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Âèâ÷à¹ìî íàáîðè òèõîíîâñüêèõ ïðîñòîðiâ, äëÿ ÿêèõ ìîæëèâî ïîâíiñòþ
îïèñàòè êëàñ íàáîðiâ M -åêâiâàëåíòíèõ äî äàíîãî.

Êëþ÷îâi ñëîâà: âiëüíà òîïîëîãi÷íà ãðóïà, ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ,
M -åêâiâàëåíòíiñòü, óçàãàëüíåíèé ðåòðàêò.

1. Âñòóï

Ìè ïðîäîâæó¹ìî âèâ÷àòè åêâiâàëåíòíi çà Ìàðêîâèì íàáîðè òèõîíîâñüêèõ ïðîñ-
òîðiâ, ðîçïî÷àòi â [4]. Ó [6] çàïðîïîíîâàíî ìåòîäè ïîíèæåííÿ ïîðÿäêó çàäà÷i ïðî
êëàñèôiêàöiþ íàáîðiâ. Îñíîâíà ìåòà íàøî¨ ïðàöi � âèäiëèòè íàáîðè òèõîíîâñüêèõ
ïðîñòîðiâ, äëÿ ÿêèõ ìîæëèâî ç òî÷íiñòþ äî M -åêâiâàëåíòíîñòi ïðîñòîðiâ îïèñàòè
âñi íàáîðè òèõîíîâñüêèõ ïðîñòîðiâ åêâiâàëåíòíèõ äàíîìó.

Äðóãèé ðîçäië ìiñòèòü îïèñ íàáîðiâ òèõîíîâñüêèõ ïðîñòîðiâ, ÿêi äàþòü çìîãó
îïèñàòè ¨õíi êëàñè M -åêâiâàëåíòíîñòi ÷åðåç êëàñè M -åêâiâàëåíòíîñòi ¨õíiõ åëåìåí-
òiâ.

Ó òðåòüîìó ðîçäiëi çàñòîñîâó¹ìî îòðèìàíi ðåçóëüòàòè äëÿ çëi÷åííèõ êîìïàêò-
íèõ ïðîñòîðiâ. Âðàõîâóþ÷è êëàñèôiêàöiþ âiëüíèõ îá'¹êòiâ íàä âiäïîâiäíèìè ïðîñ-
òîðàìè, íàâåäåíó â [7], äîâîäèìîî, ùî êëàñè åêâiâàëåíòíîñòi íàáîðiâ âiäïîâiäíèõ
ïðîñòîðiâ òà ¨õíiõ çàìêíåíèõ ïiäïðîñòîðiâ äëÿ âiäíîøåíü M , A òà L çáiãàþòüñÿ.

Äëÿ òèõîíîâñüêîãî ïðîñòîðóX ïîçíà÷èìî ÷åðåç F (X) âiëüíó òîïîëîãi÷íó ãðóïó
ïðîñòîðó X. Äëÿ ïiäïðîñòîðó A òîïîëîãi÷íîãî ïðîñòîðó X áóäåìî ïîçíà÷àòè ÷åðåç
G(A) ïiäãðóïó â F (X), ïîðîäæåíó ìíîæèíîþ òâiðíèõ A.
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Íåõàé {Xi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X i
{Yi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó Y . Áóäåìî ãîâîðèòè,
ùî ñiì'ÿ (X, {Xi : i ∈ I}) ¹ M-åêâiâàëåíòíîþ ñiì'¨ (Y, {Yi : i ∈ I}), ÿêùî iñíó¹ òàêèé
òîïîëîãi÷íèé içîìîðôiçì h : F (X)→ F (Y ), ùî h(Xi) ⊆ G(Yi) i h

−1(Yi) ⊆ G(Xi) äëÿ
âñiõ i ∈ I. Áóäåìî ïîçíà÷àòè öå òàê:

(X, {Xi : i ∈ I}) M∼ (Y, {Yi : i ∈ I}).

Ìiíÿþ÷è â öüîìó îçíà÷åííi ôóíêòîð âiëüíî¨ òîïîëîãi÷íî¨ ãðóïè íà ôóíêòîð âiëü-
íî¨ àáåëåâî¨ òîïîëîãi÷íî¨ ãðóïè ÷è âiëüíîãî ëîêàëüíî îïóêëîãî ïðîñòîðó, îòðèìà¹ìî
îçíà÷åííÿ, âiäïîâiäíî, A-åêâiâàëåíòíèõ i L-åêâiâàëåíòíèõ íàáîðiâ ïðîñòîðiâ. Äëÿ
òîïîëîãi÷íîãî ïðîñòîðó X i åëåìåíòà a ∈ X ïîçíà÷èìî ÷åðåç FG(X, a) âiëüíó òî-
ïîëîãi÷íó ãðóïó â ñåíñi Ãðà¹âà íàä ïðîñòîðîì X ç îäèíèöåþ a [1]. Ïðîñòîðè, ÿêi
ìàþòü òîïîëîãi÷íî içîìîðôíi âiëüíi òîïîëîãi÷íi ãðóïè â ñåíñi Ãðà¹âà, áóäåìî íàçè-
âàòèM∗-åêâiâàëåíòíèìè. Ñòàòòÿ íàïèñàíà äëÿ òîïîëîãi÷íèõ ïðîñòîðiâ â àêñiîìàòèöi
NBG(ôîí Íîéìàíà-Áåðíàéñà-Ãåäåëÿ).

