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We study injective endomorphisms of the semigroup BZ with the two-
elements family .# of inductive nonempty subsets of w. We describe the
elements of the semigroup End! (ng) of all injective monoid endomorphisms
of the monoid BZ , and show that Green’s relations Z, ., 5, 2, and J on
End!(B7) coincide with the relation of equality.

Key words: bicyclic monoid, inverse semigroup, bicyclic extension, injective
endomorphism, Green’s relations.

1. INTRODUCTION, MOTIVATION AND MAIN DEFINITIONS

We shall follow the terminology of [1, 2, 12]. By w we denote the set of all non-
negative integers, by N the set of all positive integers, and by Z the set of all integers.

Let &(w) be the family of all subsets of w. For any F' € #(w) and n € Z we put
nF ={nk: ke F}if F# @ and n@ = @. A subfamily % C P (w) is called w-closed if
Fin(—n+ F) e % foralln € wand Fy, Fy € .%. For any a € w we denote

[a) ={r ew: z > a}.
A subset A of w is said to be inductive, if i € A implies i + 1 € A. In particular the

empty set @ is an inductive subset of w.

Remark 1 ([5]). (1) By Lemma 6 from [4], a nonempty subset F' C w is inductive in
wifand only (-1+ F)NF =F.
(2) Since the set w with the usual order is well-ordered, for any nonempty inductive
subset F' in w there exists nonnegative integer ny € w such that [ng) = F.
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(3) Statement (2) implies that the intersection of an arbitrary finite family of
nonempty inductive subsets in w is a nonempty inductive subset of w.

A semigroup S is called inverse if for any element x € S there exists a unique
x~! € Ssuch that z2z~'x = z and 7 'zoz~! = 2~ 1. The element 2~ is called the inverse
of v € S. If S is an inverse semigroup, then the function inv: S — S which assigns to
every element x of S its inverse element x~! is called the inversion.

If S is a semigroup, then we shall denote the subset of all idempotents in S by E(S).
If S is an inverse semigroup, then F(S) is closed under multiplication and we shall refer
to E(S) as a band (or the band of S). Then the semigroup operation on S determines
the following partial order < on E(S):

ex f ifandonlyif ef=fe=e.

This order is called the natural partial order on E(S). A semilattice is a commutative
semigroup of idempotents.

If S is an inverse semigroup then the semigroup operation on S determines the
following partial order < on S:

s =<t if and only if there exists e € E(S) such that s =te.

This order is called the natural partial order on S [16].

The bicyclic monoid €'(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1. The semigroup operation on
€ (p,q) is determined as follows:

qkpl . qmpn — qk+m7min{l,m}pl+n7min{l,m}'

It is well known that the bicyclic monoid € (p, ¢) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on € (p,q) is a
group congruence [1].

(132

On the set B, = w X w we define the semigroup operation “-” in the following way

) (1) (i) ={ (150 e S
It is well known that the bicyclic monoid €(p, q) is isomorphic to the semigroup B, and
the mapping
b: €(p.q) = B, ¢ = (k1)
is an isomorphism (see: [1, Section 1.12] or [14, Exercise IV.1.11(i4)]).

Next, we shall describe the construction which is introduced in [4].
Let B, be the bicyclic monoid and .# be an w-closed subfamily of &(w). On the
set B, x .# we define the semigroup operation “-” in the following way

o o G =g Fig, g, (i — e+ F1) N Fy), if i <o
@ (g R)- (22 Fo) = { (i1,71 — 2 + j2, F1 0 (12 — j1 + F2)), if j1 > ia.

In [4] is proved that if the family .# C & (w) is w-closed then (B, x %, -) is a semigroup.
Moreover, if an w-closed family # C Z(w) contains the empty set &, then the set
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I={(j,9):1i,j €w}is an ideal of the semigroup (B, X #,-). For any w-closed family
F C P(w) the following semigroup

g7 _ [ (Bux 7)1, ioeZ;
1 BuxZ,), ifo¢7

is defined in [4]. The semigroup B generalizes the bicyclic monoid and the countable
semigroup of matrix units. It is proven in [4] that Bf is a combinatorial inverse semigroup
and Green’s relations, the natural partial order on Bf and its set of idempotents are
described. Here, the criteria when the semigroup Bf is simple, O-simple, bisimple, 0-
bisimple, or it has the identity, are given. In particularly in [4] it is proved that the
semigroup Bf is isomorphic to the semigrpoup of wxw-matrix units if and only if F
consists of a singleton set and the empty set, and Bf is isomorphic to the bicyclic monoid
if and only if .% consists of a non-empty inductive subset of w.

Group congruences on the semigroup Bij and its homomorphic retracts in the case
when an w-closed family % consists of inductive non-empty subsets of w are studied
in [5]. It is proven that a congruence € on B is a group congruence if and only if its
restriction on a subsemigroup of Bf , which is isomorphic to the bicyclic semigroup, is not
the identity relation. Also in [5], all non-trivial homomorphic retracts and isomorphisms
of the semigroup B2 are described. In [6] it is proved that an injective endomorphism &
of the semigroup Bf is the indentity transformation if and only if € has three distinct
fixed points, which is equivalent to existence non-idempotent element (i,7, [p)) € B
such that (i,7,[p))e = (4,7, [p))-

The semigroup BZ‘gz and its group of automorphisms in the case when an w-closed
family .# consists of inductive non-empty subsets of the set of integers Z are studied in
[9, 10].

In [3, 13] the algebraic structure of the semigroup Bf is established in the case
when w-closed family .# consists of atomic subsets of w. Also, in [7, 8, 15] the semigroup
Bf" and its semigroup of endomorphisms are described in the case when the w-closed

family ., is generated by an n-elements interval of w.

It is well-known that every automorphism of the bicyclic monoid B,, is the identity
self-map of B, [1], and hence the group Aut(B,,) of automorphisms of B, is trivial.
In [11] it is proved that the semigroups End(B,,) of the endomorphisms of the bicyclic
semigroup B,, is isomorphic to the semidirect products (w,+) X, (w, *), where + and *
are the usual addition and the usual multiplication on w.

Later we assume that an w-closed family .# consists of nonempty inductive
nonempty subsets of w.

