
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2022. Âèïóñê 94. Ñ. 32�55

Visnyk of the Lviv Univ. Series Mech. Math. 2022. Issue 94. P. 32�55

http://publications.lnu.edu.ua/bulletins/index.php/mmf

doi: http://dx.doi.org/10.30970/vmm.2022.94.032-055

ÓÄÊ 512.53

ON THE SEMIGROUP OF INJECTIVE MONOID
ENDOMORPHISMS OF THE MONOID BF

ω WITH A
TWO-ELEMENT FAMILY F OF INDUCTIVE NONEMPTY

SUBSETS OF ω

Oleg GUTIK, Inna POZDNIAKOVA

Ivan Franko National University of Lviv,

Universytetska Str., 1, 79000, Lviv, UKRAINE

e-mails: oleg.gutik@lnu.edu.ua, pozdnyakova.inna@gmail.com

We study injective endomorphisms of the semigroup BF
ω with the two-

elements family F of inductive nonempty subsets of ω. We describe the
elements of the semigroup End1

∗(B
F
ω ) of all injective monoid endomorphisms

of the monoid BF
ω , and show that Green's relations R, L , H , D , and J on

End1
∗(B

F
ω ) coincide with the relation of equality.

Key words: bicyclic monoid, inverse semigroup, bicyclic extension, injective
endomorphism, Green's relations.

1. Introduction, motivation and main definitions

We shall follow the terminology of [1, 2, 12]. By ω we denote the set of all non-
negative integers, by N the set of all positive integers, and by Z the set of all integers.

Let P(ω) be the family of all subsets of ω. For any F ∈ P(ω) and n ∈ Z we put
nF = {nk : k ∈ F} if F 6= ∅ and n∅ = ∅. A subfamily F ⊆ P(ω) is called ω-closed if
F1 ∩ (−n+ F2) ∈ F for all n ∈ ω and F1, F2 ∈ F . For any a ∈ ω we denote

[a) = {x ∈ ω : x > a}.
A subset A of ω is said to be inductive, if i ∈ A implies i+ 1 ∈ A. In particular the

empty set ∅ is an inductive subset of ω.

Remark 1 ([5]). (1) By Lemma 6 from [4], a nonempty subset F ⊆ ω is inductive in
ω if and only (−1 + F ) ∩ F = F .

(2) Since the set ω with the usual order is well-ordered, for any nonempty inductive
subset F in ω there exists nonnegative integer nF ∈ ω such that [nF ) = F .

2020 Mathematics Subject Classi�cation: 20M10, 20M12, 20M15, 20M18. 20M20.

c© Gutik, O.; Pozdniakova, I., 2022



ON THE SEMIGROUP OF INJECTIVE MONOID ENDOMORPHISMS OF BF
ω

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2022. Âèïóñê 94 33

(3) Statement (2) implies that the intersection of an arbitrary �nite family of
nonempty inductive subsets in ω is a nonempty inductive subset of ω.

A semigroup S is called inverse if for any element x ∈ S there exists a unique
x−1 ∈ S such that xx−1x = x and x−1xx−1 = x−1. The element x−1 is called the inverse
of x ∈ S. If S is an inverse semigroup, then the function inv : S → S which assigns to
every element x of S its inverse element x−1 is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then E(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order 4 on E(S):

e 4 f if and only if ef = fe = e.

This order is called the natural partial order on E(S). A semilattice is a commutative
semigroup of idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order 4 on S:

s 4 t if and only if there exists e ∈ E(S) such that s = te.

This order is called the natural partial order on S [16].

The bicyclic monoid C (p, q) is the semigroup with the identity 1 generated by two
elements p and q subjected only to the condition pq = 1. The semigroup operation on
C (p, q) is determined as follows:

qkpl · qmpn = qk+m−min{l,m}pl+n−min{l,m}.

It is well known that the bicyclic monoid C (p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on C (p, q) is a
group congruence [1].

On the set Bω = ω × ω we de�ne the semigroup operation �·� in the following way

(1) (i1, j1) · (i2, j2) =
{

(i1 − j1 + i2, j2), if j1 6 i2;
(i1, j1 − i2 + j2), if j1 > i2.

It is well known that the bicyclic monoid C (p, q) is isomorphic to the semigroup Bω and
the mapping

h : C (p, q)→ Bω, qkpl 7→ (k, l)

is an isomorphism (see: [1, Section 1.12] or [14, Exercise IV.1.11(ii)]).

Next, we shall describe the construction which is introduced in [4].
Let Bω be the bicyclic monoid and F be an ω-closed subfamily of P(ω). On the

set Bω ×F we de�ne the semigroup operation �·� in the following way

(2) (i1, j1, F1) · (i2, j2, F2) =

{
(i1 − j1 + i2, j2, (j1 − i2 + F1) ∩ F2), if j1 6 i2;
(i1, j1 − i2 + j2, F1 ∩ (i2 − j1 + F2)), if j1 > i2.

In [4] is proved that if the family F ⊆P(ω) is ω-closed then (Bω×F , ·) is a semigroup.
Moreover, if an ω-closed family F ⊆ P(ω) contains the empty set ∅, then the set
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I = {(i, j,∅) : i, j ∈ ω} is an ideal of the semigroup (Bω×F , ·). For any ω-closed family
F ⊆P(ω) the following semigroup

BF
ω =

{
(Bω ×F , ·)/I, if ∅ ∈ F ;
(Bω ×F , ·), if ∅ /∈ F

is de�ned in [4]. The semigroup BF
ω generalizes the bicyclic monoid and the countable

semigroup of matrix units. It is proven in [4] thatBF
ω is a combinatorial inverse semigroup

and Green's relations, the natural partial order on BF
ω and its set of idempotents are

described. Here, the criteria when the semigroup BF
ω is simple, 0-simple, bisimple, 0-

bisimple, or it has the identity, are given. In particularly in [4] it is proved that the

semigroup BF
ω is isomorphic to the semigrpoup of ω×ω-matrix units if and only if F

consists of a singleton set and the empty set, andBF
ω is isomorphic to the bicyclic monoid

if and only if F consists of a non-empty inductive subset of ω.

Group congruences on the semigroup BF
ω and its homomorphic retracts in the case

when an ω-closed family F consists of inductive non-empty subsets of ω are studied
in [5]. It is proven that a congruence C on BF

ω is a group congruence if and only if its

restriction on a subsemigroup ofBF
ω , which is isomorphic to the bicyclic semigroup, is not

the identity relation. Also in [5], all non-trivial homomorphic retracts and isomorphisms

of the semigroup BF
ω are described. In [6] it is proved that an injective endomorphism ε

of the semigroup BF
ω is the indentity transformation if and only if ε has three distinct

�xed points, which is equivalent to existence non-idempotent element (i, j, [p)) ∈ BF
ω

such that (i, j, [p))ε = (i, j, [p)).