Äëÿ òèõîíîâñüêîãî ïðîñòîðó X ïîçíà÷èìî ÷åðåç M [X] ìíîæèíó ïðîñòîðiâ M -
åêâiâàëåíòíèõ ïðîñòîðó X. Àíàëîãi÷íó ìíîæèíó äëÿ âiäíîøåííÿ A-åêâiâàëåíòíîñòi
ïîçíà÷èìî ÷åðåç A[X], äëÿ âiäíîøåííÿ L-åêâiâàëåíòíîñòi � ÷åðåç L[X].

Íåõàé {Xi : i ∈ I} � ñiì'ÿ ïiäïðîñòîðiâ òîïîëîãi÷íîãî ïðîñòîðó X. Ïîçíà÷èìî
÷åðåç M [X, {Xi : i ∈ I}] ñóêóïíiñòü ñiìåé òèõîíîâñüêèõ ïðîñòîðiâ M -åêâiâàëåíòíèõ
äî ñiì'¨ (X, {Xi : i ∈ I}), ÷åðåç A[X, {Xi : i ∈ I}] � ñóêóïíiñòü ñiìåé òèõîíîâñüêèõ
ïðîñòîðiâ A-åêâiâàëåíòíèõ äî ñiì'¨ (X, {Xi : i ∈ I}), ÷åðåç L[X, {Xi : i ∈ I}] �
ñóêóïíiñòü ñiìåé òèõîíîâñüêèõ ïðîñòîðiâ L-åêâiâàëåíòíèõ äî ñiì'¨ (X, {Xi : i ∈ I}).

Ïiäïðîñòið Y òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ G-ðåòðàêòîì öüîãî ïðîñ-
òîðó, ÿêùî äîâiëüíå íåïåðåðâíå âiäîáðàæåííÿ f : Y → H ç ïðîñòîðó Y ó äîâiëüíó
òîïîëîãi÷íó ãðóïó H äîïóñêà¹ íåïåðåðâíå ïðîäîâæåííÿ íà X.

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ ìåðåæåâíèì, ÿêùî X ¹ T1-
ïðîñòîðîì i äëÿ êîæíî¨ âiäêðèòî¨ ìíîæèíè U âX iñíó¹ ïîñëiäîâíiñòü {Un} âiäêðèòèõ
â X ìíîæèí òàêà, ùî: (i) Un ⊆ U ; (ii)

⋃
n∈N

Un = U ; (iii) Un ⊂ Vn, ÿêùî U ⊂ V . Íåõàé

{Xs : s ∈ S} � ñiì'ÿ çàìêíåíèõ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó X, X =
⋃
s∈S

Xs,

K =
⋂
s∈S

Xs 6= ∅. Áóäåìî ãîâîðèòè, ùî ñiì'ÿ {Xs : s ∈ S} óòâîðþ¹ ∆-ñèñòåìó, ÿêùî

äëÿ äîâiëüíèõ i, j ∈ S ìà¹ìî, ùî Xi ∩ Xj = K. ßêùî âñi ïðîñòîðè Xs, à òàêîæ
ïðîñòið K ¹ G-ðåòðàêòàìè â X, òî áóäåìî ãîâîðèòè, ùî ñiì'ÿ {Xs : s ∈ S} óòâîðþ¹
∆G-ñèñòåìó. ßêùî ïðîñòiðK â îçíà÷åííi ∆-ñèñòåìè ¹ îäíîòî÷êîâèì, òî îòðèìó¹ìî
ïîíÿòòÿ áóêåòó òîïîëîãi÷íèõ ïðîñòîðiâ ç âiäìi÷åíèìè òî÷êàìè ∨

s∈S
(Xs, xs).

2. Çâåäåííÿ çàäà÷i içîìîðôíî¨ êëàñèôiêàöi¨ íàáîðiâ äî çàäà÷i

içîìîðôíî¨ êëàñèôiêàöi¨ ïðîñòîðiâ

Íàãàäà¹ìî, ùî ïiäïðîñòîðè X1 òà X2 òîïîëîãi÷íîãî ïðîñòîðó X âçà¹ìîäîïîâ-

íþâàíi, ÿêùî X1 ∩X2 = ∅ i X1 ∪X2 = X.
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Òâåðäæåííÿ 1. Íåõàé (X,X1, X2)
M∼ (Y, Y1, Y2) i ïðîñòîðè X1 òà X2 âçà¹ìîäîïîâ-

íþâàíi â X, òî ïðîñòîðè Y1 òà Y2 òàêîæ âçà¹ìîäîïîâíþâàíi â Y . ßêùî, êðiì òî-

ãî, ïiäïðîñòið X1 âiäêðèòî-çàìêíåíèé â X, òî ïiäïðîñòið Y1 âiäêðèòî-çàìêíåíèé

â Y .

Äîâåäåííÿ. ßê áóëî äîâåäåíî ó òâåðäæåííi 1 ç [4], ç óìîâè (X,X1, X2)
M∼ (Y, Y1, Y2)

âèïëèâà¹ óìîâà

(X,X1 ∪X2, X1 ∩X2)
M∼ (Y, Y1 ∪ Y2, Y1 ∩ Y2).