In this paper we study injective endomorphisms of the semigroup sz for the family
F = {[0),[1)}. We describe the elements of the monoid End.(B7) of all injective
monoid endomorphisms of the monoid Bf , and show that Green’s relations Z, &, 7,
2,and Z on End! (Bf) coincide with the relation of equality.



ON THE SEMIGROUP OF INJECTIVE MONOID ENDOMORPHISMS OF BZ
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2022. Bumyck 94 35

2. ON INJECTIVE ENDOMORPHISMS OF THE MONOID Bf

Remark 2. By Proposition 1 of [5] for any w-closed family .# of inductive subsets in & (w)
there exists an w-closed family .%#* of inductive subsets in % (w) such that [0) € .Z* and
the semigroups Bf and Bfﬁ are isomorphic. Hence without loss of generality we may
assume that the family .# contains the set [0).

If % is an arbitrary w-closed family .# of inductive subsets in & (w) and [s) € .F
for some s € w then

BW = {(i.5.[s)): i.j € w}
is a subsemigroup of B [5] and by Proposition 3 of [4] the semigroup BL*)} is isomorphic
to the bicyclic semigroup.

Lemma 1. Let .F be an arbitrary w-closed family F of inductive subsets in P(w) and

« be an endomorphism of the monoid ij. Then there exists a positive integer k such
that

(4,5, [0))a = (ki, k5, [0))
foralli,j € w.
Proof. By Proposition 3 of [4] the submonoid B} is isomorphic to the bicyclic monoid.
Since (0, 0, [0))a = (0,0, [0)), Proposition 4 of [5] implies that

(BiOh o ¢ BIOY,

Then Lemma 1 of [11] there exists a positive integer k such that

(4,7, [0))a = (ki, k5, [0))
for all 7,5 € w. O
Example 1. Let % = {[0),[1)}. Fix an arbitrary positive integer k£ and any p €

{0,...,k—1}. For all 4, j € w we define the transformation «ay , of the semigroup Bf in
the following way

(i’jv [0))0416,;0 = (k‘l, kjv [0>)a
(i, 3, [1)arp = (p + ki, p + kj, [1)).

It is obvious that ay, is an injective transformation of the monoid B .

Lemma 2. Let % = {[0),[1)}. Then for an arbitrary positive integer k and any p €
{0,...,k — 1} the map oy p is an injective endomorphism of the monoid Bf.

Proof. By Proposition 3 of [4] the subsemigroups BU”} and B{M} are isomorphic to the
bicyclic semigroup. By Lemma 1 of [11] the restrictions of ay , onto the subsemigroups
Bi[o)} and Bi[l)} are endomorphisms of Bgo)} and B;{J[l)}, respectively. This implies

that for all 7, j, s,t € w the following equalities hold
((3, 7, [0)) (s, [O)))O‘km = (iajv [0))0%,? ) (Sa t [0))041%?7
((iuj’ [1)) : (57tv [1)))0%7[) = (i’j7 [1))0”671’ : (Svt7 [1))0”671"
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For any 4, j,p,q € w we have that

(i + t,(J—s+[0)N[1))aky, ifj<s;
(4,1, [ ) [ ))O‘k,pv ifj=s =
(Gj+t—s000N(s—j+[1)aky, ifj>s
(Z+S—j, D))k, i j<s;

(4,2, [1)) o, p, ifj=s =
(z,j +t—5,00))ap,, ifj>s

(p+k(i+s—3j),p+ktl), ifj<s;
(p+ ki, p+ kt, [1)), if j = s;
(ki,k(j +1t—s),]0)), if j > s,

(4,3, 10))anp - (5., (1)), p = (ki, k4,[0)) - (p + ks,p + kt, [1)) =

(ki+p+ks—kjp+kt (kj—p—ks+[0)N[1)), ifkj<p+ks;
(ki,p+ kt,[0) N[1)), ifkj=p+ks =
(ki,kj+p+kt—p—Fks,[0)N(p+ks—kj+[1)), ifkj>p+ks
(p+kz+sf])p+k:t 1)), ifkj<p+ks;

= (kzp+kt 1)), ifkj=p+ks =
(ki,k(j+1t—s),[0)), ifkj>p+ks
p+Ek(G+s—3),p+Fkt[l), ifkj<ks;
(p+kzp+kt[)) if kj = ks;

=< (ki kt,| ifkj=p+ksand p=0; =
vagueness if kj =p+ ks and p # 0;
(ki,k(j +1t—s),]0)), if kj > ks
(p+k(i+s—jg),p+kt[l), ifj<s;

=< (p+ki,p+kt,[1)), if j = s;
(ki,k(j +t—s),[0)), if j > s,

i+s—4.t,G—s+[1)N[0)ar,, ifj<s;
i,t,[1)N [ ))Oék,p ifj=s =
i,j+t—s[1)N (S*j+[0)))0‘k,p7 ifj>s

it+s—74,t[0)ak,, ifj<s;

(
(
(
(
(Z7t’[ ))ak P> ifj=s5 =
(
(k
(
(

(i+s—4),kt, [0
p+ ki,p+ kt,[1)), if j =s;
p+ki,p+k(j+t—s),[1), ifj>s,

i,j+t—s,[1)ag,, ifj>s
kt, [0)), if j <s;
1
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(i,ja [1))ak,p : (S,t, [0))0‘76,? = (p + ki,p + k.]a [1)) : (ksv kt, [0))
(p+ki+ks—p—Fkjkt,(p+kj—ks+[1)N[0), ifp+kj<Eks;

=< (p+ ki, kt,[1)N][0)), ifp+kj=ks; =
(p+ki,p+kj+kt—rks [L)N(ks—p—Fkj+10)), ifp+kj>ks
(k(i+s—j),kt, [0)), if p+kj <ks;
(p+ki,p+k(j+t—s),[1)), ifp+kj>ks
(k(i+ s — j), kt, [0)), if kj < ks;
(ki, kt,[1)), if p+kj=ksand p=0;

= { vagueness, ifp+kj=ksand p#0; =
(p+ ki,p+ kt, [1)), if kj = ks;
(p+ki,p+k(j+t—s),[1), ifkj>ks

=< (p+ki,p+kt,[1)), if j =s;
(p+ki,p+k(j+t—s),[1)), ifj>s,

because p € {0, ...,k — 1}. Thus, oy, is an endomorphism of the monoid Bf’. O

Proposition 1. Let % = {[0),[1)} and « be an injective endomorphism of the monoid
Bf such that

