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Let f(z) =
∞∑

k=0

fkz
k be an entire transcendental function, (λn) be a sequence

of positive numbers increasing to +∞ and the series A(z) =

∞∑
n=1

anf(λnz) be

regularly convergent in D = {z : |z| < 1}, i.e.,
∞∑

n=1

|an|Mf (rλn) < +∞ for

all r ∈ [0, 1), where Mf (r) = max{|f(z)| : |z| = r}. Suppose that α and
β are slowly increasing such that x/β−1(cα(x)) ↑ +∞, α(x/β−1(cα(x))) =
(1 + o(1))α(x) and α(ln x) = o(β(x)) as x0(c) ≤ x → +∞ for every c ∈
(0, +∞). It is proved, for example, that if an > 0 for all n and α(ln n) =

o(β(Γf (cλn)/ ln n)) as n→∞, where Γf (r) =
d ln Mf (r)

d ln r
, then

lim
r↑1

α(ln MA(r))

β(1/(1− r)) = lim
k→∞

α(ln+(|fk|µD(k))

β(k)
,

where µD(σ) := max
{
|an| exp{σ ln λn} : n > 0

}
.

Key words: series in systems of functions, regularly convergent series,
generalized order.

1. Introduction

Let

(1) f(z) =

∞∑
k=0

fkz
k
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be an entire transcendental function,

Mf (r) = max{|f(z)| : |z| = r}

and (λn) be a sequence of positive numbers increasing to +∞. At �rst we suppose that
the series

(2) A(z) =

∞∑
n=1

anf(λnz)

in the system {f(λnz)} regularly converges in C, i.e. for all r ∈ [0,+∞)

(3)

∞∑
n=1

|an|Mf (rλn) < +∞.

Many authors have studied the representation of analytic functions by series in the system
f(λnz). We will specify here only on the monographs of A. F. Leont'ev [1] and B. V. Vin-
nitskyi [2], where references are to other works.

Since series (2) regularly convergent in C, the function A is entire. To study its
growth, generalized orders are used. For this purpose, as in [3] by L we denote a class
of continuous non-negative on (−∞, +∞) functions α such that α(x) = α(x0) ≥ 0
for x ≤ x0 and α(x) ↑ +∞ as x0 ≤ x → +∞. We say that α ∈ L0, if α ∈ L and
α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if α ∈ L and α(cx) =
(1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i.e., α is a slowly increasing function.
Clearly, Lsi ⊂ L0. For α ∈ L and β ∈ L the quantity

%α,β [f ] = lim
r→+∞

α(ln Mf (r))

β(ln r)

is called [3] the generalized (α, β)-order of the entire function f .

In the papers [4�5] the relationship between the growth of functions Mf (r), MA(r)

andM−1f (MA(r)) was studied. The logarithmic convexity of the function ln Mf (r) impli-
es

Γf (r) :=
d ln Mf (r)

d ln r
↗ +∞, r → +∞,

(in points where the derivative does not exist,
d ln Mf (r)

d ln r
means the right-hand derivati-

ve). For example, in [5] the following theorem was proved.

Theorem A. Let α ∈ Lsi, β ∈ L0 and
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ for each

c ∈ (0, +∞). If an ≥ 0 for all n ≥ 1, the series (2) is regularly convergent in C, ln n =

O(Γf (λn)) and ln λn = o

(
β−1(cα

(
1

ln λn
ln

1

an

))
as n → ∞ each c ∈ (0, +∞), then

%α,β [A] = %α,β [f ].

Here we consider the case when the series (2) regularly converges in a �nite disk.
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2. Radius of regular convergence

Let R[A] be the radius of regular convergence of the series (2), that is (3) holds for
r < R[A] and does not hold for r > R[A]. The following statement is true.

Proposition 1. Let

α0 := lim
n→∞

1

λn
M−1f

(
1

|an|

)
.

If Γf (cr) � Γf (r) as r → +∞ for each c ∈ (0, +∞) and ln n = o(Γf (λn)) as n → ∞,
then R[A] = α0.

Proof. Suppose that R[A] > 0. For every r < R[A] from (3) we have |an|Mf (rλn) → 0

as n → ∞, i. e. |an|Mf (rλn) ≤ 1 for all n ≥ n0(r), whence
1

λn
M−1f

(
1

|an|

)
≥ r for all

n ≥ n0(r) and, therefore,

α0 := lim
n→∞

1

λn
M−1f

(
1

|an|

)
≥ r.