Ç òîãî, ùî X1 ∩X2 = ∅ âèïëèâà¹, ùî Y1 ∩ Y2 = ∅, à ç óìîâè X1 ∪X2 = X âèïëèâà¹
óìîâà Y1 ∪ Y2 = Y . Îòæå, ïðîñòîðè Y1 òà Y2 óòâîðþþòü ðîçáèòòÿ ïðîñòîðó Y .
Íåõàé ïiäïðîñòið X1 âiäêðèòî-çàìêíåíèèé â X. Îñêiëüêè âëàñòèâiñòü çàìêíåíîñòi
çáåðiãà¹òüñÿ âiäíîøåííÿìM -åêâiâàëåíòíîñòi [2], òî ïiäïðîñòið Y1 ¹ çàìêíåíèì â Y . Iç
çàìêíåíîñòi ïiäïðîñòîðó X2 â X âèïëèâà¹ çàìêíåíiñòü ïiäïðîñòîðó Y2 â Y , çîêðåìà
âiäêðèòiñòü éîãî äîïîâíåííÿ Y1 â Y . Òîáòî ïiäïðîñòið Y1 òàêîæ âiäêðèòî-çàìêíåíèé
â Y . �

Òâåðäæåííÿ 2. Äëÿ äîâiëüíî¨ ñiì'¨ ïðîñòîðiâ {Xi : i ∈ I} ñïðàâäæó¹òüñÿ ðiâ-

íiñòü

M [⊕
i∈I
Xi, {Xi : i ∈ I}] = {(⊕

i∈I
Yi, {Yi : i ∈ I}) : Yi ∈M [Xi]}.

Äîâåäåííÿ. Âêëþ÷åííÿ

M [⊕
i∈I
Xi, {Xi : i ∈ I}] ⊇ {(⊕

i∈I
Yi, {Yi : i ∈ I}) : Yi ∈M [Xi]}.

âèïëèâà¹ ç òâåðäæåííÿ 4 ç [4].

Äîâåäåìî îáåðíåíå âêëþ÷åííÿ. Íåõàé (⊕
i∈I
Xi, {Xi : i ∈ I}) M∼ (Y, {Yi : i ∈ I}).

Äëÿ êîæíîãî α ∈ I ïiäïðîñòîðè Xα òà Vα =
⋃

i∈I\{α}

Xi âçà¹ìîäîïîâíþâàíi òà

âiäêðèòî-çàìêíåíi â X. Òîìó, çà òâåðäæäåííÿì 1, ïiäïðîñòîðè Yα òà Wα =
⋃

i∈I\{α}

Yi

çàìêíåíi òà âçà¹ìîäîïîâíþâàíi â Y . Îòæå, êîæåí ïiäïðîñòið Yα âiäêðèòî-çàìêíåíèé
â Y . Çâiäêè îòðèìó¹ìî, øî Y =

⊕
i∈I Yi. Îñêiëüêè êîæåí ïiäïðîñòið Yi ¹ ðåòðàêòîì

ó Y , òî òîïîëîãiÿ G(Yi) çáiãà¹òüñÿ ç òîïîëîãi¹þ F (Yi). Òîáòî, Yi ∈M [Xi]. �

Òâåðäæåííÿ 3. Íåõàé {(Xi, xi) : i ∈ I} � ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ ç âiäìi-

÷åíèìè òî÷êàìè. Òîäi

M [ ∨
i∈I
Xi, {Xi : i ∈ I}] = {( ∨

i∈I
Yi, {Yi : i ∈ I}) : Yi ∈M∗[Xi]}.

Äîâåäåííÿ. Âêëþ÷åííÿ

M [ ∨
i∈I
Xi, {Xi : i ∈ I}] ⊇ {( ∨

i∈I
Yi, {Yi : i ∈ I}) : Yi ∈M∗[Xi]}.

âèïëèâà¹ ç òåîðåìè 5 ç [4].

Äîâåäåìî îáåðíåíå âêëþ÷åííÿ. Íåõàé

( ∨
i∈I
Xi, {Xi : i ∈ I}) M∼ (Z, {Zi : i ∈ I}).
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Ïðèéìåìî Z0 =
⋂
i∈I

Zi. Çà òâåðäæåííÿì 1 ç [4] ìà¹ìî, ùî |Z0| =
∣∣⋂

i∈I Xi

∣∣ = 1. Çà

òèì ñàìèì òâåðäæåííÿì ìà¹ìî, ùî Zi ∩ Zj = Z0 äëÿ âñiõ i, j ∈ I. Îñêiëüêè óñi ïiä-
ïðîñòîðè Xi çàìêíåíi â ∨

i∈I
Xi, à òàêîæ óñi îá'¹äíàííÿ ∨

i∈J
Xi, äå J ⊆ I, ¹ çàìêíåíèìè

â ∨
i∈I
Xi, òî óñi ïiäïðîñòîðè Zi çàìêíåíi â Z i âñi îá'¹äíàííÿ

⋃
i∈J

Zi, äå J ⊆ I, çàìêíåíi

â Z. Îòæå, ïðîñòið Z ¹ áóêåòîì ñiì'¨ ïðîñòîðiâ {Zi : i ∈ I}. Êîæåí ïiäïðîñòið Zi ¹
P -âêëàäåíèì ó Z, à òîìó çâóæåííÿ içîìîðôiçìó h : F ( ∨

i∈I
Xi) → F (Z) íà ïiäïðîñòið

G(Xi) ¹ òîïîëîãi÷íèì içîìîðôiçìîì F (Xi) → F (Zi), ïðè÷îìó h
(⋂

i∈I Xi

)
=
⋂
i∈I

Zi.

Îòîæ, Zi ∈M∗[Xi]. �

Òâåðäæåííÿ 4. Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X òà éîãî ïiäïðîñòîðó A ìà¹ ìiñöå

ðiâíiñòü

M [X,A,A] = {(Y,B,B) : (Y,B) ∈M [X,A]}.

Äîâåäåííÿ. Âêëþ÷åííÿ M [X,A,A] ⊇ {(Y,B,B) : (Y,B) ∈ M [X,A]} âèïëèâà¹ ç òåî-
ðåìè 1 ç ðîáîòè [4].