The semigroup BF
Z and its group of automorphisms in the case when an ω-closed

family F consists of inductive non-empty subsets of the set of integers Z are studied in
[9, 10].

In [3, 13] the algebraic structure of the semigroup BF
ω is established in the case

when ω-closed family F consists of atomic subsets of ω. Also, in [7, 8, 15] the semigroup

BFn
ω and its semigroup of endomorphisms are described in the case when the ω-closed

family Fn is generated by an n-elements interval of ω.

It is well-known that every automorphism of the bicyclic monoid Bω is the identity
self-map of Bω [1], and hence the group Aut(Bω) of automorphisms of Bω is trivial.
In [11] it is proved that the semigroups End(Bω) of the endomorphisms of the bicyclic
semigroup Bω is isomorphic to the semidirect products (ω,+)oϕ (ω, ∗), where + and ∗
are the usual addition and the usual multiplication on ω.

Later we assume that an ω-closed family F consists of nonempty inductive
nonempty subsets of ω.

In this paper we study injective endomorphisms of the semigroup BF
ω for the family

F = {[0), [1)}. We describe the elements of the monoid End1
∗(B

F
ω ) of all injective

monoid endomorphisms of the monoid BF
ω , and show that Green's relations R, L , H ,

D , and J on End1
∗(B

F
ω ) coincide with the relation of equality.
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2. On injective endomorphisms of the monoid BF
ω

Remark 2. By Proposition 1 of [5] for any ω-closed family F of inductive subsets in P(ω)
there exists an ω-closed family F ∗ of inductive subsets in P(ω) such that [0) ∈ F ∗ and

the semigroups BF
ω and BF∗

ω are isomorphic. Hence without loss of generality we may
assume that the family F contains the set [0).

If F is an arbitrary ω-closed family F of inductive subsets in P(ω) and [s) ∈ F
for some s ∈ ω then

B{[s)}ω = {(i, j, [s)) : i, j ∈ ω}

is a subsemigroup ofBF
ω [5] and by Proposition 3 of [4] the semigroupB{[s)}ω is isomorphic

to the bicyclic semigroup.

Lemma 1. Let F be an arbitrary ω-closed family F of inductive subsets in P(ω) and

α be an endomorphism of the monoid BF
ω . Then there exists a positive integer k such

that

(i, j, [0))α = (ki, kj, [0))

for all i, j ∈ ω.

Proof. By Proposition 3 of [4] the submonoidB{[0)}ω is isomorphic to the bicyclic monoid.
Since (0, 0, [0))α = (0, 0, [0)), Proposition 4 of [5] implies that

(B{[0)}ω )α ⊆ B{[0)}ω .

Then Lemma 1 of [11] there exists a positive integer k such that

(i, j, [0))α = (ki, kj, [0))

for all i, j ∈ ω. �

Example 1. Let F = {[0), [1)}. Fix an arbitrary positive integer k and any p ∈
{0, . . . , k− 1}. For all i, j ∈ ω we de�ne the transformation αk,p of the semigroup BF

ω in
the following way

(i, j, [0))αk,p = (ki, kj, [0)),

(i, j, [1))αk,p = (p+ ki, p+ kj, [1)).

It is obvious that αk,p is an injective transformation of the monoid BF
ω .

Lemma 2. Let F = {[0), [1)}. Then for an arbitrary positive integer k and any p ∈
{0, . . . , k − 1} the map αk,p is an injective endomorphism of the monoid BF

ω .

Proof. By Proposition 3 of [4] the subsemigroups B{[0)}ω and B{[1)}ω are isomorphic to the
bicyclic semigroup. By Lemma 1 of [11] the restrictions of αk,p onto the subsemigroups

B{[0)}ω and B{[1)}ω are endomorphisms of B{[0)}ω and B{[1)}ω , respectively. This implies
that for all i, j, s, t ∈ ω the following equalities hold

((i, j, [0)) · (s, t, [0)))αk,p = (i, j, [0))αk,p · (s, t, [0))αk,p,
((i, j, [1)) · (s, t, [1)))αk,p = (i, j, [1))αk,p · (s, t, [1))αk,p.
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For any i, j, p, q ∈ ω we have that

((i, j, [0)) · (s, t, [1)))αk,p =

 (i+ s− j, t, (j − s+ [0)) ∩ [1))αk,p, if j < s;
(i, t, [0) ∩ [1))αk,p, if j = s;
(i, j + t− s, [0) ∩ (s− j + [1)))αk,p, if j > s

=

=

 (i+ s− j, t, [1))αk,p, if j < s;
(i, t, [1))αk,p, if j = s;
(i, j + t− s, [0))αk,p, if j > s

=

=

 (p+ k(i+ s− j), p+ kt, [1)), if j < s;
(p+ ki, p+ kt, [1)), if j = s;
(ki, k(j + t− s), [0)), if j > s,

(i, j, [0))αk,p · (s, t, [1))αk,p = (ki, kj, [0)) · (p+ ks, p+ kt, [1)) =

=

 (ki+ p+ ks− kj, p+ kt, (kj − p− ks+ [0)) ∩ [1)), if kj < p+ ks;
(ki, p+ kt, [0) ∩ [1)), if kj = p+ ks;
(ki, kj + p+ kt− p− ks, [0) ∩ (p+ ks− kj + [1))), if kj > p+ ks

=

=

 (p+ k(i+ s− j), p+ kt, [1)), if kj < p+ ks;
(ki, p+ kt, [1)), if kj = p+ ks;
(ki, k(j + t− s), [0)), if kj > p+ ks

=

=


(p+ k(i+ s− j), p+ kt, [1)), if kj < ks;
(p+ ki, p+ kt, [1)), if kj = ks;
(ki, kt, [1)), if kj = p+ ks and p = 0;
vagueness, if kj = p+ ks and p 6= 0;
(ki, k(j + t− s), [0)), if kj > ks

=

=

 (p+ k(i+ s− j), p+ kt, [1)), if j < s;
(p+ ki, p+ kt, [1)), if j = s;
(ki, k(j + t− s), [0)), if j > s,

and

((i, j, [1)) · (s, t, [0)))αk,p =

 (i+ s− j, t, (j − s+ [1)) ∩ [0))αk,p, if j < s;
(i, t, [1) ∩ [0))αk,p, if j = s;
(i, j + t− s, [1) ∩ (s− j + [0)))αk,p, if j > s

=

=

 (i+ s− j, t, [0))αk,p, if j < s;
(i, t, [1))αk,p, if j = s;
(i, j + t− s, [1))αk,p, if j > s

=

=

 (k(i+ s− j), kt, [0)), if j < s;
(p+ ki, p+ kt, [1)), if j = s;
(p+ ki, p+ k(j + t− s), [1)), if j > s,
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(i, j, [1))αk,p · (s, t, [0))αk,p = (p+ ki, p+ kj, [1)) · (ks, kt, [0)) =