(4,7, [0))a = (ki, kj,[0))
for all i,j € w and for some positive integer k. If (0,0,[1))a € Bﬁl)} then there exists
pe0,....,k—1} such that
(4,5, (1)) = (p + ki, p + k3, [1))
foralli,j € w, i.e, a=ayp.
Proof. Suppose that (0,0,[1))a = (p,p,[1)) for some p € w. Since
(171,[0))042 (k,k,[O)), (1717[0)) < (anv[l))

and by Proposition 1.4.21(6) of [12] the endomorphism « preserves the natural partial
order, we have that (k,%,[0)) < (p,p,[1)). Hence the definition of the natural partial
order on B (see [5, Proposition 3]) implies that p < k — 1.
Suppose that
(1’ L, [1))04 = (p +s,p+s, [1))

for some positive integer s. Since by Proposition 3 of [4] the subsemigroup Bi[l)} is
isomorphic to the bicyclic semigroup, the injectivity of a implies that the image (Bi[l)})a
is isomorphic to the bicyclic semigroup. Put (0, 1,[1))a = (x,y, [1)). By Proposition 1.4.21
from [12] and Lemma 4 of [4] we get that

(1,0,[1)a =
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This implies that

(p,p,[1)) = (0,0, [1))er = ((0,1,[1)) - (1,0,[1)))ax =

=(0,1,[1))- (1,0,[1))a =

= (z,y,[1) (v, 2,[1)) =

= (z,2,[1))

and
(p+s,p+s,[1)=(1,1,[1)a=

= ((1,0,1))- (0,1, 1)) =
=(1,0,[1))-(0,1,[1))x =
= (y,2,[1)) - (z,9,[1)) =
= (v,9, (1)),

and hence by the definition of the semigroup Bf we get that

(0’17[1»0‘ = (p7p+3a [1)) and (1705 [U)a = (p+87p’ [1))
Then for any i, j € w we have that

(i, 4, [1))er = (3,0, 1)) - (0,5, [1)))a =
(1,0,[1))"- (0,1, [1)))ex =
(1,0,[1)a)" - ((0,1,[1)) )’

= (
(
(
=(p+sp1) p+s ) =
= (
= (

)

p+si,p, 1)) (p,p+sj,[1))
p+si,p+sj,[1)).

The definition of the natural partial order on B (see [5, Proposition 2]) implies
that for any positive integer ¢ we have that

(t+1,t4+1,1) < (t+1,t+1,[0) < (¢ [1)).

Since by Proposition 1.4.21 of [12] the endomorphism « preserves the natural partial
order, we conclude that

t+Lt+1L[1))a<(t+1t+1,[0)a = (¢t [1)a
This and the definition of o imply that
(p+st+1),p+st+1),[1) < (k(t+1),k(t+1),[0) < (p+st,p+ st [1)).

Then by the definition of the natural partial order on B_ (see [5, Proposition 3|) we
obtain that

(3) p+st+1) = k(t+1) and Et+1)—1>=>p+st

for any positive integer t.
We claim that s = k. Indeed, if s < k then the first inequality of (3) implies that

p+(s—k)(t+1) >0  for all positive integers ¢.
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But the last inequality is incorrect because s — k < 0. Similarly, if s > k then the second
inequality of (3) implies that

(k—s)t+k—1—-p=>0 for all positive integers t.

But the last inequality is incorrect because & — s < 0. Then a = a3, ,. By Lemma 2, the
map ay, is an endomorphism of the monoid B . O

Example 2. Let .# = {[0),[1)}. Fix an arbitrary positive integer k£ > 2 and any p €
{1,...,k—1}. For all 7, j € w we define the transformation S, of the semigroup Bf in
the following way

(4,4,10))Br.p = (ki, k3, 0)),
(4,7, 1)) Brp = (p+ ki, p + k3, [0)).

It is obvious that S, is an injective transformation of the monoid Bf

Lemma 3. Let & = {[0),[1)}. Then for an arbitrary positive integer k > 2 and any
pe€{l,...,k—1} the map By, p is an injective endomorphism of the monoid Bf.

Proof. By Proposition 3 of [4] the subsemigroups Bﬂo)} and Bﬂl)} are isomorphic to
the bicyclic semigroup. By Lemma 1 of [11], the restriction of 3; , onto the subsemigroup
B£[0)} is an endomorphisms of BL{U[O)}, and the restriction of 3, onto the subsemigroup
Bi)[l)} is a homomorphisms of Bi)[l)} into Bgo)}. This implies that for all 7, j,s,t € w
the following equalities hold

((4,5,0)) - (5,2, [0)))Br,p = (4,5, [0)) Br.p - (5,2,[0)) Bk p,
((iajv [1)) : (S,t, [1)))ﬂk,p = (iaja [1))516,;7 : (Svta [1))ﬁk,p

For any i, j,p,q € w we have that

(i+8 t,(J—s+[0)N[1)Bkyp, ifj<s;
((4,4,[0)) - (5,£,[1)))B,p = ¢ (6:2,[0) N [ ))5 kps ifj=s =
(7]+t757[0) (57]+[)))6k,p7 ifj>5
(Z—I—S—j, ) Brp, i J < s;
=9 (,t,(1)Bkp ifj=s =
(Z,]+t75[))ﬂk7p, if j>s
(p+k(i+s—7),p+kt]0), ifj<s;
(p-l—kzp—i—kt[)) if j =s;
(ki k(j +t - s),[0)), if j > s,