Äîâåäåìî îáåðíåíå âêëþ÷åííÿ. Íåõàé (X,A,A)
M∼ (Y,Z,B). Òîäi (X,A)

M∼
(Y,B). Îñêiëüêè âëàñòèâiñòü çàìêíåíîñòi çáåðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâà-
ëåíòíîñòi, òî ìíîæèíà Z ¹ çàìêíåíîþ â Y . Çà òåîðåìîþ 1 ç [4] ìà¹ìî, ùî

(Y,B,B)
M∼ (Y, Z,B) ïðè÷îìó iñíó¹ òîïîëîãi÷íèé içîìîðôiçì i : F (Y ) → F (Y )

òàêèé, ùî i|G(B) = 1G(B). Îñêiëüêè ìíîæèíà G(B) ¹ âñþäè ùiëüíîþ â G(B), òî

i|
G(B)

= 1
G(B)

, çâiäêè Z = B. �

Óçàãàëüíþþ÷è òâåðäæåííÿ 4, côîðìóëþ¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 5. Äëÿ äîâiëüíîãî òîïîëîãi÷íîãî ïðîñòîðó X òà ñiì'¨ éîãî ïiäïðîñ-

òîðiâ {Xi : i ∈ I} âèêîíó¹òüñÿ ðiâíiñòü

M [X, {Xs : s ∈ S}, {Xs : s ∈ S}] =

= {(Y, {Ys : s ∈ S}, {Ys : s ∈ S}) : (Y, {Ys}) ∈M [X, {Xs}]}.

ßê âèïëèâà¹ ç òâåðäæåííÿ 1 ç [4] ñiì'ÿ M -åêâiâàëåíòíà äî ∆-ñèñòåìè ¹ ∆-
ñèñòåìîþ. Ó ïðàöi [2] áóëî äîâåäåíî, ùî âëàñòèâiñòü áóòè G-ðåòðàêòîì çáåðiãà¹òüñÿ
âiäíîøåííÿì M -åêâiâàëåòíîñòi ó êëàñi ìåðåæåâíèõ ïðîñòîðiâ. Îòæå, âëàñòèâiñòü
áóòè ∆G-ñèñòåìîþ çáåðiãà¹òüñÿ âiäíîøåííÿì M -åêâiâàëåòíîñòi ó êëàñi ìåðåæèâíèõ
ïðîñòîðiâ.

Òåîðåìà 1. Íåõàé X � ìåðåæèâíèé ïðîñòið, X1,X2, . . . , Xn ⊆ X � éîãî ïiä-

ïðîñòîðè, ÿêi óòâîðþþòü ∆G-ñèñòåìó. Òîäi

M [X,X1, X2, . . . , Xn] = {(Y, Y1, Y2, . . . , Yn) : Y1, Y2, . . . , Y1 ⊆ Y,

Y1/Y0 ∈M∗[X1/X0], Y2/Y0 ∈M∗[X2/X0], . . . , Yn/Y0 ∈M∗[Xn/X0], Y0 ∈M [X0],

äå X0 =
n⋂
i=1

Xi, Y0 =
n⋂
i=1

Yi i ïiäïðîñòîðè Yi óòâîðþþòü ∆G-ñèñòåìó â Y }.
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Äîâåäåííÿ. Âêëþ÷åííÿ ⊇ âèïëèâà¹ ç òåîðåìè 4 ç [6].

Äîâåäåìî âêëþ÷åííÿ ⊆. Íåõàé (X,X1, X2, . . . , Xn)
M∼ (Y, Y1, Y2, . . . , Yn). Îñêiëü-

êè ïðîñòið M -åêâiâàëåíòíèé ìåðåæèâíîìó ïðîñòîðó ¹ ìåðåæèâíèì, òî ïðîñòið Y ¹
ìåðåæèâíèì [9]. Îñêiëüêè âëàñòèâiñòü áóòè G-ðåòðàêòîì çáåðiãà¹òüñÿ â êëàñi ìåðå-
æèâíèõ ïðîñòîðiâ, òî ïiäïðîñòið Y ¹ G-ðåòðàêòîì ïðîñòîðó Y . �

Òåîðåìà 2. Íåõàé X � ìåðåæåâíèé ïðîñòið, K � G-ðåòðàêò â X, {Ki : i ∈ I}
� ñiì'ÿ ïiäïðîñòîðiâ â X. Òîäi

M [X,K, (Ki : i ∈ I)] = {(Y, P, (Pi : i ∈ I)),

P ¹ G-ðåòðàêòîì â Y , Y/P ∈M∗[X/K], (P, (Pi : i ∈ I)) ∈M [K, (Ki : i ∈ I)]}.

Äîâåäåííÿ. Âêëþ÷åííÿ ⊇ âèïëèâà¹ ç òåîðåìè 4 ç [4]. Äîâåäåìî âêëþ÷åííÿ ⊆.
Îñêiëüêè ïðîñòið M -åêâiâàëåíòíèé ìåðåæåâíîìó ïðîñòîðó ¹ ìåðåæåâíèì, òî ïðîñ-
òið Y ìåðåæåâíèq [9]. Îñêiëüêè âëàñòèâiñòü áóòè G-ðåòðàêòîì çáåðiãà¹òüñÿ â êëàñi
ìåðåæåâíèõ ïðîñòîðiâ, òî óñi ïiäïðîñòîðè Yi ¹ G-ðåòðàêòàìè â Y . Äàëi äîâåäåííÿ
âèïëèâà¹ ç òåîðåìè 4 ç [5]. �

Òåîðåìà 3. Íåõàé X � ìåðåæèâíèé ïðîñòið, Xn ⊆ Xn−1 ⊆ · · · ⊆ X1 ⊆ X � éîãî

G-ðåòðàêòè. Òîäi

M [X,X1, X2, . . . , Xn] = {(Y, Y1, X2, . . . , Yn) : Yn ⊆ Yn−1 ⊆ · · · ⊆ Y1 ⊆ Y,
Y/Y1 ∈M∗[X/X1], Y1/Y2 ∈M∗[X1/X2], . . . , Yn/Yn−1 ∈M∗[Xn/Xn−1], Yn ∈M [Xn]

i âñi ïiäïðîñòîðè Yi ¹ G-ðåòðàêòàìè â Y }.

