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Let F (s) =

∞∑
n=1

an exp{sλn} and Fj(s) =

∞∑
n=1

an,j exp{sλn} be entire Diri-

chlet series with exponents 0 ≤ λn ↑ +∞. The function F is called Hadamard
composition of the genus m ≥ 1 of the functions Fj if an = P (an,1, . . . , an,p),

where P (x1, . . . , xp) =
∑

k1+···+kp=m

ck1...kpx
k1
1 · . . . · x

kp
p is a homogeneous

polynomial of degree m ≥ 1. The growth of the function F with respect to the

entire Dirichlet series G(s) =

∞∑
n=1

gn exp{sλn} is identi�ed with the growth

of the function M−1
G (MF (σ)), where MF (σ) = sup{|F (σ + it)| : t ∈ R}.

The dependence of the growth of a function M−1
G (MF (σ)) on the growth

of functions M−1
G (MFj (σ)) is studied in terms of generalized orders and a

generalized convergence class.

Key words: Dirichlet series, Hadamard composition, generalized order,
generalized convergence class.

1. Introduction

Let f and g be entire transcendental functions and

Mf (r) = max{|f(z)| : |z| = r}.
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For the study of relative growth of the functions f and g Ch. Roy [1] used the order

%g[f ] = lim
r→+∞

ln M−1g (Mf (r))/ ln r

and the lower order

λg[f ] = lim
r→+∞

ln M−1g (Mf (r))/ ln r

of the function f with respect to the function g. Research of relative growth of entire
functions was continued by S. K. Data, T. Biswas and other mathematicians (see, for
example, [2], [3], [4], [5]) in terms of maximal terms, Nevanlinna characteristic function
and k-logarithmic orders. In [6] it is considered a relative growth of entire functions of
two complex variables and in [7] the relative growth of entire Dirichlet series is studied
in the terms of R-orders.

Suppose that Λ = (λn) is an increasing to +∞ sequence of non-negative numbers
and by S(Λ) we denote a class of entire Dirichlet series

(1) F (s) =

∞∑
n=1

fn exp{sλn}, s = σ + it.

For σ < +∞ we put MF (σ) = sup{|F (σ + it)| : t ∈ R} and remark that the function
MF (σ) is continuous and increasing to +∞ on (−∞, +∞) and, therefore, there exists
the function M−1F (x) inverse to MF (σ), which increase to +∞ on (x0, +∞). Thus, the
growth of the Dirichlet series (1) with respect to the entire Dirichlet series

G(s) =

∞∑
n=1

gn exp{sλn}

can be studied in terms of the growth of the function M−1G (MF (σ)). Articles [8], [9], [10]
are devoted to this problem.

Let fj(z) =

∞∑
n=0

an,jz
n (j = 1, 2) be entire transcendental functions. The function

(f1 ∗ f2)(z) =

∞∑
n=0

anz
n is called [11] Hadamard composition (product) of the functions

fj if an = an,1an,2 for all n. Obtained by J. Hadamard properties of this composition
�nd the applications [12], [13] in the theory of the analytic continuation of the functions
represented by power series. For a Dirichlet series, the usual Hadamard composition is
de�ned in a similar way.

Now suppose that Fj ∈ S(Λ),

(2) Fj(s) =

∞∑
n=1

fn,j exp{sλn}, j = 1, 2, . . . , p,

and recall that a polynomial is named homogeneous if all monomials with nonzero coe�-
cients have the identical degree. A polynomial P (x1, . . . , xp) is homogeneous to the degree
m if and only if P (tx1, . . . , txp) = tmP (x1, . . . , xp) for all t from the �eld above that a
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polynomial is de�ned. Dirichlet series (1) is called [14], [15] a Hadamard composition of
genus m of Dirichlet series (2) if an = P (an,1, . . . , an,p), where

P (x1, . . . , xp) =
∑

k1+···+kp=m

ck1...kpx
k1
1 · . . . · xkpp

is a homogeneous polynomial of degreem ≥ 1. Therefore, if the function F = (F1∗. . .∗Fp)
is Hadamard composition of genus m ≥ 1 of the functions Fj then for all n

(3) fn =
∑

k1+···+kp=m

ck1...kpf
k1
n,1 · . . . · fkpn,p.

Using this equality we will study the asymptotic behavior of Hadamard compositions
of entire Dirichlet series.