(1, 5,10))Brp - (5,1, [1)) Brp = (ki k5, [0) - (p + ks, p + kt, [0)) =
(ki+p+ks—kjp+kt,(kj—p—ks+10))N[0)), if kj <p+ks;
=< (ki,p+ kt,[0)N][0)), ifkj=p+ks =
(ki,kj+p+kt—p—Fks, [0)N(p+ks—Fkj+1[0))), ifkj>p+ks
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(p+kz—|-8—j)p—|—kt[)) if kj <p-+ks;
= (kszrkt 0)), ifkj=p+ks; =
(ki,k(j +1t—s),]0)), ifkj>p+ks
(p+k(i+s—7),p+kt]0), if kj < ks;
(p+ ki p—l— kt, [0)), it kj = ks;
=< (ki kt,| ifkj=p+ksand p=0; =
vagueness if kj =p+ ks and p # 0;
(ki,k(j +1t—9),[0))), if kj > ks
(p+k(i+s—j),p+kt0), ifj<s;
= (p-i—kzp—i—kt [0)), if j =s;
(ki,k(j +t—s),]0)), if j > s,
and
(l+8—J7 (U =s+[1)N0[0)Bkp, ifj<s;
(3. 1) (5. ONBp =4 (L )A)Bry. it =5 =
(1,7 +t*8, )N (s=7+10)Brp, ifj>s
(t+s—17,t10)Bkp, ifj<s;
=4 (60 ))/Bk,pa ifj=s =
(isj+t— 51 NBrp, fj>s
(k(i+ 5 —j), kt, [0)), if j < s;
=< (p+ ki,p+ kt,[0)), if j =s;
(p+ki,p+k(j+t—s),[0), ifj>s,
(4,5, (1)) Br.p - (5,1,10))Brp = (p + ki, p + kj, [0)) - (ks, kt,[0)) =
(p-l—kz—i—k‘s—p kj, kt,(p+kj — ks +[0))N[0)), if p+kj<ks;
(p + ki, kt,[0) N [0)), ifp+kj=ks; =
(p+kzp+kj+kt—ks[) (ks —p—kj+10)), ifp+kj>ks
k(i +s—3),kt,[0)), if p+kj <ks;
= p—l—k‘z kt, [ )) ifp+kj=ks; =
(p+k2p+k(j+t—s) [0), ifp+kj>ks
Z+S—j ), kt, [0)), if kj < ks;
k:z kt, | if p4+kj=ksand p=0;
= vagueness ifp+kj=ksandp#0; =

because p € {1,...,k

Proposition 2. Let ¥

(
(
{ (K
(
(

B7 such that

p+ki,p+k(j+t—2s),1[0)),

(i +s—7),kt, [0)),
p+ ki, p+ kt, [0)),
p+ki,p+k(j+t—2s),1[0)),

—1}. Thus, By is an e

if kj > ks
if j < s;
it j =s;
if 7 > s,

ndomorphism of the monoid Bf O

= {]0),[1)} and S be an injective endomorphism of the monoid

(Ki, kj,[0))



ON THE SEMIGROUP OF INJECTIVE MONOID ENDOMORPHISMS OF BZ
ISSN 2078-3744. Bicuuk JIbBiB. yu-Ty. Cepis mex.-mat. 2022. Bumyck 94 41

for all i,5 € w and for some positive integer k > 2. If (0,0,[1))5 € Bﬂo)} then there
exists p € {1,...,k — 1} such that
(i,5,[1))8 = (p + ki, p + kj,[0))
foralli,j € w, ie., f=Pkp.
Proof. Suppose that (0,0,[1))8 = (p,p, [0)) for some p € w. By assumption

(0,0,[0))8 = (0,0,[0))
and hence p # 1. Since

(1,17[0))ﬁ: (k7k7 [O))7 (1,17[0)) < (0707 [1))

and by Proposition 1.4.21(6) of [12] the endomorphism [ preserves the natural partial
order, we conclude that (k, k,[0)) < (p,p, [0)). Hence the definition of the natural partial
order on the monoid B (see [5, Proposition 3]) implies that p < k — 1.

Suppose that

(L1,[1))B=(p+sp+s,[0)
for some positive integer s. Since by Proposition 3 of [4] the subsemigroup BV} is
isomorphic to the bicyclic semigroup, the injectivity of g implies that the image (BU{J“)}) 153
is isomorphic to the bicyclic semigroup. Put (0, 1,[1))8 = (x,y, [0)). By Proposition 1.4.21
from [12] and Lemma 4 of [4] we get that

(1,0,[1))8 = ((0,1,[1)™)8 =
=((0,1,[W)H ™" =
= (z,9,10))7" =
= (y,2,[0)).
This implies that
(5,2, 10)) = (0,0,[1))8 = ((0,1,[1)) - (1,0,[1)))8 =
=(0,1,[1)6-(1,0,[1))8 =
= (2,4,10)) - (y,7,[0)) =
= (z,,(0))
and
(p+s,p+s00)=(01,1[1))8 =
= ((1,0,1)) - (0,1,1)))8 =
=(1,0,[1))B-(0,1,1))8 =
= (,2,(0) - (2,9,(0)) =
= (v,9,10)),
and hence by the definition of the semigroup Bf we get that

(0717[1))6 = (p7p+5a [0)) and (1,0, [1))ﬁ = (p+57pa [O))
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Then for any i, j € w we have that

(4,5, [1))8 = ((2,0,[1)) - (0,5, [1)))8 =

(1,0,[1))" - (0,1,[1))")8 =

(

((1,0
((1,0,[1))8)" - ((0,1,[1))B) =
=(p+s5.p,00)" (p.p+s5,00) =
= (

= (

p+52 p;[ )) ! (pap+5ja [O))
p + si,p+ sj,[0)).

The definition of the natural partial order on B (see [5, Proposition 2]) implies
that for any positive integer ¢ we have that

t+1,t+1,[1) < (t+1,t+1,[0) < (¢,¢,[1)).

Since by Proposition 1.4.21 of [12] the endomorphism « preserves the natural partial
order, we conclude that

(t+1L,t+1,[1)B =< (t+1,t+1,00)8 < (t,t[1))8,
which implies that
(p+st+1),p+s(t+1),[0) < (k(t+1),k(t+1),[0) < (p+ st p+ st,[0)).
Then by the definition of the natural partial order on B (see [5, Proposition 3]) we
obtain that
(4) pHsit+1)>k(t+1)>p+st
for any positive integer t.
We claim that s = k. Indeed, if s < k then the first inequality of (4) implies that
p+(s—k)(t+1)=0 for all positive integers t.
But the last inequality is incorrect because s — k < 0. Similar, if s > k then the second
inequality of (4) implies that
(k—s)t+k—p=0 for all positive integers t.

But the last inequality is incorrect because k — s < 0. Hence 3 = 3} ,,. By Lemma 3, the
map By, is an endomorphism of the monoid B . O

In the following theorem we describe the elements of the semigroup End.(BZ) of
all injective monoid endomorphisms of the monoid B for the family .# = {[0),[1)}.