=

 (p+ ki+ ks− p− kj, kt, (p+ kj − ks+ [1)) ∩ [0)), if p+ kj < ks;
(p+ ki, kt, [1) ∩ [0)), if p+ kj = ks;
(p+ ki, p+ kj + kt− ks, [1) ∩ (ks− p− kj + [0))), if p+ kj > ks

=

=

 (k(i+ s− j), kt, [0)), if p+ kj < ks;
(p+ ki, kt, [1)), if p+ kj = ks;
(p+ ki, p+ k(j + t− s), [1)), if p+ kj > ks

=

=


(k(i+ s− j), kt, [0)), if kj < ks;
(ki, kt, [1)), if p+ kj = ks and p = 0;
vagueness, if p+ kj = ks and p 6= 0;
(p+ ki, p+ kt, [1)), if kj = ks;
(p+ ki, p+ k(j + t− s), [1)), if kj > ks

=

=

 (k(i+ s− j), kt, [0)), if j < s;
(p+ ki, p+ kt, [1)), if j = s;
(p+ ki, p+ k(j + t− s), [1)), if j > s,

because p ∈ {0, . . . , k − 1}. Thus, αk,p is an endomorphism of the monoid BF
ω . �

Proposition 1. Let F = {[0), [1)} and α be an injective endomorphism of the monoid

BF
ω such that

(i, j, [0))α = (ki, kj, [0))

for all i, j ∈ ω and for some positive integer k. If (0, 0, [1))α ∈ BF
{[1)} then there exists

p ∈ {0, . . . , k − 1} such that

(i, j, [1))α = (p+ ki, p+ kj, [1))

for all i, j ∈ ω, i.e., α = αk,p.

Proof. Suppose that (0, 0, [1))α = (p, p, [1)) for some p ∈ ω. Since
(1, 1, [0))α = (k, k, [0)), (1, 1, [0)) 4 (0, 0, [1))

and by Proposition 1.4.21(6) of [12] the endomorphism α preserves the natural partial
order, we have that (k, k, [0)) 4 (p, p, [1)). Hence the de�nition of the natural partial

order on BF
ω (see [5, Proposition 3]) implies that p 6 k − 1.

Suppose that

(1, 1, [1))α = (p+ s, p+ s, [1))

for some positive integer s. Since by Proposition 3 of [4] the subsemigroup B{[1)}ω is

isomorphic to the bicyclic semigroup, the injectivity of α implies that the image (B{[1)}ω )α
is isomorphic to the bicyclic semigroup. Put (0, 1, [1))α = (x, y, [1)). By Proposition 1.4.21
from [12] and Lemma 4 of [4] we get that

(1, 0, [1))α = ((0, 1, [1))−1)α =

= ((0, 1, [1))α)−1 =

= (x, y, [1))−1 =

= (y, x, [1)).
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This implies that

(p, p, [1)) = (0, 0, [1))α = ((0, 1, [1)) · (1, 0, [1)))α =

= (0, 1, [1))α · (1, 0, [1))α =

= (x, y, [1)) · (y, x, [1)) =
= (x, x, [1))

and

(p+ s, p+ s, [1)) = (1, 1, [1))α =

= ((1, 0, [1)) · (0, 1, [1)))α =

= (1, 0, [1))α · (0, 1, [1))α =

= (y, x, [1)) · (x, y, [1)) =
= (y, y, [1)),

and hence by the de�nition of the semigroup BF
ω we get that

(0, 1, [1))α = (p, p+ s, [1)) and (1, 0, [1))α = (p+ s, p, [1)).

Then for any i, j ∈ ω we have that

(i, j, [1))α = ((i, 0, [1)) · (0, j, [1)))α =

= ((1, 0, [1))i · (0, 1, [1))j)α =

= ((1, 0, [1))α)i · ((0, 1, [1))α)j =
= (p+ s, p, [1))i · (p, p+ s, [1))j =

= (p+ si, p, [1)) · (p, p+ sj, [1)) =

= (p+ si, p+ sj, [1)).

The de�nition of the natural partial order on BF
ω (see [5, Proposition 2]) implies

that for any positive integer t we have that

(t+ 1, t+ 1, [1)) 4 (t+ 1, t+ 1, [0)) 4 (t, t, [1)).

Since by Proposition 1.4.21 of [12] the endomorphism α preserves the natural partial
order, we conclude that

(t+ 1, t+ 1, [1))α 4 (t+ 1, t+ 1, [0))α 4 (t, t, [1))α.

This and the de�nition of α imply that

(p+ s(t+ 1), p+ s(t+ 1), [1)) 4 (k(t+ 1), k(t+ 1), [0)) 4 (p+ st, p+ st, [1)).

Then by the de�nition of the natural partial order on BF
ω (see [5, Proposition 3]) we

obtain that

(3) p+ s(t+ 1) > k(t+ 1) and k(t+ 1)− 1 > p+ st

for any positive integer t.
We claim that s = k. Indeed, if s < k then the �rst inequality of (3) implies that

p+ (s− k)(t+ 1) > 0 for all positive integers t.
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But the last inequality is incorrect because s− k < 0. Similarly, if s > k then the second
inequality of (3) implies that

(k − s)t+ k − 1− p > 0 for all positive integers t.

But the last inequality is incorrect because k − s < 0. Then α = αk,p. By Lemma 2, the

map αk,p is an endomorphism of the monoid BF
ω . �

Example 2. Let F = {[0), [1)}. Fix an arbitrary positive integer k > 2 and any p ∈
{1, . . . , k− 1}. For all i, j ∈ ω we de�ne the transformation βk,p of the semigroup BF

ω in
the following way

(i, j, [0))βk,p = (ki, kj, [0)),

(i, j, [1))βk,p = (p+ ki, p+ kj, [0)).

It is obvious that βk,p is an injective transformation of the monoid BF
ω .

Lemma 3. Let F = {[0), [1)}. Then for an arbitrary positive integer k > 2 and any

p ∈ {1, . . . , k − 1} the map βk,p is an injective endomorphism of the monoid BF
ω .

Proof. By Proposition 3 of [4] the subsemigroups B{[0)}ω and B{[1)}ω are isomorphic to
the bicyclic semigroup. By Lemma 1 of [11], the restriction of βk,p onto the subsemigroup

B{[0)}ω is an endomorphisms of B{[0)}ω , and the restriction of βk,p onto the subsemigroup

B{[1)}ω is a homomorphisms of B{[1)}ω into B{[0)}ω . This implies that for all i, j, s, t ∈ ω
the following equalities hold

((i, j, [0)) · (s, t, [0)))βk,p = (i, j, [0))βk,p · (s, t, [0))βk,p,
((i, j, [1)) · (s, t, [1)))βk,p = (i, j, [1))βk,p · (s, t, [1))βk,p.

