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Let Λ = (λn) be an increasing to +∞ sequence of non-negative numbers,

S(Λ) be a class of entire Dirichlet series F (s) =

∞∑
n=1

fn exp{sλn} andMF (σ) =

sup{|F (σ + it)| : t ∈ R}. By L we denote a class of continuous non-negative
on (−∞, +∞) functions α such that α(x) = α(x0) ≥ 0 for x ≤ x0 and
α(x) ↑ +∞ as x0 ≤ x → +∞. For α ∈ L, β ∈ L and F ∈ S(Λ) the quantities

%α,β [F ] = lim
σ→+∞

α(ln MF (σ))/β(σ) and λα,β [F ] = lim
σ→+∞

α(ln MF (σ))/β(σ)

are called the generalized (α, β)-order and the generalized lower (α, β)-order
of F . De�ne the generalized (α, β)-order and the generalized lower (α, β)-order

of the function F ∈ S(Λ) with respect to a function G(s) =
∞∑
n=1

gn exp{sλn} ∈

S(Λ) as follows %α,β [F ]G = lim
σ→+∞

α(M−1
G (MF (σ)))/β(σ) and λα,β [F ]G =

lim
σ→+∞

α(M−1
G (MF (σ)))/β(σ).

Under the condition 0 < λα,α[G] = %α,α[G] < +∞, formulas have been found
for calculating %α,β [F ]G and λα,β [F ]G through the coe�cients fn and gn.
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1. Introduction

Let f and g be entire transcendental functions and Mf (r) = max{|f(z)| : |z| = r}.
For the study of relative growth of the functions f and g Ch. Roy [1] used the order

%g[f ] = lim
r→+∞

ln M−1g (Mf (r))

ln r

and the lower order

λg[f ] = lim
r→+∞

ln M−1g (Mf (r))

ln r

of the function f with respect to the function g. Research of relative growth of entire
functions was continued by S.K. Data, T. Biswas and other mathematicians (see, for
example, [2 - 5]) in terms of maximal terms, Nevanlinna characteristic function and k-
logarithmic orders. In [6] it is considered a relative growth of entire functions of two
complex variables and in [7] the relative growth of entire Dirichlet series is studied in the
terms of R-orders.

Suppose that Λ = (λn) is an increasing to +∞ sequence of non-negative numbers
and by S(Λ) we denote a class of entire Dirichlet series

(1) F (s) =

∞∑
n=1

fn exp{sλn}, s = σ + it.

For σ < +∞ we put

MF (σ) = sup{|F (σ + it)| : t ∈ R}.

We remark that the function MF (σ) is continuous and increasing to +∞ on (−∞, +∞)
and, therefore, there exists the functionM−1F (x) inverse toMF (σ), which increase to +∞
on (x0, +∞).

By L we denote a class of continuous non-negative on (−∞, +∞) functions α such
that α(x) = α(x0) ≥ 0 for x ≤ x0 and α(x) ↑ +∞ as x0 ≤ x→ +∞. We say that α ∈ L0,
if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x→ +∞. Finally, α ∈ Lsi, if α ∈ L and
α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i. e. α is a slowly increasing
function. Clearly, Lsi ⊂ L0.

For α ∈ L, β ∈ L and F ∈ S(Λ) the quantities

%α,β [F ] := lim
σ→+∞

α(ln MF (σ))

β(σ)
,

λα,β [F ] := lim
σ→+∞

α(ln MF (σ))

β(σ)

are called [8, 9] the generalized (α, β)-order and the generalized lower (α, β)-order of F
accordingly. We say that F has the generalized regular (α, β)-growth, if

0 < λα,β [F ] = %α,β [F ] < +∞.

The generalized (α, β)-order %α,β [F ]G and the generalized lower (α, β)-order λα,β [F ]G of
the function F ∈ S(Λ) with respect to a function G ∈ S(Λ) given by Dirichlet series
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G(s) =
∞∑
n=1

gn exp{sλn} we de�ne as follows

%α,β [F ]G := lim
σ→+∞

α(M−1G (MF (σ)))

β(σ)
,

λα,β [F ]G := lim
σ→+∞

α(M−1G (MF (σ)))

β(σ)
.

Connections between %α,β [F ]G and λα,β [F ]G from one side and %α,β [F ], λα,β [F ], %α,β [G]
and λα,β [F ] on the other hand investigated in the articles [10, 11]. In particular in [11]
the following theorems are proved.