Theorem 1. Let .F = {[0),[1)} and & be an injective monoid endomorphism of B2

Then either there exist a positive integer k and p € {0,...,k — 1} such that e = oy, p or
there exist a positive integer k > 2 and p € {1,...,k — 1} such that ¢ = B ,. Moreover.
the following statements hold:

(1) (4,7,10)akp = (4,4,[0)Brk,p for all i,j € w and any positive integer k > 2 and
pe{l,....k—1};

(2) if k = 1 then ¢ = a1 is an automorphism of the monoid Bf which is the
identity selfmap of Bf,
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(3) Qkypy Qs ps = Qoykon.pathapy JOT ll positive integers ki, ka, any p1€{0, ..., k1—1},
and any p2 € {0,..., ko — 1};

(4) aky py Braps = Bhikapathap, JOr all positive integers ki and ko > 2, any p1 €
{0,...,k1 =1}, and any ps € {1,... ks — 1};

(5) By, pr Bra.ps = Bhika.kapy JOr all positive integers ki, ko > 2, anyp1€{1, ..., k1—1},
and any p2 € {1,... ko — 1};

(6) BryprQkaps = Bhiko,kops for all positive integers ki > 2 and ko, any p1 €
{1,...,k1 — 1}, and any ps € {0,... ko — 1};

(7) if Chypyr Brrpy, nd PBryp, are well defined elements of End.(BZ) then

w
Brer.p1 Xz po = B ,p1 Bkape s
(8) ai is the unique idempotent of End! (sz), and moreover oy o is the identity

of End.(B7);
(9) So = (hp | k€N, pe{0,...,k—1}) is a cancellative submonoid of End:(BZ);
(10) Sg={(Brp | k=2,3,....,p€{1,...,k—1}) is an ideal in Endi(Bf)

Proof. Since by Proposition 3 of [4] the subsemigroup ij‘”} is isomorphic to the bi-
cyclic semigroup, the injectivity of ¢ implies that the image (BU{J[O)})E is isomorphic to
the bicyclic semigroup. The condition (0,0,[0))e = (0,0,[0)) and Proposition 4 of [5]
imply that (B{9")e ¢ B}, Similar arguments imply that either (B{V})e ¢ B}
or (BIMhe ¢ B}, Then there exists a positive integer k such that (1,1,[0))e =
(k, k,[0)). Next we apply either Proposition 1 or Proposition 2. This completes the first
statement of the theorem.

(1) follows from the definitions of endomorphisms oy, and Sy p.
(2) If £ =1 then (1,1,[0))e = (1,1,[0)) and (0,0, [1))e = (0,0,[1)). By Theorem 3
of [6], € is the identity selfmap of B .

(3) For any ,j € w we have that

(4,75 (1)) 0ty py ) Qe py, =

p1 + k1, p1+ kg, [1)) gy p, =

p2 + ka(p1 + k1i), p2 + ka2 (p1 + k1), [1)) =
(p2 + kap1) + kakyi, (p2 + kap1) + k2k1j, [1)),

(i7 Js [1))0%17;01 Ay ,py =

P

and hence by (1) we get that ag, p, Qky.py = Vyko pothaps -

(4) For any i,j € w we have that

(ivja [1))ak1;171)5k?27172 =

p1 + ki, p1+ kg, (1) Bry oy =

p2 + ka(p1 + k14), p2 + k2(p1 + k17), [0)) =
(P2 + kap1) + kakid, (p2 + kap1) + kak14,[0)),

(i’j7 [1))0%1,1715192,;02 =

~ Y~~~

and by (1) we obtain that ag, p, Oy .ps = Bkiks.psthap: -
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(5) For any i,j € w we have that

(4.3, (1)) Bry ,p1 Brape = (4.3, (1)) Bry 1) Braps =
= (p1 + k1i, p1 + k17, (0)) Brypo =
= (k2(p1 + k14), k2(p1 + k17), [0)) =
= (kap1 + kok1d, kap1 + k2k13,[0)).
Hence by (1) we get that Bk, p, Bks.ps = Bkiks kops -

(6) For any i,j € w we have that

(i7j7 [1))67‘01,17151627172 =

(4,3, 1) Br1 o1 ) ks pr =
p1 + ki, p1 + k17, [0)) oy p, =
ka(p1 + k1), k2 (p1 + k1), [0)) =
kap1 + kaki, kapr + kak1j, [0)).
Hence by (1) we get that Bk, p Qky.ps = Bhiks kap: -
(7) follows from statements (5) and (6).
(8) The first part follows from the first statement and statements (3) and (5). Next
we apply (2).
(9) Statement (3) implies that S, is a subsemigroup of End.(B7). Since ¢ is

the identity of End.(BZ) and a; € S, S is a submonoid of End.(B7).
Suppose that oy par, p, = Qg pQk, p, fOr some oy p, Ak, py, Ok, p,. Then by (3) we

P

have that aik, p,+kip = ks potkep and the definition of the monoid B7 implies that
kki = kky and py +k1p = pa + kop. The first equality implies that k; = ks because k > 1.
The equality p; + k1p = pa + kop implies that p; — ps = p(ks — k1), and since k1 = ko we
get that p; = pa. Hence S, is a left cancellative semigroup.

Suppose that ag, p, Ak p = Qky py Ok p fOr sOme g p, Ak, py ; kg py € So. Then by (3)
we have that g, kp+kpy = Qkak.pitkp, and the definition of the monoid B implies that
kky = kko and p + kp1 = p + kpo. This implies that k; = k2 and p; = po because k > 1.
Hence S, is a right cancellative semigroup.

(10) follows from statements (4), (5), and (6). O

3. GREEN’S RELATIONS ON THE SEMIGROUP End.(B7)

If S is a semigroup, then we shall denote the Green relations on S by #, £, 7, 2
and S (see [1, Section 2.1]):

aZb if and only if aS' = bS*;

a. b if and only if Sta = S'b;

a 2t if and only if Stast = S'bS1;
D=L oR=X0%,

H =L NZA.

In this section we describe Green’s relations on the semigroup End.(B7) for the
family .# = {[0),[1)}.
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Statements (3)—(6) of Theorem 1 imply the following two lemmas.