For any i, j, p, q ∈ ω we have that

((i, j, [0)) · (s, t, [1)))βk,p =

 (i+ s− j, t, (j − s+ [0)) ∩ [1))βk,p, if j < s;
(i, t, [0) ∩ [1))βk,p, if j = s;
(i, j + t− s, [0) ∩ (s− j + [1)))βk,p, if j > s

=

=

 (i+ s− j, t, [1))βk,p, if j < s;
(i, t, [1))βk,p, if j = s;
(i, j + t− s, [0))βk,p, if j > s

=

=

 (p+ k(i+ s− j), p+ kt, [0)), if j < s;
(p+ ki, p+ kt, [0)), if j = s;
(ki, k(j + t− s), [0)), if j > s,

(i, j, [0))βk,p · (s, t, [1))βk,p = (ki, kj, [0)) · (p+ ks, p+ kt, [0)) =

=

 (ki+ p+ ks− kj, p+ kt, (kj − p− ks+ [0)) ∩ [0)), if kj < p+ ks;
(ki, p+ kt, [0) ∩ [0)), if kj = p+ ks;
(ki, kj + p+ kt− p− ks, [0) ∩ (p+ ks− kj + [0))), if kj > p+ ks

=
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=

 (p+ k(i+ s− j), p+ kt, [0)), if kj < p+ ks;
(ki, p+ kt, [0)), if kj = p+ ks;
(ki, k(j + t− s), [0)), if kj > p+ ks

=

=


(p+ k(i+ s− j), p+ kt, [0)), if kj < ks;
(p+ ki, p+ kt, [0)), if kj = ks;
(ki, kt, [0)), if kj = p+ ks and p = 0;
vagueness, if kj = p+ ks and p 6= 0;
(ki, k(j + t− s), [0))), if kj > ks

=

=

 (p+ k(i+ s− j), p+ kt, [0)), if j < s;
(p+ ki, p+ kt, [0)), if j = s;
(ki, k(j + t− s), [0)), if j > s,

and

((i, j, [1)) · (s, t, [0)))βk,p =

 (i+ s− j, t, (j − s+ [1) ∩ [0))βk,p, if j < s;
(i, t, [1) ∩ [0))βk,p, if j = s;
(i, j + t− s, [1) ∩ (s− j + [0)))βk,p, if j > s

=

=

 (i+ s− j, t, [0))βk,p, if j < s;
(i, t, [1))βk,p, if j = s;
(i, j + t− s, [1))βk,p, if j > s

=

=

 (k(i+ s− j), kt, [0)), if j < s;
(p+ ki, p+ kt, [0)), if j = s;
(p+ ki, p+ k(j + t− s), [0)), if j > s,

(i, j, [1))βk,p · (s, t, [0))βk,p = (p+ ki, p+ kj, [0)) · (ks, kt, [0)) =

=

 (p+ ki+ ks− p− kj, kt, (p+ kj − ks+ [0)) ∩ [0)), if p+ kj < ks;
(p+ ki, kt, [0) ∩ [0)), if p+ kj = ks;
(p+ ki, p+ kj + kt− ks, [0) ∩ (ks− p− kj + [0))), if p+ kj > ks

=

=

 (k(i+ s− j), kt, [0)), if p+ kj < ks;
(p+ ki, kt, [0)), if p+ kj = ks;
(p+ ki, p+ k(j + t− s), [0)), if p+ kj > ks

=

=


(k(i+ s− j), kt, [0)), if kj < ks;
(ki, kt, [0)), if p+ kj = ks and p = 0;
vagueness, if p+ kj = ks and p 6= 0;
(p+ ki, p+ kt, [0)), if kj = ks;
(p+ ki, p+ k(j + t− s), [0)), if kj > ks

=

=

 (k(i+ s− j), kt, [0)), if j < s;
(p+ ki, p+ kt, [0)), if j = s;
(p+ ki, p+ k(j + t− s), [0)), if j > s,

because p ∈ {1, . . . , k − 1}. Thus, βk,p is an endomorphism of the monoid BF
ω . �

Proposition 2. Let F = {[0), [1)} and β be an injective endomorphism of the monoid

BF
ω such that

(i, j, [0))β = (ki, kj, [0))
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for all i, j ∈ ω and for some positive integer k > 2. If (0, 0, [1))β ∈ B{[0)}ω then there

exists p ∈ {1, . . . , k − 1} such that

(i, j, [1))β = (p+ ki, p+ kj, [0))

for all i, j ∈ ω, i.e., β = βk,p.

Proof. Suppose that (0, 0, [1))β = (p, p, [0)) for some p ∈ ω. By assumption

(0, 0, [0))β = (0, 0, [0))

and hence p 6= 1. Since

(1, 1, [0))β = (k, k, [0)), (1, 1, [0)) 4 (0, 0, [1))

and by Proposition 1.4.21(6) of [12] the endomorphism β preserves the natural partial
order, we conclude that (k, k, [0)) 4 (p, p, [0)). Hence the de�nition of the natural partial

order on the monoid BF
ω (see [5, Proposition 3]) implies that p 6 k − 1.

Suppose that

(1, 1, [1))β = (p+ s, p+ s, [0))

for some positive integer s. Since by Proposition 3 of [4] the subsemigroup B{[1)}ω is

isomorphic to the bicyclic semigroup, the injectivity of β implies that the image (B{[1)}ω )β
is isomorphic to the bicyclic semigroup. Put (0, 1, [1))β = (x, y, [0)). By Proposition 1.4.21
from [12] and Lemma 4 of [4] we get that

(1, 0, [1))β = ((0, 1, [1))−1)β =

= ((0, 1, [1))β)−1 =

= (x, y, [0))−1 =

= (y, x, [0)).

This implies that

(p, p, [0)) = (0, 0, [1))β = ((0, 1, [1)) · (1, 0, [1)))β =

= (0, 1, [1))β · (1, 0, [1))β =

= (x, y, [0)) · (y, x, [0)) =
= (x, x, [0))

and

(p+ s, p+ s, [0)) = (1, 1, [1))β =

= ((1, 0, [1)) · (0, 1, [1)))β =

= (1, 0, [1))β · (0, 1, [1))β =

= (y, x, [0)) · (x, y, [0)) =
= (y, y, [0)),

and hence by the de�nition of the semigroup BF
ω we get that

(0, 1, [1))β = (p, p+ s, [0)) and (1, 0, [1))β = (p+ s, p, [0)).
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Then for any i, j ∈ ω we have that

(i, j, [1))β = ((i, 0, [1)) · (0, j, [1)))β =

= ((1, 0, [1))i · (0, 1, [1))j)β =

= ((1, 0, [1))β)i · ((0, 1, [1))β)j =
= (p+ s, p, [0))i · (p, p+ s, [0))j =

= (p+ si, p, [0)) · (p, p+ sj, [0)) =

= (p+ si, p+ sj, [0)).

The de�nition of the natural partial order on BF
ω (see [5, Proposition 2]) implies

that for any positive integer t we have that

(t+ 1, t+ 1, [1)) 4 (t+ 1, t+ 1, [0)) 4 (t, t, [1)).