In view of the arbitrariness of r < R[A] we get R[A] ≤ α0. If R[A] = 0, then this
inequality is trivial.

Now suppose on the contrary that the equality R[A] = α0 not holds. Then R[A] <

α0. We choose R[A] < α1 < α2 < α0. Then
1

λn
M−1f

(
1

|an|

)
> α2 for all n ≥ n0(α2),

i.e., |an| <
1

Mf (α2λn)
for n ≥ n0(α2). Therefore,

|an|Mf (α1λn) <
Mf (α1λn)

Mf (α2λn)
=

= exp

−
α2λn∫
α1λn

d ln Mf (r)

d ln r
d ln r

 =

= exp

−
α2λn∫
α1λn

Γf (r)d ln r

 ≤
≤ exp

{
−Γf (α1λn) ln

α2

α1

}
=

= exp

{
−Γf (α1λn)

Γf (λn)
ln
α2

α1
Γf (λn)

}
.

Since Γf (cr) � Γf (r) as r → +∞ for each c ∈ (0, +∞) and ln n = o(Γf (λn)) as n→∞,
we have

Γf (α1λn)

Γf (λn)
≥ K(α1) = const > 0
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and Γf (λn) >
ln n

ε
for each ε > 0 and all n ≥ n1(ε), and thus,

∞∑
n=n1

|an|Mf (α1λn) ≤
∞∑

n=n1

exp

{
−K(α1)

ε
ln
α2

α1
ln n

}
< +∞.

Hence we get R[A] ≥ α1 what is impossible. Proposition 1 is proved. �

3. Analytic in the unit disk functions of the finite order

For an analytic in D = {z : |z| < 1} function

(4) ϕ(z) =

∞∑
k=0

ϕkz
k

the order is de�ned as

%[ϕ] := lim
r↑1

ln+ ln+ Mϕ(r)

ln (1/(1− r)
.

It is known [6�7] that

(5)
%[ϕ]

%[ϕ] + 1
= γ[ϕ] := lim

k→∞

ln+ ln+ |ϕk|
ln k

.

Using formula (5) we prove the following theorem.

Theorem 1. Let R[A] = 1 and an > 0 for all n. If Γf (cλn) ≥ ω(n) for all n and
some 0 < c < 1, where ω is a positive function on [1, +∞) increasing to +∞ such that
ln ln x = o(ln ω(x)) as x→ +∞ then

(6) %[A] =
γ

1− γ
, γ = lim

k→∞

ln+ ln+ (|fk|µD(k))

ln k
,

where µD(σ) = max{|an| exp{σ ln λn} : n ≥ 1} is the maximal term of entire Dirichlet
series

(7) D(σ) =

∞∑
n=1

|an| exp{σ ln λn}.

Proof. Since an ≥ 0 for all n ≥ 1 and

A(z) =

∞∑
n=1

an

∞∑
k=0

fk(zλn)k =

∞∑
k=0

fk

( ∞∑
n=1

anλ
k
n

)
zk,

in view of Cauchy inequality we have

(8) MA(r) ≥ |fk|

( ∞∑
n=1

anλ
k
n

)
rk ≥ an|fk|(λnr)k

for all n ≥ 1, k ≥ 0 and r ∈ [0, 1). Hence it follows that MA(r) ≥ |fk|µD(k)rk, where
µD(σ) = max{|an| exp{σ ln λn} is the maximal term of entire Dirichlet series

D(σ) =

∞∑
n=1

|an| exp{σ ln λn}.
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Therefore, MA(r) ≥ µG(r) for r ∈ [0, 1), where

µG(r) = max{|fk|µD(k)rk : k ≥ 0}

is the maximal term of the series

(9) G(r) =

∞∑
k=0

|fk|µD(k)rk, 0 < r < 1.

On the other hand, since the series (2) is regularly convergent in D, for every r ∈ [0, 1)
we have

(10) MA(r) ≤
∞∑
n=1

|an|Mf (rλn) ≤ µA
(

1 + r

2

) ∞∑
n=1

Mf (rλn)

Mf

(
r + 1

2
λn

) ,
where µA(r) = max{|an|Mf (rλn) : n ≥ 1}. For r ∈ [c, 1) we have

ln Mf

(
r + 1

2
λn

)
− ln Mf (rλn) =

(r+1)λn/2∫
rλn

Γf (x)d ln x ≥

≥ Γf (rλn) ln
1 + r

2r
=

= Γf (rλn) ln

(
1 +

1− r
2r

)
≥

≥ (1− r)Γf (cλn)

4
.