Lemma 4. Let F = {[0),[1)}. Then neither o, p, ZBrky.ps MOT Uy p1 L Bry p, holds in
the monoid End:(BZ) for any oy, p1 € Sa and any By, p, € Sp.
={[0),

Lemma 5. Let .Z = {[0),[1)}. Then the relation ay, p, # Bry.p, in EndL(BZ) does not
holds for any oy, p, € So and any Bi, p, € 3.

Proposition 3. Let .# = {[0),[1)}. Then the following statements hold:
(1) akl,m%akz,PQ in Endi(B

(2) hy 1Lk, p, in End(BJ) if and only if ki = ky and py = pa;
(3) Bry,pr Z By py in End;} (sz) if and only if k1 = ko and p1 = po;
(4) Bry pr-Z By .py N End1 YBZ) if and only if ky = ko and py = pa;
(5) ;
)

) if and only if k1 = ko and p1 = po;

5) s py F Oy i EndL(B7) if and only if ky = ky and p; = po;
(6) Bry.pr  Brops in EndL(BZ) if and only if ki = ko and py = py;
Proof. (1) Implication (<) is trivial.
(=) Suppose that ag, ,, Za, p, in End. (B7). The definition of the Green relation
% implies that there exist &1, e, € Endl(BZ) such that

Qy p1 = Qky po€1 and Oy ps = Oy pi E2-
By statements (3) and (4) of Theorem 1 we have that e1,e9 € S,, i.e., g1 = ozk/ 7p1
and €2 = ayy ,y for some positive integers k7 and k3, p; € {0,..., k3 — 1}, and p5 €
{0,..., Kk, — 1}

We claim that €1 = €2 = a1 9. Indeed, by Theorem 1(3) we get that

Qk1,p1 = ko, Ok, py = Ckok! pf+k|p2
and

Qkypz = Oky,p1 Vky,py = Vkrk,ph+kop1>
which implies the following equalities

ki = kok}
p1 =Py + kip2,
ko = klké,

p2 = ph + kyp1.

Since ki, ko, ki, k) are positive integers, the equalities k; = kok] and ko = kik} imply
that k] = k4 = 1. Then we have that p; = p} + p2 and ps = p), + p1 which implies that
py = ph = 0. Then we have that &1 = €3 = a1 9, and hence k; = ks and p; = po.

The proof of statement (2) is similar to (1).

(3) Implication (<) is trivial.

(=) Suppose that By, p, %Pk, p, in End:(BZ). The definition of the Green relation
% implies that there exist &1, e, € End.(BZ) such that

61617171 = 61€27P251 and Bkz,Pz = Bk17p1€2'
Then we have that

(a) either g1 = ayy v or €1 = By

rpys and
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(b) either e2 = aypy ,y Or €2 = By pr -
By Theorem 1(7) in any above case we get that
Primoy = Prapa€t = Braky kips

Bra,ps = Bripi€2 = Brky kipr

and hence
ki = kaky;
p1 = kip2;
ko = kiky;
p2 = kypr.

This implies that p; = k1kip1 and po = kbk]ps, and hence kjkL = 1. Since k| and Kk}
are positive integers, k7 = k5 = 1, and hence k; = ko. This implies that €; = ay; ,; and
€2 = Qypy ;- Also the equalities p; = kips and py = kjp; imply that p; = po.

(4) Implication (<) is trivial.

(=) Suppose that By, p,-Z By p, in End. (BY). The definition of the Green relation
% implies that there exist ¢1,e5 € Endl(B7) such that

Brer.pr = €18z .po and Bra,ps = €281 p1-
We consider the possible cases:
(a) &1 = O‘k'p:v'l and Eg = ak;,pé;
(b) €1 = ag; p and €2 = By 113
(c) €1 = By p, and €2 = apy py;
(d) &1 = ﬁkllvp/l and g = ﬂké,pé‘
In case (a) by Theorem 1(4) we have that

o

ﬂklym = O‘kﬁyp'lﬁkzmz = 61@’1/6271724-76217'1;
5k2-p2 = akéﬁpéﬁkl,pl = ﬁk’zk17p1+klpl2’

which implies the following equalities

k‘l = k);kg;
p1 = pa + kapl;
k‘g = kékl;

p2 = p1 + k1ps.
Since ki, ko, K, k) are positive integers, the equalities k; = kjko and ko = Kbk imply
that k1k5 = 1, and hence k] = k% = 1. This implies that k; = ko. Next, by the equalities
p1 = p2 + kapl, p2 = p1 + k1phy, and k1 = ky we get that pj = —p). Since p} and p), are
nonnegative integers, we obtain that pj = p4, = 0, which implies that

€1 = Qi py = €2 = Qg pt, = Q10

is the unit element of the monoid End.(BZ ). Then B, p, = Brs.ps» and the definition
of elements of Sg implies that k; = ko and p; = po.
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Suppose case (b) holds. By statements (4) and (5) of Theorem 1 we get that

ﬁkl,m = akﬂ»?iﬁkmpz = Bk'lkzmz-i-kzpll;
Bk2-,172 = 5%,17'25/617]01 = ﬁk’zkhklpé’

which implies the following equalities

ki = Kiko;
p1 = p2 + kapl;
ko = kbkq;
p2 = k1ph.

Since ki, ko, ki, k) are positive integers, the equalities k; = kjko and ko = Kbk imply
that k{kj = 1, and hence ki = k) = 1. But k5 > 2, a contradiction. The obtained
contradiction implies that case (b) is impossible.

Suppose case (c) holds. By statements (4) and (5) of Theorem 1(4) we get that

/Bkl,m = ﬂkﬁapﬁﬁkzmz = Bk'lkzkzpll;
Bkz,m = akéméﬂkhm = ﬁkékl,p1+k1p’27

which implies the following equalities

kl = k/lkg;
p1 = kapl;
k‘g = kékl;

p2 = p1 + k1ph.

Since ki, ko, K, k) are positive integers, the equalities k; = kjko and ko = Kbk imply
that k{k, = 1, and hence k] = k}, = 1. But k{ > 2, a contradiction. The obtained
contradiction implies that case (c) does not hold.