Theorem A. If α ∈ L and β ∈ L then for each function γ ∈ L such that

0 < λγ,α[G] ≤ %γ,α[G] < +∞

the estimates

%γ,β [F ]/%γ,α[G] ≤ %α,β [F ]G ≤ %γ,β [F ]/λγ,α[G]

and

λγ,β [F ]/%γ,α[G] ≤ λα,β [F ]G ≤ λγ,β [F ]/λγ,α[G]

hold.

Theorem B. Let α ∈ L0, β ∈ L0, γ ∈ Lsi,
dα−1(cγ(x))

d ln x
= O(1) and

dβ−1(cγ(x))

d ln x
=

O(1) as x → +∞ for each c ∈ (0,+∞). Suppose that ln n = o(λnα
−1(cγ(λn))) and

ln n = o(λnβ
−1(cγ(λn))) as n→∞ for each c ∈ (0,+∞). If the function G has generali-

zed regular (γ, α)-growth, γ(λn+1) ∼ γ(λn) and κn[G] :=
ln |gn| − ln |gn+1|

λn+1 − λn
↗ +∞ as

n0 ≤ n→∞ then

(2) %α,β [F ]G = Pα,β := lim
n→∞

α

(
1

λn
ln

1

|gn|

)
β

(
1

λn
ln

1

|fn|

) .
If, moreover, κn[F ]↗ +∞ as n0 ≤ n→∞ then

(3) λα,β [F ]G = pα,β := lim
n→∞

α

(
1

λn
ln

1

|gn|

)
β

(
1

λn
ln

1

|fn|

) .
Remark that σ = o(ln MG(σ)) as σ → +∞ for each function G ∈ S(Λ), whence it

follows that λα,α[G] ≥ 1. Therefore, the function G has the generalized regular (α, α)-
growth if

1 ≤ λα,α[G] = %α,α[G] < +∞.
Let us choose γ(x) = α(x) and assume that the function G has the generalized regular

(α, α)-growth. Then by Theorem A we have %α,β [F ]G =
%α,β [F ]

%α,α[G]
and λα,β [F ]G =

λα,β [F ]

%α,α[G]
.



76
Oksana MULYAVA, Myroslav SHEREMETA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2023. Âèïóñê 95

It is clear that the function α ∈ L does not satisfy the condition
dα−1(cα(x))

d ln x
= O(1)

as x→ +∞ for each c ∈ (0,+∞). Therefore, we cannot use Theorem B in the case when
γ(x) = α(x), and this note is devoted to the study of this case.

2. Auxiliary lemmas

To prove the analogue of Theorem B, we need several lemmas.

Lemma 1 ([9, 13]). Let α ∈ Lsi, β ∈ L0 and
dβ−1(cα(x))

d ln x
= O(1) as x→ +∞ for each

c ∈ (0,+∞). If ln n = o(λnβ
−1(cα(λn))) as n→∞ for each c ∈ (0,+∞) and G ∈ S(Λ)

then

%α,β [G] = lim
n→∞

α(λn)

β

(
1

λn
ln

1

|gn|

) .
If, moreover, %α,β [G] < +∞, α(λn+1) ∼ α(λn) and κn[G]↗ +∞ as n0 ≤ n→∞ then

λα,β [G] = lim
n→∞

α(λn)

β

(
1

λn
ln

1

|gn|

) .
Lemma 2 ([9, 12]). Let µF (σ) = max{|fn| exp{σλn} : n ≥ 0} be the maximal term of

Dirichlet series (1) and h0 = lim
n→∞

ln n

− ln |fn|
< 1. Then for every ε ∈ (0, h0) there exists

A0(ε) > 0 such that for all σ ≥ 0 the inequality

MF (σ) ≤ A0(ε)µF

(
σ

1− h0 − ε

)
holds.

Let Ω be a class of positive unbounded on (−∞,+∞) functions Φ such that the
derivative Φ′ is positive continuously di�erentiable and increasing to +∞ on (−∞,+∞).

From now on, we denote by ϕ the inverse function to Φ′, and let Ψ(x) = x − Φ(x)

Φ′(x)
be

the function associated with Φ in the sense of Newton.

Lemma 3 ([9, 12, 13]). Let Φ ∈ Ω. In order that ln µF (σ) ≤ Φ(σ) for all σ ≥ σ0, it is
necessary and su�cient that ln |fn| ≤ −λnΨ(ϕ(λn)) for all n ≥ n0.