2. Growth estimates from above

To characterize the growth of entire Dirichlet series we will use generalized orders.
For this purpose, we denote by L a class of positive continuous functions α on (−∞, +∞)
such that α(x) = α(x0) for x ≤ x0 and 0 < α(x) ↑ +∞ as x0 ≤ x ↑ +∞. We say that
α ∈ L0 if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if
α ∈ L and α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i. e. α is slowly
increasing function. Clearly, Lsi ⊂ L0.

Lemma 1 ( [16]). If β ∈ L and B(δ) = lim
x→+∞

β((1 + δ)x)

β(x)
, δ > 0, then in order that

β ∈ L0, it is necessary and su�cient that B(δ) → 1 as δ → +0. In addition, if β ∈ L0

then β is RO-varying function [17], that is for every λ ≥ 1 there exists K = K(λ) > 0
such that β(λx) ≤ Kβ(x) for all x ≥ x0.

If α ∈ L, β ∈ L and F ∈ S(Λ) then the quantities

%α,β [F ] = lim
σ→+∞

α(ln MF (σ))

β(σ)
and λα,β [F ] = lim

σ→+∞

α(ln MF (σ))

β(σ)

are called [18], [19] the generalized (α, β)-order and the generalized lower (α, β)-order of
F accordingly. Similarly, the generalized (α, β)-order %α,β [F ]G and the generalized lower
(α, β)-order λα,β [F ]G of the function F ∈ S(Λ) with respect to a function G ∈ S(Λ),

given by Dirichlet series G(s) =

∞∑
n=1

gn exp{sλn} we de�ne as follows

%α,β [F ]G = lim
σ→+∞

α(M−1G (MF (σ)))

β(σ)
,

λα,β [F ]G = lim
σ→+∞

α(M−1G (MF (σ)))

β(σ)
.

We need also the following statement [20], [21, p. 184].

Lemma 2. Let µF (σ) = max{|fn| exp{σλn} : n ≥ 0} be the maximal term of series (1)

and τ = lim
n→∞

ln n

λn
. Then µF (σ) ≤ MF (σ) ≤ µF (σ + τ + ε) for every ε > 0 and all

σ ≥ σ0(ε).
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The following theorem is true.

Theorem 1. Let F is Hadamard composition of genus m ≥ 1 of the functions Fj. If
either m = 1, τ = 0, α ∈ L0 and β(ln x) ∈ L0 or m ≥ 2, τ < +∞, β ∈ L and
α(M−1G (ex)) ∈ Lsi then

%α,β [F ]G ≤ % = max{%α,β [Fj ]G : 1 ≤ j ≤ p}.

Proof. From (3) we obtain

|fn| ≤
∑

k1+···+kp=m

|ck1...kp ||fn,1|k1 · . . . · |fn,p|kp ,

whence

µF (mσ) ≤
∑

k1+···+kp=m

|ck1...kp |µF1(σ)k1 · . . . · µFp(σ)kp .

By Lemma 2 MF (σ − τ − ε) ≤ µF (σ) ≤MF (σ) and, therefore, we get

(4) MF (mσ − τ − ε) ≤
∑

k1+···+kp=m

|ck1...kp |MF1
(σ)k1 · . . . ·MFp

(σ)kp .

Let

% = max{%α,β [Fj ]G : 1 ≤ j ≤ p} < +∞.

Then

MFj
(σ) ≤MG(α−1((%+ ε)β(σ)))

for every ε > 0 all σ ≥ σ0(ε) and all j. Therefore, (4) implies

(5) MF (mσ − τ − ε) ≤ CMm
G (α−1((%+ ε)β(σ))), C =

∑
k1+···+kp=m

|ck1...kp |.

If m = 1 and τ = 0 then from (5) we have

MF (σ − ε) ≤ CMG(α−1((%+ ε)β(σ))),

i.e.,

MF (σ) ≤ CMG(α−1((%+ ε)β(σ + ε)))

for every ε > 0 and all σ large enough. Since the function ln MG(σ) is convex on
(−∞,+∞), the function (ln MG(σ))′ is increasing (in points where the derivative does

not exist (ln MG(σ))′ mean right-hand derivative), i.e.,
d ln MG(σ)

d ln σ
↑ +∞ as σ → +∞.
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Therefore,
d ln M−1G (x)

d ln x
→ 0 as x→ +∞ and, thus, M−1G ∈ Lsi. Since α ∈ L0, we get

%α,β [F ]G = lim
σ→+∞

α(M−1G (CMF (σ)/C))

