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A subset X of an Abelian group G is called midconvez, if for every x,y € X
the set Zf¥ = {z € G : 22 = x + y} is a subset of X. We prove that a subset
X of an Abelian group G is midconvex if and only if for every g € G and
x € X, theset {n € Z: z+ng € X} is equal to C N H for some order-convex
set C' C Z and some subgroup H C Z such that the quotient group Z/H has
no elements of even order. This characterization implies that a subset X of
a periodic Abelian group G is midconvex if and only if for every x € X the
set X — x is a subgroup of G such that every element of the quotient group
G/(X — z) has odd order. Also we prove that a nonempty set X in a subgroup
G C Q is midconvex if and only if X = C' N (H + z) for some order-convex set
C C Q, some z € X and some subgroup H of G such that the quotient group
G/H contains no elements of even order.

Key words: Abelian group, midconvex set.

In this paper we study midconvex subsets of Abelian groups. Such subsets often
appear in the theory of Functional Equations [2, §11], [3, §10], [4], [5, p. 111], Combi-
natorics of Groups [1], and Symbolic Dynamics [6].

All groups in this paper are assumed to be Abelian.

Definition 1. A subset X of a group G is called midconvex if for every z,y € X, the set

x;y::{zeG:222z+y}

is a subset of X.
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The aim of this paper is to characterize midconvex sets in groups that belong to
certain special classes, in particular, in periodic groups and also in subgroups of the
additive group of rational numbers.

Let G be a subgroup of the real line R. A subset X C G is called order-convex in G
if for every z,y € X, the order interval set {g € G : © < g < y} is a subset of X.

Lemma 1. If a subset X of a group G is midconvez, then for every x,y € X, the set
Z={neZ:x+n(ly—=x) € X}

is order-convex in 7.

Proof. Tt follows from {x,y} C X that {0,1} C Z. Assuming that Z is not order-convex,

we can find integer numbers k£ < n < m such that k,m € Z and n ¢ Z. Two cases are
possible.

1. If n > 0, then we can assume that n is the smallest positive number such that
n ¢ Z. The minimality of n ensures that

{0,1} C{0,....,n—1}C Z.
By induction, we shall prove that {n,...,i} N Z = @ for every integer ¢ > n. For i = n,
this follows from the choice of n. Assume that for some ¢ > n we know that
{n,...,i—-1}NnZ=0.
Let a € {n—2,n—1} C Z be a unique number such that a+1 is even and hence a+1i = 2¢
for some ¢ € Z. Assuming that ¢ € Z, we obtain that
{z+aly—a),z+ily—2z)} CX.
Since
2+ ey — @) = 20+ (a+i)(y — o) =
=(@+aly— )+ (z+i(y — 2)),

the point = + ¢(y — ) is an element of the midconvex set X and hence ¢ € Z. On the
other hand, ¢ = (a4 i) < i and
1 ) >
c=3 (a+1) >
and hence
ce{n,...,.i—1}yCZ\ Z,
which is a desired contradiction showing that ¢ € Z. By the Principle of Mathematical
Induction, i ¢ Z for all ¢ > n. In particular, m ¢ Z, which contradicts the choice of m.
2. If n < 0, then we can assume that n is the largest negative number such that
n ¢ Z. The maximality of n and the inclusion {0,1} C Z ensure that {n+1,n+2} C Z.
By downward induction, we shall prove that {i,...,n} N Z = @ for every integer i < n.
For ¢ = n this follows from the choice of n. Assume that for some i < n we know that
{i+1,....,.n}NZ=02.Let a € {n+1,n+ 2} C Z be a unique number such that a + i
is even and hence a + i = 2¢ for some ¢ € Z. Assuming that i € Z, we obtain that

{z+ily—2),x +aly—2)} C X.
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Since
20c+cly—a) =2+ (i+a)(ly—z) =
— (o4 iy — ) + (@ +aly — 7)),
the point = + ¢(y — x) is an element of the midconvex set X and hence ¢ € Z. On the
other hand, ¢ = %% > i and
t+a

1
5 n—14n+2)=n+-

2

CcC =

<

DO =

and hence
ced{i+1,...,n} CZ\ Z,

which is a desired contradiction showing that ¢ € Z. By the Principle of Mathematical
Induction, ¢ ¢ Z for all ¢ < n. In particular, k ¢ Z, which contradicts the choice of k. O

Now we can prove the promised characterization of midconvex sets in groups. We
recall that the order of an element g of a group G is the smallest number n € N such
that ng = 0. If ng # 0 for all n € N, then we say that g has infinite order.