Using Lemmas 2 and 3, we prove the following lemma.

Lemma 4. Let α(ex) ∈ Lsi, ln n = o(λnα
−1(cα(λn))) as n → ∞ for each c ∈ (0,+∞)

and G ∈ S(Λ). Then

(4) %α,α[G] = Kα,α[G] := lim
n→∞

α(λn)

α

(
1

λn
ln

1

|gn|

) .
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If, moreover, %α,α[G] < +∞, α(λn+1) ∼ α(λn) and κn[G]↗ +∞ as n0 ≤ n→∞ then

(5) λα,α[G] = kα,α[G] := lim
n→∞

α(λn)

α

(
1

λn
ln

1

|gn|

) .
Proof. Let %α,α[G] < +∞. Then for every % > %α,α[G] and all σ ≥ σ0(%) we have
ln MG(σ) ≤ α−1(%α(σ)) and in view of Cauchy inequality ln |gn| ≤ α−1(%α(σ)) − σλn
for all σ ≥ σ0(%) and n ≥ 1. For n ≥ 1 we choose σn = α−1(α(λn)/%). Then σn ≥ σ0 for
n ≥ n0 and, thus,

(6) ln |gn| ≤ λn − σnλn = −λn(α−1(α(λn)/%)− 1), n ≥ n0.
Hence it follows that

h0 = lim
n→∞

ln n

− ln |gn|
≤ lim
n→∞

ln n

λnα−1(α(λn)/%)
= 0

and by Lemma 2

ln MF (σ) ≤ ln A0(ε) + ln µF

(
σ

1− ε

)
,

whence in view of Cauchy inequality µG(σ) ≤ MG(σ) and of the condition α ∈ Lsi we
get

%α,α[G] = %α,α[µG] := lim
σ→+∞

α(ln µG(σ))

α(σ)
,

and

λα,α[G] = λα,α[µG] := lim
σ→+∞

α(ln µG(σ))

α(σ)
.

From (6) also it follows that Kα,α[G] ≤ %, and in view of the arbitrariness of % we obtain
Kα,α[G] ≤ %α,α[G]. If %α,α[G] = +∞ then the last inequality is trivial.

On the other hand, we suppose on the contrary that Kα,α[G] < %α,α[G]. Then for
every k ∈ (Kα,α[G], %α,α[G]) and all n ≥ n0(k) we have ln |gn| ≤ −λnα−1(α(λn)/k).
Now we put

(7) Φ(σ) =

σ∫
σ0

α−1(kα(x))dx+ const, σ0 > 0.

Then ϕ(x) = α−1(α(x)/k) and since

(xΨ(ϕ(x)))′ = (xϕ(x)− Φ(ϕ(x)))′ = ϕ(x),

we obtain

(8) xΨ(ϕ(x)) =

x∫
x0

α−1(α(x)/k)dx+ const.

Therefore, by Lemma 3

ln µG(σ) ≤
σ∫

σ0

α−1(kα(x))dx+ const, σ ≥ σ0(%),
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if and only if

ln |gn| ≤ −
λn∫
x0

α−1(α(x)/k)dx+ const.

Since
λn∫
x0

α−1(α(x)/k)dx ≤ λn(α−1(α(λn)/k)),

from hence it follows that

ln µG(σ) ≤
σ∫

σ0

α−1(kα(x))dx+ const ≤ (1 + o(1))σα−1(kα(σ)), σ → +∞,

whence in view of condition α(ex) ∈ Lsi we obtain

%α,α[G] = %α,α[µG] ≤

≤ lim
σ→+∞

α(σα−1(kα(σ)))

α(σ)
=

= lim
σ→+∞

α(exp{ln σ + ln α−1(kα(σ))})
α(σ)

≤

≤ lim
σ→+∞

α(exp{2 max{ln σ, ln α−1(kα(σ))}})
α(σ)

=

= lim
σ→+∞

α(exp{max{ln σ, ln α−1(kα(σ))}})
α(σ)

=

= lim
σ→+∞

max{α(σ), kα(σ)})
α(σ)

= max{1, k},

which is impossible. Equality (4) is proved.

