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The main result states that the space of idempotent measures Īω(X) with
�nite support on a space X is homeomorphic to the pre-Hilbert space l2f if and
only if X is a σ-compact, strongly countable-dimensional in�nite metric space.
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1. Introduction

The aim of this note is to show connection between idempotent measures and some
subspaces of Hilbert cube. The idempotent measures are analogs of probability measures
in the idempotent mathematics, i.e. a part of mathematics in which operations of addi-
tion and multiplication in R are replaced by idempotent ones (e.g., max or min). The
spaces of idempotent measures (also called Maslov measures) are considered in numerous
publications; see, e.g., the survey paper [6] and references therein.

Most of publications on spaces of idempotent measures concerns the compact case.
In the present note we consider the σ-compact case. Methods of in�nite-dimensional
topology are used for identi�cation of spaces arising in di�erent areas of mathematics.

As an example, we consider the following result [1]. The hyperspace F(X) of all
nonempty �nite subsets of a metric space X, with the Hausdor� metric, is homeomorphic
to the ℵ0-dimensional linear metric space l2f if and only if X is nondegenerate, connected,
locally pathconnected, σ-compact, and strongly countable-dimensional.

The aim of this note is to prove the following result. The space Īω(X) of idempotent
measures with �nite supports is homeomorphic to l2f if and only if X is a σ-compact,
strongly countable-dimensional in�nite metrizable space.
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We use the technique of towers of subsets elaborated in [1] and apply it to spaces of
idempotent measures.

2. Preliminaries

Let X be a metric space. By I we denote the segment [0, 1]. By Ī(X), we denote the
family of all closed subsets A ⊆ X × I satisfying:

(1) X × {0} ⊆ A;
(2) A is saturated, i.e. for every (x, t) ∈ A and every t′ ∈ [0, t], (x, t′) ∈ A;
(3) there is x ∈ X such that (x, 1) ∈ A.
The set Ī(X) is endowed with the Hausdor� metric dH ,

dH(A,B) = inf{r > 0 | A ⊆ Or(B), B ⊆ Or(A)}

(here Or(Y ) denotes the r-neighborhood of a subset Y in a metric space).
It is easy to check that dH is well de�ned. Every A ∈ Ī(X) determines a functional

hA : C(X, I)→ I de�ned by the formula:

hA(ϕ) = max{ϕ(x)t | (x, t) ∈ A, ϕ ∈ C(X, I)}.

This functional satis�es the properties from the de�nition of idempotent measure (see
[2]).

We also de�ne the product ◦ : [0, 1]× Ī(X)→ exp(X × [0, 1]) by the formula:

α ◦A = {(x, αt) | (x, t) ∈ A}.

The union operation is de�ned on Ī(X). Given A ∈ Ī(X), we de�ne the support of
A as follows:

supp(A) = cl({x ∈ X | ∃t > 0 such that (x, t) ∈ A}).
For n ∈ N, we let

Īn(X) = {A ∈ Ī(X) | |supp(A)| ≤ n}

and let Īω(X) =

∞⋃
n=1

Īn(X). Given a map f : X → Y , de�ne a map Ī(f)(A) : Ī(X) →

Ī(Y ) as follows:

Ī(f)(A) = {(f(x), t) | (x, t) ∈ A} ∪ (Y × {0}).
By Īω(f) : Īω(X)→ Īω(Y ) we denote the restriction of Ī(f) to Īω(X).

Proposition 1. The map Īω(f) is continuous.

Proof. Let A ∈ Īω(X), B = Ī(f)(A), and ε > 0. Let supp(A) = {x1, x2, . . . , xn}. There
exists δ > 0 such that for every x′i with d(xi, x

′
i) < δ we have d(f(xi), f(x′i)) < ε. We

additionally assume that δ 6 ε.
Suppose now that C ∈ Īω(X) and dH(A,C) < δ. Let supp(C) = {c1, c2, ..., cm}. We

are going to show that dH(Īω(f)(A), Īω(f)(C)) < ε. Suppose that (cj , t) is an arbitrary
point from Īω(f)(C). We consider two cases:

a) There exists i such that d(ai, ci) < δ. Then d(f(ai), f(ci)) < ε and

d((f(ai), t), (f(ci), t)) < ε.
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b) d(ai, ci) > δ, for every i = 1, . . . , n. Then t = d((yj , t), (yj , 0)) < δ and therefore

d((f(yj), t), (f(yj), 0)) < δ 6 ε.