Theorem 1. A subset X of a group G is midconvez if and only if for every g € G and
x€ X, theset {n € Z:x+ng € X} is equal to C N H for some order-convez set C C 7
and some subgroup H C Z such that the quotient group Z/H has no elements of even
order.

Proof. First assume that the set X is not midconvex in G. Then there exist points
z,y € X and g € G\ X such that 2z = x 4+ y. Consider the set

Z={neZ:x+nge X}

and observe that {0,2} C Z and 1 ¢ Z. Assume that Z = C' N H for some order-convex
set C in Z and some subgroup H of Z such that the quotient group Z/H has no elements
of even order. It follows from {0,2} C Z C H that 2Z C H. Since Z/H has no elements
of even order, H # 27 and hence H = Z. Since {0,2} C CN H = C, the order-convexity
of C implies that 1 € C = C' N H = Z, which is a desired contradiction completing the
proof of the “if” part.

To prove the “only if” part, assume that the set X C G is midconvex and take any
re€XandgeG. If

Z={neZ:x+ngeX}={0},

then Z = C N H for the order-convex set C' := {0} and the subgroup H := Z. The
quotient group Z/H is trivial and hence has no elements of even order. So, assume that
Z # {0}. In this case there exists a nonzero integer number m € Z. We can assume that
its absolute value |m| is the smallest possible, thatisi ¢ Z for all ¢ € Z with 0 < |i| < |m].
Assuming that m is even, consider the element z = z + g € G and observe that m € Z
implies x + mg € X. Since

2z =2x+mg=x+ (z +mg),

the midconvexity of X guarantees that z € X and hence 4+ € Z, which contradicts the
choice of m. This contradiction shows that m is odd. Then for the subgroup H = mZ,
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the quotient group Z/H contains no elements of even order. By Lemma 1, the set
{ne€eZ:z+nmge X}
is order-convex in Z and hence the set
S={neH:x+nge X}

is order-convex in H. Then there exists an order-convex set C' in Z such that S = CNH.
It remains to show that Z = C' N H. It is clear that
CnH={neH:z+ngeX}C{necZ:x2+ngec X} =2

Assuming that Z # CNH, we can find a number k € Z\CNH. We can assume that |k| is
the smallest possible, and hence every i € Z with |i| < |k| belongs to C N H. If k is even,
then {z,z + kg} C X and the midconvexity of X implies = + gg € Z and hence % cH
by the minimality of k. Then k € H and k € S = C N H, which contradicts the choice
of k. This contradiction shows that & is odd. The choice of |m| ensures that |m| < |k|.
Since the numbers m and k are odd, the number ™ is integer and |”#%| < |k|. The
midconvexity of Z 3 m, k implies that mT"‘k € Z and hence # € C'N H by the choice
of k. Then k = QmT'*'k —m € H and hence k € S = C N H, which contradicts the choice
of k. In both cases we obtain a contradiction showing that Z =C N H. O

A group G is called periodic if for every g € G there exists n € N such that ng = 0.

Theorem 2. A subset X of a periodic group G is midconvex if and only if for every
x € X the set X — x is a subgroup of G such that every element of the quotient group
G/(X — x) has odd order.

Proof. To prove the “only if” part, assume that the subset X is midconvex in G. Fix any
element = € X.

Claim 1. For every a € X — z we have 2a € X — z.
Proof. By Theorem 1, for the set
Z={necZ:x+nacX}

there exists an order-convex set C' in Z and a subgroup H of Z such that Z = CN H
and the quotient group Z/H has no elements of even order. It follows from € X and
a € X —x that
{0,1}CZ=CNHCH

and hence H = Z and Z = C N H = C. Since the group G is periodic, there exists
m € N such that ma = 0 and hence Z = Z + m and C' = C + m. The order-convexity of
C = C+ m implies C' = Z and hence Z = C' =Z and 2 € Z, which implies x + 2a € X
and 2a € X — . U

Claim 2. The set X — a is a subgroup of G.