Äîâåäåííÿ. Âêëþ÷åííÿ ⊇ âèïëèâà¹ ç òåîðåìè 4 ç [4]. Äîâåäåìî âêëþ÷åííÿ ⊆.
Îñêiëüêè ïðîñòið M -åêâiâàëåíòíèé ìåðåæèâíîìó ïðîñòîðó ¹ ìåðåæèâíèì, òî ïðîñ-
òið Y ìåðåæèâíèq [9]. Îñêiëüêè âëàñòèâiñòü áóòè G-ðåòðàêòîì çáåðiãà¹òüñÿ â êëàñi
ìåðåæåâíèõ ïðîñòîðiâ, òî óñi ïiäïðîñòîðè Yi ¹ G-ðåòðàêòàìè â Y . Äàëi äîâåäåííÿ
âèïëèâà¹ ç òåîðåìè 4 ç [5]. �

Ç òåîðåìè 1 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 6. Íåõàé X � ìåðåæèâíèé ïðîñòið, X1, X2 � éîãî ïiäïðîñòîðè

òàêi, ùî ïiäïðîñòið X1∪X2 ¹ G-ðåòðàêòîì â X, ïiäïðîñòið X1∩X2 ¹ G-ðåòðàêòîì
â X1 ∪X2. Òîäi

M [X,X1, X2] = {(Y, Y1, Y2) : Y/(Y1 ∪ Y2) ∈M∗[X/(X1 ∪X2)],

Y1/(Y1∩Y2) ∈M∗[X1/(X1∩X2)], Y2/(Y1∩Y2) ∈M∗[X2/(X1∩X2)], Y1∩Y2 ∈M [X1∩X2],

ïiäïðîñòið Y1 ∪ Y2 ¹ G-ðåòðàêòîì â Y , ïiäïðîñòið Y1 ∩ Y2 ¹ G-ðåòðàêòîì â

Y1 ∪ Y2}.

Òâåðäæåííÿ 7. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

òàêèõ, ùî ïðîñòið K =
⋂
s∈S

Xs ¹ íåïîðîæíiì, a ∈ K. Òîäi

A[X, {Xs}, {a}] = {(Y, {Ys}, {b}) : (Y, {Ys}) ∈ A[X, {Xs}], b ∈ ∩
s∈S

Ys}

Äîâåäåííÿ. Âêëþ÷åííÿ ⊆ î÷åâèäíå. Âêëþ÷åííÿ ⊇ âèïëèâà¹ ç òâåðäæåííÿ 2 ç [5]. �

Óçàãàëüíþþ÷è òâåðäæåííÿ 4 i 6 ñôîðìóëþ¹ìî òàêå òâåðäæåííÿ
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Òâåðäæåííÿ 8. Íåçàé A � ïiäïðîñòið òèõîíîâñüêîãî ïðîñòîðó X, a ∈ A. Òîäi

A[X,A,A, {a}] = {(Y,B,B, {b}) : (Y,B) ∈ A[X,A], b ∈ B}.

Óñi òâåðäæåííÿ öüîãî ðîçäiëó, à òàêîæ ¨õíi äîâåäåííÿ ëåãêî ïåðåíîñÿòüñÿ äëÿ
âiäíîøåíü A-åêâiâàëåíòíîñòi òà L-åêâiâàëåíòíîñòi.

Òâåðäæåííÿ 9. Íåõàé X, Y � òèõîíîâñüêi ïðîñòîðè,

(X, {Xi : i ∈ I}) M∼ (Y, {Yi : i ∈ I}),

H(A1, A2, . . . , An) � ôóíêöiÿ íà ìíîæèíàõ, ÿêà ¹ ñêií÷åííîþ êîìïîçèöi¹þ îïåðàöié

îá'¹äíàííÿ, ïåðåòèíó òà çàìèêàííÿ. Òîäi äëÿ äîâiëüíèõ i1, i2, . . . in ∈ I âèêîíó¹òüñÿ
óìîâà

(X, {Xi : i ∈ I}, H(Xi1 , Xi2 , . . . , Xin))
M∼ (Y, {Yi : i ∈ I}, H(Yi1 , Yi2 , . . . , Yin)).

Äîâåäåííÿ. Òâåðäæåííÿ âèïëèâà¹ ç òåîðåìè 1 i òâåðäæåííÿ 1 ç [4]. �

Òâåðäæåííÿ 10. Íåõàé {Xs : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòî-

ðó X, H(A1, A2, . . . An) � ôóíêöiÿ íà ìíîæèíàõ, ÿêà ¹ ñêií÷åííîþ êîìïîçèöi¹þ

îïåðàöié îá'¹äíàííÿ, ïåðåòèíó òà çàìèêàííÿ. Òîäi äëÿ äîâiëüíèõ i1, i2, . . . in ∈ I
âèêîíó¹òüñÿ ðiâíiñòü

M [X, (Xi, {Xi : i ∈ I}), H(Xi1 , Xi2 , . . . , Xin)] = {Y, (Yi, {Yi : i ∈ I}, H(Yi1 , Yi2 , . . . , Yin):

(X, {Xi : i ∈ I}) ∈M [Y, {Yi : i ∈ I}].