It follows that Īω(X)(C) lies in the ε-neighbourhood of Īω(f)(A). The symmetric
proof could be done for showing that Īω(X)(A) lies in the ε-neighbourhood of Īω(f)(C).
Therefore, dH(Īω(f)(A), Īω(f)(C)) < ε. �

Lemma 1. If X is σ-compact, then so is Īω(X).

Proof. Suppose that X =

∞⋃
i=1

Xi, where X1 ⊆ X2 ⊆ X3 ⊆ . . . are compact sets. Then,

clearly, Īω(X) =

∞⋃
n=1

Īn(Xn), and we are going to show that every subspace In(Xn) is

compact. To this end, de�ne the map Φ : In ×Xn
n → Īn(Xn) as follows:

Φ(t1, . . . , tn, x1, . . . , xn) = (X × {0}) ∪
n⋃

i=1

({xi} × [0, ti]) .

It is easy to see that Φ is continuous and onto. Then the compactness of Īn(Xn) is a
consequence of the compactness of In ×Xn

n . �

Recall that a space X is strongly countable-dimensional if X =

∞⋃
i=1

Xn, where

Xn, n ∈ N, are closed �nite-dimensional subspaces.

Proposition 2. If X is σ-compact, strongly countable-dimensional space, then so is

Īω(X).

Proof. We represent X as X =

∞⋃
n=1

Xn, where X1 ⊆ X2 ⊆ . . . and Xn, n ∈ N, are

�nite-dimensional compact spaces. Then Īω(X) =

∞⋃
n=1

Īn(Xn).

That the spaces Īn(Xn) are �nite-dimensional can be immediately deduced from
the general results of the theory of functors of �nite degree [5]. Actually, Īn is such a
functor. �

3. Results

3.1. Spaces of idempotent measures with �nite support. Let α : Y → (0,∞) be
a function, where (Y, ρ) is a metric space. We say that maps f, g : X → Y , are α-close,
if ρ(f(x), g(x)) < α(f(x)), for all x ∈ X.

A closed set A ⊂ X is called a Z-set (respectively a strong Z-set ) if, for every
function α : X → (0,∞), there exists a map f : X → X which is α-close to 1X and
f(X) ∩A = ∅ (respectively cl(f(X)) ∩A = ∅).

Proposition 3. For every n ∈ N, the set Īn(Xn) is a strong Z-set in Īω(X).
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Proof. Let α : X → (0,∞) be a function. Since X is in�nite, there are pairwise distinct
points x1, x2, . . . , xn+1 ∈ X. De�ne f : Īω(X)→ Īω(X) by the formula:

f(A) = A ∪ ({x1, . . . , xn+1})× [0, α(A)/2], where A ∈ Īω(X).

We are going to prove that cl(f(Īω)) ∩ Īn(Xn) = ∅. Suppose the contrary. Then
there is A0 ∈ Īn(Xn) and a sequence (Ai)

∞
i=1 in Īω(X) such that limi→∞ f(Ai) = A0.

Let c = inf{α(A) | A ∈ Īn(Xn)}. There exists a neighborhood U of Īn(Xn) such
that inf{α(A) | A ∈ U} > 2c/3. There exists r > 0 such that

dH(supp(A), {x1, . . . , xn+1}) > r, for all A ∈ Īn(Xn).

Then, clearly, dH(f(A), C) > min{r, α(f(A))/3}, for all A ∈ U and C ∈ Īn(Xn).
This contradicts to the fact that Ai → A0, when i→∞. �

Proposition 4. Every compact subset A of Īω(X) is a strong Z-set in Īω(X).