Since by Proposition 1.4.21 of [12] the endomorphism α preserves the natural partial
order, we conclude that

(t+ 1, t+ 1, [1))β 4 (t+ 1, t+ 1, [0))β 4 (t, t, [1))β,

which implies that

(p+ s(t+ 1), p+ s(t+ 1), [0)) 4 (k(t+ 1), k(t+ 1), [0)) 4 (p+ st, p+ st, [0)).

Then by the de�nition of the natural partial order on BF
ω (see [5, Proposition 3]) we

obtain that

(4) p+ s(t+ 1) > k(t+ 1) > p+ st

for any positive integer t.
We claim that s = k. Indeed, if s < k then the �rst inequality of (4) implies that

p+ (s− k)(t+ 1) > 0 for all positive integers t.

But the last inequality is incorrect because s − k < 0. Similar, if s > k then the second
inequality of (4) implies that

(k − s)t+ k − p > 0 for all positive integers t.

But the last inequality is incorrect because k− s < 0. Hence β = βk,p. By Lemma 3, the

map βk,p is an endomorphism of the monoid BF
ω . �

In the following theorem we describe the elements of the semigroup End1
∗(B

F
ω ) of

all injective monoid endomorphisms of the monoid BF
ω for the family F = {[0), [1)}.

Theorem 1. Let F = {[0), [1)} and ε be an injective monoid endomorphism of BF
ω .

Then either there exist a positive integer k and p ∈ {0, . . . , k − 1} such that ε = αk,p or

there exist a positive integer k > 2 and p ∈ {1, . . . , k − 1} such that ε = βk,p. Moreover.

the following statements hold:

(1) (i, j, [0))αk,p = (i, j, [0))βk,p for all i, j ∈ ω and any positive integer k > 2 and

p ∈ {1, . . . , k − 1};
(2) if k = 1 then ε = α1,0 is an automorphism of the monoid BF

ω which is the

identity selfmap of BF
ω ;
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(3) αk1,p1αk2,p2 = αk1k2,p2+k2p1 for all positive integers k1, k2, any p1∈{0, . . . , k1−1},
and any p2 ∈ {0, . . . , k2 − 1};

(4) αk1,p1βk2,p2 = βk1k2,p2+k2p1 for all positive integers k1 and k2 > 2, any p1 ∈
{0, . . . , k1 − 1}, and any p2 ∈ {1, . . . , k2 − 1};

(5) βk1,p1βk2,p2 = βk1k2,k2p1 for all positive integers k1, k2 > 2, any p1∈{1, . . . , k1−1},
and any p2 ∈ {1, . . . , k2 − 1};

(6) βk1,p1αk2,p2 = βk1k2,k2p1 for all positive integers k1 > 2 and k2, any p1 ∈
{1, . . . , k1 − 1}, and any p2 ∈ {0, . . . , k2 − 1};

(7) if αk2,p2 , βk1,p1 , and βk2,p2 are well de�ned elements of End1
∗(B

F
ω ) then

βk1,p1αk2,p2 = βk1,p1βk2,p2 ;

(8) α1,0 is the unique idempotent of End1
∗(B

F
ω ), and moreover α1,0 is the identity

of End1
∗(B

F
ω );

(9) Sα = 〈αk,p | k ∈ N, p ∈ {0, . . . , k−1}〉 is a cancellative submonoid of End1
∗(B

F
ω );

(10) Sβ = 〈βk,p | k = 2, 3, . . . , p ∈ {1, . . . , k − 1}〉 is an ideal in End1
∗(B

F
ω ).

Proof. Since by Proposition 3 of [4] the subsemigroup B{[0)}ω is isomorphic to the bi-

cyclic semigroup, the injectivity of ε implies that the image (B{[0)}ω )ε is isomorphic to
the bicyclic semigroup. The condition (0, 0, [0))ε = (0, 0, [0)) and Proposition 4 of [5]

imply that (B{[0)}ω )ε ⊆ B{[0)}ω . Similar arguments imply that either (B{[1)}ω )ε ⊆ B{[1)}ω

or (B{[1)}ω )ε ⊆ B{[0)}ω . Then there exists a positive integer k such that (1, 1, [0))ε =
(k, k, [0)). Next we apply either Proposition 1 or Proposition 2. This completes the �rst
statement of the theorem.

(1) follows from the de�nitions of endomorphisms αk,p and βk,p.

(2) If k = 1 then (1, 1, [0))ε = (1, 1, [0)) and (0, 0, [1))ε = (0, 0, [1)). By Theorem 3

of [6], ε is the identity selfmap of BF
ω .

(3) For any i, j ∈ ω we have that

(i, j, [1))αk1,p1αk2,p2 = ((i, j, [1))αk1,p1)αk2,p2 =

= (p1 + k1i, p1 + k1j, [1))αk2,p2 =

= (p2 + k2(p1 + k1i), p2 + k2(p1 + k1j), [1)) =

= ((p2 + k2p1) + k2k1i, (p2 + k2p1) + k2k1j, [1)),

and hence by (1) we get that αk1,p1αk2,p2 = αk1k2,p2+k2p1 .

(4) For any i, j ∈ ω we have that

(i, j, [1))αk1,p1βk2,p2 = ((i, j, [1))αk1,p1)βk2,p2 =

= (p1 + k1i, p1 + k1j, [1))βk2,p2 =

= (p2 + k2(p1 + k1i), p2 + k2(p1 + k1j), [0)) =

= ((p2 + k2p1) + k2k1i, (p2 + k2p1) + k2k1j, [0)),

and by (1) we obtain that αk1,p1αk2,p2 = βk1k2,p2+k2p1 .
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(5) For any i, j ∈ ω we have that

(i, j, [1))βk1,p1βk2,p2 = ((i, j, [1))βk1,p1)βk2,p2 =

= (p1 + k1i, p1 + k1j, [0))βk2,p2 =

= (k2(p1 + k1i), k2(p1 + k1j), [0)) =

= (k2p1 + k2k1i, k2p1 + k2k1j, [0)).

Hence by (1) we get that βk1,p1βk2,p2 = βk1k2,k2p1 .

(6) For any i, j ∈ ω we have that

(i, j, [1))βk1,p1βk2,p2 = ((i, j, [1))βk1,p1)αk2,p2 =

= (p1 + k1i, p1 + k1j, [0))αk2,p2 =

= (k2(p1 + k1i), k2(p1 + k1j), [0)) =

= (k2p1 + k2k1i, k2p1 + k2k1j, [0)).

Hence by (1) we get that βk1,p1αk2,p2 = βk1k2,k2p1 .

(7) follows from statements (5) and (6).

(8) The �rst part follows from the �rst statement and statements (3) and (5). Next
we apply (2).