β(σ)
≤

≤ lim
σ→+∞

α((1 + o(1))M−1G (MG(α−1((%+ ε)β(σ + ε)))))

β(σ)
=

= (%+ ε) lim
σ→+∞

β(σ + ε)

β(σ)
=

= (%+ ε) lim
x→+∞

β(ln (xeε))

β(ln x)
=

= (%+ ε) lim
x→+∞

β(ln (x(1 + δ)))

β(ln x)
,

where δ = eε − 1 → 0 as ε → 0. Therefore, %α,β [F ]G ≤ (% + ε)B(δ) and in view of the
arbitrariness of ε and of Lemma 1 %α,β [F ]G ≤ %, Q. E. D.

Now let m ≥ 2. Then from the convexity of ln MF (σ) it follows that

MF (mσ − τ − ε) ≥ CMF (σ)

for all σ enough large and, thus, in view of (5)

MF (σ) ≤Mm
G (α−1((%+ ε)β(σ))),

i.e.,

M−1G (MF (σ)1/m) ≤ α−1((%+ ε)β(σ)).

Since α(M−1G (ex)) ∈ Lsi, for every q > 0 we have

α(M−1G (xq)) = α(M−1G (eq ln x)) = (1 + o(1))α(M−1G (eln x)) =

= (1 + o(1))α(M−1G (x))

as x→ +∞. Thus,

α(M−1G (MF (σ)) = (1 + o(1))α(M−1G (MF (σ)1/m)) ≤
≤ (1 + o(1))(%+ ε)β(σ)), σ → +∞,

whence it follows that %α,β [F ]G ≤ %. Theorem 1 is proved. �

Remark 1. The condition α(M−1G (ex)) ∈ Lsi holds if α ∈ Lsi and for every c ≥ 1 there

exists K(c) > 1 such that M−1G (ecx) ≤ K(c)M−1G (ex) for all x ≥ x0, i.e., c ln MG(σ) ≤

≤ ln MG(K(c)σ) for all σ ≥ σ0. Suppose that
d ln ln MG(σ)

d ln σ
≥ h > 0 for all σ enough

large. Then

ln ln MG(K(c)σ)− ln ln MG(σ) =

K(c)σ∫
σ

d ln ln MG(t)

d ln t
d ln t ≥ h ln K(c),

whence it follows that if K(c) = c1/h then c ln MG(σ) ≤ ln MG(K(c)σ). Therefore,

α(M−1G (ex)) ∈ Lsi if α ∈ Lsi and
d ln ln MG(σ)

d ln σ
≥ h > 0 for all σ enough large. Note
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that for every entire Dirichlet series ln ln MG(σ) ≥ ln σ, and from the last condition it
follows that ln ln MG(σ) ≥ h(1 + o(1)) ln σ as σ → +∞.

By choosing α(x) = ln x and β(x) = x for x ≥ x0 from the de�nition of %α,β [F ]G
we obtain the de�nition of the relative R-order %R[F ]G. Theorem 1 implies the following
statement.

Corollary 1. Let F is Hadamard composition of genus m ≥ 1 of the functions Fj. If

either m = 1 and τ = 0 or m ≥ 2, τ < +∞ and
d ln ln MG(σ)

d ln σ
≥ h > 0 for σ ≥ σ0 then

%R[F ]G ≤ max {%R[Fj ]G : 1 ≤ j ≤ p} .

Suppose that %R[F ]G = %R[Fj ]G = % ∈ (0,+∞) for all 1 ≤ j ≤ p and choose
α(x) = x and β(x) = e%x. Then we obtain the de�nition of the relative R-type TR[F ]G,
and from Theorem 1 we get the following corollary.

Corollary 2. Let F is Hadamard composition of genus m ≥ 1 of the functions Fj. If

either m = 1 and τ = 0 or m ≥ 2, τ < +∞ and
d ln ln MG(σ)

d ln σ
→ +∞ as σ → +∞ then

TR[F ]G ≤ max{TR[Fj ]G : 1 ≤ j ≤ p}.