Proof. We will need the following result of Curtis [3]: if A is a topologically complete
closed subset of an ANR-space M , and A is a countable union of strong Z-sets, then A

is a strong Z-set. In our case, A is compact and A =

∞⋃
n=1

(A ∩ Īi(Xi)). �

The following notion is introduced in [3].

De�nition 1. A tower of subsets Y1 ⊂ Y2 ⊂ . . . in a metric space Y is called a strongly

universal tower for �nite-dimensional (f.-d.) compacta if, for every map f : A → Y
of a �nite-dimensional compactum into Y , for every closed subset B of A such that
f |B : B → Ym is an embedding into some Ym and for every ε > 0, there exists an
embedding h : A→ Yn, for some n > m, such that h|B = f |B and d(h, f) < ε.

We will need the following result from [4]. It needs a modi�cation, namely Z-sets
should be replaced by strong Z-sets.

Proposition 5. Let Y be a strongly countable dimensional compact metric AR in which

every compact subset is a strong Z-set and suppose that Y contains a strongly universal

tower for f.-d.-compacta. Then Y ∼= l2f .

Proposition 6. Let X be a σ-compact in�nite space. Then there exists a strongly uni-

versal tower for f.-d.-compacta in Ī(X).

Proof. Let X =

∞⋃
i=1

Xi, where X1 ⊂ X2 ⊂ X3 ⊂ . . . are compact and �nite-dimensional

sets. We are going to show that {Īn(Xn)}∞n=1 is a strongly universal tower for f.-d.-
compacta.

Let (A,B) be a compact f.-d. pair and let f : A → Īω(X) be a map such that
f |B : B → Ym is an embedding into some Ym.

Let ε > 0. Since dim(A\B) = k, for some k ∈ N, there is a countable cover U = {Ui}
of A \B of multiplicity not greater than k+ 1 such that diameters of elements of U tend
to 0 as they approach to B.
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We consider a partition of unity {φi} subordinated to {Ui}. Also de�ne ψi : A\B →
[0, 1] as follows:

ψi(x) =
φi(x)

max{φi(x) | Ui ∈ U}
Then, clearly, max{ψi(x) | Ui ∈ U} = 1. For every i ∈ N , pick up ai ∈ Ui. De�ne

g : A→ Īω(X) as follows:

g(a) =

{
f(a), if a ∈ B,⋃
{ψi(a) ◦ f(ai) | i ∈ N}, if a /∈ B.

Note that there is p ∈ N such that g(A) ⊂ Īp(Xp). Also, if the diameters of Ui are
small enough, then d(f, g) < ε/2. We apply the standard calculations that con�rm this.

Our next step is to modify g in order to obtain an embedding h : A→ Īm(Xm), for
some m ∈ N, m > p.

Let λ : A→ [0, ε3 ] be a function such that λ−1(0) = B. Let

Γq−1 = {(x1, . . . , xq) ∈ [0, 1]q | max{x1, . . . , xq} = 1}.

Since Γq−1 is homeomorphic to [0, 1]q−1, there is an embedding α : A → Γq−1 ⊂ [0, 1]q,
for some q. We write α(a) = (α1(a)), . . . , αq(a)), a ∈ A. Choose a set

{xij | 1 6 i 6 q, 1 6 j 6 2n+ 1}

of cardinality q(2n + 1) in X. Then there exists N > q(2n + 1) such that xij ∈ XN for
all i, j.

De�ne h : A→ ĪN (XN ) by the formula:

h(a) = g(a) ∪
q⋃

i=1

2n+1⋃
j=1

{xij} × [0, λ(a)αi(a)].

We are going to show that h is an embedding that extends f |B . If a ∈ B, then
λ(a) = 0 and h(a) = g(a) = f(b). In order to show that h is an embedding, we have to
consider the following cases.

1) a ∈ A \ B, b ∈ B. Then, by the de�nition of h, there exists i ∈ {1, . . . , q} such
that αi 6= 0. Therefore, {xi,j | j = 1, . . . , 2n+ 1} ⊂ supp(h(a)). We conclude that

h(a) /∈ h(B) = f(B) ⊂ Īm(Xm).