(9) Statement (3) implies that Sα is a subsemigroup of End1
∗(B

F
ω ). Since α1,0 is

the identity of End1
∗(B

F
ω ) and α1,0 ∈ Sα, Sα is a submonoid of End1

∗(B
F
ω ).

Suppose that αk,pαk1,p1 = αk,pαk2,p2 for some αk,p, αk1,p1 , αk2,p2 . Then by (3) we

have that αkk1,p1+k1p = αkk2,p2+k2p and the de�nition of the monoid BF
ω implies that

kk1 = kk2 and p1+k1p = p2+k2p. The �rst equality implies that k1 = k2 because k > 1.
The equality p1 + k1p = p2 + k2p implies that p1− p2 = p(k2− k1), and since k1 = k2 we
get that p1 = p2. Hence Sα is a left cancellative semigroup.

Suppose that αk1,p1αk,p = αk2,p2αk,p for some αk,p, αk1,p1 , αk2,p2 ∈ Sα. Then by (3)

we have that αk1k,p+kp1 = αk2k,p+kp2 and the de�nition of the monoid BF
ω implies that

kk1 = kk2 and p+ kp1 = p+ kp2. This implies that k1 = k2 and p1 = p2 because k > 1.
Hence Sα is a right cancellative semigroup.

(10) follows from statements (4), (5), and (6). �

3. Green's relations on the semigroup End1
∗(B

F
ω )

If S is a semigroup, then we shall denote the Green relations on S by R, L , J , D
and H (see [1, Section 2.1]):

aRb if and only if aS1 = bS1;

aL b if and only if S1a = S1b;

aJ b if and only if S1aS1 = S1bS1;

D = L ◦R = R ◦L ;

H = L ∩R.

In this section we describe Green's relations on the semigroup End1
∗(B

F
ω ) for the

family F = {[0), [1)}.
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Statements (3)�(6) of Theorem 1 imply the following two lemmas.

Lemma 4. Let F = {[0), [1)}. Then neither αk1,p1Rβk2,p2 nor αk1,p1L βk2,p2 holds in

the monoid End1
∗(B

F
ω ) for any αk1,p1 ∈ Sα and any βk2,p2 ∈ Sβ.

Lemma 5. Let F = {[0), [1)}. Then the relation αk1,p1J βk2,p2 in End1
∗(B

F
ω ) does not

holds for any αk1,p1 ∈ Sα and any βk2,p2 ∈ Sβ.

Proposition 3. Let F = {[0), [1)}. Then the following statements hold:

(1) αk1,p1Rαk2,p2 in End1
∗(B

F
ω ) if and only if k1 = k2 and p1 = p2;

(2) αk1,p1Lαk2,p2 in End1
∗(B

F
ω ) if and only if k1 = k2 and p1 = p2;

(3) βk1,p1Rβk2,p2 in End1
∗(B

F
ω ) if and only if k1 = k2 and p1 = p2;

(4) βk1,p1L βk2,p2 in End1
∗(B

F
ω ) if and only if k1 = k2 and p1 = p2;

(5) αk1,p1J αk2,p2 in End1
∗(B

F
ω ) if and only if k1 = k2 and p1 = p2;

(6) βk1,p1J βk2,p2 in End1
∗(B

F
ω ) if and only if k1 = k2 and p1 = p2;

Proof. (1) Implication (⇐) is trivial.

(⇒) Suppose that αk1,p1Rαk2,p2 in End1
∗(B

F
ω ). The de�nition of the Green relation

R implies that there exist ε1, ε2 ∈ End1
∗(B

F
ω ) such that

αk1,p1 = αk2,p2ε1 and αk2,p2 = αk1,p1ε2.

By statements (3) and (4) of Theorem 1 we have that ε1, ε2 ∈ Sα, i.e., ε1 = αk′1,p′1
and ε2 = αk′2,p′2 for some positive integers k′1 and k′2, p

′
1 ∈ {0, . . . , k′1 − 1}, and p′2 ∈

{0, . . . , k′2 − 1}.
We claim that ε1 = ε2 = α1,0. Indeed, by Theorem 1(3) we get that

αk1,p1 = αk2,p2αk′1,p′1 = αk2k′1,p′1+k′1p2

and
αk2,p2 = αk1,p1αk′2,p′2 = αk1k′2,p′2+k′2p1 ,

which implies the following equalities

k1 = k2k
′
1,

p1 = p′1 + k′1p2,

k2 = k1k
′
2,

p2 = p′2 + k′2p1.

Since k1, k2, k
′
1, k
′
2 are positive integers, the equalities k1 = k2k

′
1 and k2 = k1k

′
2 imply

that k′1 = k′2 = 1. Then we have that p1 = p′1 + p2 and p2 = p′2 + p1 which implies that
p′1 = p′2 = 0. Then we have that ε1 = ε2 = α1,0, and hence k1 = k2 and p1 = p2.

The proof of statement (2) is similar to (1).

(3) Implication (⇐) is trivial.

(⇒) Suppose that βk1,p1Rβk2,p2 in End1
∗(B

F
ω ). The de�nition of the Green relation

R implies that there exist ε1, ε2 ∈ End1
∗(B

F
ω ) such that

βk1,p1 = βk2,p2ε1 and βk2,p2 = βk1,p1ε2.

Then we have that

(a) either ε1 = αk′1,p′1 or ε1 = βk′1,p′1 ; and
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(b) either ε2 = αk′2,p′2 or ε2 = βk′2,p′2 .

By Theorem 1(7) in any above case we get that

βk1,p1 = βk2,p2ε1 = βk2k′1,k′1p2 ;

βk2,p2 = βk1,p1ε2 = βk1k′2,k′2p1 ,

and hence

k1 = k2k
′
1;

p1 = k′1p2;

k2 = k1k
′
2;

p2 = k′2p1.

This implies that p1 = k′1k
′
2p1 and p2 = k′2k

′
1p2, and hence k′1k

′
2 = 1. Since k′1 and k′2

are positive integers, k′1 = k′2 = 1, and hence k1 = k2. This implies that ε1 = αk′1,p′1 and
ε2 = αk′2,p′2 . Also the equalities p1 = k′1p2 and p2 = k′2p1 imply that p1 = p2.

(4) Implication (⇐) is trivial.

(⇒) Suppose that βk1,p1L βk2,p2 in End1
∗(B

F
ω ). The de�nition of the Green relation

L implies that there exist ε1, ε2 ∈ End1
∗(B

F
ω ) such that

βk1,p1 = ε1βk2,p2 and βk2,p2 = ε2βk1,p1 .

We consider the possible cases:

(a) ε1 = αk′1,p′1 and ε2 = αk′2,p′2 ;
(b) ε1 = αk′1,p′1 and ε2 = βk′2,p′2 ;
(c) ε1 = βk′1,p′1 and ε2 = αk′2,p′2 ;
(d) ε1 = βk′1,p′1 and ε2 = βk′2,p′2 .