Äîâåäåííÿ. Âêëþ÷åííÿ ⊆ î÷åâèäíå. Âêëþ÷åííÿ ⊇ âèïëèâà¹ ç òâåðäæåííÿ 9. �

Òâåðäæåííÿ 11. Íåõàé {Xs : s ∈ S} � ñiì'ÿ çàìêíåíèõ ïiäïðîñòîðiâ òèõî-

íîâñüêîãî ïðîñòîðó X, {Ys : s ∈ S} � ñiì'ÿ ïiäïðîñòîðiâ òèõîíîâñüêîãî ïðîñòîðó

Y . Íà ìíîæèíi X ðîçãëÿíåìî âiäíîøåííÿ åêâiâàëåíòíîñòi ∼X , ïðèéíÿâøè x ∼X y,
ÿêùî x = y àáî x, y ∈ K =

⋂
s∈S

Xs. Ïîçíà÷èìî ÷åðåç pX : X → X/ ∼X R-ôàêòîðíå

âiäîáðàæåííÿ. Íà ïðîñòîði Y àíàëîãi÷íî îçíà÷èìî âiäíîøåííÿ ∼Y i R-ôàêòîðíå
âiäîáðàæåííÿ pY : Y → Y/ ∼Y . ßêùî

(X, {Xs : s ∈ S}) M∼ (Y, {Ys : s ∈ S}),

òî

(pX(X), {pX(Xs) : s ∈ S}) M∼ (pY (Y ), {pY (Ys) : s ∈ S}).

Äîâåäåííÿ. ßêùî ïðîñòið K =
⋂
s∈S

Xs ïîðîæíié, òî âiäîáðàæåííÿ pX ¹ ãîìåîìîð-

ôiçìîì. Òîäi ïðîñòið P =
⋂
s∈S

Ys òàêîæ ïîðîæíié i âiäîáðàæåííÿ pY ¹ òàêîæ ãî-

ìåîìîðôiçìîì. ßêùî ïðîñòið K =
⋂
s∈S

Xs íåïîðîæíié, òî çà òåîðåìîþ 1 ç [5] iñíó¹

ñïåöiàëüíèé òîïîëîãi÷íèé içîìîðôiçì h : F (X)→ F (Y ) òàêèé, ùî h(G(Xs)) = G(Ys)
äëÿ âñiõ s ∈ S. À òîìó çà íàñëiäêîì 1 ç [5] ìàòèìåìî, ùî

(pX(X), {pX(Xs) : s ∈ S}) M∼ (pY (Y ), {pY (Ys) : s ∈ S}).

�
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3. Íóëüâèìiðíi ïðîñòîðè òà içîìîðôíà êëàñèôiêàöiÿ íàáîðiâ

ßê áóëîäîâåäåíî ó [1] i [7] äëÿ çëi÷åííèõ êîìïàêòíèõ içîìîðôíi êëàñèôiêàöi¨
âiëüíèõ òîïîëîãi÷íèõ ãðóï ó ñåíñi Ìàðêîâà òà Ãðà¹âà, âiëüíèõ àáåëåâèõ òîïîëî-
ãi÷íèõ ãðóï, âiëüíèõ ëîêàëüíî îïóêëèõ ïðîñòîðiâ çáiãàþòüñÿ, òîáòî âiäíîøåííÿ M ,
M∗, A òà L-åêâiâàëåíòíîñòi çáiãàþòüñÿ. Áóäåìî íàçèâàòè ïðîñòîðè åêâiâàëåíòíi â
öüîìó ñåíñi f -åêâiâàëåíòíèìè. Íàãàäà¹ìî, ùî êîæåí çàìêíåíèé ïiäïðîñòið íóëüâè-
ìiðíîãî ìåòðèçîâàíîãî ïðîñòîðó ¹ éîãî ðåòðàêòîì. Ïðîñòið f -åêâiâàëåíòíèé êîì-
ïàêòíîìó çëi÷åííîìó ¹ êîìïàêòíèì çëi÷åííèì. Öå âèïëèâà¹ ç òîãî, ùî ïîòóæíîñòi
äâîõ áàçèñiâ ó âiëüíié ãðóïi çáiãàþòüñÿ, à òàêîæ ç òîãî, ùî êîìïàêòíiñòü çáåðiãà¹òüñÿ
âiäíîøåííÿì M -åêâiâàëåíòíîñòi [1].

Òåîðåìà 4. Íåõàé X � çëi÷åííèé êîìïàêòíèé ïðîñòið, X1, X2, . . . , Xn � éîãî

çàìêíåíi äèç'þíêòíi ïiäïðîñòîðè. Òîäi

M [X,X1, X2, . . . , Xn] = A[X,X1, X2, . . . , Xn] = L[X,X1, X2, . . . , Xn] =

= {Y, Y1, Y2, . . . , Yn : Yi ∈M [Xi], X/(

n⋃
i=1

Xi) ∈M [Y/(

n⋃
i=1

Yi)]

i âñi ïiäïðîñòîðè Yi çàìêíåíi òà äèç'þíêòíi â Y }.