Suppose case (d) holds. By Theorem 1(5) we have that

/Bklapl = ﬁkiapﬁﬁk%m = Bkikz,kzpﬁ;
ﬁkg,pz = ﬁké,péﬁkl,pl = ﬁklzkl,k:lpéﬂ

which implies the following equalities

ki = K\ko;
p1 = kapi;
ko = kyky;
p2 = kiph.

Since ki, ko, ki, k) are positive integers, the equalities k; = kjko and ko = Kbk imply
that kjks = 1, and hence k] = k4, = 1. But k] > 2 and k) > 2, a contradiction. The
obtained contradiction implies that case (d) does not hold.

(5) Implication (<) is trivial.
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(=) Suppose that ok, p, £ Q, p, in End, (BY). The definition of the Green relation
_# implies that there exist ¢}, 7,5, ¢4 € End.(BZ) such that
ki p1 = 6/10‘162472 6/1/ and Qks,py = 6/26”617171 E12/'
By statements (3) and (4) of Theorem 1 we have that ¢},¢7,e3,65 € Sa, i.e., €] = ag; 1,
€Y = apy i, €5 = Qpy py, and €5 = gy ,r for some positive integers k7, kY, k5 and k3,
py €{0,...,k1 —1}, pf €{0,... kY =1}, p5 €{0,..., Kk, — 1}, and p§ € {0,..., k) —1}.
By Theorem 1(3) we have that
Xk ,pr = Okl pt Ohy,pa Ok pt =
= Q! ko, potkop) XKy pt =
= Okt koky Y +k pa+kY kap s
kg ,ps = Okl pt, Ok ,py OkY pl) =
frd O‘kékl,m-&-hpéaké’,ﬂ{ =
= Okyhy kY p§ kY DRy ki
which implies the following equalities
ki = kykokY;
p1 =P + Kp2 + ki'kapy;
]{52 = klzklk'g,
p2 = Py + kypy + K k).
Since ki, ko, ki, kb, kY, kY are positive integers, the equalities k1 = kjkok] and ko =
kbki kY imply that k) kbk(kS = 1, and hence we have
K=k, =k =k =1.
This implies that k3 = k9. Hence the equalities k] = kb = k{ = ki) = 1, k; = k2 and the
equalities
p1=pi + kip2 + ki kaph;
p2 =Py + kyp1 + kykiph
imply that
p1 =i +p2 + kipl;
p2 =y + p1 + kiph.
Hence we get that
P+ py + kiph + kipy = 0.
Since k; is a positive integer, by the above equality we have that
Pl =p; =py =py =0.
This implies that
ey =¢] =¢eh =6 =aip,
and hence we have that oy, ,, = au, p,, which implies the requested equalities k1 = ko
and p; = pa.
(6) Implication (<) is trivial.
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(=) Suppose that Bk, p, & By p, in End, (BY). The definition of the Green relation
_# implies that there exist ¢}, 7,5, ¢4 € End.(BZ) such that

’ " ’ "
/Bkl,p1 = Elﬁkmngl and /Bkz,Pz = 526161710152'

We consider the possible cases:

S

’ 7 o "o__ .
€1 = ak’l,plla €1 = ak’l’,p/lla €y = O‘ké,péa and €y = aké’,pé’a
;o "o__ .
€9 = aké’pé, and €9 = ﬁké/’p/z/,

e
o

€1 = Ol €1 = Oy
€1 = Qippis €1 = Oy py's €3 = Py py, and 5 = iy s
€1 = iy ps €1 = Oy pyts €2 = Pry gy and €5 = By py;
&1 = ak:l17p,17 &1 = 6/@’1’71)’1’: €/2 = O‘kg,p’zv and 6/2/ = aké/7p/2/;
€1 = i ppy €1 = Brypys €0 = iy gy, and €3 = Bry s
€1 = oy s €1 = Brypys €2 = Brypys and €5 = agy prs
= Biyr s €2 = Brypy, and €5 = Bry s
€1 = Bripy €1 = Qi pls €3 = Qg A €5 = iy s
€1 = Buipts €1 = Oy prs £ = Oy, and €5 = By s
€1 = By ps €1 = Qi py €5 = By py» and €5 = oy pys
€1 = Bippy €1 =y pys €2 = By oy, and €3 = By s
€1 = By €1 = By pys €2 = g gy, and €3 = gy pys
€1 = Bripty €1 = By > €2 = kg g, and €5 = By
8/1 = 6’“’1#”1’ 811/ = 6’“’1’#”1” 8/2 = Bké,pév and 6/2/ = O‘kg,pé’-
case (a) by statements (6) and (4) of Theorem 1 we have that

TN~
IR ""NKs)

N~ o~
[r)

~~
RS

~ ~~

—

o B Eowa

SEEEFEEEER o2
o
SN
x>
=
ks
X
()
RS

J—
=

Brvpr = Okl Bhapo Oy py =
= iy Brokyl poky =

= Bl kak!! paky +hak!/ )
Bra,pz = Okl pt Bley ,py Qg pty =
= akg,pgﬁklkg,plk;’ =
= Bryk kY kY +ka kY ply o
which implies the following equalities
ki = kikaoky;
p1 = Pk + kakipi;
ko = Kk kY
p2 = piky + kikyph.
Since ki, ko, ki, kb, kY, kY are positive integers, the equalities k1 = kjkok] and ko =
kbki kY imply that k) kbk{kS = 1, and hence we have
1=k =K =k =1.
This implies that k1 = ko. Hence the equalities &k =k}, = k{ = ki =1, k1 = ko and the
equalities

"/

p1 = ok + koki'pl;

",/

p2 = p1ky + k1kSpy
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imply that
p1 = p2 + k1ph;
p2 = p1 + k1ps.
Then we have that
P14 p2 = p1 4 p2 4 kip) + kiph,
and hence k1 (p} +py) = 0. Since k; is a positive integer, we get that pj} = —p}. Next, the
inequalities p} > 0 and p, > 0 imply that p} = p, = 0, and by the equality p; = pa +k1p}
we have that p; = ps. This completes the proof in case (a).
In case (b) by statements (6) and (5) of Theorem 1 we have that
Br1,pr = Ok} 1t Bl po Okt ply =
= g o Brak ok =
= Bk kot pakif +kaki/p}
Braps = Okl pt Brer pa Bry py =
= gy, pt Bkl puky =
= Bk kY pr kY +ky kY ply s
which implies the following equalities
k1 = kikaoky;
p1 = paky + kaki'pl;
ko = kyk1 kY
p2 = prky + k1kypy.
By similar arguments as in case (a) we obtain that k1 = ko and p; = po.
In case (c) by statements (6), (4) and (5) of Theorem 1 we have that
Brrpr = Okt Bhoa o Oy pty =
= et pt Brookl! paky =
= Bl ok paky +hak!/ )
Bra,ps = By p, Bhapr Oy pyy =
= By p, Braktf prky =
= Bk kY ke kY pl
which implies the following equalities
ki = kikaoky;
p1 = poki + kakipl;
ko = Kk kY
P2 = kikyph.