2) a, b ∈ A \B, a 6= b. By the de�nition of h, there exists j such that

(supp(g(a)) ∪ supp(g(b)) ∩ {xi,j | i = 1, . . . , q}) = ∅.

Assume that h(a) = h(b). Then

λ(a) = sup{λ(a)αi(a) | i = 1, . . . , q} = sup{λ(b)αi(b) | i = 1, . . . , q} = λ(b).

Since λ(a) > 0, we conclude that αi(a) = αi(b), for all i = 1, . . . , q. Since α is in
embedding, we see that a = b, a contradiction. �

Theorem 1. The space Īω(X) of idempotent measures with �nite supports is homeomor-

phic to l2f if and only if X is σ-compact, strongly countable-dimensional in�nite metrizable

space.
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Proof. That the space Īω(X) is AR is proved in [9]. Next, applying Proposition 3.5 we see
that there exists a strongly universal tower in Īω(X). By Proposition 3.2, every compact
subsets A of Īω(X) is a strong Z-set in Īω(X), applying Proposition 2.3 Īω(X) is strongly
countable-dimensional. Thus, by Proposition 3.4, Īω(X) ∼= l2f .

Conversely, if Īω(X) ∼= l2f , then one can use the closed embedding x 7→ δx : X →
Īω(X) to deduce that X is a strongly countable-dimensional σ-compact space. �

3.2. Pairs of spaces of idempotent measures. By Q we denote the Hilbert cube
[0, 1]ω. Let Bf (Q) denote the pseudoboundary of Q,

Bf (Q) = {(xi)∞i=1 ∈ Q | all but �nitely many xi are equal to 0}.
A characterization of the pair (Q,Bf (Q)) can be given in terms of �nite-dimensional

cap-sets (compact absorption property) [8]. A subset M of X is called an f.-d. cap set if,

(1) M =

∞⋃
i=1

Mi, where Mi are �nite-dimensional compact Z-sets in X such that

Mi ⊂Mi+1, where i ∈ N;
(2) for every ε > 0, every natural m ∈ N, and every �nite-dimensional compact

subset K ⊂ X, there is n ∈ N and an embedding h : K → Mn such that
h|K ∩Mm = id and d(h, id) < ε.

Note that Bf (Q) is homeomorphic to l2f .

Proposition 7. Let X be a compact metric space Y ⊂ X its σ-f.-d.sional σ-compact in�-

nite dense subset. Then the pair (Ī(X), Īω(Y )) is homeomorphic to the pair (Q,Bf (Q)).

Proof. It is known that, under this conditions, Ī(X) is homeomorphic to the Hilbert
cube (see [7]). That Iω(Y ) is a f.-d.-cap set of Ī(X) is actually a part of the proof of
Proposition 6. From result of Anderson [8], the pair (Ī(X), Īω(Y )) is homeomorphic to
(Q,Bf (Q)). �

4. Remark

Let Σ =
{

(xi)
∞
i=1 ∈ l2 |

∑∞
i=1(ixi)

2 <∞
}
. It is well-known that Σ is homeomorphic

to the space

B(Q) = {(xi)∞i=1 ∈ Q | such that xi = 0, for all but �nitely many i}.
The set B(Q) is called the pseudoboundary of the Hilbert cube Q.

Question 1. Characterize the subspaces of Ī(X) homeomorphic to Σ.
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Îñíîâíèé ðåçóëüòàò: ïðîñòið iäåìïîòåíòíèõ ìið Īω(X) çi ñêií÷åííèìè
íîñiÿìè íà ïðîñòîði X ãîìåîìîðôíèé ïåðåäãiëüáåðòîâîìó ïðîñòîðîâi l2f
òîäi i òiëüêè òîäi, êîëè X ¹ σ-êîìïàêòíèì, σ-ñêií÷åííîâèìiðíèì íåñêií-
÷åííèì ìåòðè÷íèì ïðîñòîðîì.

Êëþ÷îâi ñëîâà: iäåìïîòåíòíà ìiðà, ïðîñòið ñêií÷åííèõ ïîñëiäîâíîñòåé,
ñèëüíà óíiâåðñàëüíiñòü.