Äîâåäåííÿ. Ïîçíà÷èìî ìíîæèíó, ùî ñòî¨òü ïiñëÿ îñòàííüîãî çíàêà ðiâíîñòi ÷åðåç T .
Âêëþ÷åííÿ

M [X,X1, X2, . . . , Xn] ⊆ A[X,X1, X2, . . . , Xn] ⊆ L[X,X1, X2, . . . , Xn]

âèêîíó¹òüñÿ äëÿ äîâiëüíèõ íàáîðiâ. Äîâåäåìî âêëþ÷åííÿ L[X,X1, X2, . . . , Xn] ⊆ T .
Îñêiëüêè çàìêíåíiñòü çáåðiãà¹òüñÿ âiäíîøåííÿì L-åêâiâàëåíòíîñòi, òî âñi ïiäïðîñòî-
ðè Yi çàìêíåíi â Y . Ç òâåðäæåííÿ 1 ç [4] âèïëèâà¹, ùî âñi ïðîñòîðè Yi äèç'þíêòíi.
Îñêiëüêè êîæåí ïiäïðîñòið Yi çëi÷åííèé êîìïàêò, òî ç óìîâè X ∈ L[Xi] âèïëèâà¹

óìîâà X ∈M [Xi]. Îñêiëüêè ïðîñòið Y/(
n⋃
i=1

Yi) òàêîæ çëi÷åííèé êîìïàêò, òî ç óìîâè

X/(
n⋃
i=1

Xi) ∈ L[Y/(
n⋃
i=1

Yi)] âèïëèâà¹ óìîâà X/(
n⋃
i=1

Xi) ∈M [Y/(
n⋃
i=1

Yi)].

Äîâåäåìî âêëþ÷åííÿ T ⊆M [X,X1, X2, . . . , Xn]. Ïðîñòið
n⋃
i=1

Yi � çàìêíåíèé ïiä-

ïðîñòið çëi÷åííîãî êîìïàêòíîãî ïðîñòîðó Y , à òîìó ¹ éîãî ðåòðàêòîì. Äëÿ çëi÷åííèõ

êîìïàêòíèõ ïðîñòîðiâ X òà Y óìîâà X
M∼ Y ðiâíîñèëüíà óìîâi X

M∗

∼ Y . Òåïåð çà-
ëèøà¹òüñÿ çàñòîñóâàòè íàñëiäîê 3 ç [6]. �

Òâåðäæåííÿ 12. Íåõàé X � çëi÷åííèé êîìïàêòíèé ïðîñòið, X1, X2, . . . , Xn �

éîãî çàìêíåíi ïiäïðîñòîðè, ùî óòâîðþþòü ∆-ñèñòåìó, K =
n
∩
i=1
Xi. Òîäi

M [X,X1, X2, . . . , Xn] = A[X,X1, X2, . . . , Xn] = L[X,X1, X2, . . . , Xn] =

= {Y, Y1, Y2, . . . , Yn : Yi/(
n
∩
i=1
Yi) ∈M [Xi/K],

n
∩
i=1
Yi ∈M [K], Y/(

n⋃
i=1

Yi) ∈M [X/(

n⋃
i=1

Xi)]

i âñi ïiäïðîñòîðè Yi ¹ çàìêíåíèìè òà óòâîðþþòü ∆-ñèñòåìó â Y }.
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Äîâåäåííÿ. Ïîçíà÷èìî ìíîæèíó, ùî ñòî¨òü ïiñëÿ îñòàííüîãî çíàêà ðiâíîñòi ÷åðåç T .
Âêëþ÷åííÿ

M [X,X1, X2, . . . , Xn] ⊆ A[X,X1, X2, . . . , Xn] ⊆ L[X,X1, X2, . . . , Xn]

âèêîíó¹òüñÿ äëÿ äîâiëüíèõ íàáîðiâ.

Äîâåäåìî âêëþ÷åííÿ L[X,X1, X2, . . . , Xn] ⊆ T . Íåõàé (Y, Y1, Y2, . . . , Yn) ∈
L[X,X1, X2, . . . , Xn]. Ïðèéìåìî S =

n⋂
i=1

Yi. Ç òâåðäæåííÿ 1 ç [4] âèïëèâà¹, ùî

ïiäïðîñòîðè Yi ¹ çàìêíåíèìè é óòâîðþþòü ∆-ñèñòåìó â Y . Ç òâåðäæåííÿ, àíà-
ëîãi÷íîãî äî òâåðäæåííÿ 1 äëÿ âiäíîøåííÿ L�åêâiâàëåíòíîñòi, ìàòèìåìî, ùî

Y/(
n⋃
i=1

Yi) ∈ L[X/(
n⋃
i=1

Xi)], S ∈ L[K], Yi/S ∈ L[Xi/K]. Îñêiëüêè çàìêíåíiñòü çáåðiãà-

¹òüñÿ âiäíîøåííÿì L-åêâiâàëåíòíîñòi, òî âñi ïðîñòîðè Yi òà ïðîñòið S ¹ çàìêíåíèìè

â Y . Ç òîãî, ùî ïðîñòîðè Y/(
n⋃
i=1

Yi),S òà Yi/S ∈ L(Xi/K) ¹ çëi÷åííèìè êîìïàêòíèìè,

âèïëèâà¹, ùî Y/(
n⋃
i=1

Yi) ∈M∗[X/(
n⋃
i=1

Xi] ,S ∈M [K], Yi/S ∈M∗[Xi/K].

Âêëþ÷åííÿ T ⊆M [X,X1, X2, . . . , Xn] âèïëèâà¹ ç òâåðäæåííÿ 1. �

ßêùî â òâåðäæåííi 12 ïðîñòið K ¹ îäíîòî÷êîâèì, òî îòðèìà¹ìî òàêå òâåðäæåí-
íÿ.

Òâåðäæåííÿ 13. Íåõàé X � çëi÷åííèé êîìïàêòíèé ïðîñòið, X1, X2, . . . , Xn �

éîãî çàìêíåíi ïðîñòîðè, ùî óòâîðþþòü áóêåò. Òîäi

M [X,X1, X2, . . . , Xn] = A[X,X1, X2, . . . , Xn] = L[X,X1, X2, . . . , Xn] =

= {Y, Y1, Y2, . . . , Yn : Yi ∈M [Xi], X/(

n⋃
i=1

Xi) ∈M [Y/(

n⋃
i=1

Yi)]

i âñi ïiäïðîñòîðè Yi ¹ çàìêíåíèìè â Y i óòâîðþþòü áóêåò}.