3. Asymptotic behavior of a certain class of Hadamard

compositions

It is clear that in the general case it is impossible to estimate of %α,β [F1 ∗ . . . ∗Fp]G
from below. Therefore, additional conditions are needed for the coe�cients fn,j . For
example, suppose that |cm0...0||fn,1|m > 0 for all n and |fn,j | = o(|fn,1|) as n → ∞ for
all 2 ≤ j ≤ p. We put

Σ′n =
∑

k1+···+kp=m, k1 6=m

ck1...kp(fn,1)k1 · . . . · (fn,p)kp =

=
∑

k1+...+kp=m

ck1...kp(fn,1)k1 · . . . · (fn,p)kp − cm0...0(fn,1)m.

Since for each monomial of the polynomial Σ′n the sum of the exponents is equal to m,
we have

|fn,1|k1 · . . . · |fn,p|kp
|fn,1|m

=
|fn,2|k2 · . . . · |fn,p|kp

|fn,1|m−k1
→ 0, n→∞

and, thus Σ′n = o(|fn,1|m) as n→∞. Since

|cm0...0||fn,1|m − |Σ′n| ≤ |fn| ≤ |cm0...0||fn,1|m + |Σ′n|,

we have

(6) |fn| = (1 + o(1))|cm0...0||fn,1|m, n→∞.

Since µF (σ)→ +∞ as σ → +∞, from (6) it follows that

µF (mσ) = (1 + o(1))|cm0...0|µF1(σ)m



RELATIVE GROWTH OF HADAMARD COMPOSITIONS ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2023. Âèïóñê 95 89

as σ → +∞. Therefore, as above

MF (mσ − τ − ε) ≤ µF (mσ) =

= (1 + o(1))|cm0...0|µF1
(σ)m ≤

≤ (1 + o(1))|cm0...0|MF1
(σ)m

and

MF1
(σ − τ − ε)m ≤ µF1

(σ)m =

=
1 + o(1)

|cm0...0|
µF (mσ) ≤

≤ 1 + o(1)

|cm0...0|
MF (mσ)

as σ → +∞, i.e.,

MF (mσ − τ − ε) ≤ (1 + o(1))|cm0...0|MF1
(σ)m ≤

≤MF (mσ +mτ +mε), σ → +∞.(7)

Using (7) we prove the following theorem.

Theorem 2. Let F be Hadamard composition of genus m ≥ 1 of the functions Fj,
|cm0...0||fn,1|m > 0 for all n and |fn,j | = o(|fn,1|) as n → ∞ for all 2 ≤ j ≤ p. If
either m = 1, τ = 0, α ∈ L0 and β(ln x) ∈ L0 or m ≥ 2, τ < +∞, β ∈ Lsi and
α(M−1G (ex)) ∈ Lsi then %α,β [F ]G = %α,β [F1]G.

Proof. If m = 1 and τ = 0 then (7) implies

MF (σ − ε) ≤ (1 + o(1))|cm0...0|MF1(σ) ≤MF (σ + ε)

and, since M−1G ∈ Lsi, we have

M−1G (MF (σ − ε)) ≤ (1 + o(1))M−1G (MF1(σ)) ≤M−1G (MF (σ + ε)),

whence in view of conditions α ∈ L0 and β(ln x) ∈ L0 as above we get

%α,β [F ]G = %α,β [F1]G.

If m ≥ 2 and τ < +∞ then (7) implies

α(M−1G (MF (mσ − τ − ε)))
β(σ)

≤ (1 + o(1))
α(M−1G (MF1(σ)m))

β(σ)
≤

≤
α(M−1G (MF (mσ +mτ +mε)))

β(σ)
,

whence in view of conditions β ∈ Lsi and α(M−1G (ex)) ∈ Lsi as above we get

%α,β [F ]G = %α,β [F1]G,

Q. E. D. �

Remark 2. If the conditions of Theorem 2 hold then

λα,β [F ]G = λα,β [F1]G.
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4. Relative convergence class

For an entire functions f of the order % ∈ (0,+∞) G. Valiron [22, p. 18] de�ned the
convergence class by condition

∞∫
r0

ln Mf (r)

r%+1
dr < +∞.

According to P. Kampthan [23], an entire Dirichlet series (1) of the R-order %R ∈ (0,+∞)
belongs, by de�nition, to the convergence class if

∞∫
σ0

e−%Rσ ln MF (σ)dσ < +∞.