Since Γf (cλn) ≥ ω(n) for all n and ω is a positive function on [1, +∞) increasing

to +∞ such that ln ln x = o(ln ω(x)) as x → +∞, we get ω(n) ≥ (ln n)1/ε for every
ε ∈ (0, 1) and all n ≥ n∗(ε) and, therefore, Γf (cλn) ≥ (ln n)1/ε−1 ln n.

We put

n0(r) =

[
exp

{(
8

1− r

)ε/(1−ε)}]
+ 1.

Then n0(r) ≥ n∗(ε) for r ∈ [r0(ε), 1) and for n ≥ n0(r) we get

(1− r)Γf (cλn)

4
≥ (1− r)(ln n)1/ε−1 ln n

4
≥

≥ (1− r)(ln n0(r))1/ε−1 ln n

4
=

=
8

1− r
(1− r) ln n

4
=

= 2 ln n.
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Therefore,

∞∑
n=1

Mf (rλn)

Mf

(
r + 1

2
λn

) ≤
n0(r)−1∑

n=1

+

∞∑
n0(r)

 exp

{
− (1− r)Γf (rλn)

4

}
≤

≤
n0(r)−1∑
n=1

1 +

∞∑
n=1

1

n2
≤

≤ n0(r) + 2 ≤

≤ exp

{(
8

1− r

)ε/(1−ε)}
+ 3

Thus, (10) implies

(11) MA(r) ≤ µA
(

1 + r

2

)(
exp

{(
8

1− r

)ε/(1−ε)}
+ 3

)
, (r ∈ [r0(ε), 1)).

Also we have

µA(r) ≤ max

{
|an|

∞∑
k=0

|fk|(rλn)k : n ≥ 1

}
≤

≤
∞∑
k=0

max{|an|λkn : n ≥ 1}|fk|rk =

= G(r) =

=

∞∑
k=0

µD(k)|fk|
(

1 + r

2

)k (
2r

1 + r

)k
≤

≤ µG
(

1 + r

2

)
1 + r

1− r
≤

≤ 2

1− r
µG

(
1 + r

2

)
.

Therefore, in view of (11)

(12) ln µG(r) ≤ ln MA(r) ≤ ln µG

(
3 + r

4

)
+ ln

4

1− r
+

(
8

1− r

)ε/(1−ε)
+ ln 6.

Since (12) implies

ln+ ln+ µG(r) ≤ ln+ ln+ MA(r) ≤

≤ ln+ ln+ µG

(
3 + r

4

)
+ ln+ ln+ 4

1− r
+ +

ε

1− ε
ln+ 8

1− r
+ ln 24,

we get

%[G] ≤ %[A] ≤ %[G] +
ε

1− ε
,
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i.e., in view of the arbitrariness of ε we obtain %[A] = %[G]. By formula (5) we have

%[G] =
γ[G]

1− γ[G]
where

γ[G] = lim
k→∞

ln+ ln+ (|fk|µD(k))

ln k
,

i.e., (6) holds with γ = γ[G]. Theorem 1 is proved. �

Let

%l[f ] = lim
r→+∞

ln ln Mf (r)

ln ln r
> 1

be the logarithmic order of the entire function (1) and

pR[D] = lim
σ→+∞

ln ln D(σ)

ln σ

be the logarithmic R-order of the entire Dirichlet series (7). Then [8]

%l[f ] = lim
k→∞

ln k

ln

(
1

k
ln

1

|fk|

) + 1

and [9] pR[D] = qR[D] + 1, where

qR[D] = lim
n→∞

ln ln λn

ln

(
1

ln λn
ln

1

|an|

) ,
provided lim

n→∞

ln ln n

ln λn
< 1.

If %l[f ] < +∞ and pR[D] < +∞, then we obtain D(σ) ≤ exp{σpR[D]+ε} for every
ε > 0 and all σ ≥ σ0(ε), and

|fk| ≤ exp{−k(%l[f ]+ε)/(%l[f ]+ε−1)}

for every ε ∈ (0, %l[f ]− 1) and all k ≥ k0(ε). Therefore, if

pR[D] + ε ≤ (%l[f ] + ε)/(%l[f ] + ε− 1)

then

|fk|µD(k)) ≤ exp{kpR[D]+ε − k(%l[f ]+ε)/(%l[f ]+ε−1)} ≤ 1

and γ[G] = 0. We remark that if pR[D] < %l[f ]/(%l[f ]− 1) then ε can be chosen so that

pR[D] + ε ≤ (%l[f ] + ε)/(%l[f ] + ε− 1).