Òâåðäæåííÿ 14. Íåõàé X � çëi÷åííèé êîìïàêòíèé ïðîñòið, Xn ⊆ Xn−1 ⊆ · · · ⊆
X1 ⊆ X � éîãî çàìêíåíi ïiäïðîñòîðè. Òîäi

M [X,X1, X2, . . . , Xn] = A[X,X1, X2, . . . , Xn] = L[X,X1, X2, . . . , Xn] =

= {(Y, Y1, X2, . . . , Yn) : Yn ⊆ Yn−1 ⊆ · · · ⊆ Y1 ⊆ Y,
Y/Y1 ∈M [X/X1], Y1/Y2 ∈M [X1/X2], . . . , Yn/Yn−1 ∈M [Xn/Xn−1], Yn ∈M [Xn].

i âñi ïiäïðîñòîðè Yi ¹ çàìêíåíèìè â Y }.

Äîâåäåííÿ. Ïîçíà÷èìî ìíîæèíó, ùî ñòî¨òü ïiñëÿ îñòàííüîãî çíàêà ðiâíîñòi ÷åðåç T .
Âêëþ÷åííÿ

M [X,X1, X2, . . . , Xn] ⊆ A[X,X1, X2, . . . , Xn] ⊆ L[X,X1, X2, . . . , Xn]

âèêîíó¹òüñÿ äëÿ äîâiëüíèõ íàáîðiâ.

Äîâåäåìî âêëþ÷åííÿ L[X,X1, X2, . . . , Xn] ⊆ T . Íåõàé (Y, Y1, Y2, . . . , Yn) ∈
L[X,X1, X2, . . . , Xn]. Î÷åâèäíî ç óìîâè Xi+1 ⊆ Xi âèïëèâà¹ óìîâà Yi+1 ⊆ Yi.
Ç òâåðäæåííÿ, àíàëîãi÷íîãî äî òâåðäæåííÿ 3 äëÿ âiäíîøåííÿ L�åêâiâàëåíòíîñòi
ìàòèìåìî, ùî Yi/Yi+1 ∈ L[Xi/Xi+1], Yn ∈ L[Xn]. Îñêiëüêè çàìêíåíiñòü çáåði-
ãà¹òüñÿ âiäíîøåííÿì L-åêâiâàëåíòíîñòi, òî âñi ïðîñòîðè Yi ¹ çàìêíåíèìè â Y .
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Ç òîãî, ùî ïðîñòîðè Yi/Yi+1 òà Yn ¹ çëi÷åííèìè êîìïàêòíèìè, âèïëèâà¹, ùî
Yi/Yi+1 ∈M∗[Xi/Xi+1], Yn ∈M [Xn].

Âêëþ÷åííÿ T ⊆M [X,X1, X2, . . . , Xn] âèïëèâà¹ ç òâåðäæåííÿ 3. �

Ç òâåðäæåííÿ 12 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 15. Íåõàé X � çëi÷åííèé êîìïàêòíèé ïðîñòið, X1, X2 � éîãî çà-

ìêíåíi ïiäïðîñòîðè. Òîäi M [X,X1, X2] = A[X,X1, X2] = L[X,X1, X2] = {(Y, Y1, Y2) :
Y/(Y1

⋃
Y2) ∈ M∗[X/(X1

⋃
X2)], X1/(X1

⋂
X2) ∈ M [Y1/(Y1

⋂
Y2)], X2/(X1

⋂
X2) ∈

M [Y2/(Y1
⋂
Y2)], X1

⋂
X2 ∈M [Y1

⋂
Y2].

Òâåðäæåííÿ 16. Íåõàé X � íóëüâèìiðíèé ïðîñòið, x1, x2, . . . , xn � éîãî äîâiëüíi,

ïîïàðíî ðiçíi òî÷êè. Òîäi

A[X, {x1}, {x2}, . . . , {xn}] = {(Y, {y1}, {y2}, . . . , {yn}) : Y ∈ A[X],
y1, y2, . . . , yn ∈ Y , äå yi 6= yj ïðè i 6= j}.

Äîâåäåííÿ. Âêëþ÷åííÿ ⊆ î÷åâèäíå. Äîâåäåìî âêëþ÷åííÿ ⊇. Íåõàé Y ∈ A[X],
y1, y2, . . . , yn ∈ Y � äîâiëüíi ðiçíi òî÷êè. Îñêiëüêè ïðîñòîðè X1 = {x1, x2, . . . , xn} òà
Y1 = {y1, y2, . . . , yn} � äèñêðåòíi, òî íàáîðè (X1, {x1}, {x2}, . . . , {xn}) òà
(Y1, {y1}, {y2}, . . . , {yn}) A-åêâiâàëåíòíi. Ïîçàÿê êîæåí ñêií÷åííèé ïiäïðîñòið íóëü-
âèìiðíîãî ïðîñòîðó ¹ éîãî ðåòðàêòîì, òî òåïåð çàëèøà¹òüñÿ çàñòîñóâàòè òâåðäæåí-
íÿ 9 ç [6]. �

Àíàëîãi÷íî äî òâåðäæåííÿ 16 äîâîäèòüñÿ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 17. Íåõàé X � íóëüâèìiðíèé ïðîñòið, x1, x2, . . . , xn � éîãî äîâiëüíi,

ïîïàðíî ðiçíi òî÷êè. Òîäi

L[X, {x1}, {x2}, . . . , {xn}] = {(Y, {y1}, {y2}, . . . , {yn}) : Y ∈ L[X],
y1, y2, . . . , yn ∈ Y , äå yi 6= yj ïðè i 6= j}.
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