[Fjl¢: 1<j<p}.
Suppose that or[Fla = or[Fjla = ¢ € (0,+00) for all 1 < j < p and choose

a(x) =z and B(x) = e?®. Then we obtain the definition of the relative R-type Tr[F]¢,
and from Theorem 1 we get the following corollary.

eitherm=1and 7=00rm>2, 7 < +00 and > h >0 for o > oy then

Corollary 2. Let F' is Hadamard composition of genus m > 1 of the functions Fj. If
dln In Mg (o)

dln o
Tr[Fle < max{Tr[Fjlc: 1 <j <p}.

eitherm=1andT=00rm>2, 7 <400 and — +00 as o — +oo then

3. ASYMPTOTIC BEHAVIOR OF A CERTAIN CLASS OF HADAMARD
COMPOSITIONS

It is clear that in the general case it is impossible to estimate of o, g[F1 *...* Fpla
from below. Therefore, additional conditions are needed for the coeflicients f, ;. For
example, suppose that |cn0..0/|fn,1|™ > 0 for all n and |f, ;| = o(|fn,1]) as n — oo for
all 2 < j <p. We put

¥, = Z Ckl...kp(fn,l)kl e (fap) =

SRR —

= Z Ckrl...kp (fn,l)kl et (fn,p)kp - Cm(].“(](fn,l)m~

k1++k:p:m

Since for each monomial of the polynomial ¥/ the sum of the exponents is equal to m,
we have

[l e gl B2 Ll
|fn,1|m |fn,1|mik1

and, thus ¥/, = o(|f,,1|™) as n — oco. Since

" — 20 < U fnl < lemo.ollfaal™ + 1201

-0, n—o0

|Cm0...0||fn,1

we have

(6) [ful = (L4 o(1)lemo...oll fn1

Since pp(o) = +00 as 0 — +oo, from (6) it follows that

™ n— 0.

pr(mo) = (1+o(1))|emo. .ol pr (o)™
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as 0 — 4o00. Therefore, as above

and

as 0 — 400, i.e.,
Mp(mo — 71 —¢) < (14 0(1))|emo..ol Mg, (o)™ <
(7 < Mp(mo +mr +me), o — +oo.
Using (7) we prove the following theorem.

Theorem 2. Let F' be Hadamard composition of genus m > 1 of the functions F},
lemo...ollfnal™ > 0 for all n and |fn ;| = o(|fn1]) as n — oo for all 2 < j < p. If
either m = 1, 7 =0, a € LY and B(lnz) € L° or m > 2, 7 < +o00, B € Ly and
a(Mal(em)) € Ly then 0q.8[Flc = 0a,plFilc-

Proof. If m =1 and 7 = 0 then (7) implies
Mp(oc—¢e) < (14 0(1))|cmo..olMp,(0) < Mp(o +¢)
and, since Mal € Lg;, we have
MG (Mp(o - €)) < (1+ o(1) Mg (M, (0)) < MG (Mp(o + <),
whence in view of conditions o € L° and 3(In x) € L° as above we get

0a,8[Flc = 0a,s[F1]c-
If m > 2 and 7 < 400 then (7) implies

a(M;? mo—T—¢ (Mt o)™
< a(MC_;l(MF(mJ + m7T + me)))
- B(o) ’

whence in view of conditions 3 € Ly; and a(Mg'(e*)) € Ly; as above we get

00,81 Fla = 0a.5[F1]a,
Q.E.D. 0

Remark 2. If the conditions of Theorem 2 hold then
AaglFle = AaplFi]c-
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4. RELATIVE CONVERGENCE CLASS

For an entire functions f of the order ¢ € (0,+00) G. Valiron |22, p. 18] defined the
convergence class by condition

o0

In Mf(’l“)

T0
According to P. Kampthan [23], an entire Dirichlet series (1) of the R-order g € (0, +00)

belongs, by definition, to the convergence class if

/e‘gRgln Mp(o)do < +o0.

go

For entire Dirichlet series and functions o € L, 5 € L the generalized convergence «/3-
class is defined [24], [25] by the condition

7a(1n Mp (o))
B(o)

do < +o00.
)

By analogy, we define a relative generalized convergence a(-class by the condition

oo

/ a(Mg' (Mp(0)))
B(o)

do < +oo.

g0

Theorem 3. Let F is Hadamard composition of genus m > 1 of the functions Fj,
T < +00, B €LY and a(Mgl(em)) € LY. If F; belongs to relative generalized convergence
afB-class for all j then F belongs to the same class.

Proof. For ¢ enough large from (4) we get

a(Mél(MF(ma —7—¢))) <

<al|Mz! S lemy Mp (@) - My, (o) ]| | =
=« M(;l exp < In Z |c;€1_“kp|MF1 (o)k1 R MFP(U)kP <
ki+...+kp=m
= M&l exp Z (kllnMF1(0)+...+kplnMpp(o))—FKl 5
ki+...+kp=m

where

K1 = 111 p+ Z 1I1 |Ck1.“k:p .
ki+...+kp=m

Since a(M;'(e?)) € L°, by Lemma 1 we have
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a(Mgl(MF(ma —7—¢))) <

< Koo [ MZ' | exp{m Z (In Mp, (o) +---+1In Mg, (o)) <
ki+-+kp=m
<K 1 expim p-max{ln Mg, (0): 1<j <p} =
ki+-- +kp_m
= Ksa ( exp {mpKd max{In Mg, (o) : 1< Sp}})) <
<K ( (exp{max{ln Mp, (o) : lgjgp}})) =
p
= Kymax{a (Mg"' (Mp,(0))) : 1<j <p}=Ki» a(Mg' (Mg(0))),
j=1
where K are some positive constants. Thus, since 3 € LY we obtain
[ A Mty g, MG Mo 722,
B(o) B(o)
[efo) go
2, a(Mg (Mr, ()
= K6 / = . dO’,
R
oo
Q. E.D O
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Hexait F'(s) = > anexp{si,} i Fj(s) = Y, an,jexp{sAn} — nim psam
n= n=1

Hipixsre 3 mokaszuukamu 0 < A, T +o0o. OyHkmis F HA3WBAETHCA a[aMapo-

BOI0 KOMIIO3HI€ pomy m > 1 dbymxniit Fj, axkmo an = P(an1,...,0np),
_ k1 kp L .
ne P(z1,...,zp) = > Chy.. kpTy' - ... Xp’ — OXHODPiAHMI mOTiHOM
k1+..4+kp:m

cremeast m > 1. 3pocramma dymknii F sigmocwo pamy ipixme G(s) =

o0
= Y gnexp{s\,} ororoxmeno 3i spocrannam bynxnii M;'(Mp (o)), ne
n=1
Mp(o) = sup{|F(c +it)] : t € R}. ¥ repminax y3arajJbHEHHX MODPSIKIB
1 y3araJbHEHOTO KJjacCy 301KHOCTI BHBYEHO 3aJI€KHICTH 3POCTAHHS (QYHKITT
Mg (Mr (o)) sin spocranna bynkuiit Mg ' (M, (0)).

Karowoei crosa: pan dipixie, AnamapoBa KOMIIO3ULIis, y3araJbHEHUN 110~
PAIOK, y3arajJbHeHn Kaac 361:KHOCTI.