Proof. Given any elements a,b € X — a, we have {2a,2b} C X — x, according to Claim 1
and then )
a+b+z= 5((2a—|—1:)+(2b—|—1:)) eX

by the midconvexity of X. Since a +b € X — z, the set X — x is a subsemigroup of G.
Since G is periodic, the semigroup X — z C G is a subgroup of G. O
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Assuming that some element of the quotient group G/(X — z) has even order, we
can find an element y € G\ (X — z) such that 2y € X — 2. By the midconvexity of X,

r+ 2y +2x)
2

and hence y € X — x, which contradicts the choice of y. This completes the proof of the
“only if” part of Theorem 2.

y+x= e X

To prove the “if” part, assume that for every x € X the set X — z is a subgroup of
G such that the quotient group G/(X — ) contains no elements of even order. To derive
a contradiction, assume that the set X is not midconvex in G. Then there exist elements
xz,y € X and z € G\ X such that 2z = x 4+ y. By our assumption, X — x is a subgroup
such that the quotient group G/(X — ) has no elements of even order. Since

2z—x)=y—2r e X —ux,

the element (z — z) + (X — z) of the quotient group G/(X — x) has order at most 2.
Since this order is not even, z — z has order 1 and hence belongs to the subgroup X — z.
Therefore, z — z € X — x, which contradicts the choice of z. O

Our final theorem describes midconvex sets in subgroups of the ordered group Q.

Theorem 3. Let G be a subgroup of Q. A nonempty set X C G is midconvex if and only
if X = CN(H+ x) for some order-convex set C C Q, some x € X and some subgroup
H of G such that the quotient group G/H contains no elements of even order.

Proof. To prove the “if” part, assume that X = C N (H + z) for some order-convex set
C C Q, some z € X and some subgroup H of G such that the quotient group G/H
contains no elements of even order. To see that X is mid-convex, take any elements
a,b € X and ¢ € ‘IT“’ C G. We lose no generality assuming that ¢ < b and hence
a < ¢ <b. Since a,b € X C C, the order convexity of C ensures that ¢ € C. Observe
that
20c—z)=(a—2)+(b-2)e (X —2)+(X—2)CH+H=H

and hence the element (¢ —z) + H of the quotient group G/H has order at most 2. Since
the group G/H contains no elements of even order, ¢ — x € H and hence

ceCN(H+z) =X,
witnessing that X is midconvex.

To prove the “only if” part, assume that the nonempty set X is midconvex in G.
Fix any element x € X.

If X = {«} is a singleton, then X = C'N (H + z) for the order-convex set C' = {z}
and the subgroup H = G whose quotient group G/H is trivial and hence contains no
elements of even order. So, we assume that X contain at least two distinct elements. Fix
any elements z,z’ € X with z < 2’.

Write the countable group G C Q as the union G = U G, of an increasing sequence

new

(Gpn)new of finitely generated subgroups such that {z,z’'} C Gy. The finitely generated
subgroup G,, of Q is contained in a cyclic subgroup of Q and hence G, is cyclic. Then
G, = gnZ for a unique positive rational number g,.
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For every n € w, the midconvexity of the set X in G implies the midconvexity of the
set X NGy, in the cyclic group G,, = ¢g,7Z. By Theorem 1, there exists an order-convex
set C,, C g,Z and a subgroup H, C G, such that

XNG,=C,N(H, +x)
and the quotient group G,,/H,, contains no elements of even order. Since
{z,2’} CXNG, CH, +z,

the subgroup H,, of G,, = g,Z is not trivial and hence H,, = m,g,Z for some odd natural
number m,,. Since the intersection of an arbitrary family of order-convex sets in the cyclic
group G, = g,7Z is order-convex, we can assume that C,, is the smallest order-convex
subset of GG,, such that