Now we prove equality (5). Suppose that kα,α[G] > 0. Then for every k ∈ (0, kα,α[G])
and all n ≥ n0 we have ln |gn| ≥ −λnα−1(α(λn)/k)) and, therefore,

ln µG(σ) ≥ −λnα−1(α(λn)/k)) + σλn

for all σ and n ≥ n0. We choose σn = α−1(α(λn)/k) + 1. Then for n ≥ n0
ln µG(σn) ≥ −λnα−1(α(λn)/k)) + α−1(α(λn)/k)λn + λn = λn.

If σn ≤ σ ≤ σn+1 then

α(ln µG(σ)

α(σ)
≥ α(ln µG(σn)

α(σn+1)
=

=
α(λn)

α(α−1(α(λn+1)/k) + 1)
=

= (1 + o(1))k
α(λn)

α(λn+1)
=

= (1 + o(1))k, σ → +∞.
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In view of the arbitrariness of k we obtain kα,α[G] ≤ λα,α[G]. If kα,α[G] = 0 then
the last inequality is trivial.

On the other hand, we suppose on the contrary that kα,α[G] < λα,α[G]. Then for
every k ∈ (kα,α[G], λα,α[G]) there exists an increasing sequence (nj) such that

ln |gnj
| ≤ −λnj

α−1(α(λnj
)/k).

Since κn[G]↗ +∞ as n0 ≤ n→∞, we have

ln µG(κn[G]) = ln |gn|+ λnκn[G]

and, thus,

ln µG(κnj
[G]) ≤ −λnj

α−1(α(λnj
)/k) + λnj

κnj
[G] ≤

≤ ln µ(κnj [G]),

where

ln µ(σ) = max{−λnα−1(α(λn)/k) + λnσ : n ≥ n0}.

Using Lemma 3 as above we get the inequality ln µ(σ) ≤ (1 + o(1))σα−1(kα(σ)) as
σ → +∞, i.e.,

ln µG(κnj [G]) ≤ (1 + o(1))κnj [G]α−1(kα(κnj [G])), j →∞.

Hence in view of condition α(ex) ∈ Lsi as above we obtain

λα,α[G] = λα,α[µG] ≤ lim
j→∞

α(σα−1(kα(κnj
[G]))))

α(κnj [G]))
≤ max{1, k},

which is impossible. Equality (5) is proved. �

3. Main result

The following theorem is an analogue of Theorem B.

Theorem 1. Let α(ex) ∈ Lsi, β ∈ L0,
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ and

ln n = o(λnβ
−1(cα(λn))) as n→∞ for each c ∈ (0,+∞).

If the function G has generalized regular (α, α)-growth, α(λn+1) ∼ α(λn) and

κn[G]↗ +∞ as n0 ≤ n→∞ then (2) holds.
If, moreover, κn[F ]↗ +∞ as n0 ≤ n→∞ then (3) holds.

Proof. At �rst we remark that from the condition
dβ−1(cα(x))

d ln x
= O(1) as x→ +∞ for

each c ∈ (0,+∞) we obtain β−1(α(x)) ≤ c0 ln x, i.e.,

β−1(x) ≤ c0 ln α−1(x) ≤ c0α−1(x)

for some c0 > 0 and all x ≥ x0. Therefore, the condition ln n = o(λnβ
−1(cα(λn))) as

n → ∞ for each c ∈ (0,+∞) implies the condition ln n = o(λnα
−1(cα(λn))) as n → ∞

for each c ∈ (0,+∞). Thus, all conditions of Lemmas 1 and 4 hold.

Since G has generalized regular (α, α)-growth, we have

0 < %α,α[G] = %α,α[G] < +∞,
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%α,β [F ]G =
%α,β [F ]

%α,α[G]
and λα,β [F ]G =

λα,β [F ]

%α,α[G]
. Therefore, by Lemmas 1 and 4

%α,β [F ] = lim
n→∞

α(λn)/β

(
1

λn
ln

1

|fn|

)
,

λα,α[G] = %α,α[G] = lim
n→∞

α(λn)/α

(
1

λn
ln

1

|gn|

)
.

and

%α,β [F ]G = lim
n→∞

α(λn)

β

(
1

λn
ln

1

|fn|

) lim
n→∞

α

(
1

λn
ln

1

|gn|

)
α(λn)

=

= lim
n→∞

 α(λn)

β

(
1

λn
ln

1

|fn|

) α
(

1

λn
ln

1

|gn|

)
α(λn)

 =

= Pα,β .