In case (a) by Theorem 1(4) we have that

βk1,p1 = αk′1,p′1βk2,p2 = βk′1k2,p2+k2p′1 ;

βk2,p2 = αk′2,p′2βk1,p1 = βk′2k1,p1+k1p′2 ,

which implies the following equalities

k1 = k′1k2;

p1 = p2 + k2p
′
1;

k2 = k′2k1;

p2 = p1 + k1p
′
2.

Since k1, k2, k
′
1, k
′
2 are positive integers, the equalities k1 = k′1k2 and k2 = k′2k1 imply

that k′1k
′
2 = 1, and hence k′1 = k′2 = 1. This implies that k1 = k2. Next, by the equalities

p1 = p2 + k2p
′
1, p2 = p1 + k1p

′
2, and k1 = k2 we get that p′1 = −p′2. Since p′1 and p′2 are

nonnegative integers, we obtain that p′1 = p′2 = 0, which implies that

ε1 = αk′1,p′1 = ε2 = αk′2,p′2 = α1,0

is the unit element of the monoid End1
∗(B

F
ω ). Then βk1,p1 = βk2,p2 , and the de�nition

of elements of Sβ implies that k1 = k2 and p1 = p2.
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Suppose case (b) holds. By statements (4) and (5) of Theorem 1 we get that

βk1,p1 = αk′1,p′1βk2,p2 = βk′1k2,p2+k2p′1 ;

βk2,p2 = βk′2,p′2βk1,p1 = βk′2k1,k1p′2 ,

which implies the following equalities

k1 = k′1k2;

p1 = p2 + k2p
′
1;

k2 = k′2k1;

p2 = k1p
′
2.

Since k1, k2, k
′
1, k
′
2 are positive integers, the equalities k1 = k′1k2 and k2 = k′2k1 imply

that k′1k
′
2 = 1, and hence k′1 = k′2 = 1. But k′2 > 2, a contradiction. The obtained

contradiction implies that case (b) is impossible.
Suppose case (c) holds. By statements (4) and (5) of Theorem 1(4) we get that

βk1,p1 = βk′1,p′1βk2,p2 = βk′1k2,k2p′1 ;

βk2,p2 = αk′2,p′2βk1,p1 = βk′2k1,p1+k1p′2 ,

which implies the following equalities

k1 = k′1k2;

p1 = k2p
′
1;

k2 = k′2k1;

p2 = p1 + k1p
′
2.

Since k1, k2, k
′
1, k
′
2 are positive integers, the equalities k1 = k′1k2 and k2 = k′2k1 imply

that k′1k
′
2 = 1, and hence k′1 = k′2 = 1. But k′1 > 2, a contradiction. The obtained

contradiction implies that case (c) does not hold.
Suppose case (d) holds. By Theorem 1(5) we have that

βk1,p1 = βk′1,p′1βk2,p2 = βk′1k2,k2p′1 ;

βk2,p2 = βk′2,p′2βk1,p1 = βk′2k1,k1p′2 ,

which implies the following equalities

k1 = k′1k2;

p1 = k2p
′
1;

k2 = k′2k1;

p2 = k1p
′
2.

Since k1, k2, k
′
1, k
′
2 are positive integers, the equalities k1 = k′1k2 and k2 = k′2k1 imply

that k′1k
′
2 = 1, and hence k′1 = k′2 = 1. But k′1 > 2 and k′2 > 2, a contradiction. The

obtained contradiction implies that case (d) does not hold.

(5) Implication (⇐) is trivial.
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(⇒) Suppose that αk1,p1Jαk2,p2 inEnd1
∗(B

F
ω ). The de�nition of the Green relation

J implies that there exist ε′1, ε
′′
1 , ε
′
2, ε
′′
2 ∈ End1

∗(B
F
ω ) such that

αk1,p1 = ε′1αk2,p2ε
′′
1 and αk2,p2 = ε′2αk1,p1ε

′′
2 .

By statements (3) and (4) of Theorem 1 we have that ε′1, ε
′′
1 , ε
′
2, ε
′′
2 ∈ Sα, i.e., ε′1 = αk′1,p′1 ,

ε′′1 = αk′′1 ,p′′1 , ε
′
2 = αk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 for some positive integers k′1, k

′′
1 , k

′
2 and k′′2 ,

p′1 ∈ {0, . . . , k′1 − 1}, p′′1 ∈ {0, . . . , k′′1 − 1}, p′2 ∈ {0, . . . , k′2 − 1}, and p′′2 ∈ {0, . . . , k′′2 − 1}.
By Theorem 1(3) we have that

αk1,p1 = αk′1,p′1αk2,p2αk′′1 ,p′′1 =

= αk′1k2,p2+k2p′1αk′′1 ,p′′1 =

= αk′1k2k′′1 ,p′′1 +k′′1 p2+k′′1 k2p′1 ;

αk2,p2 = αk′2,p′2αk1,p1αk′′2 ,p′′2 =

= αk′2k1,p1+k1p′2αk′′2 ,p′′2 =

= αk′2k1k′′2 ,p′′2 +k′′2 p1+k′′2 k1p′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p′′1 + k′′1p2 + k′′1k2p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = p′′2 + k′′2p1 + k′′2k1p
′
2.

Since k1, k2, k
′
1, k
′
2, k
′′
1 , k
′′
2 are positive integers, the equalities k1 = k′1k2k

′′
1 and k2 =

k′2k1k
′′
2 imply that k′1k

′
2k
′′
1k
′′
2 = 1, and hence we have

k′1 = k′2 = k′′1 = k′′2 = 1.

This implies that k1 = k2. Hence the equalities k
′
1 = k′2 = k′′1 = k′′2 = 1, k1 = k2 and the

equalities

p1 = p′′1 + k′′1p2 + k′′1k2p
′
1;

p2 = p′′2 + k′′2p1 + k′′2k1p
′
2

imply that

p1 = p′′1 + p2 + k1p
′
1;

p2 = p′′2 + p1 + k1p
′
2.

Hence we get that
p′′1 + p′′2 + k1p

′
2 + k1p

′
1 = 0.

Since k1 is a positive integer, by the above equality we have that

p′′1 = p′′2 = p′2 = p′1 = 0.

This implies that
ε′1 = ε′′1 = ε′2 = ε′′2 = α1,0,

and hence we have that αk1,p1 = αk2,p2 , which implies the requested equalities k1 = k2
and p1 = p2.

(6) Implication (⇐) is trivial.
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(⇒) Suppose that βk1,p1J βk2,p2 inEnd1
∗(B

F
ω ). The de�nition of the Green relation

J implies that there exist ε′1, ε
′′
1 , ε
′
2, ε
′′
2 ∈ End1

∗(B
F
ω ) such that

βk1,p1 = ε′1βk2,p2ε
′′
1 and βk2,p2 = ε′2βk1,p1ε

′′
2 .