Therefore, Theorem 1 implies the following corollary.

Corollary 1. Let the conditions of Theorem 1 hold. If pR[D] < %l[f ]/(%l[f ] − 1) (i.e.
qR[D] < 1/(%l[f ]− 1)) then %[A] = 0.
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4. Generalized orders

For α ∈ L and β ∈ L, the quantity

%α,β [ϕ] = lim
r↑1

α(ln Mϕ(r))

β(1/(1− r))
is called [10] the generalized (α, β)-order of an analytic in D function (4). From the results
proved in [11], it is easy to obtain the following statement.

Lemma 1. Let α ∈ Lsi, β ∈ Lsi and α(ln x) = o(β(x)) as x→ +∞. Then:

1) if
x

β−1(cα(x))
↑ +∞ and α

(
x

β−1(cα(x))

)
= (1+o(1))α(x) as x0(c) ≤ x→ +∞

for every c ∈ (0, +∞), then %α,β [ϕ] = lim
k→∞

α(k)

β
(
k/ ln+ |ϕk

) .
2) if

x

α−1(cβ(x))
↑ +∞ and β

(
x

α−1(cβ(x))

)
= (1+o(1))β(x) as x0(c) ≤ x→ +∞

for every c ∈ (0, +∞), then %α,β [ϕ] = lim
k→∞

α(ln+ |ϕk|)
β(k)

.

Using Lemma 1 we prove the following theorem.

Òåîðåìà 1. Let R[A] = 1 and an > 0 for all n, α ∈ Lsi, β ∈ Lsi, α(ln x) = o(β(x)) as
x→ +∞ and

(13) α(ln n) = o

(
β

(
Γf (cλn)

ln n

))
, n→∞.

If the conditions of the assertion 1) of Lemma 1 hold then

(14) %α,β [A] = lim
k→∞

α(k)

β(k/ ln+(|fk|µD(k)))
,

and if the conditions of the assertion 2) of Lemma 1 hold then

(15) %α,β [A] = lim
k→∞

α(ln+(|fk|µD(k))

β(k)
.

Proof. From (13) it follows that Γf (cλn) ≥ β−1
(
α(ln n)

ε

)
ln n every ε ∈ (0, 1) and all

n ≥ n∗(ε). We put

n0(r) =

[
exp

{
α−1

(
εβ

(
8

1− r

))}]
+ 1.

Then n0(r) ≥ n∗(ε) for r ∈ [r0(ε), 1) and for n ≥ n0(r) we get

(1− r)Γf (cλn)

4
≥ (1− r)

4
β−1

(
α(ln n0(r))

ε

)
ln n =

8

1− r
(1− r) ln n

4
= 2 ln n.

Therefore, as above
∞∑
n=1

Mf (rλn)

Mf

(
r + 1

2
λn

) ≤ n0(r) + 2 ≤ exp

{
α−1

(
εβ

(
8

1− r

))}
+ 3
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and (10) implies

MA(r) ≤ µA
(

1 + r

2

)(
exp

{
α−1

(
εβ

(
8

1− r

))}
+ 3

)
, (r ∈ [r0(ε), 1)),

i.e., in view of (12) we get

ln µG(r) ≤ ln MA(r) ≤ ln µG

(
3 + r

4

)
+ ln

4

1− r
+ α−1

(
εβ

(
8

1− r

))
+ ln 6.

Since α ∈ Lsi, from hence we have

α(ln µG(r)) ≤ α(ln MA(r)) ≤

≤ α
(

4 max

{
ln µG

(
3 + r

4

)
, ln

4

1− r
, α−1

(
εβ

(
8

1− r

))
, ln 6

})
=

= (1 + o(1))α

(
max

{
ln µG

(
3 + r

4

)
, ln

4

1− r
, α−1

(
εβ

(
8

1− r

))
, ln 6

})
=

= (1 + o(1)) max

{
α

(
ln µG

(
3 + r

4

))
, α

(
ln

4

1− r

)
, εβ

(
8

1− r

)
, α(ln 6)

}
≤

≤ (1 + o(1))

(
α

(
ln µG

(
3 + r

4

))
+ α

(
ln

4

1− r

)
+ εβ

(
8

1− r

)
+ α(ln 6)

)
, r ↑ 1.