Similarly,

λα,β [F ]G = lim
n→∞

α(λn)

β

(
1

λn
ln

1

|fn|

) lim
n→∞

α

(
1

λn
ln

1

|gn|

)
α(λn)

=

= lim
n→∞

 α(λn)

β

(
1

λn
ln

1

|fn|

) α
(

1

λn
ln

1

|gn|

)
α(λn)

/

 =

= pα,β .

Theorem 1 is proved. �

Remark. Let β(x) = x and α(x) = lnk x for x ≥ x0, where lnk x is the kth iteration
of the logarithm, i.e., ln1 x = ln x and lnk x = ln lnk−1 x for k ≥ 2. If k ≥ 2 then these
functions satisfy the conditions of Theorem 1. The functions β(x) = x and α(x) = ln x

for x ≥ e does not satisfy these conditions. In this case %R[F ] := lim
σ→+∞

ln ln MF (σ)

σ

and λR[F ] := lim
σ→+∞

ln ln MF (σ)

σ
are the R-order and the lower R-order F respectively

[14]. Moreover, let %l[F ] := lim
σ→+∞

ln ln MF (σ)

ln σ
and λl[F ] := lim

σ→+∞

ln ln MF (σ)

ln σ
be the
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logarithmic order and the lower logarithmic order respectively. We put

%R,l[F ]G := lim
σ→+∞

ln M−1G (MF (σ))

σ
,

λR,l[F ]G := lim
σ→+∞

ln M−1G (MF (σ))

σ
.

In [11] the following result is obtained.

Proposition. If the function G has regular logarithmic growth (i.e., 0 < λl[F ] =
= %l[F ] < +∞), ln n = o(λn ln λn), ln λn+1 ∼ ln λn and κn[G]↗ +∞ as n0 ≤ n→∞
then

%R,l[F ]G = lim
n→∞

λn ln λn ln (1/|gn|
ln (1/|fn|) ln ln (1/|gn|)

.

If, moreover, κn[F ]↗ +∞ as n0 ≤ n→∞ then

λR,l[F ]G = lim
n→∞

λn ln λn ln (1/|gn|)
ln (1/|fn|) ln ln (1/|gn|)

.

This result does not follow from Theorem 1.
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Íåõàé Λ = (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷è-

ñåë, S(Λ) � êëàñ öiëèõ ðÿäiâ Äiðiõëå F (s) =
∞∑
n=1

fn exp{sλn} i MF (σ) =

sup{|F (σ + it)| : t ∈ R}. ×åðåç L ïîçíà÷èìî êëàñ òàêèõ íåïåðåðâíèõ íå-
âiä'¹ìíèõ íà (−∞, +∞) ôóíêöié α, ùî α(x) = α(x0) ≥ 0 äëÿ x ≤ x0 i
α(x) ↑ +∞ ïðè x0 ≤ x → +∞. Äëÿ α ∈ L, β ∈ L i F ∈ S(Λ) âåëè÷è-

íè %α,β [F ] = lim
σ→+∞

α(ln MF (σ))/β(σ) i λα,β [F ] = lim
σ→+∞

α(ln MF (σ))/β(σ)

íàçèâàþòüñÿ óçàãàëüíåíèì (α, β)-ïîðÿäêîì i óçàãàëüíåíèì íèæíiì (α, β)-
ïîðÿäêîì ôóíêöi¨ F . Îçíà÷èìî óçàãàëüíåíèé (α, β)-ïîðÿäîê i óçàãàëüíå-
íèé íèæíié (α, β)-ïîðÿäîê ôóíêöi¨ F ∈ S(Λ) âiäíîñíî ôóíêöi¨ G(s) =
∞∑
n=1

gn exp{sλn} ∈ S(Λ) ðiâíîñòÿìè %α,β [F ]G = lim
σ→+∞

α(M−1
G (MF (σ)))/β(σ)

i λα,β [F ]G = lim
σ→+∞

α(M−1
G (MF (σ)))/β(σ).

Çà óìîâè 0 < λα,α[G] = %α,α[G] < +∞ çíàéäåíî ôîðìóëè äëÿ îá÷èñëåííÿ
%α,β [F ]G i λα,β [F ]G ÷åðåç êîåôiöi¹íòè fn i gn.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, âiäíîñíå çðîñòàííÿ, óçàãàëüíåíèé ïîðÿäîê.