For entire Dirichlet series and functions α ∈ L, β ∈ L the generalized convergence αβ-
class is de�ned [24], [25] by the condition

∞∫
σ0

α(ln MF (σ))

β(σ)
dσ < +∞.

By analogy, we de�ne a relative generalized convergence αβ-class by the condition

∞∫
σ0

α(M−1G (MF (σ)))

β(σ)
dσ < +∞.

Theorem 3. Let F is Hadamard composition of genus m ≥ 1 of the functions Fj,

τ < +∞, β ∈ L0 and α(M−1G (ex)) ∈ L0. If Fj belongs to relative generalized convergence
αβ-class for all j then F belongs to the same class.

Proof. For σ enough large from (4) we get

α(M−1G (MF (mσ − τ − ε))) ≤

≤ α

M−1G
 ∑
k1+...+kp=m

|ck1...kp |MF1
(σ)k1 · . . . ·MFp

(σ)kp

 =

= α

M−1G
exp

ln
∑

k1+...+kp=m

|ck1...kp |MF1
(σ)k1 · . . . ·MFp

(σ)kp


 ≤

= α

M−1G
exp

 ∑
k1+...+kp=m

(k1 ln MF1
(σ) + . . .+ kp ln MFp

(σ)) +K1


 ,

where

K1 = ln p+
∑

k1+...+kp=m

ln |ck1...kp |.

Since α(M−1G (ex)) ∈ L0, by Lemma 1 we have
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α(M−1G (MF (mσ − τ − ε))) ≤

≤ K2α

M−1G
exp

m ∑
k1+···+kp=m

(ln MF1
(σ) + · · ·+ ln MFp

(σ))


 ≤

≤ K2α

M−1G
exp

m ∑
k1+···+kp=m

p ·max{ln MFj
(σ) : 1 ≤ j ≤ p}


 =

= K2α
(
M−1G

(
exp

{
mpK3 max{ln MFj

(σ) : 1 ≤ j ≤ p}
}))
≤

≤ K4α
(
M−1G

(
exp

{
max{ln MFj

(σ) : 1 ≤ j ≤ p}
}))

=

= K4 max{α
(
M−1G

(
MFj (σ)

))
: 1 ≤ j ≤ p} = K4

p∑
j=1

α
(
M−1G

(
MFj (σ)

))
,

where Kj are some positive constants. Thus, since β ∈ L0, we obtain

∞∫
σ0

α(M−1G (MF (σ)))

β(σ)
dσ ≤ K5

∞∫
σ0

α(M−1G (MF (mσ − τ − ε)))
β(σ)

dσ ≤

≤ K6

p∑
j=1

∞∫
σ0

α(M−1G (MFj (σ)))

β(σ)
dσ,

Q. E. D. �
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Íåõàé F (s) =
∞∑

n=1

an exp{sλn} i Fj(s) =
∞∑

n=1

an,j exp{sλn} � öiëi ðÿäè

Äiðiõëå ç ïîêàçíèêàìè 0 ≤ λn ↑ +∞. Ôóíêöiÿ F íàçèâà¹òüñÿ àäàìàðî-
âîþ êîìïîçèöi¹þ ðîäó m ≥ 1 ôóíêöié Fj , ÿêùî an = P (an,1, . . . , an,p),

äå P (x1, . . . , xp) =
∑

k1+···+kp=m

ck1...kpx
k1
1 · . . . · x

kp
p � îäíîðiäíèé ïîëiíîì

ñòåïåíÿ m ≥ 1. Çðîñòàííÿ ôóíêöi¨ F âiäíîñíî ðÿäó Äiðiõëå G(s) =

=
∞∑

n=1

gn exp{sλn} îòîòîæíåíî çi çðîñòàííÿì ôóíêöi¨ M−1
G (MF (σ)), äå

MF (σ) = sup{|F (σ + it)| : t ∈ R}. Ó òåðìiíàõ óçàãàëüíåíèõ ïîðÿäêiâ
i óçàãàëüíåíîãî êëàñó çáiæíîñòi âèâ÷åíî çàëåæíiñòü çðîñòàííÿ ôóíêöi¨
M−1

G (MF (σ)) âiä çðîñòàííÿ ôóíêöié M−1
G (MFj (σ)).

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, Àäàìàðîâà êîìïîçèöiÿ, óçàãàëüíåíèé ïî-
ðÿäîê, óçàãàëüíåíèé êëàñ çáiæíîñòi.