Then we have that ky = kjk,k1 kL kY. The conditions that kq, ko, k], k5, kY, kY are positive

integers and k5 > 2 contradict the equality k1 = kjkbk1ES kY, and hence case (c) does

not hold.
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In case (d) by statements (6), (4) and (5) of Theorem 1 we have that

Brypr = Oy p} Bha,pa Cky py =
= ot Broklf poky =
= Bk koky pakly +kaki/pl i
Bra,ps = Bisy,p, Bra,pr Bry oy =
= Brypt, Braky pr by =
= Brt okl kb pl s
which implies the following equalities
ky = Kikaky;
p1 = paky + ka2ky'pl;
kQ = k;klké/,
p2 = kikyph.
Next, similar arguments as in case (c) show that case (d) does not hold.

In case (e) the proof is similar to case (b).
In case (f) by statements (5) and (4) of Theorem 1 we have that

Brr.pr = Ok} p4 Bhea,pa Byl py =
= al p! Bkl pakyy =
= B kak?! poky +hak)pl 3
Bra.pa = Q) Bhy 1 By py =
= oy, Bk kY pu by =
= Bk kY spr kY +k1 kY plys
which implies the following equalities
k1 = kikaoky;
p1 = paki + kakipl;
k‘g = kék‘lk‘g;
p2 = piky + kikypy.

By similar arguments as in case (a) we obtain that k1 = ko and p; = po.
In case (g) by statements (5), (4), and (6) of Theorem 1 we have that

Bkupl = O‘k'ppllﬁkmmﬂk'{yp/{ =
= ot Bhoklf poky =
= Bl kak!! paky +hak!/p) i

ﬁk27p2 = 5k§,p'1/3k17p1 Al plr =
= By, Braklf prky =

= Bk kY pyprky s
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which implies the following equalities
ki = kikaoky;
p1 = p2ki + kokipl;
ko = khkikY;
p2 = pypiky.
The conditions that k1, ko, k7, kb, k7, k% are positive integers, k% > 2, and kY > 2 contradi-
ct the equalities
ky = Kl kok!! = K kb kUK
Hence case (g) does not hold.
In case (h) by statements (5) and (4) of Theorem 1 we have that
Brrpr = it pt Brapa Byt pyp =
= apl p! Bkl paky =
= By kakl! \pakyf +hakl/ P}
Brapa = Brly,pl, Brr,pr By oty =
= By p, Bkl prky =
= Brykiky pypr kY s
which implies the following equalities
ki = kikaky;
p1 = poki + koki'py;
ko = khk1kY;
p2 = php1ky.
Similar arguments as in case (g) show that case (h) does not hold.
The proofs in cases (i) and (j) are similar to cases (c) and (g), respectively.
In case (k) by statements (5), (4), and (6) of Theorem 1 we have that
Brev,pr = Bl pt Bha,pe Oyt pyy =
= By w1y Breakt poky =
= By kakl! 0 paky's
Braps = Brypl Brerpr Okt pyp =
= Brypy Bkl vy =
= Brykaky pypiky s
which implies the following equalities
ki = ki kokY;
p1 = pip2ki;
ko = Kbk kY
p2 = phpiks.
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The conditions that ki, ko, K}, kb, kY, kY are positive integers, k] > 2, and &} > 2 contra-
dict the equalities
ky = K kok! = K, Kbk kUK
Hence case (k) does not hold.
In case (1) by statements (5) and (6) of Theorem 1 we have that
Bkl,m = Bk{’Piﬁkz,mak’l”p’{ =
= B, p, Braky pakl =
= Bk koky pypak?s
51627[12 = 5kéypﬁﬂklvmﬂk§'7p/{ =
= Bry ) Braby ok =
= Brykiky pyprky s
which implies the following equalities
]i)l = ]fllkg /1/;
p1 = pip2ky;
kz = kék‘l ké’;
p2 = Phpiky.
By similar arguments as in case (k) we get that case (1) does not hold.
The proofs in cases (m) and (n) are similar to cases (d) and (h), respectively.
In case (0) by Theorem 1(5) we have that
By ,pr = Bk'pp/l 61€27P2ﬁki',?'{ =
= Bl p Brakt! pakyy =
= Bk ko p pakys
Bra,ps = 5k§,p’15k1,p1ﬁk§/,;n’1’ =
= Brty. vy Braky prky =
= Brykr kY pypr kY »
which implies the following equalities
ki = kykoky;
p1 = pip2ky;
k‘z = k’ékﬁl kg;
/ 1
P2 = papiksy.

By similar arguments as in case (k) we get that case (o) does not hold. O

Proposition 3 implies the following theorem.

Theorem 2. If F = {[0),[1)} then Green’s relations %#, £, €, P, and F on the
monoid Endi(Bg) coincide with the relation of equality.

w
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Hocaimxkeno in'exTusHi engoMopdizmMu HamiBrpymu B7 3 1BoOeeMEeHTHOIO
ciM’eo ¥ IHIYKTUBHUAX HEIOPOXKHIX MiIMHOXKHH y w. ONUCAHO e/leMeHTH Ha-
uisrpyuu End} (Bf,} ) ycix in'exTuBHNX enogomopdismis, aki 36epiraTs oxy-
mumo Mouoina B | i noBomumo, mo sigmomenus [pina Z, £, A, D i J ma
manisrpymi Endl(B:) 36iraiothCs 3 BiIHOMEHHIM PiBHOCTI.

Karowosi caosa: GIITUKIIIYHI MOHOI M, IHBEPCHA HATIBrPYTIA, OIIUKJIIIYHE PO3-
mupeHHs, in exTuBHUN ennomopdism, Bixromenns [ pixa.