We consider the possible cases:

(a) ε′1 = αk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(b) ε′1 = αk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(c) ε′1 = αk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(d) ε′1 = αk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(e) ε′1 = αk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(f) ε′1 = αk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(g) ε′1 = αk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(h) ε′1 = αk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(i) ε′1 = βk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(j) ε′1 = βk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(k) ε′1 = βk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(l) ε′1 = βk′1,p′1 , ε
′′
1 = αk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(m) ε′1 = βk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 ;

(n) ε′1 = βk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = αk′2,p′2 , and ε

′′
2 = βk′′2 ,p′′2 ;

(o) ε′1 = βk′1,p′1 , ε
′′
1 = βk′′1 ,p′′1 , ε

′
2 = βk′2,p′2 , and ε

′′
2 = αk′′2 ,p′′2 .

In case (a) by statements (6) and (4) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2αk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = αk′2,p′1βk1,p1αk′′2 ,p′′1 =

= αk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p1k′′2 +k1k′′2 p
′
2
,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = p1k
′′
2 + k1k

′′
2p
′
2.

Since k1, k2, k
′
1, k
′
2, k
′′
1 , k
′′
2 are positive integers, the equalities k1 = k′1k2k

′′
1 and k2 =

k′2k1k
′′
2 imply that k′1k

′
2k
′′
1k
′′
2 = 1, and hence we have

k′1 = k′2 = k′′1 = k′′2 = 1.

This implies that k1 = k2. Hence the equalities k
′
1 = k′2 = k′′1 = k′′2 = 1, k1 = k2 and the

equalities

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

p2 = p1k
′′
2 + k1k

′′
2p
′
2
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imply that

p1 = p2 + k1p
′
1;

p2 = p1 + k1p
′
2.

Then we have that

p1 + p2 = p1 + p2 + k1p
′
1 + k1p

′
2,

and hence k1(p
′
1+p

′
2) = 0. Since k1 is a positive integer, we get that p′1 = −p′2. Next, the

inequalities p′1 > 0 and p′2 > 0 imply that p′1 = p′2 = 0, and by the equality p1 = p2+k1p
′
1

we have that p1 = p2. This completes the proof in case (a).
In case (b) by statements (6) and (5) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2αk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = αk′2,p′1βk1,p1βk′′2 ,p′′1 =

= αk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p1k′′2 +k1k′′2 p
′
2
,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = p1k
′′
2 + k1k

′′
2p
′
2.

By similar arguments as in case (a) we obtain that k1 = k2 and p1 = p2.
In case (c) by statements (6), (4) and (5) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2αk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = βk′2,p′1βk1,p1αk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,k1k′′2 p′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = k1k
′′
2p
′
2.

Then we have that k1 = k′1k
′
2k1k

′′
2k
′′
1 . The conditions that k1, k2, k

′
1, k
′
2, k
′′
1 , k
′′
2 are positive

integers and k′2 > 2 contradict the equality k1 = k′1k
′
2k1k

′′
2k
′′
1 , and hence case (c) does

not hold.
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In case (d) by statements (6), (4) and (5) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2αk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = βk′2,p′1βk1,p1βk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,k1k′′2 p′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = k1k
′′
2p
′
2.

Next, similar arguments as in case (c) show that case (d) does not hold.
In case (e) the proof is similar to case (b).
In case (f) by statements (5) and (4) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2βk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = αk′2,p′1βk1,p1βk′′2 ,p′′1 =

= αk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p1k′′2 +k1k′′2 p
′
2
,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = p1k
′′
2 + k1k

′′
2p
′
2.

By similar arguments as in case (a) we obtain that k1 = k2 and p1 = p2.
In case (g) by statements (5), (4), and (6) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2βk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = βk′2,p′1βk1,p1αk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p′2p1k′′2 ,
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which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = p′2p1k
′′
2 .

The conditions that k1, k2, k
′
1, k
′
2, k
′′
1 , k
′′
2 are positive integers, k′2 > 2, and k′′1 > 2 contradi-

ct the equalities

k1 = k′1k2k
′′
1 = k′1k

′
2k1k

′′
2k
′′
1 .

Hence case (g) does not hold.
In case (h) by statements (5) and (4) of Theorem 1 we have that

βk1,p1 = αk′1,p′1βk2,p2βk′′1 ,p′′1 =

= αk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p2k′′1 +k2k′′1 p
′
1
;

βk2,p2 = βk′2,p′1βk1,p1βk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p′2p1k′′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p2k
′′
1 + k2k

′′
1p
′
1;

k2 = k′2k1k
′′
2 ;

p2 = p′2p1k
′′
2 .

Similar arguments as in case (g) show that case (h) does not hold.
The proofs in cases (i) and (j) are similar to cases (c) and (g), respectively.
In case (k) by statements (5), (4), and (6) of Theorem 1 we have that

βk1,p1 = βk′1,p′1βk2,p2αk′′1 ,p′′1 =

= βk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p′1p2k′′1 ;

βk2,p2 = βk′2,p′1βk1,p1αk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p′2p1k′′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p′1p2k
′′
1 ;

k2 = k′2k1k
′′
2 ;

p2 = p′2p1k
′′
2 .
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The conditions that k1, k2, k
′
1, k
′
2, k
′′
1 , k
′′
2 are positive integers, k′1 > 2, and k′1 > 2 contra-

dict the equalities

k1 = k′1k2k
′′
1 = k′1k

′
2k1k

′′
2k
′′
1 .

Hence case (k) does not hold.
In case (l) by statements (5) and (6) of Theorem 1 we have that

βk1,p1 = βk′1,p′1βk2,p2αk′′1 ,p′′1 =

= βk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p′1p2k′′1 ;

βk2,p2 = βk′2,p′1βk1,p1βk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p′2p1k′′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p′1p2k
′′
1 ;

k2 = k′2k1k
′′
2 ;

p2 = p′2p1k
′′
2 .

By similar arguments as in case (k) we get that case (l) does not hold.
The proofs in cases (m) and (n) are similar to cases (d) and (h), respectively.
In case (o) by Theorem 1(5) we have that

βk1,p1 = βk′1,p′1βk2,p2βk′′1 ,p′′1 =

= βk′1,p′1βk2k′′1 ,p2k′′1 =

= βk′1k2k′′1 ,p′1p2k′′1 ;

βk2,p2 = βk′2,p′1βk1,p1βk′′2 ,p′′1 =

= βk′2,p′2βk1k′′2 ,p1k′′2 =

= βk′2k1k′′2 ,p′2p1k′′2 ,

which implies the following equalities

k1 = k′1k2k
′′
1 ;

p1 = p′1p2k
′′
1 ;

k2 = k′2k1k
′′
2 ;

p2 = p′2p1k
′′
2 .

By similar arguments as in case (k) we get that case (o) does not hold. �

Proposition 3 implies the following theorem.

Theorem 2. If F = {[0), [1)} then Green's relations R, L , H , D , and J on the

monoid End1
∗(B

F
ω ) coincide with the relation of equality.
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