XNG,=C,N(H,+x).
Claim 3. For every n € w, C,, C Cp41 and H,, C Hy 4.
Proof. Observe that
CoN(Hy4+2)=XNG, =(XNGpt1) NGy = (Cpy1 N (Hpg1 +2)) NGy

The minimality of the order-convex set C,, ensures that for every ¢ € C, there exists
y,z € Cp, N X such that y < ¢ < z. Then

y,ZG CnmX g GnﬁX g Gn—i—l NnxX g Cn-{-l
and hence ¢ € C,, 11 by the order-convexity of C,,;1. This shows that C,, C C,11.
Since
¥ eXNG,=C,N(x+ Hy,) =C,N(z+mugnZ)
and x < 2/, there exists k/, € N such that @’ = z + m, gk}, € Cy,. The order convexity
of the set C), 3 z in G,, implies that
x4+ mpg, €CnN(x+H,)=XNG, CXNGpy1 CHpy1+x

and hence H, = mpg,Z C Hy, 1. O

Claim 4. The set C = U C,, is order-convex in the group G.

new

Proof. Given any elements z < y < z of the group G = U G, with z,z € C = U Ch,
new new
find m € w such that z,y, 2 € G,,, and z,y € C,,. Such number m exists because (Cy,)new

and (G, )new are increasing sequences of sets. The order-convexity of the set C,, in the
group G, implies y € C},, C C, witnessing that the set C' is order-convex in G. (]

By Claim 3, the sequence of subgroups (H,,)ne., is increasing and hence H = U H,

new

is a subgroup of the group G.

Claim 5. The quotient group G/H has no elements of even order.
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Proof. If the group G/H has an element of even order, then it has an element of order
2. Consequently, there exists an element g € G \ H such that 2¢g € H. Find n € w such
that g € G,, and 2g € H,,. It follows from H,, C H and g € G\ H that g € G,, \ H,, and
hence g + H,, is an element of order 2 in the quotient group G,,/H,, which contradicts
the choice of the groups G,, and H,. O

Taking into account that (Cp,)new and (Hy, )new are increasing sequences of sets, we
obtain that
X = U XNG, = U CoN(Hy,+2)=Cn(H+2),

new new
which completes the proof of Theorem 3. O
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Tligmuaoxuna X abenesol rpynu G HA3MBAETHC CEPEOUHHO ONYKA0N, AKIIO
Uil JIOBLIbHUX X, Y € X MHOKHHA %ﬂ’ ={2€G:2z2=ux+y} sexurp B X.
Joseneno, mo migmuoxknua X abeseBol rpynu GG € CepeMHHO OIIyKJIOIO TOI i
JaIe ToAl, KoM [y KOXKHOTO g € G 1z € X, muoxkuna {n € Z: x+ng € X}
36iraerbed 3 C' N H nna neskol nmopsaakoso onyksiol muoxkuuau C' C Z 1 peskol
miarpymn H C Z, dakrop-rpymna sikoi Z/H #e MICTHTH €/IEMEHTIB apHOTO
mopsaaky. I3 1€l xapakTepm3aril BHILIMBAE, MO MIMHOXKUHA X MTePIOAMIHOL
abesieBol rpynu G CEpeMHHO OIyKJa TOAl 1 TLIbKHU TOJ, KOJIA JJjisi KOXKHOIO
z € X muoxuna X — z € migrpynoio B G, daxrop-rpyma skoi G/(X — x)
MICTUTD JIWIIE €JIEMEHTH HEITAPHOTO MOPAIKY. TAKO0XK JOBEIEHO, 0 HEMOPOXKHS
migvuoxkunaa X y mwarpym G C Q € cepeuHHO OILyKJIOI0 TOAL 1 TiibKu TOA],
xkom X = C N (H + x) gna gesakoi mopankoso omyksoi maoxuan C C Q,
nmeaxoro x € X Ta geakoi miarpynu H B G, dakrop-rpyna sxoi G/ H ue MicTuTh
€JIEMEHTIB LIAPHOI'O [OPA/IKY.

Karuosi crosa: abeseBa rpymna, CepeIMHHO OIIYKJII MHOXKHUHA.