Therefore, if α ∈ Lsi and α(ln x) = o(β(x)) as x→ +∞, we obtain

lim
r↑1

α(ln µG(r))

β(1/(1− r))
≤ lim

r↑1

α(ln MA(r))

β(1/(1− r))
≤ lim

r↑1

α(ln µG(r))

β(1/(1− r))
+ ε,

whence in view of the arbitrariness of ε we get %α,β [A] = %α,β [G]. Since by Lemma 1

%α,β [G] = lim
k→∞

α(k)

β(k/ ln+(|fk|µD(k)))

provided the conditions of the assertion 1) of Lemma 1 hold and

%α,β [A] = lim
k→∞

α(ln+(|fk|µD(k))

β(k)

provided the conditions of the assertion 2) of Lemma 1 hold, Theorem 2 is proved. �

For entire function (1) the generalized (α, β)-order is de�ned [3] by

%∗α,β [f ] = lim
r→+∞

α(ln Mf (r))

β(ln r)
.

It is known [3] that if α ∈ Lsi, β ∈ L0 and
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ for every

c ∈ (0, +∞) then

%∗α,β [f ] = lim
k→∞

α(k)

β

(
1

k
ln

1

|fk|

) ,
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i.e., |fk| ≤ exp{−kβ−1(α(k)/%1)} for every %1 > %∗α,β [f ] and all k ≥ k0(%). On the other

hand, for entire Dirichlet series (7) the modi�ed generalized (β, α)-order is de�ned [12]
as

%Mβ,α[D] = lim
σ→+∞

1

α(σ)
β

(
ln D(σ)

σ

)
.

If %Mβ,α[D] < +∞ then

ln µD(σ) ≤ ln D(σ) ≤ σβ−1(%2α(σ))

for every %2 > %Mβ,α[D] and all σ ≥ σ0(%2).

Therefore, if %2 ≤ 1/%1 then

|fk|µD(k) ≤ exp{−kβ−1(α(k)/%1) + kβ−1(%2α(k))} ≤ 1

for all su�ciently large k, i. e. ln+(|fk|µD(k)) = 0 for all su�ciently large k. Hence in
view of formulas (14) and (15) it follows that %α,β [A] = 0.

We remark that if %∗α,β [f ]%Mβ,α[D] < 1 then we can choose %1 > %∗α,β [f ] and %2 >

%Mβ,α[D] so that %1%2 ≤ 1. Therefore, Theorem 2 implies the following corollary.

Corollary 2. Let the conditions of Theorem 2 hold and
dβ−1(cα(x))

d ln x
= O(1) as x→ +∞

for every c ∈ (0, +∞). If %∗α,β [f ]%Mβ,α[D] < 1 then %[A] = 0.
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Íåõàé f(z) =

∞∑
k=0

fkz
k � öiëà òðàíñöåíäåíòíà ôóíêöiÿ, (λn) � çðîñòàþ÷à

äî +∞ ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë, à ðÿä A(z) =

∞∑
n=1

anf(λnz) ðåãóëÿðíî

çáiæíèé â D = {z : |z| < 1}, òîáòî
∞∑

n=1

|an|Mf (rλn) < +∞ äëÿ âñiõ r ∈

[0, 1), äå Mf (r) = max{|f(z)| : |z| = r}. Ïðèïóñòèìî, ùî α i β � òàêi
ïîâiëüíî çðîñòàþ÷i ôóíêöi¨, ùî x/β−1(cα(x)) ↑ +∞, α(x/β−1(cα(x))) =
(1 + o(1))α(x) i α(ln x) = o(β(x)) ïðè x0(c) ≤ x → +∞ äëÿ êîæíîãî c ∈
(0, +∞). Äîâåäåíî, íàïðèêëàä, ùî ÿêùî an > 0 äëÿ âñiõ n i α(ln n) =

o(β(Γf (cλn)/ ln n)) ïðè n→∞, äå Γf (r) =
d ln Mf (r)

d ln r
, òî

lim
r↑1

α(ln MA(r))

β(1/(1− r)) = lim
k→∞

α(ln+(|fk|µD(k))

β(k)
,

äå µD(σ) := max
{
|an| exp{σ ln λn} : n > 0

}
.

Êëþ÷îâi ñëîâà: ðÿä çà ñèñòåìîþ ôóíêöié, ðåãóëÿðíî çáiæíèé ðÿä,
óçàãàëüíåíèé ïîðÿäîê.


